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We give several conjectures that allow us to derive many se-
ries for 1/m and 1/7°. These series include Ramanujan’s se-
ries, as well as those associated with the Domb numbers and
Apéry numbers. We have checked the conjectures numerically
in many examples with a precision of two hundred digits.

1. RAMANUJAN-TYPE SERIES

Let B(n) be any of the followings expressions:

Bi(n) = M
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where (a),, is the rising factorial defined by
(a)p =ala+1) - (a+n—1),

or, more generally, by

I'(a+n)
="
It is known that for u = 1 or u = —1, there exist positive

algebraic numbers ¢, a, and b such that

Z u"B(n)q" (a+bn) = % (1-1)

n=0

These series were discovered by Ramanujan. He found
17 of them, which were published in 1914 in [Ramanujan
14]. Since 1985, many others have been discovered and
proved by J. M. Borwein and P. B. Borwein [Borwein
and Borwein]; D. V. Chudnovsky and G. V. Chudnovsky
[Chudnovsky and Chudnovsky 87, Berndt and Chan 01];
and H. H. Chan, W. C. Liaw, and V. Tan [Chan et al.
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01, Chan et al. 04]. Since Ramanujan was the discoverer
of this kind of series, they are called Ramanujan-type
series. Some examples are

o Bo(n) [2206v2  52780v2 \ 1
nz:% S0 ( 0801 9801 ”) = (12)

= 7\f 173 1
;(_D 1f§n) ( 36 | 12 ”) = (13

=, n 152 TV2 | 1
nz:%( 1) Bs(n )<8> ( 64 +32”) = 19

The proofs of (1-2) and (1-3) can be found in [Borwein
and Borwein| and [Chan et al. 01], respectively, and are
based on the theory of modular functions. A WZ-method
proof of (1-4) can be found in [Guillera 06a).

Conjecture 1.1. When (1-1) holds for the positive alge-
braic numbers a, b, and q, we conjecture the existence
of a positive rational number k = k(a,b,q) such that as

xz— 0,
= n n+x 1 km 2 3
Zu B(n+ x)q [a—i—b(n—l—x)]:;—?x + O(z?)
n=0

(1-5)

This conjecture is inspired by some series in [Guillera
06b]. We have checked this conjecture numerically in
many examples and with a precision of two hundred dig-
its.

1.1 The Coefficient of the Next Term

In some cases we have also been able to identify the co-
efficient of the next term with the help of the following
function:

sin nx

o2(z) = S(Liz(e")) = Y

n=1

n2

When ¢, a, and b are rational we find that the coeffi-
cient of the next term is a rational multiple of Catalan’s
constant G = o3(m/2). Two examples are

Bi(n+x)[5 42
2 g [16+ 16<””>]
:%—37rx2+64Gw3+O(x4)
and
nBa(n+x) [23 65

11
== 2W2+160Gm +O(ah).

When ¢, a/3, and by/3 are rational we find that the
coefficient of the next term is a rational multiple of the
constant A = o9(7/3). Two examples are

59v/3 1203
19 + 19 (n+x)

i Ba(n+ )

74n+4z

n=0

1
= — — 8ma? + 12042° + O(z*)
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> By(n+x) 7\[ 173
A
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S 677 22 + 2042 + O(xY).
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When ¢, av/2, and by/2 are rational we find that the
coefficient of the next term is a rational multiple of the
constant B = oa(w/4) —

Sy Bt

I
== — 2742 4 39823 + O(a?)
T 2

G/4. Two examples are

V2 3V2
T+T(n+x)

and

22061/2 N
9801

Bsy(n + z)
Z 994n+4ac

9801

52780v/2 n+ x)]

1
= — — 287z? + 1920Bz® + O(a*).
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1.2 An Application of Conjecture 1.1
If we define

o0
R(z) =Y u"B(n+2)¢" la+b(n+ ),
n=0
then (1-5) implies that

_pI
= R0

™

and we can associate this positive rational number k
with every Ramanujan-type series. For example, for
the series (1-2), (1-3), and (1-4) we get respectively
k =56, k =13/3, and k = 7. Moreover, we are going to
show that u, B(n), and k determine all the parameters
of a Ramanujan-type series. To see this, we write

Z u"B(n + x)¢" " a + b(n + z)]
n=0

=aq Z u"B(n+x)g" " + b Z u"B(n+x)¢" " (n + z),
n=0 n=0



and define the functions

S(a) =) u"B(n+a)q"*,

(1-6)
n=0
T(z)=> u"B(n+z)¢""(n+ ), (1-7)
n=0
so that
R(z) = aS(x) + bT'(x).
From (1-5) we obtain the following system:
1
aS(0) +bT(0) = —, (1-8)
T

aS'(0) + bT'(0) =

Using (1-5) and the values for a and b obtained from
system (1-8) we obtain an equation

fla) =k, (1-9)
relating ¢ and k for every binomial part B(n) and u = 1
or u = —1, where
—aS" (0 —=bT"(0
flq) = © )
T T

By numerical experimentation we have discovered an
algorithm to solve (1-9): First we get a good first ap-
proximation ¢; to ¢ if instead of S(z) and T'(z) we solve
(1-9) using the functions B(z)q” and B(x)q¢”x, obtained
by taking only the terms n = 0 in (1-6) and (1-7). This
is a second-degree equation in In(g), and one of its solu-
tions for ¢; is invalid because it is greater than unity; the
other one is (1-21). Next, we use the formula

Inq, _ Ingni1

kn ko

obtained by considering the linear relation between k and
Ing. So, to get better approximations of ¢ we can use the
recurrence

/K,

qn+1 = 4y,

ken = f(an), (1-10)

Our interest is to guess ¢ when k is a rational number. So,
after finding the numerical approximation of ¢, we try to
obtain the algebraic expression of it. The functions iden-
tify (see [Borwein et al.]) and minpoly, implemented in
Maple 9, are adequate for this purpose. When we get
q, the system (1-8) allows us to obtain numerical ap-
proximations of a and b, and again we must guess which
algebraic numbers they are. We give an example of the
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procedure: Take u = 1 and B(n) = By(n). Then sub-
stituting £ = 4 in (1-9) and using the recurrence (1-10)
with the initial value (obtained as explained before)

we get the following sequence of approximations:

q =256 e V6,

(o] 4 Fn
1 || 0.1164700015 | 3.923087536
2 || 0.1116624439 | 3.991903391
3 || 0.1111670393 | 3.999176679
4 || 0.1111167760 | 3.999916585
5 || 0.1111116848 | 3.999991552
6 | 0.1111111692 | 3.999999144
7 | 0.1111111169 | 3.999999913
8 || 0.1111111117 | 3.999999991
9 || 0.1111111111 | 3.999999999
10 || 0.1111111111 | 3.999999999
11 || 0.1111111111 | 4.000000000
We easily guess that
1
g=0.1111111111... = g

Substituting this value in (1-8), we obtain
a = 4.618802153517 and b= 0.577350269189,

and the function identify of Maple 9 (see [Borwein et al.]),
recognizes these constants as

1
az%x/?j and b:E\/g.

(1-11)

In the following examples we use the function identify
to recognize the constants: Take v = 1 and B(n) =
Bi(n). Then for k = 4, we get

¢g=9-4V5, a=-1/10v5-22, b=1/20V5— 40.

(1-12)

Take u = —1 and B(n) = Bi(n). Then for k =5, we get
5

q=17—-12V2, a:2\/§—§, b=6v2—-6. (1-13)

For the alternating series associated with £ = 15 and
corresponding to the binomial parts Bs(n) and By(n) we
get, respectively, the following parameters

1 25

57
- g== p= 2L 1-14
1= 5130 T 192V 32 Ve, (1-14)
and
1 13 55
- a=—2 =27 1-1
1= 30010 “T108V" 36V 7 (1-15)
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1.3 The Number N

From (1-8) we obtain

1 7'(0)
== 1-1
“= L soTo - soro; 0
1 =5'(0)
= — 1-1
b 7 S(0)T7(0) — S’(0)T(0)’ (1-17)
and substituting these values in (1-9) we obtain
S”(0) + kw2S(0)  T"(0) + kx*T(0) (1-18)
S’(0) B T(0)
We now define the number N as
" 2 2
N o S”(0) + km=5(0) (1-19)

—2757(0)

Numerical experimentation with many examples reveals
that IV and k are related in a simple way that depends
only on the binomial part B(n). For Bji(n), Ba(n),
Bs(n), and By(n) we have respectively N = k + 1,
N=k+2 N=k+4, and N = k—i—%. For example,
for the series (1-2), (1-3), (1-11), (1-12), (1-13), (1-14),
(1-15), we get in the same order N = 58, N = 17/3,
N=6N=5 N=6 N =19, and N = 49/3. Direct
observation of these values allows us to guess that the
number N was used in the modular theory of Ramanujan-
type series as a parameter to obtain a = a(N), b = b(N),
and ¢ = ¢(N) (see [Borwein and Borwein|, [Chan et al.
04]). From (1-18) and (1-19), we get the following sys-
tem:

5”(0) 4 kx2S(0) = —27VNS'(0),
T"(0) + kx2T(0) = =27V NT'(0).

Differentiating the first equation of the system with re-
spect to ¢, and simplifying using the second, we get

dk 1 dN
—85(0) = ————25'(0),

dq © VN dgq ©

but for the four cases relating N and k, we have

AN _ dk
dg — dq’
So we obtain

5'(0) = —mV'N 5(0), (1-20)

and instead of (1-9) we can use this simpler equation (it
does not involve second derivatives) to get the value of ¢

for a choice of u, B(n), and N. To solve it, we define the
partial sum S;(z) of S(z),

J
Si(x) = Z u"B(n + x)g" ",

n=0

and solving

Sp(0) = —=7V/'N S5(0),

we get a first approximation of ¢,
¢ =Me VN, (1-21)

where M = 64 if B(n) = Bi(n), M = 256 if B(n) =
Bs(n), M = 1728 if B(n) = Bs(n), and M = 108 if
B(n) = Bs(n). Then we get better and better approxi-
mations of ¢ by means of the recurrence

qi)m

N, = f(Qn)7 M

dn+1 = M(

)

or using the recurrence (1-10), where f(q) is the function
(see (1-20))

=[]

We can now state the following conjecture.

Conjecture 1.2. For some rational numbers N, the so-
lution q of (1-20) and the values of a and b obtained by
substituting that value of q in (1-16) and (1-17) are pos-
itive algebraic numbers that can be used to get an identity
of the form (1-1).

2. SERIES FOR 1 /7 INVOLVING SOME SPECIAL
SEQUENCES OF NUMBERS

In this section we consider series of the form (1-1) as-
sociated with some special sequences of numbers, which
are motivated by [Almkvist and Zudilin 03], [Chan 05],
and [Yang 04], for example to the Domb numbers

n 2 . .
n 2j 2n—23>
B(n) = , 2-1
w=3() )5 ey
J_
to the Apéry numbers
n 2 N\ 2
n n-+
=3 (1) ("1 (2-2)
—\Jj j
j
to the numbers
n N 2
s =3 (V) (2Y) . e
= \J n—j



or to the numbers

-3 )

Jj=0

(2-4)

If we call B(n + x) the functions obtained by replacing
n by n + x except in the summation symbols, then we
believe that Conjecture 1.2 is also true for these series.
We give the series found by applying it for N = 3 with
u = 1 and the numbers (2-3), for N = 38/5 with u =1
and the numbers (2-4), and for N = 17/5 with u = —1
and the numbers (2-4):

S () () ()

n=0 j=0
’ <1+3+2ﬁn) 1
4 4 T
-\t 1 [47V95  102v/95 1
nz:%j:o (]) 7621 ( 1441 361 ”) T
i u <n>4(—1)" (4\/5+ 68\/3n> 1
Z\G) e \ar s T

Series for 1/m using the Apéry numbers (2-2) were
presented in a talk by T. Sato [Sato 02]. Motivated by
these, similar series associated with the Domb numbers
(2-1) have been studied and proved in [Chan et al. 04].
Y. Yang has proved similar evaluations using the numbers
(2-4) and following essentially the same method [Yang
05].

3. ABOUT SIMILAR SERIES FOR 1 /72

We now consider series of the form
> 1
g u"B(n)q"(a + bn + cn?) = 5 (3-1)
T
n=0

where u = 1 or u = —1; a, b, ¢, ¢ are positive alge-
braic numbers; and (1) B(n) is the product of five rising
factorials of fractions smaller than unity satisfying the
following condition: For every denominator in the frac-
tion of a rising factorial, we have rising factorials with all
possible irreducible fractions corresponding to that de-
nominator. Some examples for the binomial part B(n)

Byn) = 2u () %))5: (), ()
By(n) = (2)n (3)n ((%))g (), G
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I proved three identities of the form (3-1) in [Guillera
02] and [Guillera 06a], and inspired by its form I found,
without proving them, four more identities of the same
kind in [Guillera 03].

Conjecture 3.1. When (3-1) holds for the positive alge-
braic numbers a, b, ¢, and q, we conjecture the existence
of a positive rational number k = k(a,b, c,q) such that as
z—0,

Z u"B(n+z)¢" ™ [a+bn+2) +c(n+2) (3-2)
n=0

1 k o 4

This conjecture is inspired by some series in [Guillera
06b]. For all the series we have found, we have also been
able to recognize the coefficient of the next term as a
rational multiple of 72. One example is

- Byn+4z) (5 21 21 )
)y == — -

nZ:O( T (48 tn ot phta)
1 3, 1577 , 5

3.1 An Application of Conjecture 3.1
If we define

R(z) = Z u"B(n +2)¢" a4+ b(n + x) + c(n + x)?],

then (3-2) implies that
k=—R"(0),

and we can associate this positive rational number k with
every series of the form (3-1). For example, for the series
(2-4) in [Guillera 03],

> B 2905 693v/5 54185 1
8()3n 640 640 640

n=0

(3-4)
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we get kK = 15. Moreover, we are going to show that wu,
B(n), and k determine all the parameters of this kind of
series. To see this, we write

Z u"B(n +2)¢" a4+ b(n + x) + c(n + x)?

n=0

oo o
=a Z u"B(n+ )" 4+ b Z u"B(n 4+ x)¢" ™ (n + x)

solve (3—6) we take, as initial value ¢;, the only solution
smaller than unity of the equation of third degree in Ingq
(obtained as explained before)

In®¢—30In2In% ¢ + (3001n%2 — 207%)Inq

+ [20072 10 2 — 1000 In® 2 — 60¢(3)] = 0.

Using the recurrence (1-10), we get the following se-
quence of better and better approximations:

an

&

0.000976266984418
0.000976645321010
0.000976539294280
0.000976569002482
0.000976560677972
0.000976563010544
0.000976562356942
0.000976562540086
0.000976562488768
0.000976562503147
0.000976562499118
0.000976562500247
0.000976562499931
0.000976562500019
0.000976562499995
0.000976562500002
0.000976562500000
0.000976562500000

5.00027949591
4.99992168497
5.00002194447
4.99999385104
5.00000172298
4.99999951721
5.00000013528
4.99999996209
5.00000001062
4.99999999702
5.00000000083
4.99999999977
5.00000000007
4.99999999998
5.00000000001
5.00000000000
5.00000000000
5.00000000000

n=0 n=0
+e > u"Bn + 2)g" (n + 2)?, B
n=0
1
and define the functions 2
s 3
S(z) = Zu”B(nJrz)q"“E7 4
n=0 5
> 6
T(z) = Z u"B(n + x)¢" ™ (n + ), 7
n=0 8
= . 9
_ n n+x 2
U(x)—zou Bn+x)¢""*(n+x)*, 10
" 11
12
so that ﬁ
R(z) = aS(x) + bT () + cU(x). 15
From (3-2) we obtain the following system: 16
17
aS(0) + bT(0) + cU(0) = 1/72, 18
aS’(0) + bT"(0) + cU'(0) =

Oa (375)
aS" (0) + T (0) + U™ (0) = 0.

Using (3-2) and the values for a, b, and ¢ obtained from
the system (3-5) we obtain an equation

And we easily guess that

g = 0.0009765625 =

1024

Substituting this value in (3-5), we get

(3-6)

where

a = 0.101562500000,

c = 6.406250000000,

f(q) = —aS"(0) = bT"(0) — cU"(0),

and again, we easily guess that

that relates ¢ with k for every binomial part B(n) and
u=1or u = —1. Equation (3-6) can be solved in the

13 180

b = 1.406250000000,

820

same way as (1-9), but this time the first approximation
for In ¢; is a solution of a third-degree equation. The re-
currence (1-10) can be used again to obtain ¢ numerically
when we select a value for k. Our interest is to guess ¢
when k is a rational number. So, after finding the nu-
merical approximation of ¢, we try to guess its algebraic
expression. When we get ¢, the system (3-5) allows us
to obtain the values of a and b, and again we must try
to guess these numbers. We give an example of the pro-
cedure: Take uw = —1, B(n) = Bi(n), and k = 5. To

128 7 128 °T 128

which correspond to the series (1-1) in [Guillera 03]. We
give two more examples: Taking & = 15 and using the
recurrence (1-10) to solve (3-6), we rediscover the series
(3-4). Taking k& = 8 we rediscover the series (2-5) in
[Guillera 03]:

> Bg(n) (157 N SS\ﬁn N 240\ﬁn2 1
7in | 392 49 49

n=0

w2’
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