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A UNIFORMLY ACCURATE FINITE VOLUME DISCRETIZATION FOR A
CONVECTION-DIFFUSION PROBLEM ∗

DIRK WOLLSTEIN , TORSTEN LINSS†, AND HANS-GÖRG ROOS†

Abstract. A singularly perturbed convection-diffusion problem is considered. The problem is discretized using
an inverse-monotone finite volume method on Shishkin meshes. We establish first-order convergence in a global en-
ergy norm and a mesh-dependent discrete energy norm, no matter how small the perturbation parameter. Numerical
experiments support the theoretical results.
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1. Introduction. Let us consider the model convection-diffusion problem

(1.1) −ε∆u + a · gradu + bu = f in Ω = (0, 1)2, u = 0 on Γ = ∂Ω,

with 0 < ε � 1, a =
(

a1(x), a2(x)
)

≥
(

α1, α2

)

> (0, 0) and b(x) − 1
2 div a(x) ≥ β > 0

for x = (x, y) ∈ Ω. We assume that a, b and f are smooth. The solution u of (1.1) has
exponential boundary layers at the sides x = 1 and y = 1 of Ω.

There is a vast literature dealing with numerical methods for convection-diffusion and
associated problems; see [13, 15] for a survey. We shall consider an inverse-monotone fi-
nite volume discretization on layer-adapted meshes. This scheme was introduced by Baba
and Tabata [3] and later generalized by Angermann [1, 2] who also realised that Samarski’s
scheme [16] fits into this framework. Although we restrict ourselves to piecewise uniform
meshes—the so-called Shishkin meshes [12, 18]—our results can be extended to more gen-
eral meshes, e.g., the Shishkin-type meshes of [14]; see [21, Chapter 3].

A number of numerical methods on Shishkin meshes have been investigated including
finite difference schemes [9, 12, 18], Galerkin FEM [7, 19], the streamline diffusion FEM [11,
20] and upwinded FEM with artificial viscosity stabilization [17]. None of these FEM’s
is inverse-monotone on highly anisotropic meshes. In contrast, we shall study an inverse-
monotone finite volume method for (1.1) in this paper. Typically FVM’s are interpreted as
FEM’s with inexact integration and therefore most frequently analysed in a finite element
context with convergence established in the L2 norm or in weighted H1 norms [2, 4, 6,
21]. Here we shall pursue a similar approach, but we study convergence in a discrete mesh-
dependent norm. This norm is stronger than the standard ε-weighted energy norm.

An outline of the paper is as follows. In Section 2 we define the upwind FVM, study
its stability properties and quote some convergence results. The asymptotic behaviour of
the solution of (1.1) is investigated in Section 3. We introduce special piecewise uniform
layer-adapted meshes and state our main convergence result. The main ideas of the analysis
from [21] are presented in Section 4 for the one-dimensional version of (1.1). Finally, we
present results of numerical experiments in Section 5.

Notation: C denotes a generic positive constant that is independent of ε and of the mesh.
Also, we set gi = g(xi) for any function g ∈ C[0, 1], while uh

i denotes the ith component
of the numerical solution uh. Similarly, we shall set gi = g(xi) and gij = g(xi, yj) for
g ∈ C(Ω̄).
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2. The upwind finite volume method and its stability. In this section, let Ω ⊂ R
2 be

an arbitrary domain with polygonal boundary. We consider the problem

(2.1) −ε∆u + a · gradu + bu = f in Ω, u = 0 on Γ = ∂Ω,

with 0 < ε � 1 and b − 1
2 div a ≥ β > 0, but no restriction on the sign of a.

2.1. The upwind finite volume method on arbitrary meshes. Let ω = {xk} ⊂ Ω̄
be a set of mesh points. Let Λ and ∂Λ be the sets of indices of interior and boundary mesh
points, i.e., Λ := {k : xk ∈ Ω} and ∂Λ := {k : xk ∈ ∂Ω}. Set Λ̄ := Λ ∪ ∂Λ. We partition
the domain Ω into subdomains

Ωk :=
{

x ∈ Ω : ‖x − xk‖ < ‖x− xl‖ for all l ∈ Λ̄ with k 6= l
}

for k ∈ Λ̄,

where ‖ · ‖ is the Euclidean norm in R
2. We define Γkl = ∂Ωk ∩ ∂Ωl and we say that two

mesh nodes xk 6= xl are adjacent iff mkl := meas1D Γkl 6= 0. By Λk we mean the set of
indices of all mesh nodes that are adjacent to xk. Moreover, we define dkl := ‖xk − xl‖,
mk = meas2D Ωk, and we denote by nkl the outward normal on the boundary part Γkl of
Ωk. Let h, the mesh size, be the maximal distance between two adjacent mesh nodes. For a
reasonable discretization of the boundary conditions we shall assume that Γ ⊂ ⋃

k∈∂Λ Ωk.
To simplify the notation we set Nkl = nkl · a

(

(xk + xl)/2
)

. Then our discretization
of (2.1) is

[

Lhuh
]

k
= fkmk for k ∈ Λ, uh

k = 0 for k ∈ ∂Λ,(2.2a)

where

[

Lhv
]

k
:=

∑

l∈Λk

mkl

(

ε

dkl
− Nkl%kl

)

(vk − vl) + bkmkvk,(2.2b)

%kl = % (Nkldkl/ε), and the function % : R → [0, 1] is assumed to be monotone with

lim
t→−∞

%(t) = 1, lim
t→∞

%(t) = 0,(2.3a)

1 + (1 − %(t))t ≥ 0 for all t ∈ R,(2.3b)
[

%(t) + %(−t) − 1
]

t = 0 for all t ∈ R,(2.3c)
[

1/2− %(t)
]

t ≥ 0 for all t ∈ R,(2.3d)

t → t%(t) is Lipschitz continuous.(2.3e)

For a detailed derivation of the method we refer the reader to [1, 2] or [15, III.3.1.2].
Possible choices for % are

%I(t) =
1

t

(

1 − t

exp t − 1

)

, %S(t) =

{

1/(2 + t) for t ≥ 0,
(1 − t)/(2 − t) for t < 0,

and

%U,m(t) =







0 for t > m,
1
2 for t ∈ [−m, m],
1 for t < −m,

with m ∈ [0, 1].

The full upwind stabilization %U,0 is due to Baba and Tabata [3], while %U,m with m > 0 was
introduced by Angermann. For %I and %S we get the two-dimensional analogs of Il’in’s [5]
and of Samarski’s scheme [16]. Further choices of % are mentioned in [1].
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2.2. Stability of the scheme. The construction of the scheme guarantees that the system
matrix is an M -matrix if b > 0 on Ω̄. Then the discrete problem (2.2) has a unique solution
for arbitrary right-hand sides f .

Alternatively, we can derive stability in a special mesh-dependent norm as we shall now
show. The FVM can be written in variational form: Find uh ∈ V h

0 =
{

v ∈ R
card Λ̄ : vk =

0 for k ∈ ∂Λ
}

such that

ah(uh, vh) = fh(vh) for all vh ∈ V h
0 ,

where

ah(v, w) :=
∑

k∈Λ̄

[

Lhv
]

k
wk and fh(w) :=

∑

k∈Λ̄

fkmkwk.

We define the norm ‖ · ‖FV associated with the bilinear form ah:

‖v‖2
FV := ε|v|2ω,1 + |v|2ω,% + ‖v‖2

ω,0,

where

|v|2ω,1 :=
1

2

∑

k∈Λ̄

∑

l∈Λk

mkl

dkl

(

vk − vl

)2
,

|v|2ω,% :=
1

2

∑

k∈Λ̄

∑

l∈Λk

mklNkl

(

1

2
− %kl

)

(

vk − vl

)2
,

and

‖v‖2
ω,0 :=

N−1
∑

k∈Λ̄

mkv2
k .

Note that because of (2.3d) this is a well-defined norm and it is stronger than the discrete
ε-weighted energy norm

‖v‖2
ω,ε := ε|v|2ω,1 + ‖v‖2

ω,0 ≤ ‖v‖2
FV .

THEOREM 2.1. The bilinear form ah is V h
0 elliptic for h sufficiently small. For any

κ ∈ (0, β) there exists an h∗ = h∗(κ) such that

ah(v, v) ≥ min(1, κ)‖v‖2
FV for all v ∈ V h

0 and h ≤ h∗.

Proof. This follows from [2, proof of Lemma 4]. There |w|2ω,% ≥ 0 is used to prove
coercivity with respect to the ε-weighted energy norm, while we have incorporated this term
into our mesh-dependent norm ‖ · ‖FV .

In [2] the following convergence results for quasi-uniform meshes in the ε-weighted
energy norm are given:

∥

∥u − uh
∥

∥ ≤ C
h√
ε

[

‖u‖H2 + ‖f‖W 1
q

]

when q > 2, and the stronger bound
∥

∥u − uh
∥

∥ ≤ Ch
[

‖u‖H2 + ‖f‖W 1
q

]

if the underlying triangulations have special symmetry properties. Note that neither of these
results are uniform, because typically ‖u‖H2 = O

(

ε−3/2
)

.
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3. The finite volume method on Shishkin meshes. In this section we shall study con-
vergence of the FVM in the norm ‖ · ‖FV on Shishkin meshes which we shall introduce
now. Shishkin meshes [12, 18] are piecewise equidistant meshes, constructed a priori, that
partly resolve layers. To construct them correctly, it is crucial to have a precise knowledge of
the asymptotic behaviour of the exact solution. Provided a, b and f are sufficiently smooth
and satisfy certain compatibility conditions, the solution u of (1.1) can be decomposed as
u = S + E1 + E2 + E12, where the regular part S satisfies

∣

∣

∣

∂i+jS

∂xiyj
(x)

∣

∣

∣
≤ C,

while for the layer terms E1, E2 and E12 we have

∣

∣

∣

∂i+jE1

∂xiyj
(x)

∣

∣

∣
≤ Cε−i exp

(

−α1(1 − x)/ε
)

,

∣

∣

∣

∂i+jE2

∂xiyj
(x)

∣

∣

∣
≤ Cε−j exp

(

−α2(1 − y)/ε
)

,

and

∣

∣

∣

∂i+jE12

∂xi∂yj
(x)

∣

∣

∣
≤ Cε−(i+j) exp

(

−
(

α1(1 − x) + α2(1 − y)
)

/ε
)

,

for x = (x, y) ∈ Ω and 0 ≤ i + j ≤ 2. Conditions that guarantee the existence of the
decomposition are given in [10].

Our construction of the Shishkin mesh is based on this decomposition. Let N be an even
positive integer. Let λx and λy denote two mesh transition parameters defined by

λx = min

(

1

2
,
2ε

α1
ln N

)

and λy = min

(

1

2
,
2ε

α2
ln N

)

.

The mesh transition parameters have been chosen so that the boundary layer terms in the
asymptotic expansion of u (the terms E1, E2 and E12 above) are of order N−2 on [0, λx] ×
[0, λy].

We specify the mesh points ω = {(xi, yj) ∈ Ω : i, j = 0, . . . , N} by

xi =

{

2i(1− λx)/N for i = 0, . . . , N/2,
1 − 2(N − i)λx/N for i = N/2 + 1, . . . , N,

with a similar definition for yj .
THEOREM 3.1. Let ω be a tensor-product Shishkin mesh. Suppose % satisfies (2.3). Then

there exists an N0 > 0 that is independent of ε such that the error of the FVM satisfies
∥

∥uh − u
∥

∥

FV
≤ CN−1 ln3/2 N for N ≥ N0.

In Section 4 we shall give a proof of this theorem for a one-dimensional version of the FVM.
We restrict ourselves to one dimension to keep the presentation as simple as possible. The
technique presented there needs only minor modifications to analyse the two-dimensional
scheme, although the number of merely technical details increases significantly. A complete
analysis of the two-dimensional scheme is given in [21].

So far the numerical solution uh is defined only at the mesh nodes. It can be extended
to a function defined on the whole of Ω using linear or bilinear interpolation. Introducing the
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continuous energy norm ‖v‖2
ε :=

∫

Ω

(

ε grad v · grad v + v2
)

for v ∈ H1
0 (Ω), we can use

Theorem 3.1 and the interpolation error estimates in [14, 19] to derive
COROLLARY 3.2. Let ω be a tensor-product Shishkin mesh. Let % satisfy (2.3). Then

there exists an N0 > 0 that is independent of ε such that the error of the FVM satisfies
∥

∥uh − u
∥

∥

ε
≤ CN−1 ln3/2 N for N ≥ N0.

REMARK 1. In [8] the error of the FVM in the discrete maximum norm ‖ · ‖ω,∞ on a
Shishkin mesh was studied. The error of the scheme satisfies

∥

∥u − uh
∥

∥

ω,∞
≤ CN−1 ln N,

and if % is Lipschitz continuous in (−δ, δ) with some fixed δ > 0 then the improved bound
∥

∥u − uh
∥

∥

ω,∞
≤ CN−1

holds for N greater than some threshold value Nδ that depends on δ only.
Our numerical experiments in Section 5 indicate that in the norm ‖ · ‖FV the scheme

also has better convergence properties when %(t) is Lipschitz continuous in a neighbourhood
of t = 0.

REMARK 2. On Ωc := [0, 1−λx]× [0, 1−λy], where the mesh is coarse, we have h � ε
and therefore |v|% = O

(

N−1/2
)

|v|ω,1. This implies the method gives uniformly convergent
approximations of the gradient on Ωc:

∣

∣u − uh
∣

∣

ωc,1
≤ CN−1/2 ln3/2 N,

where

|v|2ωc,1 :=
1

2

∑

k∈Λ̄

xk∈Ωc

∑

l∈Λk
xl∈Ωc

mkl

dkl

(

vk − vl

)2
.

4. Analysis of the finite volume method in one dimension. In this section we study
the convergence of the finite volume method on a Shishkin mesh for the discretization of the
two-point boundary value problem

(4.1) −εu′′ + au′ + bu = f for x ∈ (0, 1), u(0) = u(1),

with 0 < ε � 1, a ≥ α > 0, and b − a′/2 ≥ β > 0.
The exact solution of (4.1) can be decomposed [12] as u = S + E where, for any fixed

order q that depends on the smoothness of the data, the regular part S and the layer term E
satisfy
(4.2)
∣

∣S(k)(x)
∣

∣ ≤ C and
∣

∣E(k)(x)
∣

∣ ≤ C exp
(

−α(1 − x)/ε
)

for x ∈ [0, 1] and k = 0, . . . , q.

The weak formulation of (4.1) is: Find u ∈ H1
0 (0, 1) such that

a(u, v) = f(v) for all v ∈ H1
0 (0, 1),

where

a(v, w) = ε

∫ 1

0

v′w′ +

∫ 1

0

av′w +

∫ 1

0

bvw and f(v) =

∫ 1

0

fv.
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We shall consider a mesh with mesh points ω : 0 = x0 < x1 < · · · < xN = 1. Let
hi = xi − xi−1 denote the local mesh sizes for i = 1, . . . , N and h̄i = (hi + hi+1)/2 the
averaged step sizes.

The variational form of the FVM in one dimension is: Find uh ∈ V h
0 =

{

v ∈ R
N+1 :

v0 = vN = 0
}

such that

ah(uh, vh) = fh(vh) for all vh ∈ V h
0 ,

where

ah(v, w) =

N−1
∑

i=1

[

Lhv
]

i
wi, fh(w) =

N−1
∑

i=1

h̄ifivi,

and

[

Lhv
]

i
:= −ε

(

vi+1 − vi

hi+1
− vi − vi−1

hi

)

+ %
(ai+1/2hi+1

ε

)

ai+1/2

(

vi+1 − vi

)

+ %
(

−ai−1/2hi

ε

)

ai−1/2

(

vi − vi−1

)

+ h̄ibivi,

where we have set ai+1/2 = a
(

(xi + xi+1)/2
)

.
The one-dimensional equivalent of the mesh-dependent norm is

‖v‖2
FV = ε|v|2ω,1 + |v|2ω,% + ‖v‖2

ω,0 with |v|2ω,1 =

N
∑

i=1

h−1
i

(

vi − vi−1

)2
,

|v|2ω,% =

N
∑

i=1

ai−1/2

[

1

2
− %

(ai−1/2hi

ε

)

]

(

vi − vi−1

)2
and ‖v‖2

ω,0 =

N−1
∑

i=1

h̄iv
2
i .

We shall also use the discrete energy norm ‖v‖2
ω,ε := ε|v|2ω,1 + ‖v‖2

ω,0 and the continuous
energy norm

‖v‖2
ε := ε

∫ 1

0

v′(x)2 dx +

∫ 1

0

v(x)2 dx.

We start our analysis from Theorem 2.1 and follow the standard approach of the Strang
Lemma [15, III.3.1.2]. For any v ∈ R

N+1 or v ∈ C[0, 1] let vI denote the piecewise linear
interpolant of v on the mesh given. Set η = (uh)I − uI . Then

(4.3) C
∥

∥η
∥

∥

2

FV
≤ ah(η, η) ≤

∣

∣a(u − uI , η)
∣

∣ +
∣

∣a(uI , η) − ah(uI , η)
∣

∣ +
∣

∣fh(η) − f(η)
∣

∣

for h = maxhi sufficiently small.
The terms on the right-hand side will be bounded separately.
PROPOSITION 4.1. On a Shishkin mesh we have

∣

∣a(u − uI , η)
∣

∣ ≤ CN−1 ln N‖η‖ω,ε.

Proof. From [19] we have

∣

∣a(u − uI , η)
∣

∣ ≤ CN−1 ln N‖η‖ε.
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To complete the proof, we use the fact that on V h
0 the continuous norm ‖ · ‖ε and the discrete

norm ‖ · ‖ω,ε are equivalent.
PROPOSITION 4.2. Let ω be an arbitrary mesh with maximal step size h. Then

∣

∣fh(η) − f(η)
∣

∣ ≤ Ch‖η‖ω,0.

Proof. Denoting by ϕi the usual basis functions for linear finite elements, we have

∣

∣

∣

∫ xi

xi−1

(

fϕi

)

(x)dx − hi

2
fi

∣

∣

∣
=

∣

∣

∣

∫ xi

xi−1

{

fi +

∫ x

xi

f ′(s)ds
}

ϕi(x)dx − hi

2
fi

∣

∣

∣
≤ h2

i

2

∥

∥f ′
∥

∥

∞
.

Thus

∣

∣f(η) − fh(η)
∣

∣ =
∣

∣

∣

N−1
∑

i=1

ηi

{

∫ xi+1

xi−1

(

fϕi

)

(x)dx − h̄ifi

}
∣

∣

∣

≤ ‖f ′‖∞h

N−1
∑

i=1

h̄i|ηi| ≤ ‖f ′‖∞h‖η‖ω,0.

Finally we bound
∣

∣a(uI , η) − ah(uI , η)
∣

∣. We have

(4.4) a(uI , η) − ah(uI , η) = ar(u
I , η) − ah,r(u

I , η) + ac(u
I , η) − ah,c(u

I , η),

where

ar(u
I , η) =

∫ 1

0

buIη, ah,r(u
I , η) =

N−1
∑

i=1

h̄ibiuiηi, ac(u
I , η) =

∫ 1

0

a(uI)′η,

and

ah,c(u
I , η) =

N−1
∑

i=1

{

%
(ai+1/2hi+1

ε

)

ai+1/2

(

ui+1 − ui

)

+%
(

−ai−1/2hi

ε

)

ai−1/2

(

ui − ui−1

)

}

ηi.

PROPOSITION 4.3. Let ω be a Shishkin mesh. Then

∣

∣ar(u
I , η) − ah,r(u

I , η)
∣

∣ ≤ CN−1 ln N‖η‖ω.

Proof. By the definition of ah,r and ar, we have

ah,r(u
I , η)i − ar(u

I , η) =

N−1
∑

i=1

{

∫ xi

xi−1

(

buIϕi

)

(x)dx − hi

2
biui

}

ηi

+

N−1
∑

i=1

{

∫ xi+1

xi

(

buIϕi

)

(x)dx − hi+1

2
biui

}

ηi.

(4.5)
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A Taylor expansion with the integral form of the remainder gives
(4.6)

d−r,i :=

∫ xi

xi−1

(

buIϕi

)

(x)dx − hi

2
biui =

∫ xi

xi−1

∫ x

xi

(

b′uI + b
ui − ui−1

hi

)

(s) ds ϕi(x) dx

Using the decomposition u = S + E, we see that
∣

∣ui − ui−1

∣

∣ ≤ CN−1 ln N.

We apply this bound to (4.6) to get

∣

∣

∣

N−1
∑

i=1

d−r,iηi

∣

∣

∣
≤ CN−1 ln N

N/2
∑

i=1

hi|ηi| ≤ CN−1 ln N‖η‖ω.

We obtain

∣

∣

∣

N−1
∑

i=1

d−r,iηi

∣

∣

∣
≤ CN−1 ln N‖η‖ω,

with a similar bound for the second sum in (4.5).
PROPOSITION 4.4. Let % satisfy (2.3). Suppose ω is a Shishkin mesh. Then

∣

∣ac(u
I , η) − ah,c(u

I , η)
∣

∣ ≤ CN−1 ln3/2 N‖η‖ω,ε.

Proof. We have

ac(u
I , η) − ah,c(u

I , η)

=

N
∑

i=1

{
∫ xi

xi−1

(

a(uI)′η
)

(x) dx

−
[

%
(ai−1/2hi

ε

)

ηi−1 + %
(

−ai−1/2hi

ε

)

ηi

]

ai−1/2

(

ui − ui−1

)

}

,

and
∫ xi

xi−1

(

a(uI)′η
)

(x) dx

= ai−1/2

(

ui − ui−1

)ηi + ηi−1

2
+

∫ xi

xi−1

{

∫ x

xi−1/2

a′(s) ds
ui − ui−1

hi
η(x)

}

dx.

We combine these two equations and use (2.3c). We get

ac(u
I , η) − ah,c(u

I , η) =

N
∑

i=1

[

1

2
− %

(ai−1/2hi

ε

)

]

(

ηi−1 − ηi

)(

ui − ui−1

)

ai−1/2

+

N
∑

i=1

∫ xi

xi−1

{

∫ x

xi−1/2

a′(s) ds
ui − ui−1

hi
η(x)

}

dx.

(4.7)

The second sum can be bounded using the argument from the proof of Proposition 4.3. We
get

(4.8)
∣

∣

∣

N
∑

i=1

∫ xi

xi−1

{

∫ x

xi−1/2

a′(s) ds
ui − ui−1

hi
η(x)

}

dx
∣

∣

∣
≤ CN−1 ln N‖η‖ω.
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Next we bound the first sum in (4.7). For i > N/2 we have
∣

∣ui − ui−1

∣

∣ ≤ CN−1 ln N .
Thus

∣

∣

∣

N
∑

i=N/2+1

[

1

2
− %

(ai−1/2hi

ε

)

]

(

ηi−1 − ηi

)(

ui − ui−1

)

ai−1/2

∣

∣

∣

≤ CN−1 ln N

N
∑

i=N/2+1

∣

∣ηi − ηi−1

∣

∣ ≤ CN−1 ln3/2 Nε1/2|η|ω,1.

(4.9)

For i ≤ N/2 we use the splitting u = S + E of the exact solution. We start with E. We
have Ei ≤ CN−2 for i ≤ N/2. Hence

∣

∣

∣

N/2
∑

i=1

[

1

2
− %

(ai−1/2hi

ε

)

]

(

ηi−1 − ηi

)(

Ei − Ei−1

)

ai−1/2

∣

∣

∣

≤ CN−2
∑

(

|ηi| + |ηi−1|
)

≤ CN−1‖η‖ω.

(4.10)

Finally, we consider the regular solution component S. To simplify the notation let

γi−1/2 := ai−1/2

[

1

2
− %

(ai−1/2hi

ε

)

]

.

Using summation by parts we get

N/2
∑

i=1

γi−1/2

(

Si − Si−1

)(

ηi−1 − ηi

)

= γN/2−1/2

(

SN/2 − SN/2−1

)

ηN/2

−
N/2−1
∑

i=1

γi+1/2

(

Si+1 − 2Si + Si−1

)

ηi +

N/2−1
∑

i=1

(

γi−1/2 − γi+1/2

)(

Si − Si−1

)

ηi.

Taylor expansions for S give
∣

∣Si+1 − 2Si + Si−1

∣

∣ ≤ CN−2 and
∣

∣Si − Si−1

∣

∣ ≤ CN−1,
while (2.3e) implies

∣

∣γi−1/2 − γi+1/2

∣

∣ ≤ CN−1. Thus

∣

∣

∣

N/2
∑

i=1

γi−1/2

(

Si − Si−1

)(

ηi−1 − ηi

)

∣

∣

∣

≤ CN−1
(

‖η‖ω + |ηN/2|
)

≤ CN−1 ln1/2 N‖η‖ω,ε,

(4.11)

because

|ηN/2| ≤
N

∑

i=N/2+1

∣

∣ηi − ηi−1

∣

∣ ≤ ln1/2 Nε1/2|η|ω,1.

Collecting (4.7)–(4.11), we complete the proof.
We combine (4.3), (4.4) and propositions 4.1–4.4 to get our main convergence result.
THEOREM 4.5. Let % satisfy (2.3) and let ω be a Shishkin mesh. Then there exists an

N0 > 0 that is independent of ε such that
∥

∥uh − u
∥

∥

FV
≤ CN−1 ln3/2 N for N ≥ N0.
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5. Numerical results. We study the performance of the method when applied to the test
problem

−ε∆u + (3 − x)ux + (4 − y)uy + u = f(x, y) in Ω = (0, 1)2, u = 0 on Γ = ∂Ω,

where the right-hand side is chosen so that

u(x, y) = sin x
(

1 − exp
(

−2(1− x)/ε
)

)

y2
(

1 − exp
(

−3(1 − y)/ε
)

)

is the exact solution. This function exhibits typical boundary layer behaviour. For our tests
we take ε = 10−8 which is a sufficiently small choice to bring out the singularly perturbed
nature of the problem. Almost identical results are obtained for smaller values of ε.

Tables 5.1 and 5.2 display the results of our numerical experiments. They contain the
errors of the FVM and the corresponding rates of convergence measured in both the mesh-
dependent FV norm and the discrete ε-weighted energy norm for various choices of %. The

%U,0 %U,1

‖u− uh‖FV ‖u − uh‖ω,ε ‖u − uh‖FV ‖u− uh‖ω,ε

N error rate error rate error rate error rate
16 2.0194e-1 0.69 1.5947e-1 0.57 9.3700e-2 0.92 5.6303e-2 0.89
32 1.2529e-1 0.74 1.0753e-1 0.66 4.9547e-2 0.95 3.0347e-2 0.93
64 7.5247e-2 0.78 6.8198e-2 0.73 2.5565e-2 0.97 1.5947e-2 0.95

128 4.3870e-2 0.81 4.1159e-2 0.78 1.3028e-2 0.98 8.2497e-3 0.97
256 2.4983e-2 0.84 2.3951e-2 0.82 6.5919e-3 0.99 4.2205e-3 0.98
512 1.3978e-2 0.86 1.3581e-2 0.84 3.3206e-3 0.99 2.1422e-3 0.99
1024 7.7178e-3 — 7.5616e-3 — 1.6680e-3 — 1.0814e-3 —

TABLE 5.1
The FVM on Shishkin meshes; %U,m.

numbers are clear illustrations of the theoretical results of Theorem 3.1. We also observe
better (first-order) convergence when a %(t) is used that is Lipschitz continuous near t = 0,
i. e., for %S , %U,1 and %I , while for %U,0 we observe convergence that is slightly slower than
first order.
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