HIGH-ORDER FINITE DIFFERENCE SCHEMES AND TOEPLITZ BASED PRECONDITIONERS FOR ELLIPTIC PROBLEMS^∗

STEFANO SERRA CAPIZZANO^† AND CRISTINA TABLINO POSSIO^‡

Abstract. In this paper we are concerned with the spectral analysis of the sequence of preconditioned matrices

{P^{−1}_n (a, m, k)A_n(a, m, k)}_n,

where A_n(a, m, k) is the n × n symmetric matrix coming from a high–order Finite Difference discretization of the problem

(−)^k

(_{dk}

dx^k ( a(x) d^k dx^k u(x) )) = f(x) on Ω = (0, 1),

(_{ds}

dx^s u(x) ) |∂Ω = 0 s = 0, . . . , k − 1.

The coefficient function a(x) is assumed to be positive or with a finite number of zeros. The matrix P_n(a, m, k) is a Toeplitz based preconditioner constructed as D^{1/2}_n (a, m, k)A_n(1, m, k)D^{1/2}_n (a, m, k), where D_n(a, m, k) is the suitably scaled diagonal part of A_n(a, m, k). The main result is the proof of the asymptotic clustering around unity of the eigenvalues of the preconditioned matrices. In addition, the “strength” of the cluster shows some interesting dependencies on the order k, on the regularity features of a(x) and on the presence of the zeros of a(x). The multidimensional case is analyzed in depth in a twin paper [?].

Key words. finite differences, Toeplitz and Vandermonde matrices, clustering and preconditioning, ergodic theorems, spectral distribution.

AMS subject classifications. 65N22, 65F10, 15A12.

∗Received June 10, 1999. Accepted for publication June 24, 2000. Recommended by L. Reichel. †Dipartimento di Energetica “S. Stecco”, Università di Firenze. Via Lombroso 6/17, 50134 Firenze, Italy. E-mail:

serra@mail.dm.unipi.it

‡Dipartimento di Scienza dei materiali, Università di Milano Bicocca. Via Cozzi 53, 20126 Milano, Italy. E-mail:

cristina.tablino.possio@mater.unimib.it