PRECONDITIONING STRATEGIES FOR 2D FINITE DIFFERENCE MATRIX SEQUENCES^∗

STEFANO SERRA CAPIZZANO^† AND CRISTINA TABLINO POSSIO^‡

Abstract. In this paper we are concerned with the spectral analysis of the sequence of preconditioned matrices {P^{−1}_n A_n(a, m_1, m_2, k)}_n, where n = (n_1, n_2), N(n) = n_1n_2 and where A_n(a, m_1, m_2 , k) ∈ R^{N(n)×N(n)} is the symmetric two-level matrix coming from a high–order Finite Difference (FD) discretization of the problem

(−1)^k ( ∂^k ∂x^k ( a(x, y)

∂^k ∂x^k u(x, y) ) + ∂^k ∂y^k ( a(x, y)

∂^k ∂y^k u(x, y) )) = f(x, y) on Ω = (0, 1)^2 , ( ∂^s ∂ν^s u(x, y) ) |∂Ω = 0 s = 0, . . . , k − 1 on ∂Ω,

with ν denoting the unit outward normal direction and where m_1 and m_2 are parameters identifying the precision order of the used FD schemes. We assume that the coefficient a(x, y) is nonnegative and that the set of the possible zeros can be represented by a finite collection of curves. The proposed preconditioning matrix sequences correspond to two different choices: the Toeplitz sequence {A_n(1, m_1, m_2, k)}_n and a Toeplitz based sequence that adds to the Toeplitz structure the informative content given by the suitable scaled diagonal part of A_n(a, m_1, m_2, k). The former case gives rise to optimal preconditioning sequences under the assumption of positivity and boundedness of a. With respect to the latter, the main result is the proof of the asymptotic clustering at unity of the eigenvalues of the preconditioned matrices, where the “strength” of the cluster depends on the order k, on the regularity features of a(x, y) and on the presence of zeros of a(x, y).

Key words. finite differences, Toeplitz and Vandermonde matrices, clustering and preconditioning, spectral distribution.

AMS subject classifications. 65F10, 65N22, 65F15.

∗Received March 13, 2001. Accepted for publication September 4, 2002. Recommended by L. Reichel. †Dipartimento di Chimica, Fisica e Matematica, Università dell’Insubria - Sede di Como, via Valleggio 11, 22100 Como, Italy. E-mail: Stefano.Serrac@uninsubria.it, Serra@mail.dm.unipi.it ‡Dipartimento di Matematica e Applicazioni, Università di Milano Bicocca, via Bicocca degli Arcimboldi, 8, 20126 Milano, Italy. E-mail: Cristina.Tablinopossio@unimib.it