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ON THE SHIFTED QR ITERATION APPLIED TO COMPANION MATRICES*

DARIO A. BINI T, FRANCESCO DADDI , AND LUCA GEMIGNANI §

Abstract. We show that the shifted QR iteration applied to a companion matrix F' maintains the weakly
semiseparable structure of F'. More precisely, if A; — a1 = Q;R;, Ait1 = RiQi + oail, 1 = 0,1,..,
where Ag = F, then we prove that Q;, R; and A; are semiseparable matrices having semiseparability rank at
most 1, 4 and 3, respectively. This structural property is used to design an algorithm for performing a single step
of the QR iteration in just O(n) flops. The robustness and reliability of this algorithm is discussed. Applications
to approximating polynomial roots are shown.
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nomial roots.
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1. Introduction. Let p(z) = Y., a;z", be a polynomial of degree n with leading
coefficient a,, = 1, let f = (f;) # 0 in C™ be such that f; = —a;—1,7 =1 : n and
consider the associated companion matrix

0 ... 0 f

(L.1) Ferf=| b P
0

o 11

Since the eigenvalues of F' coincide with the zeros of p(x), algorithms for computing ma-
trix eigenvalues can be applied for approximating the zeros of p(z). In fact, the Matlab
function r oot s, which provides approximations to the zeros of a polynomial, is based on
the shifted QR iteration

A — ol = QrRy

(1.2) B
A1 = RiQr + ol = Q3 ArQx

k=0,1,2,... applied with Ay = F, suitably balanced by means of a diagonal scaling.
Here and hereafter, Q%' denotes the transpose conjugate of Q.

Despite F' being sparse and structured, after a few steps of (1.2), the matrices A, are
dense and apparently with no structure, except that they are in upper Hessenberg form. In
this way, the arithmetic cost of each iteration is O(n?) arithmetic floating point operations
(flops) and the QR algorithm does not seem to take advantage of the initial structure of
F. In [4] an attempt to overcome this drawback has been performed by using a restarting
technique. In[1], [18], the related problem of computing the eigenvalues of a unitary matrix
in Hessenberg form is investigated.

Observe that the matrix F' is such that any submatrix contained in the lower triangular
part of I has rank at most 1. The same rank property holds for the submatrices contained
in the upper triangular part (diagonal included). In general, we call a matrix A weakly
semiseparable of rank (h, k) if all the submatrices in the strictly lower triangular part have
rank at most h, and the submatrices in the strictly upper triangular part have rank at most k,
where the values h and & are achieved by some submatrix. We say that A is semiseparable
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of rank (h, k) if there exist matrices L and U of rank h and k, respectively, such that the
strictly lower triangular part Tril(A) of A coincides with the strictly lower triangular part
Tril(L) of L and the strict upper triangular part Triu(A) of A coincides with the strict upper
triangular part Triu(U) of U. According to these definitions, F' is weakly semiseparable of
rank (1,1). In particular, Tril(F) is weakly semiseparable of rank (1,0) while Triu(F’) is
semiseparable of rank (0, 1) since Triu(F) =Triu(fel).

Semiseparable matrices are closely related to the inverses of banded matrices and have
further nice properties which relate them to their inverses and to their LU and QR factor-
izations (see [5], [6], [7], [9], [11], [12], [13], [14], [16], [17] and the references therein).
In particular, the matrices L; and U;, generated by the LU iteration applied to a semisepa-
rable matrix for eigenvalue computation, are semiseparable [11]. Based on the well-know
relations between the QR and LR iteration algorithms [19], it can be shown that a similar
property holds for the matrices @; and R; generated by the QR iteration provided that A is
real symmetric [8]. Counterexamples easily can be given where the semiseparability prop-
erty is not maintained by the QR iteration if A is not symmetric. Algorithms for computing
the LU factorization and for solving linear systems with a semiseparable matrix in O(n)
ops have been designed in [11], [5]. Weakly semiseparable matrices have been introduced
in [15].

In this paper we prove that the matrices Ay, Qx and R, generated by (1.2) for
k =1,2,..., with Ay = F, are weakly semiseparable of rank (1, 3), (1,2) and (1,4),
respectively. Moreover, Triu(Ay) and Triu(Qy,) are semiseparable of rank (0, 3) and (0, 1)
respectively. These facts enable us to represent Qx, Ax and Ry with O(n) memory space
and to design algorithms for computing A1, given Ay, with complexity O(n).

The paper is organized in the following way. In section 2 we prove the structural
properties of Ay, Qi and Ry, by providing an algorithm for computing the QR factorization
of Ay —axI in O(n) ops. In section 3 we describe different methods for performing the RQ
step, still in O(n) ops. Section 4 contains some remarks concerning the implementation
of the algorithms. In section 5 we report the results of some numerical experiments which
show that the provided algorithms are promising but still lack the robustness properties
needed for a reliable use inside a numerical package. Future research is also discussed.

2. Structural properties of the matrix sequences generated by the QR iteration.
In this section we analyze the structural properties of the matrix sequences {A}ren,
{Qk}ken, {Rr}ren, generated by the shifted QR iteration (1.2) applied with Ag = F,
where F' is the companion matrix (1.1) associated with the vector f = (f;) € C", and we
assume that det F' # 0, i.e., f1 # 0.

Let us recall that from (1.2) it follows that

A, = PEFP,,
P = Qr-1Qkr—2---Q1,

that is, Ay is unitarily similar to F.

2.1)

2.1. Structure of A,. We note that, since F' is in upper Hessenberg form, all the

matrices A, k = 0,1,..., are in upper Hessenberg form, that is, az(.fj) =0ifi>j+1,
where A4;, = (ag?).

The following simple observation plays a substantial role for the derivation of our
results.

REMARK 1. If f; # 0 then a direct inspection shows that

—fo/fi 1
—f3/fi 0 1

(2.2) F(f)~" =
_fn/fl 1

1/f1 0
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Moreover,
(2.3) F=FH4puvH U vVvec?
where
f2/fi 1
-1
. fi/h 0
0 n
f -1/f1 0

Pre-multiplying equation (2.3) by P and post-multiplying it by P, from (2.1) we
immediately obtain the following identity

(2.5) A=A+ vE k=0,1,...,
where
(2.6) Uk = Qi U1, Vi =Qf Vi_1.

Since Ay is in upper Hessenberg form, the entries in the upper triangular part of A,;H
are given by

_ 1 .
(2.7) (A Mg =~ ey i<,
Yn
where z = (z\")) = A 7e, and y )T = (y*) = €T A" are the last column and the
first row of A‘H respectively. This property is a direct consequence of the following
LEMMA 2 1. Let B = (b; J) be a matrlx in lower Hessenberg form, and define 5; =

biit1, d; = det Bz, d; = det B;, where B; and B are the leading and trailing ¢ x
principal submatrices of B, respectively. Then

L i—1
(_1)1-5-47 N - J ) )

di—1dp—; I I Be, <7,
det B "

(B Yy =

where, if i = j, the product in the right hand side is 1, and dy = d,, = 1.
Proof. The result follows from the relation (B=1);; = (—1)"*7 det B, ;/det B,
where B; ; is the submatrix of B obtained by removing the j-th row and the i-th column. O
From this lemma we may also represent the upper triangular part of A,;H, by means

of a pair of vectors w® = (w™) = ((=1)i=1d"), z2® = 2y = ((=1)"=1d™.), as
1
28) e A e 8 | LR

where b(k) = aé’fl » £ =1:n—1,are the lower diagonal entries of Ay, cZEk) and cigk) are
the determinants of the leading and trailing i x i principal submatrices of A/, respectively,
and we use the fact that det Ay, = det ¥ = (—1)"*+1 f;. Here and below, we denote with
a the complex conjugate of the complex number a.

We have the following representation result for Ay.

THEOREM 2.2. The matrix Ay, = (a; (k )) generated at the k-th step of the QR iteration,
is such that

fori > j+1,

0
(k) _ 1
Gij = 5 Z(k),( +u(k) (k) 51“2) §k2) fori < j,

e
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where
LENONOINC) <k>1 b(
Yj j
7(1 fl =i

andbﬁ —aé]i)u,lezn—l.

Summing up, all the matrices A; generated by the QR iteration are determined by
Tn — 1 parameters, namely:

(i) The subdiagonal entries 5® = (), .. s ).

i) The last column (*) and the first row y "7 of A respectively, defining the upper
K
triangular part of A; .
(iii) The columns ug ) gk) of Uy,
(iv) The columns 'u( ) ék) of V4.

In particular, the matrlces Ay, are weakly semiseparable of rank (1,v), with v < 3, and
Triu(Ay) is semiseparable of rank at most 3.

2.2. Structureof Ry. The structure of the sequence { Ry } k< €asily can be described
from the Q R factorization of A, — 1. Therefore in this section we describe the QR step
applied to A, and, as a byproduct, we obtain the structure of Ry.

Let us recall that A; is of upper Hessenberg form with lower diagonal entries
" .. b™ | and with entries a(k) }k):cgk)y(k) +u(k) (k) +uz(k2)v(k2) fori < j,ie.,in

1 s ¥n—-1

the upper triangular part. Let us also denote, with a®) = (az(.k)), the vector formed by the

diagonal entries of A and, with d*) = (dgk)), g = (ggk)), the vectors formed by the
diagonal and superdiagonal entries of Ry, respectively. The reduction to upper triangular
form of A, — a1 can be achieved by means of a sequence of Givens rotations

I
K W

C.

G = _;(k) cék) =1i1® gi(k) & lp—i—1, i=1:n-1,

L1
where ¢! € R, |¢® |2 + ("2 = 1 and I, denotes the i x i identity matrix. At the first
step ng) is chosen so that the entry in position (2, 1) of GYC) (Ar — agI) is zero. In this
way, only the entries in the first two lines of G(’“)A,C differ from the corresponding entries
of Ay, — ayI. Moreover, for j > ¢ + 1, the former entries are given by (k) 5’%](

A§k1) J(1 + 5’2’ 52,z=1,2,j>i,where

~ k ~(k k ~(k k
) -a [T [ -om ], [ -om ]
) ) Uy Uz,1 3,2
while the remaining entries in the 2 x 2 leading principal submatrix of ng) (A —ay D) are
given by

k ~(k k k k k
ldgk) 95)] (k)lag)_ak <1k>17().( +U()v§f+ugﬁv§3]

0o 4% k) ok

1 2 T Qg

The values of dgk), fcgk), §’? and ale are not modified by the subsequent Givens

rotations, While the values of 1:2’“), ﬁzkl) and u2k2) and d (¥) are modified only at the second
step where G (Ak — ay 1) is pre-multiplied by G(k) At the i-th step, G ) is chosen so

that the entry in position (i + 1,4) of GZ(.’i)l ng) (Ar — aiI) is zero.
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At the end of the entire procedure the matrix R, turns out to be represented in terms of
its diagonal entries d(k) d(k) its superdiagonal entries g(k) . ,gff)l, by the vectors

@™ y(*) and by the matrices Uy, = (4" )) Vi = (v z(,j)) as

dgk) for i = j,
gtk for i =5 —1,
(2.9) i) = Lo, (k) a0 ph) o) ) o
i, — i Y5 +U; U5y t 50,5  fori<j—1,
Yn
0 for i > j.

In this way the matrix R;, can be stored by using only 8n — 1 parameters. The entire
process for computing the above representation of Ry, is synthesized below.
ALGORITHM 1.
INPUT: The matrices Uy, V;, and the vectors (%), y(*) and b*) which define the entries of
Ay by means of Theorem 2.2. (For a certain use of the algorithm, which we will describe
later on, we might give as input the vector a(*) with the diagonal entries of A;). The shift
parameter a.
OuTPUT: The Givens parameters sgk) and cgk), i = 1:n — 1, together with the vectors
d®, &®) 4 *®) and the matrices U, = (ﬁg?), Vi = (vgfj)) which define the entries of Ry,
through (2.9), where Q. Ry, = A — al.
COMPUTATION: 0
L Leta® = (oaPy™ + ool + ool i, b
&) — k)
2. Seta®™ =a® — qy(1,...,1).
3. Fori=1:n—1do
(@) (Compute G;)

iy o= 1\ [aP 2+ P2, v = ol /1aP), = 1iF e = 0),

= b(k)y fjk = U]i}v

0 = i/vi,
i) a0, (0 _ kg,

(b) (Update Rx)
=it = Aoy, ol )
(k) _ (k)t+s( ) Z( )

i. g;

i dEﬁA —-§’“>t+c<’“> 5{?1
(c) (Update Uy)

it =cMal) +sMal) Al = 5Pl +dMal) | al) =+,

i, ¢ = Cgk) ( + S(k) £+1 2 Az(lj-)l 2= —Egk)ﬁg? + Cz(‘k)ﬂz('i)l,w ﬁg? =t
(d) (Update :zc<k>)

it = Mg 4 PP

T 7<k> (k)+ )50

iii. 27 =+¢

4, End do

2.3. Structure of Q. By construction, the matrix @ in the QR factorization Ay =
Qi Ry is the product of n — 1 Givens rotations

K H K H
kagg) "'G5121 .

We recall, from [10], [3], [16], the following lemma about the structure of @, adjusted
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to the complex field.
LEMMA 2.3. Let c§k> € R and sl(.k) € C,i=1:n— 1, be the parameters defining

the Givens rotations ng), i =1:n— 1. Define
Dgw = diag(1, sgk), sgk)s(k) cee (—1)"’1s§k)sgk) e sglk) )

~1)s

k ’k
(2.10) p® = DL 1, e, ; SljlgT,
q(k):D(’”)[g)a (k) ( 7"'751)1?1]T'
Then
(k) (k (k) ( (k) (k) T
S(k) (k) ( (k) (k)
1
k) H k) H
Q=G"" el = é’”
D ol
O gk )1 q1(l) %k)
Thus, the entries q ) of Qy, are given by
0 ifi>j+1
¢t = 5 ifi=j+1
(— 1)Z+Jc H ifi <j

where we assume cé =P =

3. Constructiveissues and algorithms. The results of the above section allow us to
design a fast algorithm for implementing the single QR step in O(n) ops provided that A
is a companion matrix. In this section we discuss some related computational issues and
describe in details the new algorithm.

For the sake of clarity, we first provide the description of an algorithm for the QR
and RQ steps by ignoring numerical issues like overflow/underflow problems. Numerical
drawbacks and the way to overcome them will be discussed later on in section 3.3

3.1. The QR step. The QR step can be carried out by using Algorithm 1. For real
data, the arithmetic cost of this algorithm is 5n ops for computing the Givens rotations,
11n ops for computing Ry, 12n ops for updating U, and 6n ops for updating 2. The
overall cost is 34n ops.

3.2. The RQ step. In order to complete the QR iteration we have to compute the
vectors b (1) o (k+1) and the matrices Uy1, Viy1, Which define the matrix
Ak11 = RpQr + oI by means of Theorem 2.2, given the matrices @, and Ry, of the
factorization Ax — axl = Qi Ry. By allowing redundancy of representation, we use as
input variable also the vector a(*) with the diagonal entries of A;. More precisely we have
to perform the following task:

GIVEN:

(i) the vectors s) and ¢(*) defining Q;, by means of the Givens rotations,

(ii) the last column x(*) and the first row y )7 of A, respectively, defining the upper
triangular part of A,;H by means of (2.7),

(iii) the matrices Uy, V4, such that (2.5) holds,

(iv) the vectors d*), g®) &*) and the matrix U, defining (together with y® and V;,)
the matrix Ry, through (2.9),

(v) the shift parameter «.

COMPUTE:
(j) the vectors a*+1), pk+1) defining the diagonal and subdiagonal entries of A1,
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(ij) the vectors & (*+1), (++1) defining the upper triangular part of A, [,
(ijj) the matrices U1 and Vj41 such that (2.5) holds for Ay 1.
The computation of a**1) and b+ s straightforward and follows from the relation
Akt11 = RiQr + a1 in the light of the representations of ), and Ry, given in Lemma
2.3 and in (2.9), respectively:

Ekﬂ) d(k) ( ( + 9g; s(k)—i—ozk 1=1:n, wherecy = ¢, =1,
bEkH) dE_HEZ(-k), i=1:n-—1.

Observe also that from the equations Uy 1 = QU and Vi1 = Qx Vi we may easily
compute Uy and Vj41 by just applying n — 1 Givens rotations to the two columns of
Uy and V}, at the cost of 24(n — 1) ops. For the orthogonality of Givens rotations, this
computation is robust and stable.

The computation of x**1 and y*+1 deserves special attention. We propose

different algorithms for this subtask.
Method 1 Rewrite (2.5) as
k+1 = Q' AQr — Up1 Vi,

and from z*+1) = A fe,, y*+DT = eT A obtain that

) = QP AQren — Upa Vil €n,

y T = e,QF A,Q), — eT U1 V.

The computational cost of the above expression is O(n) ops. In fact, multiplication of a
vector by @, is reduced to applying n — 1 Givens rotations and the product of a vector by
the matrix Ay still has a linear cost due to the semiseparability of Ay.

Method 2 From the equation Ay = QkHAka obtain that

m(k+1) QHA lenv
YT QI A

In this way the computation is reduced to computing products of Givens rotations with
vectors and to solving systems having a semiseparable coefficient matrix in Hessenberg
form. The latter computation can be accomplished by computing the QR factorization of
the matrix A and by solving two triangular semiseparable systems. Both the computations
clearly have linear cost. In fact, the QR factorization of A; can be computed by applying
Algorithm 1, while the solution of triangular semiseparable systems can be computed by
means of Algorithm 2 in Section 4.

Method 3 From the equation A1 = RkAkR,jl we deduce that

kD) — Ak+1en =R, Hy- HRk e, = r(k) R, H k)
y BT — T g H

o= TR AR = —y W RY.

(k)

The computation of 2 (*+1) and y(*+1) based on the latter formulas is reduced to solving a
triangular semiseparable system and to multiplying a triangular semiseparable matrix with
a vector, respectively. Both computations can be performed in O(n) ops (compare with
Algorithm 2 in Section 4).
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Method 4 From the equation 4, = QI A; ¥ Q; deduce that (y*+V)T = " Q,,
where h” is the first row of Q# A,. Now, since Q7 = GV ... it follows that h

n—1

is a linear combination of the first two rows of A,:H. More precisely
k — k —
h= el 4" + 517 (5 4,1,
that is, from the structure of A= we find that

(k)
1

k
_ T k) (k k) (k
e{AkH = W(yi )’yé )7 MR ) ’Slk)) = (y; )’yé )7 A 7y’§7,k))’
Yn

T A—H ng) k) (k) k

62‘4]9 :W(g( )5y2 7"'7y’$7,))7

y(k)
where () = %(A,;H)m, i.e., from (2.5)

D)

(k)
Yn = 7(k k) _(k k) - (k
£ 200 ol + ot

2

Once y**1) has been computed, the vector 2(**1) can be recovered from the nonlinear
system

H k+1
Ak+1w( = €n;

which can be solved by means of substitution in the following way. Rewrite the system as
(where for the sake of simplicity we omit the index & and we consider n. = 5)

a1 Bl ~
Y2 a2 b2 -
T1ys ToYz a3 b3 +

Z1Ys ToYas T3Ys Ga  ba
T1Ys T2Ys T3Ys T4Ys as

3.1)
0 X1 0
2 ’ELLZ"UQJ' 0 T2 0
Z U1,403,; U2,iV3 0 z3 [ =10
i=1 | UyV4; U2iVa; U3 V4 0 Ty 0
U1,iV5,; U2,V5,; U3;Vs5; UaiVs; O T5 1

Set 1 = y, and compute x5 from the first equation, compute x5 from the second
equation, and so forth until z,, is computed from the (n — 1)-st equation. Once again the
semiseparable structure of Ay enables us to compute 2**1) in O(n) ops.

A similar substitution technique can be applied to compute y(**1) once the vector
x(*+1) has been computed.

Method 5 This method is valid if o, = 0, i.e., if no shift is performed in the QR
iteration. In fact, in this case we have A1 = R Qy, SO that we obtain

2B+ — R;Hlen

3.2 1
(3.2) YD) = kaHel
1,1
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3.3. Numerical issues. In this section we are concerned with numerical issues of sta-
bility and robustness of the different algorithms for performing the QR iteration described
in the previous section.

An important observation related to these issues concerns the growth of the vectors
(k) 4, (k) vgk) vgk)_

ul I 2
REMARK 2. Since Q) is unitary, it follows from the relations ugk“) = Qkugk),
ugk-i-l) _ Qkugk)’ ,ng-i-l) _ kagk)’ vgﬁul) _ kagk) that
k 0
) = Jui® = 1,
k 0 1
gl = s = Q1A
i=1
k 0 I 1
lof? 1l = 115”1 = == 1%)2,
A&
k 0
05”1l = llos” Il = 1,
where || - || denotes the Euclidean norm. Therefore, in the computation of Uy, and V;, we

do not have to expect numerical problems such as overflow or breakdowns.

A different situation holds for the vectors =(*) and y(*); their computation is numeri-
cally much more delicate.

We may easily obtain uniform bounds for ||2*) | and ||y*)||. In fact, since z(*) =
AP ey, we have

n—1
B 3 B 1
=0l < A = P2 < P H ) = | 0= 1+ 0 S 1A,
=1

where || - || 7 denotes the Frobenius norm. Similarly we have

n—1
_ 1
lyW| < IF7H < y|n—1+ W(l + Z | fil?)-
i1

Moreover, from the relation |a; ;| < || A|| 7, valid for the Frobenius norm || - || 7, we deduce
that

1
[f1l?

n—1
eMy B = oMy 12 < In— 1+ S+ Y IAR), i<
=1

Indeed these relations are useful to keep under control the rounding errors generated by
a floating point computation of the algorithms of the previous section. However, unlike
the case of the matrices Uy, and V;,, the uniform boundedness of =(*) and of y(*) does
not guarantee that numerical breakdown is avoided. The following example clarifies the
situation.

Consider the matrix A = (a; ;) suchthata; ; = /=%, j > i,where 0 < e < 1,say e =
1/10. The first row y* and the last column = of A are such that y” = (1,¢,¢€2,...,e" 1)
and z = (" 1,...,e2,¢,1)T. Clearly it holds a; ; = x;y;/x1 for j > i. Moreover,
the moduli of the components of x, y and of z;y; /1 are bounded from above by 1. If
n > 309, working with the IEEE floating point arithmetic, we encounter underflow in the
computation of z1 = 107" so that the expression z;y; /21 would generate a breakdown
due to a division by zero.

The situation illustrated by this example is not artificial at all as it could seem at first
glance. In fact, during convergence of the QR iteration, the matrix A tends to an upper
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triangular matrix, and, if the shift strategy is applied for approximating a simple eigenvalue,
the entry in position (n,n — 1) of A, converges superlinearly to zero. This implies that the
last column of A,;H converges superlinearly to a multiple of e,,, that is, xgk) converges to
zZero.

An attempt to keep handle this difficulty is to use a suitable representation of the vec-
tors z(®) and y(*). To this regard, it is important to point out that the representation of Q,
given in Lemma 2.3 shows that the last column as well as the first row of @, suffer from

the same problem as *) and ). In fact, from the equations

1
M
n— k k _
Qren = (—1)" (s s 0Dl |
k
ng—)l
k
(3.3) P
Qfler = Dgw (];) ;
C
n—1
1

Ds(k) = dlag(L _Sgk)a Sgk)sék)’ ceey (_l)nilsgk) T Sszk—)l)’

which we deduce from Lemma 2.3, we find that computing the components of p(*) and g(*)
may generate overflow and underflow even for moderate values of n due to the property

|s§k)|, |c§k)| < 1,%=1:n—1. Infact, the matrix Q is more conveniently represented by

means of the Givens parameters sl(.k), cl(.k), i = 1 : n—1, rather than by means of the vectors
q® and p(®). Moreover, this latter representation of Q;, allows one to perform numerical
computations with @y, such as the evaluation of matrix-vector products, without incurring
in any numerical breakdown.

Another useful remark is that the representation of y(*+1) given by (3.2), in the case
where no shift strategy is applied, is given in terms of the first row of Q, i.e. (compare

with (3.3)),

o
1 1 — :
(k1) _ H, _ :
Y =—Qrer=—7Dsw
rg 1) rg,l) cgi)l
1

These considerations suggest to represent the vectors (*+1) and y(*+1) by means of
the Givens parameters sgk) and cgk) and by auxiliary vectors w**1) and z(*+1) such that
2 = (—1)n (s s ) Dl 20,

(3.4) o
y* ) = Dguyw .

In this way, if no shift strategy is applied, then from (3.2) and (3.4) we find that

1 k k
wh = (@, DT
(3.5) 1
Lk+1) Ds(MR];HD;(l") (17 cgk)7 e CSLk_)l)T.

Thus, w*+1) is readily available from the Givens rotations and from rﬁ) without numer-

ical problems, while z(**1) is obtained by solving a triangular semiseparable system. For
the computational issues related to the latter problem we refer the reader to section 4 and to
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Algorithm 2. With this representation we expect more robustness even in the computation
of z(A+1),

A different way to represent (*) and y(*) is derived from equation (2.8), where the
upper triangular part of A;H is given in terms of the lower diagonal entries of A by means
of two auxiliary vectors. Let us rewrite this representation below, where this time w (++1)
and z(*+1) denote the vectors with components ((—1)"=1d™) and ((—1)"~id™.), re-
spectively (compare with Lemma 2.1),

2+ (bngrl) b(k+1))D (k+1)’

p+n*

(3.6)
y(kﬂ) = Db(k+1)w( +1 ).

4. Implementation. We are ready to describe implementations of the QR and RQ
steps which aim to remove the breakdown situations encountered in the original computa-
tions of section 3. They are based on the representation of =(*) and of y(*) provided in
(3.4). Similar implementations can be based on (3.6).

Let us consider the QR step as described in Algorithm 1 and replace the vectors z(*),
2" y® py 28 25 and w*) | respectively, such that

ah) = (=" (Sgk b.. (k 1))Ds(k 1)z(k)
k) (—1)" ( gk .. (k 1))D 1 (k)
k

S(k— 1) )

y(k) D 1)'w( )

These replacements modify the computational scheme of Algorithm 1 only in the stages 1,
(b) and (d), which now become

1.a® = (—— 5 B T L oL D ™ Zp® T, = U, 28 = 20,
(b) (Update Rk) .
k k ~ k k— ~(k k k k

() d(- )= 7'( )t = —w(k) Zz( 1(+)15( e 51)”(+)1 1t 52) z(+)1 2

(i) g = Pt 4+ sF o)

(iii) dgffl = st eMalk),
(d) (Update )

) R (k) .

()t= Cgk)zz(k) <k ) z(i)1 ,

(i) 2% "“’si’“ RERERLERY

(iii) 2! A(k) _

The computatlonal cost of this modification is slightly higher than the one of Algorithm

1 but still remains linear in n. Possible numerical troubles in this modification might be
(k)

(k

(k=1)

encountered in the computation of the ratio . It is worth observing that if s,

numerically zero, then convergence has taken place and the algorithm stops (or continues
after deflating the approximated eigenvalue). Moreover, in the case of linear convergence
k

it holds that limj_, is a nonzero constant, whereas in the case of superlinear

Sgk—l)
(k>
convergence it holds limy,_, (k ) =0.
Concerning the implementatlon of the RQ step, consider the most simple case where
no shift strategy is applied so that we may rely on method 5. Indeed, from (3.5) we may

recover w*+1) at no additional cost, whereas for computing z(**+1) we have to solve the
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linear system

Dgw RE DGy 2% = b,

4.1
(*.) b:(chk),...,c(k_)l)T
where Ry, = (TE?) is defined by the vectors d®, g(®), %) 4 (*) and by the matrices Uy,
Vi asin (2.9). 7

The following algorithm solves the triangular semiseparable system (4.1). The algo-
rithm relies on the structure of the matrix D g R}:’D;},C) which is obtained from (2.9) and
whose entries are reported below

a®) if i =j,
—s Mg ifi=j+1,
k k 1 )3k (k-1 _(k—1
(Sg )"'Sz(’—)l) <—w(k) wg )Zj (5§ )...55_1 ))_|_
(~1* T + v 9T)) ifi>j+1,
0 if ¢ <j.

ALGORITHM 2. N
INPUT: The vectors d*), g®), 28 4y(¥) and the matrices Uj, = (ﬁg?), Ve = (o),

Yi,j
together with the Givens parameters s(k Y and c(’C Y which define the entries of Ry by

means of (2.9). The right-hand side vector band the components of s(*).
OuTPUT: The solution z(*+1) of the system (4.1).
COMPUTATION:
Set (k+1) b /d(k) k+1) (bQ + gg k) UH_l))/CZ(k), ")/271 = ’}/212 = d)g = O
Fori =3:ndo
Loy, = Sz(k)l —Yi-1,j ‘ng )23 z(k)2zz(k§1)) J=12

2. ¢ = Szk)lsgkll)(¢ i—1 — ZE )27§k21)5£ )2Zz(kJ2rl))v
3. 2" = (b + s A — o via = ol v + @ 6w
End do
The more general case when the QR iteration is applied with a shift can be treated

similarly. For instance, applying method 3 with the replacement (3.4) yields

Op —1 = — . _ _ _
w(kﬂ) = mDs(k)Rszleag(ol 1, Oy 1, s, 0, 1)w(k),
1,1
Z(]H_l) = F;ITZLDS()C)R;HD;(]);) Diag(&l, 02y ..., &n)z(k),

o1 =1, oi:HGj, 1=2:n, Hi:sz(-k_l)/sz(-k), t1=1:n-1.

The computation of z(k+1) involves the solution of a triangular semiseparable system of the
same kind as (4.1) where b = m Diag(a1,...,5,)z®), so that we may apply Algorithm

2. The computation of w<k+1) requires the multlplication of a triangular semiseparable
matrix and a vector. Also this task can be carried out in O(n) ops.

5. Numerical experiments. We have implemented the QR iteration for computing
a given number m of eigenvalues of the matrix F' based on the method 3 and 5 (if shift
is not performed) and relying on the representation (3.4). For the sake of simplicity the
implementation and the numerical experiments have been performed in the real field. The
program has been written in Fortran 90 and tested under the Linux system on a computer
with an Athlon 1600 cpu.
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test 1: Wilkinson’s polynomial p(z) = [];_, (z — i) for n = 10, 20.
test 2: Reversed Wilkinson’s polynomial. p(z) = [T\, (z — 1/4) for n = 10, 20.
test 3: Polynomial with well separated roots, p(z) = [, (z — 1/2¢), n = 40.
test 4: p(x) = ("™ + 1) H;’:gl(a: —1/i) form = 20 and n < 10°.
test5: p(z) = (2" ™ + 1) [[;~, (x — 1/2%) for m = 40 and n < 106.
The shift technique is applied if the difference between two subsequent approximations
agf:{l) — agle has modulus less than 1/10. As stopping condition for the QR iteration we

chose |aff_2171 < e|a£ﬁ,)1| with e = 10!, Once an eigenvalue X has been approximated,
we deflated the matrix A, by removing the last row and the last column and continued to
apply the algorithm to the submatrix obtained in this way.

In the case of the Wilkinson polynomial of degree n = 20 the algorithm failed to
converge if starting with no shift, i.e., with oy = 0. Starting with g = 22, i.e., by approx-
imating the eigenvalues in decreasing order, the algorithm provided the approximations
shown in Table 2. In Tables 1,2,3, we report the values i, A; and the number of required
iterations. In Tables 4 and 5, we report the value of the cpu time, in seconds, required for
computing the first m zeros of the polynomial of degree n where n takes values up to 106,
We do not report the approximation errors since they seem to be almost independent of the
degree n.

As we can see from the tables, our algorithm has a cost which grows linearly with n,
and allows us to handle polynomials of very large degree with no problems of memory
storage. In certain cases the approximations are reasonably precise, in other cases (see
the Wilkinson polynomial of degree 20 with zeros approximated in increasing order) the
algorithm fails to converge. Other cases of breakdown due to overflow/underflow have
been encountered. This means that the algorithm, even where implemented with the rep-
resentation based on (3.4), is not robust and needs more investigation. One reason for this
weakness is the fact that the representation of A, somehow involves the expression of the
inverse A,;l, and consequently requires performing divisions. Algorithms for the QR iter-
ation which perform unitary transformations and do not require divisions (by numbers of
small modulus) have shown to be stable and robust. More precisely, we refer the reader
to the paper [2] where the QR iteration is specifically designed for computing eigenval-
ues of a special class of matrices including arrowhead matrices and matrices of the kind
diagonal+rank 1.

A way to overcome this difficulty is to apply the QR iteration directly to the matrix
Ag = F + F~' which generates the sequence A, such that A, = A + URVEH for
suitable n x 2 matrices U*) and V(). Even in this case the weak semiseparable structure
of A is maintained; moreover, no inversion of Ay, is needed anymore in the representation
formulas, except that of Ay, = F. When the eigenvalues u1, . . ., 1, have been computed,
we may find the eigenvalues ); of F in the set of the solutions of the equations A + A\~! =
iy 1 =1,... n. Alternatively, the representation of F' as a unitary Hessenberg plus a rank
one matrix could be another way for designing inversion-free algorithms for performing
the QR step. These will be the subjects of our next research.

Acknowledgments. We thank an anonymous referee for valuable suggestions that
improved the presentation.
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i A | iter i A | iter
1 | 1.000000000081050 | 17 1 10.00000000004859 | 10
2 | 1.999999993547419 6 2 | 8.999999999765816 6
3 | 3.000000043477431 6 3 8.000000000480380 5
4 | 3.999999980710313 5 4 6.999999999455802 5
5 | 4.999999447874695 5 5 6.000000000369495 5
6 | 6.000001980752747 5 6 | 4.999999999846834 5
7 | 6.999996815436769 5 7 | 4.000000000037894 5
8 | 8.000002744205705 5 8 2.999999999994979 5
9 | 8.999998765156054 4 9 2.000000000000302 5
10 | 10.00000022875783 1 10 | 0.9999999999999289 1
g = 0 g = 12
TABLES.1
Wilkinson’s polynomial n = 10.

1 A | iter ] A | iter

1 | 20.00004391793787 | 10 || 11 | 10.00101029035203 5

2 | 18.99958361338783 6 || 12 | 8.999690499995966 5

3 | 18.00179081927481 5| 13 | 8.000065781753833 5

4 | 16.99529972600241 5| 14 | 6.999992485609691 5

5 | 16.00827840794409 5 || 15 | 5.999999762404186 5

6 | 14.98930172974257 5 || 16 | 5.000000226762443 5

7 | 14.01045173655527 5 17 | 3.999999966695113 5

8 | 12.99200882355489 5 || 18 | 3.000000002193996 5

9 | 12.00498158865593 5| 19 | 1.999999999923354 5

10 | 10.99750062124958 5 || 20 | 1.000000000003987 1

TABLES.2
Wilkinson’s polynomial, n = 20, cg = 22.
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Computing m zeros of p(x): cpu time in seconds.
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