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Abstract. In this paper we establish several nonstandard finite element estimates involving fractional order
Sobolev spaces, with applications to bubble stabilized mixed methods for the three-dimensional Poisson and Sig-
norini problems.
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1. Introduction. It is well-known that interpolation error estimates play an important
role in the analysis of finite element methods. The simplest interpolation error estimates
appear in the following form:

(1.1) > fu— Tyl ) < Ch™ [ul gy,
Jj=0

where € is a bounded polyhedral domain in R¢ (d = 1,2, 3), m is an integer and II;, is an
interpolation operator from H™ () to the finite element space V}, associated with a regular
triangulation 7;, of €2 of mesh-size h, and the seminorm | - | ;x (o for a nonnegative integer is
defined by

|U|?{k(9) = Z ||3av||%2(9)-
la|=k

In the case where IT;, is defined locally on each element, since all the seminorms in (1.1) are
also local, the estimate (1.1) can be established by a purely local analysis (cf. [12], [8]).

For applications to problems whose solutions are not regular, it is important to have
estimates for (u — II,u) in fractional order Sobolev seminorms. Let k& be a nonnegative
integerand 0 < A < 1. The seminorm | - | ;x4 (o) is defined by (cf. [1], [22])

[0%v(z) — 9*v(y)]®
(1.2) [0 Fen ) = Z /Q/Q |z — y[d+er dzdy,

|| =k

and the norm || - || x+x (@) is given by

k

||’U||3{k+,\(ﬂ) = ||'U||§1k(9) + |’U|§1k+x(Q) = Z |v|§—lj(£2) + |v|§lk+*(9)'
=0
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Sometimes such estimates follow easily from the basic estimate (1.1) and the interpola-
tion theory of Sobolev spaces (cf. [22]). For example, let IT = II}, be the nodal interpolation
operator for the P; finite element space and 0 < A < 1, then (1.1) with m = 2 implies that

Hu — H;lluHLz(Q) < C’h2||u||H2(Q) Yuée HQ(Q),
llu — H;llUHHl(Q) < Chllull g2 () Vue H*(Q),

and hence
lu = Mul g @) < OxR* Mlullgz)  YVue HX(9Q).

Replacing v with (u — p) for an appropriate first order polynomial p so that
/ 0%(u—p)de=0 for |of <1,
Q

we can then deduce from the preceding estimate and the Friedrichs inequality (cf. [19]) that
lu =TT ul g ) < Oxh® ™ ul g2 ().

Note that throughout this paper we use the symbol C' (with or without subscripts) to represent
generic positive constants which can take different values at different places.

On the other hand, in the case where IT = II9 is the piecewise L2-orthogonal projection
operator from L2(2) to the P, finite element space, the standard estimate (1.1) with m = 1
only gives

Hu — H%u”p(g) S Oh|U|H1(Q).
For 0 < X < 1, the estimate
(1.3) lu — My ul a0y < Cah' ™ Mulmi(q)

does not follow from the interpolation theory of Sobolev spaces.
Similarly, for0 < A < % the estimate

(14) |u — H}llu|H1+/\(Q) < C)\hli)\|u|H2(Q)

does not follow from (1.1) and interpolation.
Inverse estimates are also important in the analysis of finite element methods. A standard
inverse estimate for a Lagrange finite element space V},(2) C H' (1) takes the form

(1.5) olai@) < Ch7Hvlle) Vo € Va(9),

and it can be obtained by a purely local analysis (cf. [12], [8]).
Let A € (0,1). From (1.5) and the trivial estimate

lvllz2) < Jvllz2) Vo e Vi(),
we can obtain by interpolation the following inverse estimate for the seminorm | - | ;x ()
ol ) < Oah ™ Mollzz@) Vo € Va().
However, for 0 < A < % the inverse estimate

(1.6) W giea) < O Mol Vo € Vi(Q)
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does not follow from (1.5) and interpolation.

In this paper we will establish certain finite element estimates in fractional order Sobolev
seminorms which include in particular (1.3), (1.4) and (1.6), with applications to some three
dimensional mixed finite element methods.

The main difficulty in dealing with estimates in fractional order Sobolev seminorms is
due to the non-local nature of the definition (1.2). Our key observation is that the analysis of
such estimates can be reduced to a purely local one by combining the ideas from [7] and the
estimate

1 C,
1.7 L dy<—2  ygerT,
@7 /Q\T P e

where T is an element in .7, and p(z, 0T") = inf,cor |z — y| is the distance from x to the
boundary of T". Furthermore, the local analysis can be handled by the following estimate on
a reference domain 7

u?(z . 1
The estimate (1.7) can be obtained easily by using the regularity of .73, and a direct calcula-
tion. The estimate (1.8), which follows from the Hardy inequalities, comes from the theory
of Sobolev spaces. A proof of it can be found in either [18] or [15].

The rest of the paper is organized as follows. The nonstandard finite element estimates
in fractional order Sobolev norms are proved in Section 2. Applications to three-dimensional
mixed finite element methods for the Poisson problem and the Signorini contact problem are
then given in Section 3.

2. Nonstandard finite element estimates in fractional order Sobolev norms. Let €2
be a bounded polyhedral domain in R? for d = 1,2, 3. Let .7, be a regular triangulation (cf.
[12], [8]) of €2, where i = maxpe g, diamT'. We will first show how certain estimates for
the globally defined fractional order Sobolev seminorms can be reduced to local estimates.

LEMMA 2.1. Let A € (0,1) and w € H***(Q). Then the following error estimate

holds:
2 o 0w
w02 <Cx DD {|a wlips i) +/ [(x 6(T;] d;c}

la|=k TE T,

Proof. By the definition (1.2), we have

[0%w 0“w(y)]?
[l = D2 //Q |$_y|d+2>\ dzdy

la|=Fk
[

> / / et da|

T,T' €%,
74T

Note that the first sum inside the bracket on the right-hand side of (2.1) equals
Y orea, |8°‘w|§p(T). The second sum can be estimated following the ideas in [7]:

(22) Z //, |x_ |dj2>\( s dmdySQ{ //,|x_ |d+2x dady

T,T'€T, T,T' €T,
T#T' TH#T’

2.1)

o] =k [T69
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/ / A |d+2A d””dy]

Let us focus on the first term on the right-hand side of (2.2), since the second one can be
worked out in exactly the same way. We have, by (1.7),

o 1
o B b B e el

T.T7' €T,
T;éT’

T, €T, TETh
TH#T'
<o ¥ [ 5
TET, pla, BT

The lemma follows from (2.1)—(2.3). O

REMARK 2.2. Note that the right-hand side of the estimate in Lemma 2.1 is in general
infinite when A € [1,1). Therefore Lemma 2.1 is of interest mainly for A € (0, 3).

Let us now consider estimates for the piecewise constant interpolation operator I19. Let
Po(T) stand for the set of constant functions defined on T' € ,. The Py finite element
subspace M}, () is defined by

My(Q) = {vh € L*(Q) : vl € Po(T) VT e yh}

The piecewise constant interpolation operator II9 is the orthogonal projection from L?(Q2)
into M}, (©2) and is defined as follows:

2.4) /Q(v S0 de =0 Yo e L2(Q), vn € Ma(Q).

THEOREM 2.3. Forany A € (0, ) and p € [A, 1], the following error estimate holds:

(2.5) v = TR0| s () < OXR* Molany Vv e HH(Q).

Proof. Set v), = Hgv. From Lemma 2.1 we have

— 2
26) ol <O Y {'“‘”h'?NTW/Tde |

2
T, p(x,0T)

Hence the proof of (2.5) is reduced to a local estimate which can be handled by (1.8) and
the usual scaling argument as follows.

Let K be the reference element and consider the transformation & +— x = Br# + b,
where B is an invertible matrix. By (1.2), (1.8), Friedrichs’ inequality and the regularity of
5, We obtain

v —vp)(2)]?
|U—vh|§p(T)+/dex

p(x,0T)**
< B2 det Br[*[0 — onl3 )
2
B2 | det By |/ (@ =on)@)] 55
p(&, OT)2A
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< OB P det Ba | [0 — 0nl3ps
< Cu|1BZ P det B [if2
< B! det Br | o1,z
< ColIBZL P det Br | Br |2 det By ol

< OAh2(H_>\)|U|%I#(T)'

)

In view of (2.6), we deduce that
v = vnl3a ) < Crh?=) Z [0lF0 7y < CAR*H N [0l .
TeI,,

and the lemma follows. O
By a straight-forward argument (or cf. [13]), we also have

o =Tl 2) < CahH[vlguey Vv e HH(Q), A<p <1,
which together with Theorem 2.3 imply
(2.7) o — o]l gr ) < CAR* Mol Vv e HHQ), A< p < 1.

For the applications in Section 3 we will need interpolation error estimates in the dual
spaces of the Sobolev spaces. The operator IT) can be extended to the dual space H*(£2)’ for
A € (0, 3) as follows:

(2.8) (v —T0v,Yp)aa =0, Yve HNQ), ¢ € M(T),

where (-, -) o is the duality pairing between H*(Q)’ and H*(£2) that generalizes the inner
product (-, -) 12 (-
THEOREM 2.4. Forany A € (0, 3) and p € [, 1], the following error estimate holds:

||U - H?LUHHM(Q)/ < Ckhu_kHUHHA(Q)/ Yo e H)\(Q)/

Proof. Letv € H*(Q)’ be arbitrary. By duality and the definitions (2.4) and (2.8), we
can write
(v =THv, w0 (v,w—THw)x

(2.9 ||’U—H2'U||HM(Q)/: sup ~———2+—P = sup
werr(@)  wllme (o) werr(Q) Wz @)

From (2.7), we have
(v,w =Thw)re < [0l lw = Twl pr @) < OB ol @y [wll a2 @)

and the theorem follows from (2.9). O

REMARK 2.5. Theorem 2.3 and Theorem 2.4 remain valid on a d-dimensional (d = 1, 2)
polyhedral surface T, with essentially identical proofs. Note that the space H*(I")’ can also
be written as H—*(T").

Next, we consider the nodal interpolation operator IT}, from €’ (Q2) to a 6™ Lagrange (or
tensorial) finite element space V}, associated with .7;, (cf. [12], [8]).

THEOREM 2.6. Let A € (0, 1). Then we have, for d = 1,2,

(2.10) |v-— H;llU|H1+k(Q) < C)\h“_)‘|’l}|H1+u(Q) Yo e HH_“(Q), A< <,



ETNA

Kent State University
etna@mcs.kent.edu

Some nonstandard finite element estimates with applications 139

and for d = 3,

1
(2.11) |U - H;llU|H1+,\(Q) < CA,uhM_)\|U|H1+H(Q) Yo e HH—H(Q), 5 < W <1

Proof. We will follow the notation introduced in Theorem 2.3. First we consider the
casesof d = 1and d = 2. Let H}lv = vp,. From Lemma 2.1 we have

|Vo(z) — Vo ()]
2.12 - <C - a
( ) |v Uh|H1+A(Q) Tezgh {h} vh|H1+A (T) +/ p(x7 5T)2>\ T

Using scaling, (1.2), (1.8) and the regularity of .7}, we have

|Vo(z) — Vup(x)|?
| ’Uh|H1+/\ (T) +/ (E 6T>2)‘ dx

<|IBp IId“AIIBTH | det Br[?|o — f)hlfqm 7

(1)
I 2
|VU Vvh( )| di
(%, 6T)2>‘

(2.13) LIB 2 Br?) det By /

< C\||B7Y1*M|Br|?| det Br|[|o —vthlm+|”—”h|§rl+k<f>]

From the equivalence of norms on finite dimensional vector spaces and Sobolev’s in-
equality (cf. [1], [19], [22]), it is easy to see that

[© = On[20 3 + 16— <C[|U|

|§[1+A(T) Hl(T) + |U H1+A + ||’UhHLco(T):|
(2.14) < C (102 ) + 192105 2y + 1012 )]
< CAHUHHHA(T)'
Combining (1.2), (2.13), (2.14), the Bramble-Hilbert lemma (cf. [6], [13]) and scaling,
we have

P [Vo(e) - Von (@)
v i) +/T pla, 0T
< x| B[P Br | det Br|

dzr

. ~ A 2 ~ ~ 2
xdnt {10 =) = 0= Dl +10 =) = 0= Pl |

(2.15) gCA||B;1||2’\||BTH2|detBT| inf |9
)

1

—p”?{ux@)
< Gl Bz 1P| Br||? |detBT||v
< Cx|| B 22| Br||?| det Brl|o]? 1 (T

< CAl|BH P 1Br ||| det Brl|| Br|| > By || det By ?[vf3. (1

< NPVl .

HFA(T)

The estimate (2.10) follows from (2.12) and (2.15).
The proof of (2.11) is similar, except that (2.14) must be replaced by

|r[)_f[;h|§{1(,f) + |1A}—1A1h|H1+>\ <( ||v||H1+u
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The theorem now follows. 00

REMARK 2.7. The results of [7] can be recovered from (2.10) by taking u = A.

Finally, we turn to inverse estimates involving fractional order Sobolev norms. For this
purpose we will assume that the triangulation .7, is quasi-uniform (cf. [12], [8]).

THEOREM 2.8. Let A € (0, 1) and 6 € [0, A]. Then the following estimate holds:

[lgr@) < CaR? Mulgooy Vv € My(Q).

Proof. We will follow the notation in Theorem 2.3. Let v € M} (2) be arbitrary. From
Lemma 2.1 we have

2.16 2. C N M .
@2.16) bl <C ot + [ 2L o]

Using the equivalence of norms on a finite dimensional vector space, we obtain, by scaling,
(1.2), (1.8) and the quasi-uniformity of .7,,

[v(2)]? X
|v|i]>\(T) +/ ( aT) dz < ”B ||d+2)\| det BT|2|’U ?—IA(T)

o AN12
+(B7"[|*| det By | Mdf
7 p(&,0T)%*

< CAlIBR ! det Brlllo]2. 7,
< CallB7|**| det Br| det Bz [[|v][Za(r)
< Cah ™ M|v[|Z2 (-

Combining the preceding estimate and (2.16) we have

(2.17) ol <O Mvll2@) Vo € Ma(Q).

In other words the theorem holds for 6 = 0.
The proof for 6 € (0, ] is more complicated. For T € 7, we denote by or the
collection of elements in .73, which share at least one vertex with 7', i.e.,

or={T"€ Z,: TnT #0}.

The domain S is defined by

(2.18) Sr=J T.
T €or
We have
9 2
[0 ) = //, |x_ |d+2/\ dxdy
T T €7,

(2.19) = Y // P |d+2A2 dzdy

T.7' €T
S [ L

T €or

T, T €T,
T'¢or
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There is an easy estimate for the second sum on the right-hand side of (2.19):

2 // Iﬂc—yl”l”)j ey

T,7' €T,
T &or

2(60—X
(2.20) < CR*0 // |d+29 " ey

T,7' €T
T ot

< Ch2(9_/\)|v|?19(9)-
In view of (1.2) and (2.18), we can bound the first sum on the right-hand side of (2.19)

by

(2.21) > // |x_ Id“* " dedy < > 10lF s
T.T' €T TeIh
T €or

Let S be a reference dorpain with unit diameter which is similar to St, P be the affine
transformation that maps St to Sp, and o = v o F' be the pull-back of v to S7. We obtain,
by applying (2.17) to S and using the Bramble-Hilbert lemma (cf. [13]),

(2.22) 0 s y= inf |0—p 5
| |H>‘(ST) pEPO(ST)| |H>‘(ST)
<C inf 0 — & < COy\o & -
o )\PEPO(S'T) H p||L2(ST) - >\| |H9(ST)

Combining (2.22) with a scaling argument, we have

V] ix (509 < CaRY Mol o sy

which together with (2.21) imply

(2.23) > // |x_ |d+2k da:dy<C’ RO N Jol3e o)

T,7' €T, TEI,
T €or

< CARPO Vo0 -

The case for 6 € (0, \] now follows from (2.19), (2.20) and (2.23). 0

In exactly the same way one can prove the following theorem for a ¥’° Lagrange (or
tensorial) finite element space V,(12).

THEOREM 2.9. Let A € (0, 1) and 6 € [0, A]. Then the following estimate holds:

Wl giaa) < CaRY Molgireq) Yo € V4(Q).

3. Bubble stabilization of three-dimensional mixed finite element methods. In this
section we apply Theorem 2.4 to establish optimal error estimates for the numerical solution
of some second order elliptic partial differential equations by the bubble stabilized finite el-
ement method, when the exact solution is not regular. First, we present the discretization of
the 3D Poisson problem, where the Dirichlet condition is dualized a la BabuSka. The second
application deals with the approximation of the 3D unilateral contact problem known as the
Signorini problem.
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3.1. The Poisson problem with Lagrange multipliers. Let €2 be a bounded polyhedral
domain in R?® with boundary I' = €. Given f € L2(Q2) and g € Hz(T'), the problem of
interest is the Poisson equation:

(3.2) —Au=f in Q,
3.2 u=yg onT.
By using Lagrange multipliers to enforce the Dirichlet condition (cf. [2]), we can formu-

late (3.1)—(3.2) as the following saddle point problem:
Find (u, ©) € HY(Q) x Hz(I') such that

(3.3) /Vu-Vvdx—i—(%w%_’F:/fv dx Vo e HY(Q),
Q Q

(3.4) (,uhrp=($,g)sr Ve HII).

-

Let 7,5 be a regular triangulation made of elements that are tetrahedra with a maximum
size h (the extension to the hexahedra does not create any technical difficulty). The trace of
7,5 on the boundary T results in a regular (2D) triangulation .7, made of triangular elements
which are the faces of tetrahedral elements in 7,52, Let Y;,() be the space defined by

V() = {on € €°@ i € Pilw) Ve Y,

where P, () is the set of all affine functions over «. In the stabilized finite element approach,
the discrete space Y;,(Q2) is enriched by cubic bubble functions defined on the boundary T'.
Let {x1, 2,23} be the vertices of the triangle T € %F which is a face of the tetrahedral
element «,,. in 2. The vertices of . are (z;)1<i<4 and A; (1 < i < 4) is the barycentric
coordinate associated with x;. The bubble function we need to use is defined to be

60
pr(2) = m/\l(z)/\z(z)/\s(a?) V&€ Ky,

and extended by zero elsewhere. Then the locally stabilized finite element space is given by

Xn(@) =Yi(@) & ( D Rer).

TeTy

The approximate Lagrange multipliers are piecewise constant functions with respect to the
mesh 7L, i.e.,

My (D) = {z/Jh € IA(T) : |, € Po(T) VT e y,f},
and the discrete problem for (3.3)—(3.4) is:
Find (un, on) € Xp(2) x M (T") such that
(3.5) / Vuy, - Voy, dx + ((ph,’l}h>%7p = / fop dx Yo, € Xh(Q),
Q Q
(3.6) (Yn,un)rr = Wn,g)ar  Vn € Mu(D).

The properties that allow for existence and uniqueness results are the coercivity of the
form (up,vn) — (V(:), V(-))L2() On a subspace of X} (Q2) and the so-called inf-sup con-
dition of the form (v, vn) — (¥n,vn) 1 r ON the spaces X;(€2) x My(I'). There is no
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particular difficulty in checking that the seminorm | - | ;1 (q) is equivalent to the H'-normin
the space

{vh € Xn(9) : (Yn,on)s p =0 Vb € Mh(F)}.

This proves the coercivity of the first form on this space. Moreover, following the lines of
[3], the spaces X, (€2) and M}, (T") satisfy the Babuska-Brezzi condition (also known as the
inf-sup condition):

<¢hvvh> 1"
inf sup >,
UnEMA (D), Exn () ||vh|\H1(Q)|W)h||H2 Ty

where the constant v does not depend on h. Therefore, using the saddle point theory (cf. [9]),
one can prove that problem (3.5)—(3.6) has a unique solution (uy,, pr) € Xn(Q2) x My(T)
which satisfies the following abstract error estimate:

@.7) lu=unllm@) + e = enll g g, <

c( inf  [lu— inf — il 1 )
L e = vall o) + oo lleo =¥l 14 )
In the following theorem we apply Theorem 2.4 to derive from (3.7) the convergence rate
of our mixed finite element solution of (3.5)—(3.6).
THEOREM 3.1. Assume that the exact solution u of Poisson’s problem belongs to
H'A(Q) (0 < A < 1). Then the following error estimate holds:

[l = unllmr @) + [l = ¢nll < ChAM([[ull oy + I llz2)-

H3(T)

Proof. It is sufficient to observe that, since u € H'+*(Q) and Au € L?*(Q), ¢ = 5% €
Hz=2(T) with

H%’HHT (r)/ < C(lullgreno) + [1fllz2)-
We can then use Theorem 2.4 to obtain

Ch/\H‘P” 1o < Oh)\(HuHHH/\(Q) +[1fllz2())-

inf ||‘P—1/’h||H%(F Ty =

€ Mp (T) ) =

The bound

inf - < Ch?
Uhelgh(mﬂu vnll 1) < lull 12 ()

can be obtained by using a finite element interpolation for non-smooth functions (cf. [21],
(5).0

REMARK 3.2. In two dimensions, there is no need for stabilization since the natural
spaces Y (Q2) and M;,(T") (built as described above with obvious modification) are compat-
ible regarding the inf-sup condition (cf. [2], [20]). In three dimensions this condition is lost
and is restored by bubble stabilization (cf. [10], [11]). Note, however, that even for non-
regular two-dimensional solutions, the one-dimensional result in Theorem 2.4 is needed for
proving optimal convergence results.



ETNA

Kent State University
etna@mcs.kent.edu

144 F. Ben Belgacem and S. C. Brenner

3.2. The unilateral contact variational inequality. Assume again that Q2 is a bounded
polyhedral domain in R3. The boundary I' = 9<2 is a union of three non-overlapping sections
I'y,I'y and I'c. The part I",, of nonzero measure is subject to the Dirichlet conditions, while
on I', the Neumann condition is prescribed, and I' ¢ is the candidate to be in contact with a

rigid obstacle. To avoid technicalities arising from the special Sobolev space HO%O(FC), we
assume that I",, and I" do not touch.

For given data f € L2(Q) and g € H? (T'y)’, the Signorini problem consists of finding
u such that

(3.8) —Au=f in Q,

(3.9 u=0 onT',,

(3.10) % =g only,

(3.11) u >0, @ >0, u@ =0 onl¢,
on on

where n is the outward unit normal of 9€2. This model is currently encountered in the condi-
tioning field (where v is a temperature) and in the hydrostatic domain (where w is a pressure).

Sometimes, for practical reasons, one may want to use the mixed formulation where the
condition ¢ = % > 0 is taken into account explicitly. In this approach the space for the
displacement w is the subspace Hg (€2, T,,) of H'(Q2) consisting of functions that vanish on

T"y, and the flux (normal derivative) ¢ = g—z }FC belongs to the closed convex set

M(T¢) = {w cH} o) 19> o}.

Here the nonnegativity of a distribution ¢ € H%(Fc)’ is to be understood in the sense
that (¢, x)1 . = 0 for any nonnegative x € Hz(D¢). Then (u,) is the solution of the
following mixed variational inequality:

Find (u,p) € H}(Q,T,) x M(I'¢) such that

(3.12) /QVu~Vv d:c+(<p,v>%7pcz/ﬂfv dx Vo e HY(Q,T),

(3.13) (W —pu)yrg =0 Vip € M(To).

A complete analysis of this mixed problem is provided in [17] (cf. also [16]) where an
existence and uniqueness result is proven (cf. Theorem 3.14 therein). Moreover we have the
following stability estimate:

lull ey + el g3 ) < CUF 20 + 9l g 1)
It is useful to note that if K(£2) is the convex cone
K(Q) = {v € HXQ,T,) v > 0},

then u € K () is also the unique solution of the following primal problem:
Find v € K(©) such that

(3.14) Vu-V(—u)de> [ flv—u)de+{g,v—u)1p Vo e K(Q).
Q Q 2
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REMARK 3.3. The Neumann and Signorini conditions (3.10) and (3.11) are taken into
account in a weak sense in the primal variational inequality (3.14). Indeed, we have

ou 1
(3.15) <%,v>%,r—<g,v>%,rg > 0  VYveHg(,Iy) and of, >0,

ou
(316) <%au>%,l—‘_<gau>%,r‘g 207

where HO%O(F,FU) is the subspace of Hz(T") consisting of functions that vanish on T,,.
Roughly speaking, (3.15) says that % =gonly,and g—g > 0 on ' while (3.16) expresses

the saturation condition ug—i‘l =0onT¢.

The approximation of the variational inequality (3.12)—(3.13) is obtained by generalizing
the two-dimensional bubble stabilized mixed finite elements in [3] to three dimensions. The
finite element tools are the same as those introduced in the previous section. We assume
moreover that the mesh .7, is compatible with the partition of the boundary, meaning that
the trace of itto I',,, I'y and to I results in two dimensional triangulations. The triangulation
of I'¢ is denoted by .7,C.

Taking into account the Dirichlet boundary condition, we define

Y, (Q) = {Uh €6 () : vh”{ €ePi(k) Vee et and Uh‘l“c = 0}.
The finite element space where w;, is computed is then given by

Xp(Q) =Va(Q) @ ( T Rw),

TeZC
and the convex cone for the discrete Lagrange multipliers on I'¢ is taken to be
My(Te) = {wn € L3(Tc) : Ynly € Po(T) YT € 5 and 4y >0},

We are now ready to set the discrete mixed variational inequality:
Find (up, on) € Xn(Q2) x My, (I'¢) such that

(3.17) / Vup - Vop da + (@h; va) 1 p = / fonde Vo, € Xp(Q),
Q Q
(318) <1/)h — QVh, uh>%7rc >0 Y € Mh(Fc).
Again the availability of the BabuSka-Brezzi condition

(¥n,vn)1 e

inf sup
YREM(TS) vy ex, () |Vnll @) 1¥nll

>
H3 (Do)
allows us to prove existence, uniqueness and stability results.

The analysis of the discretization error is based on the saddle point theory for variational
inequalities (cf. [17], [16]). The methodology is to first obtain the convergence rate on the
primal variable u by analyzing (3.14) and its approximation. We have therefore to write down
a variational problem for u,, after suppressing the Lagrange multiplier. Let us then introduce
the closed convex cone

K, () = {Uh € Xn(Q): <1/)h,’l}h>%,rc = Ypop dI' >0 Vi, € Mh(rc)}.

T



ETNA

Kent State University
etna@mcs.kent.edu

146 F. Ben Belgacem and S. C. Brenner

It is easy to see that uy, is also the unique solution of the following variational inequality:
Find u, € K, (€Q) such that

(3.19) /Vuh V(h—uh d£13>/f h—uh)dx+<9a h—uh>%
Yo, € Kh(Q)

Note that K, (Q) ¢ K () and hence problem (3.19) is a nonconforming discretization
of (3.14). Applying Falk’s lemma (cf. [14]) to (3.19) yields the following error estimate, the
proof of which can be found for instance in [4].

LEMMA 3.4. The following error estimate holds:

. ou
(3.20) [Ju— unllFn (o) < C{ inf (lu = vnlF @+ < 7~ o Uk 3T —(g.vn)1r,)

Kn ()

. 0
inf (<6—Z,v—uh> —<g,v—uh>%,rg)]

vEK(Q) %’

The first infimum of the bound given in Lemma 3.2 is the approximation error and the
boundary term involved there is specifically generated by the discretization of variational
inequalities. The second infimum is the consistency error, the price for the “variational crime”
due to the nonconformity of the approximation. These two errors will be studied separately.

LEMMA 3.5. Assume that for some A (0 < A < 1) we have g € Hz(I',) and that
the exact solution u of Signorini’s problem belongs to H1+*(92). Then the following estimate
holds:

. u
inf (HU Uh”Hl(Q)"‘ <30 >Lir <970h>%,rg) <

v €K (2)

0
on

Ch*? [”u||H1+>\(Q) + 1 fll2) + llgll llull 12 (2)-

1
HZ X (Ty)

Proof. It suffices to choose v, € Y}, (£2) to be the Lagrange interpolant of w. It is checked
that vy, € K5, () since ”h‘rc > 0. The estimate is derived following [4]. O

LEMMA 3.6. Assume that for some A (0 < A < %) we have g € H==T,) and that
the exact solution « of Signorini’s problem belongs to H '+ (£2). Then the foIIowmg estimate
holds:

uE.KfQ)(<8n uh>%vf —{g,v — uh>%7Fg) <

O lulron oy + 1 z2en + Mgl g o, | (e = wnllir ey + B llnon ).

Proof. First of all, observe that since g € Hz~*(I',)’ and 2 ¢ Hz~*(T', a density
argument and (3.15) imply

ou 1_
<%,v>%_>\7r—<g,v>%_)\,rg >0 Yoe H2~MI) and U}FC > 0.

It follows that if ¢, = Hg(g—;;) € My, (T") is the piecewise constant interpolant of %, then
we have

5)u 1
wh‘T |T| 3 71T>——,\r |T|<971T>%_>\7rg VT € FC,
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where 17 € H=z~*(T') is the characteristic function of the set 7. In particular, this means
that wh‘r € My(Ty) (respectively, wh‘rc € M, (T'¢)) is the piecewise constant interpolant
of g on F (respecttively, of o on T'¢).

Now to prove the result of the lemma we choose v = v € K(2), then

— (g u—un)zpr, = Un,u—up)r_xr— (Yn,u—un)1_xr,
ou
+ <% — p,u— uh}%_x,r — (9 — Yn,u— uh>%—>\,rg-

In view of the unilateral contact condition we have

(Ynyun) s _xp = Wnsun)i_xr, = [ Yrun dl = 0.
I'e

It follows that

(Y, u—un)s yp— (Y w—un)y xr, < @nu)r sp — (Wnu)s sr,-

On account of the saturation condition (3.16) we have then

(Yn,u—un)1_xp — (n,u—un)s_p,

ou
< <¢h—%7u>%—,\r (Yn —g,u)1_\r,

’LL
<15 — ull g ey + g = ¥

1 1 1 u 1 .
H§+>\(F)/ H§+>\(F) H7+>\(Fg)/|| ||H§+>x(l—xg)

Asg e H“A( ¢) and 8“ € H“A(F)’, an application of Theorem 2.4 produces

ou
(3.21) (Yn — I i xr—(Yn—g,w)1_sp, <

Rl ooy + 1o + gl gos g Bl sron

The remaining part is handled in the following way:

ou
<——¢h= >57A,F_<9—¢hau—uh>§4,rg <

Ha— Ul g3 oy e = unll g )+ 1lg = ¥nll —unll 3

e,y HE (D)’

Again by Theorem 2.4 we obtain

(3.22) < — Yp,u >17)\,F — (9 — Yn,u— Uh>%f>\,rg <
cnt {”U”Hlﬂ(sz) + 1 fll 2 + ”g”H%”(rg)' lw — un | g (o)

Combining (3.21) and (3.22) yields the proof of the lemma. O

Assembling together the results of both lemmas and using a bootstrapping argument
gives the final error estimate.

THEOREM 3.7. Assume that for some A (0 < A < 1) we have g € Hz~*(I'y)’ and that
the exact solution u of Signorini’s problem belongs to H '+*(Q). Then the solution of (3.19)
satisfies

lu = unll @) < OB |[ull ) + [1fll L2 ) + 19l 35 r, )
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Because of the inf-sup condition it is possible to establish a convergence rate for the

Lagrange multipliers which is also optimal.

that

COROLLARY 3.8. Assume that for some A (0 < A < 1) we have g € H=~*(I',)’ and
the exact solution v of Signorini’s problem belongs to H'*(2). Then the following

estimate holds:

lo = 0l 2y < O lullreney + 1fllzzc@) + gl e, )
Proof. The saddle point theory provides (cf. [17]) the estimate
le = enllypg poy < M= wnllaney + nf e —enllyg -

Taking v, = H%(?—Zﬂpc = H%Cga and applying Theorem 2.4 gives the estimate. 00
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