NEW CONSTRUCTIONS OF PIECEWISE-CONSTANT WAVELETS^∗

YOUNGMI HUR^† AND AMOS RON^‡

Dedicated to Ed Saff on the occasion of his 60th birthday

Abstract. The classical Haar wavelet system of L_2(R^n) is commonly considered to be very local in space. We introduce and study in this paper piecewise-constant framelets (PCF) that include the Haar system as a special case. We show that any bi-framelet pair consisting of PCFs provides the same Besov space characterizations as the Haar system. In particular, it has Jackson-type performance s_J = 1 and Bernstein-type performance s_B = 0.5. We then construct two PCF systems that are either, in high spatial dimensions, far more local than Haar, or are as local as Haar while delivering better performance: s_J = s_B = 1. Both representations are computed and inverted by fast algorithms.

Key words. frames, framelets, wavelets, Haar wavelets, piecewise-constant wavelets, PCF, Besov spaces, Unitary Extension Principle

AMS subject classifications. 42C15, 42C40

∗Received May 20, 2005. Accepted for publication October 20, 2005. Recommended by W. Dahmen. This work was supported by the US National Science Foundation under Grant ANI-0085984, and by the National Institute of General Medical Sciences under Grant NIH-1-R01-GM072000-01.

†Mathematics Department, University of Wisconsin-Madison, 480 Lincoln Dr., Madison, WI 53706 (hur@math.wisc.edu); current address: Department of Mathematics, MIT, 77 Massachusetts Ave., Cambridge, MA 02139 (hur@math.mit.edu).

‡Computer Sciences Department, University of Wisconsin-Madison, 1210 West Dayton, Madison, WI 53706 (amos@cs.wisc.edu).