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OBLIQUE PROJECTION METHODS FOR LINEAR SYSTEMS WITH MULTIPLE
RIGHT-HAND SIDES
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�
Abstract. In the present paper, we describe new Lanczos-based methods for solving nonsymmetric linear

systems of equations with multiple right-hand sides. These methods are based on global oblique projections of the
initial residual onto a matrix Krylov subspace. We first derive the global Lanczos process to construct biorthonormal
bases and we give some of its properties. Then we introduce new methods such as the global BCG and the global
BiCGSTAB algorithms. Look-ahead versions of these algorithms are also given. Finally numerical examples will be
given.
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1. Introduction. In many applications, we have to solve a few linear systems of equa-
tions with the same coefficient matrix and different right-hand sides. This is the case, for
example, in numerical simulation of wave propagation. When all the right hand sides are
available simultaneously, the problem we are concerned with can be expressed as�����
	��
(1.1)

where
�

is an 
�� real nonsymmetric matrix,
	���� ���������������������� "!

and
�#��� $%���&$'�(���������&$) "!

are rectangular matrices of order *�,+ with +.-/ .
For nonsymmetric problems, several block Krylov subspace methods have been devel-

oped during the last years. The most popular methods are the block-biconjugate gradi-
ent (Bl-BCG) method [11, 17], the block-generalized minimum residual (BGMRES) algo-
rithm [14, 20], the block-quasi-minimal residual (Bl-QMR) algorithm [8, 10] and the block-
biconjugate gradient stabilized (Bl-BiCGSTAB) method [6]. We note that block-methods
require a deflation procedure to detect and delete linearly or almost linearly dependent vec-
tors in the block Krylov subspaces generated during the iterations; see [8] for details.

The matrix equation (1.1) can also be solved by applying a method for a single-vector
right-hand side to one of the columns, say

��0
, 1325476 ��������� +�8 , of

	
and solving the linear

system �9$)0:�;��0<�
The preceding linear system is refereed as a seed system. The residuals of the other systems
with a single right-hand side are then projected onto the Krylov subspace associated with
the seed system. This procedure has been used in [4, 18, 19]. This technique is especially
attractive when the right-hand sides

��=
, > � 6 ��������� + of (1.1) are not available at the same

time; see for example [12, 21].
In the present paper, we use a third approach for solving the problem (1.1). This ap-

proach, which we previously used to define the global GMRES algorithm [9], is based on?
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oblique projections onto a matrix Krylov subspace and allows us to define the global Lanc-
zos procedure that will be used to obtain the global Lanczos algorithm. We introduce global
Lanczos-based algorithms, such as the global biconjugate gradient (Gl-BCG) algorithm, the
global BiCGSTAB algorithm and look-ahead versions of these algorithms.

The paper is organized as follows. In Section 2, we introduce the global Lanczos process
with some properties. In Section 3, we describe the global BCG algorithm and give some
techniques for curing breakdowns. Section 4 is devoted to the global BiCGSTAB method
with a look-ahead version. Finally, in Section 5 we give some numerical examples.

In the last section, we give some numerical examples to show the effectiveness of these
new methods.

Throughout this paper, we use the following notations. For two matrices
�

and @ in
IR ACB  , we define the inner product D �E� @GF:H �;IKJMLN�EO @QP , where

IKJMLSR P denotes the trace
of the square matrix

R
and

�3O
the transpose of the matrix

�
. The associated norm is the

Frobenius norm which we denote by T � T�H . For a matrix UV2 IR ACB  , the matrix Krylov
subspace WYX LZ�C� U[P is the subspace of IR ACB  generated by the matrices U �"� U ���������"� X�\ � U .
A system of matrices of IR ACB  is said to be F-orthogonal if it is orthogonal with respect to
the inner product D �]��� F H .

2. The global Lanczos process. Let U be an ��^+ real matrix and denote by W_X L`�[� UQP
the matrix Krylov subspace of IR ACB  spanned by U �"� U ���������"� X�\ � U . Note thatR 2aWbX L`�C� U[P�ced R;� Xf g h �ji g �

g \ � Ulk i g 2 IR knm � 6 ����������o%�
In other words WCX L`�[� U[P is the subspace of IR ACB  of all p�^+ matrices which can be written
as
Rq�srlL`� P"U , where

r
is a polynomial of degree not exceeding

out 6 . This means that
each column of

R
is associated with one Krylov subspace.

Remark also that the matrix Krylov subspace W X L`�[� U_P is quite different from the block
Krylov subspace vW X L`�[� UQP used in block methods. In factR 2svWbX L`�C� U[Pwced R
� Xf g h � �

g \ � U[x g kyx g 2 IR
 B  � m � 6 ����������o%�

In this case, each column of
R

is associated with a sum of + Krylov subspaces.
The minimal polynomial of

�
for U is the nonzero monic polynomial of lowest degree

such that
rlLZ� P&U �{z

. The degree | of this polynomial does not exceed  . We have the
following result which is easy to prove.

PROPOSITION 2.1. Let | be the degree of the minimal polynomial of
�

for U . Then we
have

(1) Wb} L`�[� UQP is invariant under
�

.
(2) ~7m�| L W X L`�[� U[P"P � |�m�� LZo%� |�P .

Let U � and � � be two 5�:+ matrices and denote by WCX LZ�C� U � P and WbX L`�.O�� � � P the ma-
trix Krylov subspaces generated by 4<U � �"� U � ���������"�C� X�\ ��� U � 8 and 4�� � �"�:O � � ���������"�:O�� X�\ ���� � 8 , respectively.

The global Lanczos process constructs a pair of two global biorthogonal bases 4�U � � U � �������� U X 8 and 4�� ��� � �7��������� � X 8 of the matrix Krylov subspaces W X LZ�C� U � P and W X LZ�:O�� � � P ,
respectively, such thatD
U g � � = F9H ��IKJML U Og � = P ��� g = k�m � > � 6 ����������o)�
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The algorithm is defined as follows:

ALGORITHM 1 The global Lanczos process
1. Choose two �{�e� matrices ��� and ��� such that �3�����&�������%�
� ,
2. set �'���y������� and �� w���¡ w��� ,
3. for ¢:�
���&£���¤�¤�¤���¥¦M§ �3¨�©(ª`�¬«§� � §�® ,¯� §"° � �  � §�±a¦²§ � §w± � § � §�³ � ,¯� §�° � �  «)� §w±a¦M§ � §�± � § � §�³ � ,� §�° � �b´�¨�©(ª ¯�µ«§�° � ¯� §�° � ® ´ �Z¶"· ,� §�° ���¸¨S©7ª ¯� «§"° � ¯� §"° � ®K¹ � §"° � ,� §"° ��� ¯� §�° � ¹ � §�° � ,� §�° ��� ¯� §�° � ¹ � §�° � ,

end.

Note that a breakdown occurs in the algorithm if, for some > , IKJML vU O="º�� v� ="ºj� P �»z . IfvU ="º�� �qz for some > , then the matrix Krylov subspace W = L`�[� U � P is invariant under
�

and
then >,¼�| the degree of the minimal polynomial of

�
for U � . We will see that in this case

we obtain the exact solution of the problem (1.1).
Below we will give a look-ahead Lanczos-type algorithm that avoids the breakdown.

Note that, since Algorithm 1 does not involve matrix inversions, the problem of linear depen-
dence of vectors in the sequences U ���"� U ��������� and � ���"�.O � �<������� is not an issue. Therefore
no deflation procedure to delete linearly or almost linearly dependent vectors is required.
From now on, we set ½�X �¾� U � ��������� U�X ! and ¿ÀX �¾� � � ��������� �3X ! , two matrices of dimen-
sion *� o + . Let ÁÂX be the tridiagonal matrix of dimension

o � o defined as:

Á X �
ÃÄÄÄÄÅ i
�ÇÆ��� � i � . . .

. . . . . .
Æ X� X i X

ÈÊÉÉÉÉË �
where i g , Æ g and

� g
are the scalars defined in the Algorithm 1.

Note that, for the Block Lanczos algorithm, the corresponding matrix is a block-tridiagonal
matrix of dimension

o +Y� o + .
Define the matrix vÁÂX �*Ì Á%X� X ºj��Í OX�Î �
where

Í X ��L`z²���������"zÏ� 6�P O 2 IR X .
We use the notation Ð defined in [9] for the following product½�X,Ð�Ñ � Xf g h � Ñ

g U g � ½�X L ÑYÒ�Ó  P �(2.1)

where Ñ ��L Ñ � � Ñ � ��������� Ñ X P O is a vector of IR X , and analogously½�X,Ð�ÁÂX ��� ½�X,ÐuÁjÔÖÕ � � ½�X,ÐuÁjÔÖÕ � ��������� ½jXaÐuÁ�ÔÖÕ X !S�(2.2)

where Á�ÔÖÕ g denotes the m -th column of the matrix ÁjX .
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Using these notations, we have the following result.
PROPOSITION 2.2. Assume that the global Lanczos algorithm does not break down

before
o

steps. Then 4�U � ��������� U'X×8 and 4�� � ��������� �3X¡8 form bases of the matrix Krylov sub-
spaces WYX LZ�C� U � P and WYX LZ�:O�� � � P , respectively, and we have the following relations :� ½ X � ½ X Ð�Á XµØ � X ºj�<� z²���������"zÏ� U X ºj��!S�(2.3) � ½ X � ½ X ºj� Ð3vÁ X �(2.4)

Proof. From the definition of the product * and the structure of the matrix Á X , we have
for > � 6 ����������o_t 6 ,

½jXÙÐ�Á�ÔÖÕ = � i = U = Ø � ="ºj� U ="º�� Ø Æ = U = \ ��
� U = �
and ½ X Ð�Á ÔÖÕ X �
Æ X U X�\ � Ø i X U X�;� U X9Ø � X ºj� U X ºj���
Then we obtain � ½�X � ½jXÙÐ�ÁÂX Ø � X ºj� � zÏ����������z²� U'X ºj� !��
For the relation (2.4), we have½�X ºj� Ð vÁÂX ��� ½�X � U'X ºj� ! Ð vÁÂX� ½�XµÐ�ÁÂX Ø � X ºj��Í OX U�X ºj�� ½ X Ð�Á XµØ � X ºj�(� zÏ���������"zÏ� U X ºj��!S�
Hence, using the relation (2.3), the result of (2.4) holds.

Consider now the block linear system (1.1), let
�eÚ

be an initial guess and let Û Ú.��	5t�9�eÚ
be the corresponding residual. The global Lanczos method for solving (1.1) generates,

at step
o

, the iterate
� X such that� X tn�eÚ.�ÜR X[2aWYX LZ�C� Û Ú P(2.5)

and Û^X ��	Ýt3�:� X^Þ^HnWbX L`� O � vÛ Ú P �(2.6)

where vÛ Ú is a given ß�à+ matrix provided that, D#Û Ú(� vÛ Ú F9H^á�*z
. Let âjX denote the

oblique projector onto
� WCX L`�[� Û Ú P and orthogonal to WCX L`�.Ow� vÛ Ú P . Then it follows from the

relations (2.5) and (2.6) that Û X � Û Ú t â X Û Ú �(2.7)

Let 4<U � ��������� U�XM8 and 4�� � ��������� �3X¡8 be the sets of matrices constructed by Algorithm 1,
generating the matrix Krylov subspaces WCX LZ�C� Û Ú P and WYX L`�.O�� vÛ Ú P , respectively, with the
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initializations U ��� Û Ú<ã T�Û Ú T H and � � such that, D¾U �<� � � F H � 6 . Now, from the
relation (2.5) it follows that, � X �
�eÚ Ø ½�X9Ð�Ñ7X(2.8)

where Ñ X is the vector of IR X obtained fromD¬Û Ú9ty� ½jX9Ð�Ñ7X � � g F9H �
zÏ�
which is equivalent toD¬Û Ú(� � g F9H � D � ½�XµÐ�Ñ7X � � g F9HÙk�m � 6 ����������o)�(2.9)

Hence, (2.9) can be written as Xf= h � Ñ =X IKJML � O� � U = P � TäÛ Ú T�H
and Xf= h � Ñ = X IKJML � Og � U = P ��z k�m ��åM����������o)�
Finally, the preceding linear system can be expressed asÁ X Ñ X � TäÛ Ú T H Í � X �� �(2.10)

where
Í � X ��

is the first vector of the canonical basis of IR X . If the tridiagonal matrix Á X is
nonsingular, the iterate

� X obtained by the global Lanczos method is then given as� X �
�eÚ Ø TäÛ Ú T�H�½jXÙÐ�Á \ �X Í � X �� �
(2.11)

Let us see now how to compute the norm of the residual ÛCX without actually having to
compute the approximation

� X . This will be useful for determining whether convergence is
achieved without explicitly using

� X . The residual ÛbX is given asÛ X � Û Ú t3� ½ X Ð�Ñ X �
From the relation (2.3) and the fact that, Û Úb� T�Û Ú T�HyU � , it follows that,Û^X � TäÛ Ú T�H3U � t ½�XµÐ�ÁÂX�Ñ7X Ø � X ºj� � zÏ�"z²��������� U'X ºj� ! Ð�Ñ7X �
On the other hand, since U �:� ½ X Ð Í � X �� , we obtainÛ X � ½ X Ð L T�Û Ú T H Í � X �� t Á X Ñ X P Ø � X ºj�(� z²�"zÏ��������� U X º���! Ð�Ñ X �
Finally, using (2.11) in the preceding equation, we getTÙÛ X T H �eæ�� X ºj� Ñ XX æ TäU X ºj� T H �(2.12)

where Ñ XX is the last component of the vector Ñ¡X . If | is the degree of the minimal polynomial
of
�

for Û Ú , then W } L`�C� Û Ú P is invariant and
� } �»�

is the exact solution of (1.1). As|#çÀ , the algorithm converges in at most  iterations.
In what follows, we describe some global Lanczos-based methods for solving the multi-

ple linear system (1.1).
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3. The Global Biconjugate Gradient method.

3.1. The Global BCG algorithm. The Global Biconjugate Gradient (Gl-BCG) algo-
rithm can be derived from Algorithm 1 in the same way as the classical BCG has been ob-
tained in [7]. At step

o
, the residual ÛYX generated by this algorithm is such that, ÛYX t Û Ú lies

in the right matrix Krylov subspace W X L`�[�"� Û Ú P � +"è�é×��4 � Û Ú �"� � Û Ú ���������"� X Û Ú 8 and Û X
is F-orthognal to the left matrix Krylov subspace W X L`�.Ow� vÛ Ú P � +"è'é7��4µvÛ Ú �"�:O vÛ Ú �����������:O X�\ �vÛ Ú 8 , where vÛ Ú is a given *��+ matrix.

The algorithm is defined as follows

ALGORITHM 2 The Global Biconjugate Gradient (Gl-BCG) algorithm6 . Compute Û Ú �
	EtC�9� Ú for a given
� Ú

, and choose vÛ Ú such that, D¬Û Ú � vÛ Ú F H á��z ,å
. set

rjÚ.� Û Ú and vrjÚ.� vÛ Ú ,ê
. for > ��z²� 6 ������� computeé . �_="ºj�9�;�[= Ø i =�rÂ= , where i =^� DÀÛ = � vÛ = F9HD �.r = � vr = F9H ,�

. Û ="ºj�9� Û =µt i =��.r%= ,ë . vÛ ="ºj� � vÛ = t i = � O vr = ,~ . r ="º�� � Û ="ºj� Ø Æ = r = , where
Æ = � D¬Û ="ºj� � vÛ ="ºj� F9HD�Û =(� vÛ = F H ,Í

. vr ="º�� � vÛ ="ºj� Ø Æ = vr = .
It is not difficult to prove the next results.
PROPOSITION 3.1. The matrices produced by the Gl-BCG algorithm satisfy the follow-

ing relations:L 6�P D�Û^X � vÛ:ì�F9H �;zYí�îÏï D �:r X � vr ì�F9H ��z k o á��ð��LSå P +"è�é×��4 r�Ú����������"r X×8 � +&è'é×��4�Û Ú������������ X Û Ú 8 .L ê P +"è�é×��4µvr Ú ��������� vr X 8 � +&è'é×��4ÙvÛ Ú �����������:O X vÛ Ú 8 .L`ñ P ÛbX t Û Ú 2aWbX LZ�C� Û Ú P and ÛbX is orthogonal to WYX LZ�:O�� vÛ Ú P .
The residual ÛbX produced by the Gl-BCG algorithm can also be expressed asÛbX �¬ò X L`� P�Û Ú7�

where
ò X is a polynomial of degree

o
with scalar coefficients satisfying

ò X L`z P � 6 . The
matrix direction

r X can also be written asr X �ôó X L`� P�Û Ú �
Here

ó X is a polynomial with scalar coefficients. Note that vÛ^X and vr X also can be expressed
as vÛ X �
ò X L`� O P�vÛ Ú í�îÏï vr X �ôó X L`� O P�vÛ Ú �
One disadvantage of the Gl-BCG algorithm is the fact that breakdowns may occur in the
algorithm. In the following subsection we give a look-ahead Lanczos-type algorithm that
avoids this problem.
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3.2. A look-ahead global Lanczos-type algorithm. The global Lanczos method con-
structs a sequence of approximations

L`� X P , ol� 6 ��åM������� such that,� X t3�eÚ 2aWYX LZ�C� Û Ú P
and ÛbXbÞ^HnWYX L`� O � vÛ Ú P �
where vÛ Ú and

� Ú
are chosen õ��+ matrices. Hence the residual Û X satisfiesÛbX ��ò X L`� P&Û Ú×�

where
ò X is a scalar polynomial of degree at most

o
with

ò X LZz P � 6 . Then the F-orthogonality
property gives D � O g vÛ Ú � Û X F H ��z k�m ��z²����������o_t 6 �
Setting ë g � D vÛ Ú(��� g Û Ú F9H and defining ë to be the linear functional on the space of
polynomials by ë L`I g P � ë g , the orthogonality relation can be written asë L`I g ò X L`I P&P ��z k�m ��z²����������o_t 6 �
This shows that

ò X is the polynomial of degree
o

belonging to the family of orthogonal
polynomials with respect to the functional ë . The F-orthogonality property shows that the
polynomial

ò X exists and is unique if and only if the Hankel determinantö � ���X �{÷÷÷÷÷÷÷
ë � ����� ë X
...

...ë X ����� ë � X�\ � ÷÷÷÷÷÷÷ á
�
zÏ�

Let ë � �&� be the linear functional defined on the space of polynomials by ë � ��� L`I g P � ë LNI g ºj� P �ë g ºj� and let
ò � ���X be the monic polynomial of degree

o
belonging to the family of formal

orthogonal polynomials with respect to ë � �&� . ò X and
ò � ���X exist under the condition thatö � �&�X á��z .

The recursive computation of
ò X involves the computation of some scalar products which

appear as denominators and of the recurrence relationships. Thus, if one of these scalar prod-
ucts vanishes, a breakdown occurs in the algorithm. This can be avoided by jumping over
these polynomials and by computing only the existing ones (called regular). This kind of
breakdown is called true breakdown [1]. There in another possible breakdown in Lanczos-
type algorithms (called ghost breakdown [1] which is not due to the non-existence of some
orthogonal polynomials of the family

ò X , but to the recurrence relationship under considera-
tion which cannot be used for computing

ò X , for some
o

. For instance, in Gl-Lanczos/Ortores
(
ò X ºj� is computed from

ò X and
ò X�\ � ) and in Gl-Lanczos/orthomin (Gl-BICG) (

ò X ºj� is
computed from

ò X and
ò � �&�X , and the polynomial

ò � �&�X ºj� is computed form
ò X ºj� and

ò � �&�X ).
Since we are interested only on the existing polynomials (regular), we still denote by

ò X andò X ºj� two successive regular polynomials of degrees � X and � X�Ø | X where | X is the length
of the jump. As shown in [5], | X is defined such that,ë � ��� L`I g ò � �&�X P ��z kEm �;zÏ��������� ��X Ø |�X t¸å



ETNA
Kent State University 
etna@mcs.kent.edu

126 K. JBILOU, H. SADOK, AND A. TINZEFTE

and ë � ��� L`I�ø(ù º } ù \ � ò � ���X P.á��z²�
The polynomials

ò X ºj� et
ò � �&�X ºj� are computed by the following recursive relationsò X ºj�(LNI P �
ò X LNI P t3IKú X LNI P ò � �&�X LNI Pò � ���X ºj� LNI P � 1 X LNI P ò � ���X L`I P tyû X º���r � �&�X�\ � LNI P �

where
ò � �&�\ � LNI P ��z , ûµ�C�Ýz and

ò � �&�Ú LNI P � 6 . Here 1 X is a monic polynomial of degree | X
and

ú X is a polynomial of degree at most | X t 6 .
If we set ÛbX �
ò X L`� P&Û Ú and

R X ��ò � �&�X L`� P�Û Ú7�
then we get the following relationsÛ^X ºj� � Û^X ty�9ú X LZ� P R X �� X ºj� �;� X t3ú X L`� P R X �R X ºj�µ� 1 X LZ� P R X tyû X º���R X�\ �<�
with the initializations

R�Ú.� Û Ú , R \ � ��z and
û � ��z

. The scalars
û X ºj� and the coefficients

of the polynomials 1�X and
ú X are computed using the orthogonality relations of the polyno-

mials
ò X ºj� and

ò � �&�X ºj� . Since
ò � �&�X is of degree exactly � X these orthogonality relations can

be expressed as follows ë L`I g ò � �&�X ò X ºj� P �
z kam �;z²��������� |�X t 6 �ë � ��� L`I g ò � �&�X ò � �&�X ºj� P �
z kam �;z²��������� |�X t 6 �
and ë � ��� L`I g ò � ���X � P �;z k�m ��z²��������� | X tyå²�ë � �&� LNI } ù \ � ò � ���X � P.á�;zÏ�
Let vR X �
ò � �&�X LZ� O P vÛ Ú7�
Then we have the recurrence relationvR X ºj� � 1�X L`� O P vR X tyû X º�� vR X�\ � �
with vR Ú � vÛ Ú et vR \ �^�5z . The length of the jump | X , is computed by using the following
relationsD vR X �"� g ºj� R X_F9H �;z for m �;zÏ��������� |�X t¸å and D vR X ��� } ù R X_F9H^á�
zÏ�
Let

ú X L`I P �ôü } ù \ �g h Ú Æ � X �g I g
and 1 X L`I P �ôü } ùg h Ú i � X �g I g with i � X �} ù � 6 , and define~ � X �g � D/vR X �"� g ÛbX[F9Häk,m �;z²��������� |�X t 6 �� � X �g � D vR X �"� } ù º g R X[F9Häk,m ��z²��������� |�X �
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The coefficients i � X �g and
Æ � X �g

, m �;zÏ��������� |,X t 6 , are given as solutions of the following two
triangular linear systems with the same coefficient matrixÃÄÄÄÄÄÄÄÄÄÄÅ

� � X �Ú� � X �� � � X �Ú z
...

� � X �� . . .
...

...
. . .

. . .� � X �} ù \ � � � X �} ù \ � ����� . . .
� � X �Ú� � X �} ù \ � � � X �} ù \ � �����ý�����V� � X �� � � X �Ú

ÈÊÉÉÉÉÉÉÉÉÉÉË
ÃÄÄÄÄÄÄÄÄÄÅ
Æ � X �} ù \ � i � X �} ù \ �Æ � X �} ù \ � i � X �} ù \ �

...
...

...
...Æ � X �� i � X ��Æ � X �Ú i � X �Ú

ÈÊÉÉÉÉÉÉÉÉÉË �
ÃÄÄÄÄÄÄÄÄÄÅ
~ � X �Ú t:� � X ��~ � X �� t:� � X ��

...
...

...
...~ � X �} ù \ � t:� � X �} ù \ �~ � X �} ù \ � t:� � X �} ù

ÈÊÉÉÉÉÉÉÉÉÉË �
As
� � X �Ú � DþvR X �"� } ù R XuF9H^á�Ýz , the matrix of the preceding system is always nonsingular.

We also note that,
û X º��:�;� � X �Ú ã � � X�\ ���Ú . Summarizing we get the following algorithm:

ALGORITHM 3 Global mrz-stab ª  ��ÿY���Y �� ¯�   ®
1. initializationR \ �µ��z , vR \ �µ�;z , Û Ú �;	Ýt3�:� Ú , R Ú � Û Ú , vR Ú � vÛ Ú� Ú �
z , ûµ�9�
z , | \ �9�
z and

oe��z
,

2. while ÛbXuá�;z doR X�Õ Ú �ôR X , vR X�Õ Ú � vR X , ~ � X �Ú � D*vR X�Õ Ú � Û X F H �R X�Õ � �
�^R X�Õ Ú , |,X � 6 , � � X �Ú � D/vR X�Õ Ú7��R X�Õ � F9H ,

3. while
� � X �Ú ��z

do| X � | XµØ 6 , R X�Õ } ù ���^R X�Õ } ù \ � , � � X �Ú � D/vR X�Õ Ú ��R X�Õ } ù F H �
end while

4.
Æ � X �} ù \ � � ~ � X �Ú ã � � X �Ú
if

o á��z then
û X ºj�:��� � X �Ú ã � � X�\ �&�Ú ,

end if

5. for m � 6 ��������� |�X dovR X�Õ g �;�:O vR X�Õ g \ �� � X �g � D/vR X�Õ g ��R X�Õ } ù F9H
if m9á� |�X then~ � X �g � DõvR X�Õ g � Û^X[F9H

compute
Æ � X �} ù \ g \ �

end if
compute i � X �} ù \ g

end for

6.
� X ºj�9�;� XµØ Æ � X �Ú R X�Õ Ú Ø Æ � X �� R X�Õ � Ø ����� Ø Æ � X �} ù \ � R X�Õ } ù \ �Û X º��9� Û X t¬� Æ � X �Ú R X�Õ � Ø Æ%��R X�Õ � Ø ����� Ø Æ � X �} ù \ � R X�Õ } ù !R X ºj� � i � X �Ú R X�Õ Ú Ø i � X �� R X�Õ � Ø ����� Ø i � X �} ù \ � R X�Õ } ù \ � Ø R X�Õ } ù t¸û X ºj� R X�\ �vR X ºj� � i � X �Ú vR X�Õ Ú Ø i � X �� vR X�Õ � Ø ����� Ø i � X �} ù \ � vR X�Õ } ù \ � Ø vR X�Õ } ù t¸û X ºj� vR X�\ �

7. �jX ºj� � ��X Ø |�Xoe�ôo Ø 6
end while
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The computation of the global MRZ-stab algorithm requires the storage of many matrices
of dimension  �¬+ . To overcome this problem, we use Horner’s algorithm to computeú X L`� P�ÛbX and 1�X L`� P R X . Let �'X be the monic polynomial defined by

� X L`I P ��� � X �Ú Ø ����� Ø � � X �} ù \ � I } ù \ � Ø I } ù �
Then applying Horner’s algorithm, the polynomial � X can be computed recursively as follows

� � Ú �X � 6 �
� � g �X ��I � � g \ �&�X Ø � � X �} ù \ g for m � 6 ��������� |�X �

�'X L`I P � � � } ù �X LNI P �
The coefficients

� � X �g
, m � 6 ��������� |,X , are computed such that,ÃÄÄÄÄÄÄÄÄÄÄÅ

� � X �Ú� � X �� � � X �Ú z
...

� � X �� . . .
...

...
. . . . . .� � X �} ù \ � � � X �} ù \ � ����� . . .

� � X �Ú� � X �} ù \ � � � X �} ù \ � �����ý�����V� � X �� � � X �Ú

ÈÊÉÉÉÉÉÉÉÉÉÉË
ÃÄÄÄÄÄÄÄÄÄÅ

� � X �} ù \ �� � X �} ù \ �
...
...� � X ��

� � X �Ú

ÈÊÉÉÉÉÉÉÉÉÉË �Ýt
ÃÄÄÄÄÄÄÄÄÄÅ
� � X ��� � X ��

...

...� � X �} ù \ �� � X �} ù

ÈÊÉÉÉÉÉÉÉÉÉË �
Then using the expressions of the coefficients

Æ � X �g
and i � X �g , one obtainsú X LNI P � 6� � X �Ú } ù \ �f= h Ú ~ � X �} ù \ = \ � � � ="�X LNI P �1�X LNI P � ��X LNI P � � � } ù �X L`I P �

Note that, with this new approach, we do not have to store all the
� � X �g

’s but only
� � X �Ú . The

new algorithm is called global HMRZ-stab and is summarized as follows.
ALGORITHM 4 Global HMRZ-stab ª  ��ÿY���b �� ¯�   ®

1. initializationR \ �µ�
zÏ� vR \ �µ�
zÛ Ú �
	Ýty�9� ÚvR Ú � vÛ ÚR Ú � Û Ú� Ú^�
zû � �;z� � \ ���Ú �;z k ol�
z
2. while ÛbXuá�;z do~ � X �Ú � D/vR X � ÛbX[F9H|,X � 6@'X �;�:O vR XU�X � @'X� � X �Ú � D¬@'X ��R X_F9H
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3. while
� � X �Ú ��z

do|,X � |�X Ø 6~ � X �} ù \ � � D¬@)X � ÛbX_F9H@'X ���:O @)X� � X �Ú � DÀ@)X ��R X[F9H
end while

4. if
o á��z thenû X ºj� �ô� � X �Ú ã � � X�\ ���Ú

end ifÁ X �ôR XR X ºj�:�Ýt:û X ºj��R X�\ �vÁ X � vR XvR X ºj�:�Ýt:û X ºj� vR X�\ �� X ºj� �;� XÛ^X º�� � ÛbX
5. for m � 6 ��������� |�X do	 X �;� Á%XÆ�� ~ � X �} ù \ g ã � � X �Ú� X ºj� ��� X º�� Ø Æ Á%XÛ^X º�� � ÛbX ºj� tnÆ 	 X�,�5t DÀ@ X � 	 X F H ã � � X �ÚÁ X � 	 XµØ ��R X

if m9á� 6 thenU X ���:O vÁ X
end ifvÁ%X � U�X Ø � vR X

end for

6.
R X ºj� �ôR X ºj� Ø ÁÂXvR X ºj� � vR X ºj� Ø vÁÂX��X ºj� � ��X Ø |�Xoe�ôo Ø 6

end while

4. The global BiCGSTAB algorithm.

4.1. The global BiCGSTAB algorithm. We have seen that at step
o

the residual Û�
 �X
and the matrix direction

r 
 �X produced by Gl-BCG satisfyÛ 
 �X � Û 
 �X�\ � t i X �.r 
 �X�\ � �(4.1)

and r 
 �X � Û
 �X Ø Æ X r 
 �X�\ � �(4.2)

The
o

-th residual of global BiCGSTAB is defined byÛ^X ��L Ó t�� X � P��ÂX
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where

� X ��L Ó t�� X�\ ��� P ������L Ó t������ PMÛ
 �X �(4.3)

The parameter
� X is selected to minimize the F-norm of Û X , so we have

� X � D�� X �"� � X F HD � �ÂX ��� �ÂX_F9H �
Using (4.1) and (4.3) we get

� X � Û X�\ �Ùt i X �:r X�\ �
where r X�\ � ��L Ó t�� X�\ � � P ������L Ó t�� � � P r 
 �X�\ � �
Now since Û
 �X (

o ¼�6 ) is F-orthogonal to the matrix Krylov subspace WCX L`�:O�� vÛ Ú P it follows
from (4.3) that, DývÛ Ú7� �ÂX_F9H �;z k o ¼ô6 �
Using this orthogonality, we get i X � DývÛ Ú7� ÛbX�\ � F9HD vÛ Ú7���:r X�\ � F9H �
On the other hand, the global BiCGSTAB direction

r X is given byr X ��L Ó t�� X � P ������L Ó t�� � � P � Û
 �X Ø Æ X r 
 �X�\ � !
which can be written as r X ��L Ó t�� X � P L �ÂX Ø Æ X r X�\ � P
as well as r X ��L Ó t�� X � P�� X
where

� X � � XµØ Æ X r X�\ ���L Ó t�� X�\ ��� P ������L Ó t������ P r 
 �X �
We now have to compute

Æ X by using the fact that
r 
 �X is F-orthogonal to the subspaceW X L`�.Ow� vÛ Ú P . It follows that, D/vÛ Ú �"� � X F H ��z k o ¼Ü6 �

Therefore Æ X �Ýt D/vÛ Ú×�"� �ÂX_F9HD vÛ Ú(���:r X�\ � F9H �
The global BiCGSTAB algorithm is given as follows :
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ALGORITHM 5 The Gl-BiCGSTAB algorithm
Compute Û Ú ��	pt��9� Ú , where

� Ú
is an initial approximate solution;

r Ú � Û Ú
and vÛ Ú arbitrary,

for
ol� 6 ��å²�������U X�\ �9���:r X�\ � ,

� X � Û X�\ �µt i X U X�\ � , i X � DývÛ Ú � Û X�\ � F HD vÛ Ú(� U'X�\ � F9H �Á%X ��� �ÂX ,� X �
� X�\ � Ø i X r X�\ � Ø � X��ÂX , � X � DÀÁ X � � X F HDÀÁÂX � Á%X[F9H ,Û X � � X t�� X Á X ,r X � Û XµØ Æ X LZr X�\ �Ùt�� X U X�\ � P , with
Æ X �5t DývÛ Ú(� Á%X_F9HD vÛ Ú×� U'X�\ � F9H ,

end.
When + � 6 the algorithm reduces to BiCGSTAB of Van der Vorst [22]. We note that

global methods do not suffer from dependence of vectors during the iterations until a matrix
invariant subspace is obtained (no need for deflation). However a break-down may occur ifDývÛ Ú � U X�\ � F H �;z .

4.2. A look-ahead global BiCGSTAB algorithm. The
o

-th residual produced by the
global BiCGSTAB algorithm is expressed asÛbX ��� X L`� P ò X LZ� P�Û Ú×�
where

� X is a polynomial satisfying the following recurrence relation
� X L`I P �ÝL 6 tnú X I P � X�\ �(LNI P ��� Ú LNI P � 6 �

and
ú X is chosen so that DÀÛ X � Û X F H � T�Û X T �H is minimized. Letvò � ���X L`I P ��L&t 6�P X�� � Ú �X

� � �&�X ò � ���X L`I P �ò � �&�X is a monic formal orthogonal polynomial with respect to ë � ��� . The polynomials
ò X andò � �&�X satisfy the recurrence relationsò X ºj�(LNI P ��ò X LNI P t i X ºj��I vò � ���X L`I P �(4.4) vò � �&�X ºj� LNI P ��ò X ºj��L`I P Ø Æ X ºj� vò � �&�X LNI P �

with
ò Ú L`I P � vò Ú L`I P � 6 �
If the Hankel determinant � � �&�X vanishes, then the polynomials

ò X and vò � ���X do not exist
and we have a true breakdown. This problem can be cured by jumping over the nonexisting
polynomials and by considering only the regular ones. If �

� ���X á�ôz and the two polynomials
are not of degree

o
exactly ( �

� Ú �X � z
) then we have a ghost breakdown. This kind of

breakdown is not treated in this paper.
In the sequel, we assume that � � Ú �X á��z . The

o
-th regular polynomials will be denoted

by
ò X and

ò � ���X with degree equal to �jX . The next regular polynomials
ò X ºj� and vò � �&�X ºj� have

degree ��X ºj� � ��X Ø |�X where |�X is the jump in the degrees between two successive regular
polynomials; see [1] and [3].
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The jump | X is defined by the conditionsë � ��� L`I g vò � ���X P ��z for m ��z²��������� � XµØ | X t¸åM�ë � ��� L`I ø(ù º } ù \ � vò � ���X P.á��z²�
Therefore the polynomials

ò X º�� and vò � ���X º�� are computed by the following recurrence rela-
tions ò X º�� LNI P ��ò X LNI P t3I�� X L`I P�vò � �&�X LNI P �(4.5) vò � ���X º�� LNI P ��ò X ºj� LNI P Ø Æ X º�� vò � �&�X LNI P �
where

òÙÚ7L`I P � vòäÚ×LNI P � 6 and
� X is a polynomial of degree |�X t 6 at most. The auxiliary

polynomial
� X is of degree at most �jX and satisfies the recurrence

� X ºj� L`I P ��L 6 Ø ú � X �� I Ø ú � X �� I � Ø ����� Ø ú � X �} ù I } ù P � X LNI P �(4.6)

The coefficients
L`ú g � X � P ��� g � } ù are chosen so that D�ÛbX ºj� � ÛbX ºj� F9H is minimized.

The jump | X is determined from the relationsë � �&� LNI g � X vò � ���X P ��z for m �
zÏ��������� |�X t¸åM�(4.7) ë � �&� LNI } ù \ � � X vò � ���X P.á��z²�
Let

� � X �g
, m ��z²��������� |,X t 6 be the coefficients of the polynomial

� X :
� X LNI P � } ù \ �f g h Ú � � X �g I g

and set � � X �g � ë � �&� LNI } ù \ �&º g � X.vò � �&�X LNI P"P for m �;z²��������� |�X t 6 �~ � X �g � ë L`I g � X ò X LNI P&P for m ��z²��������� |�X t 6 �
In (4.5), multiplying

ò X ºj� by
� I g � X ! , m ��z²��������� | X t 6 , applying ë and using the orthogo-

nality relations, we getÃÄÄÄÄÄÄÄÄÄÄÅ
� � X �Ú� � X �� � � X �Ú z

...
� � X �� . . .

...
...

. . . . . .� � X �} ù \ � � � X �} ù \ � ����� . . .
� � X �Ú� � X �} ù \ � � � X �} ù \ � �����ý�����V� � X �� � � X �Ú

ÈÊÉÉÉÉÉÉÉÉÉÉË
ÃÄÄÄÄÄÄÄÄÄÅ

� � X �} ù \ �� � X �} ù \ �
...
...� � X ��

� � X �Ú

ÈÊÉÉÉÉÉÉÉÉÉË �
ÃÄÄÄÄÄÄÄÄÄÅ
~ � X �Ú~ � X ��

...

...~ � X �} ù \ �~ � X �} ù \ �

ÈÊÉÉÉÉÉÉÉÉÉË
�

(4.8)

Note that, since ë � �&� LNI } ù \ � � X vò � �&�X P ��� � X �Ú á�;z , the matrix of the preceding linear system is
nonsingular. Multiplying equation (4.5) by

I } ù \ � � X and applying ë � �&� , the coefficient
Æ X ºj�
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is given by Æ X º��9�5t ë LNI } ù � X ò X ºj� Pë � ��� L`I } ù \ � � X.vò � �&�X P�5t ë L�� X º�� ò X ºj� Pú � X �} ù ë � �&� LNI } ù \ � � X.vò � �&�X P �
It follows from

� } ù \ � � ë L�� X ò X Pë � ��� L`I } ù \ � � X.vò � ���X P � ~ � X �Ú� � X �Ú �
that Æ X ºj� �5t � } ù \ �ú � X �} ù ~ � X º����Ú~ � X �Ú �
(4.9)

Let
R X and �ÂX be defined as follows :R X ��� X L`� P�vò � �&�X L`� P�Û Ú �

�ÂX ��� X�\ � L`� P ò X L`� P�Û Ú7�
Using the relations (4.5) and (4.6), we obtain

� X ºj�9� Û X ty��� X L`� P R X �Û X ºj�9� � X ºj� Ø ú � X �� � � X ºj� Ø ú � X �� � � � X ºj� Ø ����� Ø ú � X �} ù � } ù � X ºj���R X ºj�9� Û X ºj� Ø Æ X º���L�R XµØ ú � X �� �bR X9Ø ú � X �� � � R XÙØ ����� Ø ú � X �} ù � } ù R X P �
The approximations

� X are then computed according to� X ºj�9�;� XµØ � X LZ� P R X t¬L`ú � X �� � X ºj� Ø ú � X �� � � X ºj� Ø ����� Ø ú � X �} ù � } ù \ � � X ºj� P �
Since the coefficients

LNú � X �g P ��� g � } ù are chosen so that D Û X ºj��� Û X ºj� F H is minimized,
they are obtained by solving the following |EX_�a|,X linear system:ú � X �� D � g �ÂX ºj� �"� �ÂX ºj� F9H Ø ����� Ø ú � X �} ù D � g ��X ºj� �"� } ù ��X ºj� F9H�Ýt D � g ��X ºj� � �ÂX º�� F9HÙknm � 6 ��������� |�X �
We note that since ë L`I g P � D/vÛ Ú(��� g Û Ú F9H , the coefficients

LZ� � X �g P and
L ~ � X �g P are given by� � X �g � D/vÛ Ú×�"� g º } ù R XCF9H � m ��z²��������� |�X t 6 �~ � X �g � D/vÛ Ú �"� g Û X F H � m �
z²��������� | X t 6 �

The length of the jump | X is determined by the following relationsD vÛ Ú(��� g R X_F9H �;z for m � 6 ��������� |,X t 6 � and D vÛ Ú7�"� } ù R XCF9H^á��z²�
The look-ahead global BiCGSTAB algorithm is summarized as follows:
ALGORITHM 6 The Look-ahead global BiCGSTAB ª  ��ÿC� �   � ¯�   ®
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1. initializationR \ �µ�;zÛ Úb�
	Ýty�9�eÚR�Ú.� Û Ú~ � Ú �Ú � D/vÛ Ú(� Û Ú F9H� Ú^�
zol�;z
2. while ÛbXuá�;z do

if ~ � Ú �Ú �
z
then stop.R X�Õ Úb�ôR XR X�Õ � �;�bR X�Õ Ú|,X � 6� � X �Ú � D vÛ Ú7��R X�Õ � F9H

3. while
� � X �Ú �;z

do| X � | X9Ø 6Û X�Õ } ù \ �µ�;� Û X�Õ } ù"!$#~ � X �} ù \ � � D/vÛ Ú(� Û^X�Õ } ù \ � F9HR X�Õ } ù �;�bR X�Õ } ù�!&%� � X �Ú � DývÛ Ú ��R X�Õ } ù F H
end while

4.
� � X �} ù \ � � ~ � X �Ú ã � � X �Ú 	 X �ôR X�Õ } ù
for m � 6 ��������� | X t 6 do	 X �
� 	 X� � X �g � DývÛ Ú7� 	 X[F9H

compute
� � X �} ù \ g \ �

end for
5. � X ºj�:� Û X t�� � X �Ú R X�Õ ��� � X �� R X�Õ �µt'������t�� � X �} ù \ � R X�Õ } ù
6. construct the matrices ( X ��� � � X ºj�<���������"� } ù � X ºj��! O�� � � X ºj�(���������"� } ù � X ºj��!

and  X ��� � � X ºj�����������"� } ù � X ºj��! O � X ºj�
7. solve ( X ú X �Ýt  X where

ú X ��� ú � X �� �&ú � X �� ���������&ú � X �} ù ! O
8.

� X ºj� �;� X Ø � � X �Ú R X�Õ Ú Ø ����� Ø � � X �} ù \ � R X�Õ } ù \ � tµú � X �� �ÂX ºj� tY����� tµú � X �} ù � } ù \ � �ÂX ºj�Û^X ºj� � �ÂX ºj� Ø ú � X �� � ��X ºj� Ø ����� Ø ú � X �} ù � } ù �ÂX ºj�
9. ~ � X ºj�&�Ú � D/vÛ Ú � Û X ºj� F HÆ X º�� �Ýt ~ � X º����Ú � � X �} ù \ �~ � X �Ú ú � X �} ùR X º��9� Û X ºj� Ø Æ X ºj�(LSR X�Õ Ú Ø ú � X �� R X�Õ � Ø ����� Ø ú � X �} ù R X�Õ } ù P

10. � X ºj�9� � XµØ | Xol��o Ø 6
end while

5. Numerical examples. In this section, we give some experimental results. Our exam-
ples have been coded in Matlab and have been executed on a SUN SPARC workstation.

Example 1: We compared the performance of the global BCG, global BiCGSTAB and the
block BCG algorithms. We used the matrices from the Harwell-Boeing collection:

� �
=PDE2961
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(  �Vå*),+ 6 ) and
�.�

=Sherman4 (  � 6 z7å<ñ ). The number of nonzero entries of
�Y�

and�:�
are �%�.- L`�b� P � 6 ñ&/$0,/ and �%�.- L`�.� P � ê21 0,+

. The tests were stopped as soon as|aé $�L TÙÛ � ="�X T � ã TÙÛ � ="�Ú T � PäçÜ6 z \43 , for > � 6 ��������� + .
The initial guess

� Ú
was taken to be zero. We set

	 �ýJ é7�Â~ L  � +�P , where the Matlab
function

J é7�Â~ creates an *�,+ random matrix with entries uniformly distributed in [0,1].
In Table 5.1, we list the CPU-time (in seconds) obtained with the three algorithms. In

parentheses, we give the ratio + ��I�L 6�P ã I�L +�P , where
I�L +�P is the CPU-time for the global or the

block method and
I�L 6�P is the CPU-time obtained when applying the corresponding method

for one linear system with one right-hand side. Note that the time obtained with one right-
hand side solver depends on which right-hand side was used.

I�L 6�P was obtained by dividing
the time needed for the + right-hand sides by + . We note that a global method is effective
if the indicator + �<I�L 6�P ã I�L +�P is greater than 1. The maximum number of

/(z(z
iterations was

allowed for all the algorithms. As mentioned in [18], we used vÛ Ú��¾�:	
for the Bl-BCG

algorithm.

TABLE 5.1
Runtimes to convergence for Gl-BCG, Gl-BiCGSTAB and Bl-BCG. Matrices 5ä� and 5�· ; 687�9;: and 6<7>=�: .

Matrix s Gl-BCG Gl-BiCGSTAB Bl-BCG
PDE2961 10 98 40 -
(N=2961) (1.39) (1.43) -

20 201 81 -
(1.43) (1.45)

SHERMAN4 10 17 10 -
(N=1140) (1.37) (1.34) -

20 36 19 24
(1.41) (1.39) (1.35)

Table 5.1 shows that Gl-BiCGSTAB returns the best results. Note that, for Sherman4
and + ��å�z , Bl-BCG performs better than Gl-BCG. For the matrix PDE2961, Bl-BCG failed
to converge and this was also the case for Sherman4 with + � 6 z .
Example 2: For this experiment we consider the matrix

���
ÃÄÄÄÄÄÄÄÄÄÄÅ
é 6t 6 é 6t 6 é 6

. . . . . . . . .
. . . . . . . . .t 6 é 6t 6 é

ÈÊÉÉÉÉÉÉÉÉÉÉË
with

	õ� Ó A Õ  , �eÚ�� J é×�Â~ L  � +�P , vÛ Ú�� Ó A Õ  ,  � å�z(z
, + �?+

and é � z
. In Figure

5.1, we plotted the log10 of the Frobenius norm of the residual versus the iterations. As
shown in this figure, the Gl-BCG (dashed line) does not converge. Setting @ � 6 z \4A , the
global Hmrz-stab(solide line) makes jumps of length | X �ôå and we obtain � � Ú�Ú ��å�z(z withT�Û ø %CBDB T H � ê � 6 ñ 6 z \ �"� .
Example 3: For this experiment, the matrix

�
is the same as in Example 2 with  � 6 z(z(z ,+ �E+

, é �¾z
,
�eÚ,�¾z A Õ  and vÛ Ú,� Û Ú . Figure 5.2 shows the results obtained with the
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FIG. 5.1. FG7H=�:�: , 6I7HJ , K47�9;: ³2L

Gl-BICGSTAB (solid line) and the look-ahead Gl-BiCGSTAB (dashed line) algorithms. In
this figure we plotted the Frobenius norm (in the logarithmic scale) of the residuals vesus the
iterations. With @ � 6 z \ � Ú many jumps are detected in the look-ahead GL-BiCGSTAB algo-
rithm. The first jump is obtained at iteration � �;M � 6 + ( � � 3 � 6 0 ), the second one is detected
at iteration � ��N �¾å<ñ

( � �;O � å*+
). The last jump is of length |�X � 676 and is detected at

iteration � N�M �P/ 6 ( � N 3 �Q+×å
).
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FIG. 5.2. F'7�9;:�:�: , 6I7RJ and K�7�9;: ³ �` 
Example 4: For this last experiment, the matrix

�p��rTSVU[å*),+ 6 is taken from the Harwell
Boeing collection (  �qå*),+ 6 ). The nonzero entries of

�
are �%�.- LZ� O P � 6 ñ2/*0,/

. We used
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OBLIQUE PROJECTION METHODS 137+ � 6 z , 	p� Ó A Õ  , � Ú ��z A Õ  and vÛ Ú � Û Ú . Figure 5.3 reports on the results obtained with
the Gl-BICGSTAB (solid line) and the look-ahead Gl-BiCGSTAB (dashed line) algorithms.
We plotted the Frobenius norm of the residuals versus the iterations.
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FIG. 5.3. F'7R=�W�JX9 , 6I7�9;: , K47�9;: ³ �` 
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