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Abstract. A singularly perturbed convection-diffusion problem is considered. The problem is discretized using
an inverse-monotone finite volume method on Shishkin meshes. We establish first-order convergence in a global en-
ergy norm and a mesh-dependent discrete energy norm, no matter how small the perturbation parameter. Numerical
experiments support the theoretical results.
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1. Introduction. Let us consider the model convection-diffusion problem
(1.1 —eAu+a-gradu+bu=f in Q=(0,1)%, u=0 on I' =99,

With0 < e < 1, a = (a1(x), az(x)) > (o1, a2) > (0,0) and b(x) — 3 diva(z) > 3 >0
forx = (z,y) € Q. We assume that a, b and f are smooth. The solution « of (1.1) has
exponential boundary layers at the sides = 1 and y = 1 of Q.

There is a vast literature dealing with numerical methods for convection-diffusion and
associated problems; see [13, 15] for a survey. We shall consider an inverse-monotone fi-
nite volume discretization on layer-adapted meshes. This scheme was introduced by Baba
and Tabata [3] and later generalized by Angermann [1, 2] who also realised that Samarski’s
scheme [16] fits into this framework. Although we restrict ourselves to piecewise uniform
meshes—the so-called Shishkin meshes [12, 18]—our results can be extended to more gen-
eral meshes, e.g., the Shishkin-type meshes of [14]; see [21, Chapter 3].

A number of numerical methods on Shishkin meshes have been investigated including
finite difference schemes [9, 12, 18], Galerkin FEM [7, 19], the streamline diffusion FEM [11,
20] and upwinded FEM with artificial viscosity stabilization [17]. None of these FEM’s
is inverse-monotone on highly anisotropic meshes. In contrast, we shall study an inverse-
monotone finite volume method for (1.1) in this paper. Typically FVM’s are interpreted as
FEM’s with inexact integration and therefore most frequently analysed in a finite element
context with convergence established in the L, norm or in weighted H' norms [2, 4, 6,
21]. Here we shall pursue a similar approach, but we study convergence in a discrete mesh-
dependent norm. This norm is stronger than the standard s-weighted energy norm.

An outline of the paper is as follows. In Section 2 we define the upwind FVM, study
its stability properties and quote some convergence results. The asymptotic behaviour of
the solution of (1.1) is investigated in Section 3. We introduce special piecewise uniform
layer-adapted meshes and state our main convergence result. The main ideas of the analysis
from [21] are presented in Section 4 for the one-dimensional version of (1.1). Finally, we
present results of numerical experiments in Section 5.

Notation: C denotes a generic positive constant that is independent of £ and of the mesh.
Also, we set g; = g(z;) for any function g € C/0, 1], while u? denotes the ith component
of the numerical solution »”. Similarly, we shall set g; = g(z;) and g;; = g(z;,y;,) for

g € C(9).
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2. The upwind finite volume method and its stability. In this section, let  C R? be
an arbitrary domain with polygonal boundary. We consider the problem

(2.1) —cAu+a-gradu+bu=f in Q u=0 on ['=0Q,
with0 < e < landb — % diva > 3 > 0, but no restriction on the sign of a.

2.1. The upwind finite volume method on arbitrary meshes. Let w = {x;} C Q
be a set of mesh points. Let A and OA be the sets of indices of interior and boundary mesh
points, i.e., A := {k : ) € Q} and OA := {k : &} € 9Q}. Set A := A U OA. We partition
the domain € into subdomains

Qe i={xeQ:||z—x| < ||&—a| foralll € Awithk #1} fork € A,

where || - || is the Euclidean norm in R2. We define T'y; = 92 N 952, and we say that two
mesh nodes x; # «; are adjacent iff my; := meas;p 'y, # 0. By Ay we mean the set of
indices of all mesh nodes that are adjacent to «;,. Moreover, we define dy; = ||xx — x|,
my, = meassp (), and we denote by ny; the outward normal on the boundary part T'y; of
Q. Let h, the mesh size, be the maximal distance between two adjacent mesh nodes. For a
reasonable discretization of the boundary conditions we shall assume that I C (J,,c 55 Q-

To simplify the notation we set Ny; = ny; - a((:p,C + :cl)/2). Then our discretization
of (2.1) is

(2.2a) [LMuM], = fumi for k€ A, uj =0 for k € OA,
where
13
(2.2b) [Lhu}k = Z Ml (d_kl — Nlekl) (vg — v1) + bpmyug,
lEA

oki = 0 (Nydy/€), and the function ¢ : R — [0, 1] is assumed to be monotone with

(2.33) hm o(t) = lim o(t) =0,
(2.3b) 1+ (1 —po()t>0 forallteR,
(2.3c) [o(t) + o(—t) = 1]t =0 forallt € R,
(2.3d) [1/2 - o(t)]t >0 forallt € R,
(2.3e) t — to(t) is Lipschitz continuous.

For a detailed derivation of the method we refer the reader to [1, 2] or [15, 111.3.1.2].
Possible choices for ¢ are

1 " 1/(2+1) for t>0,
Ql(t)z?(l_expti—l>7 Qs(t):{ (1-¢t)/(2—1t) for t<0,

and
0 for t>m,
oum(t) =< 3 for te[-m,m], with mel0,1].
1 for t<-—m,

The full upwind stabilization oo is due to Baba and Tabata [3], while gy ,,, with m > 0 was
introduced by Angermann. For o; and ps we get the two-dimensional analogs of 11’in’s [5]
and of Samarski’s scheme [16]. Further choices of ¢ are mentioned in [1].
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2.2. Stability of the scheme. The construction of the scheme guarantees that the system
matrix is an M-matrix if b > 0 on Q. Then the discrete problem (2.2) has a unique solution
for arbitrary right-hand sides f.

Alternatively, we can derive stability in a special mesh-dependent norm as we shall now
show. The FVM can be written in variational form: Find u" € V" = {v € Re A ;¢ =
0 for k € A} such that

an(u, v") = fr,(v") forall " € V!,
where

ap (v, w) = Z[th}kwk and fp(w Z Frmpwy.

keA keA

We define the norm || - || pv associated with the bilinear form ay:

”vHFV - 5|U|w 1 + |v|w ,0 + ”va ,00

where
Mkl
|v|3)11 = Z Z 'Uk —Ul) ;
keAlGAk
2
o= 5 30 Y Vi (— - o) (e~ )’
keAlEAk
and

N—-1
lollZ0 =D muvi.

keA

Note that because of (2.3d) this is a well-defined norm and it is stronger than the discrete
e-weighted energy norm

[0llZ e = elvld 1 +llvllZ o < lvllEy-

THEOREM 2.1. The bilinear form ay, is V{* elliptic for h sufficiently small. For any
k € (0, B) there exists an h* = h*(k) such that

an(v,v) > min(1, x)||v]| %y forall v e VJ* and h < h*.

Proof. This follows from [2, proof of Lemma 4]. There |w|i,g > 0 is used to prove
coercivity with respect to the e-weighted energy norm, while we have incorporated this term
into our mesh-dependent norm || - || pv. O

In [2] the following convergence results for quasi-uniform meshes in the e-weighted
energy norm are given:

h
o=l < € 7 [l + 1
when ¢ > 2, and the stronger bound

lu = ]| < Ch[lfull gz + 1l ]

if the underlying triangulations have special symmetry properties. Note that neither of these
results are uniform, because typically ||| ;. = O (e7%/2).
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3. The finite volume method on Shishkin meshes. In this section we shall study con-
vergence of the FVM in the norm || - || =y on Shishkin meshes which we shall introduce
now. Shishkin meshes [12, 18] are piecewise equidistant meshes, constructed a priori, that
partly resolve layers. To construct them correctly, it is crucial to have a precise knowledge of
the asymptotic behaviour of the exact solution. Provided a, b and f are sufficiently smooth
and satisfy certain compatibility conditions, the solution w of (1.1) can be decomposed as
u =S+ F1 + Ey + Eqo, where the regular part S satisfies

otis
Oxlyd

z)| <c,

while for the layer terms F, E5 and E15 we have

O E _
PE (2)| < Ce™ exp(—an (1 - w)fe),

O E .
Gy () < O exp(-aall = u)/2).

and

8i+j E12

W(m)‘ < Cem (i) exp(—(ar1(1 —2) + az(1 —y)) /e),

forx = (z,y) € Qand 0 < ¢+ j < 2. Conditions that guarantee the existence of the
decomposition are given in [10].

Our construction of the Shishkin mesh is based on this decomposition. Let N be an even
positive integer. Let A, and A, denote two mesh transition parameters defined by

1 2 12
Az = min —,—ElnN and A\, = min —,—ElnN .
2" a; 2" s

The mesh transition parameters have been chosen so that the boundary layer terms in the
asymptotic expansion of u (the terms E;, E, and E1 above) are of order N =2 on [0, \,] x
[0, Ay].

We specify the mesh points w = {(z;,y;) € 2:4,7=0,...,N} by

[ 2i(1-\)/N for i=0,...,N/2,
YT 1=2(N—i)A/N for i=N/2+1,...,N,

with a similar definition for y;.
THEOREM 3.1. Let w be a tensor-product Shishkin mesh. Suppose o satisfies (2.3). Then
there exists an Ny > 0 that is independent of & such that the error of the FVM satisfies

[u" = ||, < CNT'In*2 N for N > No.

In Section 4 we shall give a proof of this theorem for a one-dimensional version of the FVM.
We restrict ourselves to one dimension to keep the presentation as simple as possible. The
technique presented there needs only minor modifications to analyse the two-dimensional
scheme, although the number of merely technical details increases significantly. A complete
analysis of the two-dimensional scheme is given in [21].

So far the numerical solution " is defined only at the mesh nodes. It can be extended
to a function defined on the whole of 2 using linear or bilinear interpolation. Introducing the
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continuous energy norm ||v||2 := [, (e gradv - gradv + v?) for v € Hg(f2), we can use
Theorem 3.1 and the interpolation error estimates in [14, 19] to derive

COROLLARY 3.2. Let w be a tensor-product Shishkin mesh. Let o satisfy (2.3). Then
there exists an Ny > 0 that is independent of & such that the error of the FVM satisfies

|u" —u||_ < CN"'I*? N for N > Nj.

REMARK 1. In [8] the error of the FVM in the discrete maximum norm || - ||.,,o ON &
Shishkin mesh was studied. The error of the scheme satisfies

Hu — uhHw o < CN~! In N,
and if g is Lipschitz continuous in (—4, ¢) with some fixed § > 0 then the improved bound
le =], o < ONT

holds for IV greater than some threshold value N5 that depends on § only.

Our numerical experiments in Section 5 indicate that in the norm || - || v the scheme
also has better convergence properties when o(t) is Lipschitz continuous in a neighbourhood
oft =0.

REMARK 2. On Q. := [0,1—),] x [0, 1 — X, ], where the mesh is coarse, we have h >> ¢
and therefore |v|, = O (N~1/2) |v|,, 1. This implies the method gives uniformly convergent
approximations of the gradient on Q.:

’u—uh’% L < CN71/21113/2N,

where

1
|U|L24JC,1 = 5 Z Z %(’Uk — Ul)2'

keA  lEAL
TLEQ: TEQ:

4. Analysis of the finite volume method in one dimension. In this section we study
the convergence of the finite volume method on a Shishkin mesh for the discretization of the
two-point boundary value problem

(4.1) —eu’ 4+ au' +bu=f forz € (0,1), u(0)=u(l),

with0 <e<l,a>a>0,andb—a’/2 > > 0.

The exact solution of (4.1) can be decomposed [12] as u = S + E where, for any fixed
order ¢ that depends on the smoothness of the data, the regular part S and the layer term F
satisfy
4.2)

1S® ()| < € and |EW(z)| < Cexp(—a(l —z)/e) for z € [0,1]and k =0,...,q.

The weak formulation of (4.1) is: Find u € H}(0,1) such that

a(u,v) = f(v) forallv € H}(0,1),

1 1 1 1
a(v, w) :5/ U’w'—i—/ av'w—i—/ bvw and f(v) :/ fo.
0 0 0 0

where
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We shall consider a mesh with mesh pointsw : 0 = 29 < 21 < --- < zy = 1. Let
h; = x; — x;— denote the local mesh sizes fori = 1,..., N and %i; = (h; + h;t+1)/2 the
averaged step sizes.

The variational form of the FVM in one dimension is: Find u" € V{* = {v € RN*! :
vo = vy = 0} such that

an(u”, o) = fr(v") forall v" € V',

where

ah(U7w) [L U} Wi fh Z h; fzvza

and

it1 — U P — Vi i+1/2N
[thL = —¢ <vz+hl.+1 Vi _ h?}z 1> + Q(ia +1/§ H)ai+1/2 (vigr — vs)

Q;_ hz
+ Q(—%)ai—l/z (vi — vic1) + hibui,

where we have set a; 1,2 = a((z; + 2i+1)/2).
The one-dimensional equivalent of the mesh-dependent norm is

2
lollfy = elvlZ 1 + [0l o + vl12,0 with o], = Zh —vi-1)",

N 1 a: 1/2h' 9 N—-1
|U|i,g = Z ai_l/g |:§ — Q(f)} (vi — 'Uifl) and ”U”w 0o— Z hl’UZQ
=1 =1

We shall also use the discrete energy norm [|v||2, . := e|v|2; + [|[v]|2 o and the continuous

energy norm
1 1
l|lv]|? ::5/ v (z)? dx—i—/ v(z)? d.
0 0

We start our analysis from Theorem 2.1 and follow the standard approach of the Strang
Lemma [15, 111.3.1.2]. Forany v € R¥*! or v € C[0, 1] let v! denote the piecewise linear
interpolant of v on the mesh given. Set = (u")! — u!. Then

43) Cln||5y < an(n,n) < |alu —ul,n)| + |a(ul,n) — an(a?,n)| + | fa(n) — F(0)|

for h = max h; sufficiently small.
The terms on the right-hand side will be bounded separately.
PROPOSITION 4.1. On a Shishkin mesh we have

|a(u - ul,n)| < CN 'InN|n|lw,e.
Proof. From [19] we have

’a(u — uI,n)’ <CN~! In N|n]|.
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To complete the proof, we use the fact that on Vi the continuous norm || - || and the discrete

norm || - ||, . are equivalent. O
PROPOSITION 4.2. Let w be an arbitrary mesh with maximal step size h. Then

| fn(n) = F(m)] < Chlnlw.o-

Proof. Denoting by ¢; the usual basis functions for linear finite elements, we have

& hi @ g hi | _ h?
| ey - al=| [ {5+ [ rensfedaas - il < S0
Thus
—1 i1
|f(n) = fu(n)| = ‘ 771{/ f@i)(iﬂ)dﬂf—hifi}‘
i=1 Ti—1
< |1 lschr Z Ralni| < [Lf'lsoPllnlles,0-
1=1
0
Finally we bound |a(u’,n) — ax(u’,n)|. We have
(44) a(ula 77) - ah(ula 77) = a’r(ula 77) - ah,T(uIa 77) + aC(uIa 77) - ah,c(ul7 77)7

where

1 1
ar(ul,n):/ bu'n, an.(u’,n) Zhbumz, ac(uI,n):/ a(u’)'n,
0 0
and

N-1
aiy1/2Nit1
an,c(u ,77 {(H/ - )ai+1/2(ui+l_ui)

=1
1—1/27b
+Q(—7E/ )%‘—1/2 (uz - Uifl)}ni-
PrRoPOSITION 4.3. Let w be a Shishkin mesh. Then

\ar(ulm) - ah,r(ulm)! <CN™! In N [9]|-

Proof. By the definition of a;, , and a,., we have

N-1

an, (u’,m); — a,(u’, ) Z{/ i (bu' ;) (z)dx — hibiui}nz‘

i=1 Ti—

(4.5)
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A Taylor expansion with the integral form of the remainder gives
(4.6)

d. ;= /:11 (bul%-) (z)dx — %bzul = /:11 /: (b/ul + bul_hizm)(s) ds pi(x) dx
Using the decomposition v = S + F, we see that
}ui — ui,1| <CN 'InN.
We apply this bound to (4.6) to get

}Z dy ini

N/2
<CN- 11nNZh mi] < CN~' Nl

We obtain

< CN~'InN|nlle,

N-—1
‘Z d,. M

i=1

with a similar bound for the second sum in (4.5). 00
PROPOSITION 4.4. Let p satisfy (2.3). Suppose w is a Shishkin mesh. Then

‘a’c(ulun) - ah,C(ulun)‘ S CN71 1n3/2 N”nHW;E

Proof. We have

ac(ula 77) - ah7c(’ll,]7 77)

_ ﬁ;{ / " (alaYn) (@) de

i—

- {Q(ai%/?hi)mq + 9(—%%/2]%)771} ai—1y2(ui — ui1) }

and
/ (a(ul)/n) () dx
7 + 71— — Ui—
= ;12 (ui —ui1) 77 77 : / / - ln(m)}dx.
Ti_1/2 *
We combine these two equations and use (2.3c). We get
N 1 a; 1 2]’2,'
ac(ul, n) — ah,c(UIﬂ?) = Z {5 - Q(%)} (771'71 - 77i) (Uz - Uifl)ai—l/2

=1

@.7)
+Z/ /m » }:Z ! (x)}dac

The second sum can be bounded using the argument from the proof of Proposition 4.3. We
get

(4.8) }Z/ / hf“ L :c)}da:’ < ON~'In N7,
Ti_1/2 %
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Next we bound the first sum in (4.7). Fori > N/2 we have |u; — u;—1| < CN~'InN.
Thus

a 1 ai—1/2h;
Z [5 - 9(76 )} (771'—1 - 77i) (Uz‘ - Ui—l)aifl/Q‘
(49) i=N/2+1 .
<CN 'InN Z |mi —mi—1| < CN~ In®2 Ne' 2|, 1.
i=N/2+1

For ¢ < N/2 we use the splitting u = S + F of the exact solution. We start with E. We
have E; < CN~2 fori < N/2. Hence

3

N/2 . .
2[5~ o(=2) ] s = B B

(4.10)
<CON> (Inil + Ini-al) < CN7Hllo-

Finally, we consider the regular solution component S. To simplify the notation let

1 ai—1/2hi
Yi—1/2 = Q5-1/2 9~ Q(f) .

Using summation by parts we get

N/2

Z’Yi—1/2 (Si - Sifl) (771'71 - 771‘) =TN/2-1/2 (SN/Q - SN/2—1)77N/2
i=1

N/2-1 N/2—-1
- Z Yir1/2(Siv1 — 28 + Si—1)ni + Z (vie1/2 = Yig1/2) (Si = Siz1)ni-
=1 =1

Taylor expansions for S give |S;11 — 25; + Si—1| < CN~2and |S; — Si—1| < CN7!,
while (2.3¢) implies |y;_1/2 — Yit1/2| < CN~'. Thus

N/2
(4.11) ’Z Yie12(Si = Si—1) (ni—1 — mi)
: i=1
< ON"(|Inllw + [nny2l) < CNT In'/2 Ny, .,
because
N
N /2| < Z |mi = mi—1| < In'/? Ne'/2|p|,,1.
i=N/2+1

Collecting (4.7)—(4.11), we complete the proof. O
We combine (4.3), (4.4) and propositions 4.1-4.4 to get our main convergence result.
THEOREM 4.5. Let o satisfy (2.3) and let w be a Shishkin mesh. Then there exists an
Ny > 0 that is independent of ¢ such that

[u" —ul| ., < CN"'In*? N for N > No.
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5. Numerical results. We study the performance of the method when applied to the test
problem

—eAu+ (3 —z)uz + (4 —y)uy +u= f(z,y) in Q=(0,1)?, u=0 on I' =99,

where the right-hand side is chosen so that

u(z,y) = sinx(l —exp(—2(1— x)/e))y2 (1 —exp(—3(1 — y)/E))

is the exact solution. This function exhibits typical boundary layer behaviour. For our tests
we take ¢ = 10~® which is a sufficiently small choice to bring out the singularly perturbed
nature of the problem. Almost identical results are obtained for smaller values of ¢.

Tables 5.1 and 5.2 display the results of our numerical experiments. They contain the
errors of the FVM and the corresponding rates of convergence measured in both the mesh-
dependent FV norm and the discrete e-weighted energy norm for various choices of o. The

0u,0 0u,1

= Mrv | To-oe || Tu-Tev | Tu—a'loe

N error rate error rate error rate error rate
16 2.0194e-1 0.69 | 1.5947e-1 0.57 || 9.3700e-2 0.92 | 5.6303e-2 0.89
32 1.2529e-1 0.74 | 1.0753e-1 0.66 || 4.9547e-2 0.95 | 3.0347e-2 0.93
64 7.5247e-2 0.78 | 6.8198e-2 0.73 || 2.5565e-2 0.97 | 1.5947e-2 0.95
128 || 4.3870e-2 0.81 | 4.1159¢e-2 0.78 || 1.3028e-2 0.98 | 8.2497e-3 0.97
256 2.4983e-2 0.84 | 2.3951e-2 0.82 || 6.5919e-3 0.99 | 4.2205e-3 0.98
512 1.3978e-2 0.86 | 1.3581e-2 0.84 || 3.3206e-3 0.99 | 2.1422e-3 0.99

1024 || 7.7178e-3 — | 7.5616e-3 — 1.6680e-3 — | 1.0814e-3 —
TABLES.1
The FVM on Shishkin meshes; oy, -

numbers are clear illustrations of the theoretical results of Theorem 3.1. We also observe
better (first-order) convergence when a o(t) is used that is Lipschitz continuous near ¢ = 0,
i.e., for pg, ou,1 and oy, while for gy we observe convergence that is slightly slower than
first order.
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0s 01
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