A MULTIGRID METHOD FOR DISTRIBUTED PARAMETER ESTIMATION PROBLEMS^∗

U. M. ASCHER^† AND E. HABER^‡

Abstract.

This paper considers problems of distributed parameter estimation from data measurements on solutions of partial differential equations (PDEs). A nonlinear least squares functional is minimized to approximately recover the sought parameter function (i.e., the model). This functional consists of a data fitting term, involving the solution of a finite volume or finite element discretization of the forward differential equation, and a Tikhonov-type regularization term, involving the discretization of a mix of model derivatives.

We develop a multigrid method for the resulting constrained optimization problem. The method directly addresses the discretized PDE system which defines a critical point of the Lagrangian. The discretization is cell-based. This system is strongly coupled when the regularization parameter is small. Moreover, the compactness of the discretization scheme does not necessarily follow from compact discretizations of the forward model and of the regularization term. We therefore employ a Marquardt-type modification on coarser grids. Alternatively, fewer grids are used and a preconditioned Krylov-space method is utilized on the coarsest grid. A collective point relaxation method (weighted Jacobi or a Gauss-Seidel variant) is used for smoothing. We demonstrate the efficiency of our method on a classical model problem from hydrology.

Key words. distributed parameter estimation; inverse problem; multigrid method.

AMS subject classifications. 65M32, 65N55.

∗Received May 29, 2001. Accepted for publication September 12, 2001. Recommended by Piet Wesseling. †Department of Computer Science, University of British Columbia, Vancouver, BC, V6T 1Z4, Canada. (as-

cher@cs.ubc.ca). Supported in part under NSERC Research Grant 84306.

‡Department of Mathematics and Computer Science Emory University, Atlanta, GA. (haber@mathcs.emory.edu). Supported in part under NSERC CRD Grant 80357.