STABILITY AND SENSITIVITY OF DARBOUX TRANSFORMATION WITHOUT PARAMETER^∗

M. ISABEL BUENO^† AND FROILÁN M. DOPICO^‡

Abstract. The monic Jacobi matrix is a tridiagonal matrix which contains the parameters of the three-term recurrence relation satisfied by the sequence of monic polynomials orthogonal with respect to a measure. Darboux transformation without parameter changes a monic Jacobi matrix associated with a measure μ into the monic Jacobi matrix associated with xdμ. This transformation has been used in several numerical problems as in the computation of Gaussian quadrature rules. In this paper, we analyze the stability of an algorithm which implements Darboux transformation without parameter numerically and we also study the sensitivity of the problem. The main result of the paper is that, although the algorithm for Darboux transformation without parameter is not backward stable, it is forward stable. This means that the forward errors are of similar magnitude to those produced by a backward stable algorithm. Moreover, bounds for the forward errors computable with low cost are presented. We also apply the results to some classical families of orthogonal polynomials.

Key words. Darboux transformation, orthogonal polynomials, stability, sensitivity, tridiagonal matrices, LU factorization, LR algorithm.

AMS subject classifications. 65G50, 42C05, 15A23, 65F30, 65F35.

∗Received December 19, 2003. Accepted for publication July 17, 2004. Recommended by L. Reichel. This research has been partially supported by the Ministerio de Ciencia y Tecnología of Spain through grants BFM2003- 06335-C03-02 (M. I. Bueno) and BFM2000-0008 (F. M. Dopico).

†Departamento de Matemáticas, Universidad Carlos III de Madrid, Avda. de la Universidad, 30. 28911 Leganés, Spain. E-mail: mbueno@math.uc3m.es, mibueno@math.wm.edu.

‡Departamento de Matemáticas, Universidad Carlos III de Madrid. E-mail: dopico@math.uc3m.es.