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Let K be an algebraic function field over a finite field. Let L be
an extension field of K of degree at least 3. Let R be a finite
set of valuations of K and denote by S the set of extensions
of valuations of R to L. Denote by Ok r,Or,s the ring of R-
integers of K and S-integers of L, respectively. Assume that
a € Op,s with L = K(a), let 0 # u € Ok, r, and consider the
solutions (z,y) € Ok, r of the Thue equation

Np/k(z — oy) = p.

We give an efficient method for calculating the R-integral so-
lutions of the above equation. The method is different from that
in our previous paper [Gaal and Pohst 06] and is much more
efficient in many cases.

1. INTRODUCTION

Keeping the notation from our previous paper [Gadl and
Pohst 06], let k = F, denote a finite field with ¢ = p?
elements. The rational function field of k is k(t) as usual,
and K is a finite extension of k(t). The integral closure
of k[t] in K is denoted by Ox. We assume that K is
separably generated over k(t) by an element z belonging
to Ok and that k is the full constant field of K.

Denote by R a finite set of valuations of K containing
the infinite valuations. Let L be an extension field of
K of degree at least 3. Let .S be the set of extensions of
valuations of R to L and denote by Ok g, Oy, s the ring of
R-integers of K, the ring of S-integers of L, respectively.
(If R is just the set of infinite valuations of K, then Ok g
is just Ok, the ring of integers of K.) Assume that « €
Or.s with L = K(a), let 0 # p € Ok g, and consider
the solutions of the Thue equation

Nyw(e—oy)=p i zyeOxp (1)

The purpose of the present paper is to give an efficient
method for calculating the R-integral solutions of Equa-
tion (1-1).
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Our algorithm has two goals. First, instead of just
integer solutions, our algorithm calculates R-integral so-
lutions of the equation. There may be finitely many (iso-
lated) solutions, and there may occur finitely many pa-
rameterized families of solutions. If Equation (1-1) has
infinitely many solutions (that is, such families occur),
we give a method to parameterize them.

Second, this method turns out to be much more ef-
ficient than that of [Gadl and Pohst 06] in many cases.
For explicit calculations in function fields both in [Gadl
and Pohst 06] and here, we use KASH [Daberkow et al.
97]. In both cases, the calculations can be split into two
parts:

(1) The explicit determination of certain function field
elements, valuations etc. This is usually done in an
interactive way and costs almost no CPU time.

(2) The test of a certain set consisting of some thousands
of elements. This is done by running some loops in
KASH, costing some seconds of CPU time. However,
the size of this set is much smaller when using the
method presented in this paper than when applying
the method of [Gadl and Pohst 06].

The reason for this is the following. In [Gadl and Pohst
06], we calculated the fundamental units and represented
the element § = = — ay as a power product of the funda-
mental units. We derived inequalities for the exponents
of the fundamental units and all possible sets of expo-
nents must then be checked.

On the other hand, in the present paper, we directly
deal with the possible prime divisors of §;/8, (the £;
being conjugates of 5 = © — ay € L over K) and use
the fact that (;/08, determines x/y. Using an upper
bound for the height of 3;/0,, we construct all divisors
that are composed of the given prime divisors and have
bounded height. Calculating a basis of the correspond-
ing Riemann-Roch space, we find out if such a divisor is
principal, that is, if it can be the splitting of the element
B/ By into prime divisors. This simple test (performed
very quickly by KASH) makes the number of possible
Bi/Bn to be checked much smaller than the number of
cases to be tested with the method of [Gadl and Pohst
06].

2. AUXILIARY RESULTS

In this section, we recall the “fundamental inequality,”
Lemma 3.1 of [Gaél and Pohst 06].

Let K be a finite extension of k(t) of genus gx. The set
of all (exponential) valuations of K is denoted by V" and

the subset of infinite valuations by V... For a nonzero
element f € K, we denote by v(f) the value of f at v.
For the normalized valuations vy (f) = v(f)-degv of K,
the product formula

S on(f) = 0 Vfe K\ {0}

veV

holds. The height of a nonzero element f of K is defined
to be

H(f) == > max{0,un(f)} = = > _ min{0,on(f)} .

veV veV

Let Vy be a finite subset of V. Then, the nonzero
elements v € K satisfying v(vy) = 0 for all v € V form
a multiplicative group in K. These elements are called
Vo-units. (For Vo = Vo, the Vp-units are just the units
of the ring O of integers of K.) We consider the unit
equation

7+ +93=0, (2-1)

where the ~; are Vj-units.

Remark 2.1. Tt suffices to assume that 1 /3 and o /73
are Vp-units, which makes the set V[, smaller; see the
proof of Lemma 3.1 in [Gadl and Pohst 06].

Lemma 2.2. Let Vj be a finite subset of V and lety; (1 <
i < 3) be Vo-units satisfying (2-1). Then, either 2> is in
KP or its height is bounded:

H(’h) <2gx — 2+ Zdegv.

(2-2)
73 veVy

3.  R-INTEGRAL SOLUTIONS OF THE
THUE EQUATION

In this section, we detail our algorithm for determining
all R-integral solutions of Equation (1-1).

Assume that (z,y) is a solution of (1-1). Denote by
a = ai,Qs,...,q, the conjugates of o over K and set
G =x—«a;y, 1<i<n. Fix indices i,j with 1 <1i <
J < n. Using the notation

Vi = (0 —ow)Bi, 75 = (o — @i)Bj, = (0 — a;)Bn,
we can write Siegel’s identity
(i —a;j)Bn + (o — an)Bi + (an — ;)35 = 0

in the form

Yi +7; + v =0. (3-1)
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Denote by Vi the set of valuations of L;j, =
K(a;, aj, o) containing the extensions of the valuations
of R, the extensions of those valuations that have non-
trivial value for u, and all those valuations that have non-
trivial value for one of the elements (a; — an,)/(0; — )
and (o, — ;)/(a; — ;). Then, v;/v, and ~;/7, are
Vo-units. By Lemma 2.2, these fractions are either of
bounded height or are pth powers in K. According to
these two possibilities, in the following we shall consider
two cases. In order to obtain all solutions of Equation
(1-1), both possible cases must be considered. In Case I,
we get finitely many (isolated) solutions (z,y). In Case
IT, we can get finitely many parameterized families of so-
lutions; see Section 3.1.

Case I.
Then, by applying Lemma 2.2 in the field M = L;;,, we
derive an upper bound for the height of ~; /7vy,.

Because

Assume that v; /7, is not a pth power in L;jy,.

Pi _aizoy i
Bn a5 — Qp ’Yn7

we have

a(5) = () (=)
Bn Tn a5 — Qg

We are going to construct all possible elements 3;/5,.
Observe that this element is contained in L;, =
K(a;,ap,). Denote by Wy the set of valuations of L;,
that are extensions of the valuations of R and those val-
uations that have nonzero values for pu. Then, 3;/0,

is a Wy-unit of L;,. We consider the divisors D, cor-
responding to the valuations v of Wy. We form linear

combinations
D = E ay - Dy
veVy

(3-2)

(3-3)

of these divisors with suitable coefficients a, € Z so that
the height

Z max(0, a,) - degv

veEVH
does not exceed the bound in (3-2), and the product
formula holds:

Z a, - degv = 0.

veVH

We calculate a basis of the Riemann-Roch space corre-
sponding to the divisors D. If this space is of dimension
1, then there is an element in L;,, that splits into divisors
in the given way, and this element is determined (up to a
nonzero factor in k) by the basis element of the Riemann-
Roch space. Otherwise, if this space is of dimension > 1,

then there is no element of K that splits into divisors in
the given way, and there is no possible value of ;/3,
corresponding to the divisor (3-3).

Following the argument in [Mason 84, page 18], from
0i = x — ayy, Bn = — oy, we obtain

G,

T onfBi —aifn Ang — _

yi ﬁi_ﬁn B &_1 ,
Bn

therefore, f3;/f3, determines x/y. For y = 0, the corre-
sponding = can be calculated easily from (1-1). Note
that if 8;/8, = 1, then we again obtain y = 0. Finally,
Equation (1-1) implies

y"'ﬁ(i%) = [

h=1

Hence, by
n M

Yy = T s
;o)
h=1 y

we can determine the possible values of y and from x/y
and y all possible values of z, as well. In order to de-
termine the solutions of Equation (1-1) in Case I, for all

possible values of x and y, we have to check if they are
in Ok, g and if (1-1) is satisfied.

Casel ll.
pth power in K. In the prime divisor decomposition of
B/ Bn, only divisors from Wy can occur. Since

Consider now the case when ~; /7, is a complete

w_ e B
Tn Q — Qy ﬁn’

in this case the values of finite valuations of L;j,, ap-
pearing only in (o — ap)/(a; — ;) and not being an
extension of a valuation of Wy, must be divisible by p. If
this is not satisfied for certain finite valuations, then this
case is excluded. Otherwise, we replace pth powers of el-
ements in the unit equation by the elements themselves
and repeat the argument.

This phenomenon can indeed occur as is shown by
Example 2 in Section 4.2. In such a case, we are led
in a straightforward way (see Section 3.1) to an infinite
parameterized family of solutions. Note that only finitely
many such parameterized families of solutions can occur.
The character of the parameterized families of solutions
is described in Section 3.1, which also indicates why the
number of such families is finite.
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3.1 Infinite Families of Solutions

Now, we turn to the case when, in all possible unit equa-
We describe how
to find the corresponding parameterized families of solu-

tions, the solutions are pth powers.

tions.

In this case, for 1 < i < j < n — 1, Equation (3-1)
implies

_ = n?mv s = 77§M7
Tn Tn

where m is a positive integer and 7; and n; are Vp-units in
L;jr, that are not pth powers, such that 7;+n; = 1. These
equations give rise to the infinite parametric families of
solutions (see Example 2). Since there are only finitely
many possibilities for 7; and 7; (there are finitely many
Vo-units in L;;,, of bounded height), there can be at most
finitely many infinite families of solutions.

We have

T R N el
ﬁn a5 — Qi v ﬁn Qp — @y 7

and we can derive similar formulas for all the other (j,.

Using 31 ...03, = u, we get

N e
B 3, 3. M

whence we obtain an expression for 3,', which can be

written as a power product of the fundamental S,,-units
€1,...,& in L, = K(a,) (S, denotes the set of exten-
sions of valuations of R to L, ). This can be used to decide
if there are certain values of m for which the product is
a complete nth power, and, if yes, which are the suit-
able values of m: we obtain congruence conditions for
m. In this way, we determine the value of (3,,, which we
then use to determine [, ..., 3,_1 as a product of some
fixed elements of Ly,...,L,_1 and a power product of

€1,...,&. Then, we can check if these expressions are
indeed conjugates of (3,, and, if yes, then
_ BB
Q; — Oéj

is certainly in Oy, g. Moreover, since the conjugates of y
are equal (these equations are identical to Siegel’s iden-
tity), we have y € Ok g. Finally, x is given by

_ aiflj — a0
a; — Qy ’

and, similarly as above, we have x € Ok r. Carrying out
those calculations in Cases I and II yields all solutions of

(1-1).

4. EXAMPLES

4.1 Example 1
Let £ = F5 and let « be a root of

2 (4t 4+2)22 +1=0.

Let K = k(t) and R be the set of infinite valuations of
K together with the valuation corresponding to ¢ + 2.
Let L = K(a), p = 1/(t +2)* Consider the solutions
x,y € Ok g of the equation

Npjk(z — ay) = p. (4-1)

The extension set S of the set R of valuations of K to
L consists of two infinite valuations v, 1,Vss,2, both of
degree 1, and two valuations vy9 1, vi42,2 extending ¢ +2
to L, both of degree 2. The field L is Galois; we have o =
a1 = Vt++/t+1 and its conjugates ay = —Vt+ V1 + 1,
a3 = VvVt —Vi+1, and ay = —Vt — /t+1 are also
contained in L. The field L has genus 0. To construct
the set Vj of valuations of L, we have to add to S the
extensions v; 1,2, both of degree 1, of the valuation
corresponding to ¢ and the extensions vy 1 1, V41,2, both
of degree 1, of the valuation corresponding to t+1. Then,
we have v1 /74, y2/74 as Vp-units in L, and the application
of Lemma 2.2 implies that these elements are either of
height < 8 or they are 5th powers. In Case I, if they
are not 5th powers, then for the height 3, /84, we obtain
the bound 10. This element (31 /34 may have nontrivial
values only at one of Vo 1, V00,2, V42,1, Vt42,2. Searching
over all elements of L with this property, we obtain the
solutions

1 2 3 4
(wvy)<H270)7(t+230>7(t+2a0>7<t_|_270>a
1 2 3 4
(O’t+2>’(O’t+2>’(0’t+2>’(0’t+2>'

Case II can be excluded by considering

Mm_o2-aa [

Y4 o —az By
On the right-hand side, the valuations v¢; 1,1, v¢41,2 occur
only in (ae — ay) /(a1 — a) with value 1, hence the left-
hand side can not be a 5th power. Thus, the above list
consists of all R-integral solutions of Equation (4-1).

4.2 Example 2

Let k =F5, K =k(t), A=t3+t+1, and let a = a3 be
a root of

22— AP —(A+3)z2—-1 = 0.
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Let L = K(«); denote by awe,as the other roots of the
polynomial. This is an analogue of a simplest cubic num-
ber field; see [Shanks 74]. The field L is cyclic, ay =
—1/(a1 +1), ag = —1/(az2 +1). The elements oy and oy
are fundamental units in L. This function field has genus
4; it has three infinite valuations veo 1, Vso,2, Uoo,3, all of
degree 1. Let S = {voo1, Vs0,2, Voo,3}. Let =1 and
consider the (S-)integral solutions z,y € Ok of

(r—ary) (z—ary) (r—azy) = L (4-2)

In this case, 8; = z—a,y as well as (e —as) /(a1 —as) and

(a3 —a1)/(on — az), hence e = —y1 /73 and n = —72/73
are units of L. Consider the unit equation

et+tn=1 (4-3)

in units €,n of L.

In Case I, if € is not a 5th power, then the appli-
cation of Lemma 2.2 gives the bound 9 for the height
e = —71/7vs. In our case, both Vi and Wy is just the
set of infinite valuations, hence it is more economical
to construct all possible units € from the infinite valu-
ations (instead of deriving a somewhat larger bound for
the height 51/033). We obtain nine solutions of Equation
(4-3), shown in Table 1. The solutions are represented
by a;1 and as.

# 3 n

1 4051052 40é2
2 40[2 4CM1CM2
3 4/(11 4/0(1(12
4 4/&10(2 4/0(1
5 4&1 4/042
6 | 4/ 4o,
7 2 4

8 4 2

9 3 3

TABLE 1.

None of the occurring values e, € L\ k is a 5th power.
The values of ¢ = —v; /73 enable us to calculate (/03
and from that the solutions of Equation (4-2), which are

(x,y) = (074)7 (4a 1); (170)

In Case II, if both ¢ and 7 are 5th powers, but not in
k, the unit equation becomes

(4-4)

eg +mp = 1,
with some units €g, 1y implying

(0 +m0)° = 1%

hence,
co+mno=1.

If both ¢y and 7y are still 5th powers, we can repeat the
argument. This implies that all further solutions of the
unit equation are of the form (%™, 7°") for one of the
solutions (g,n) of Equation (4-3) and a positive integer
m. We have

B Qg — 5
—_— = . £

Bz  az—as

— 5™
—4051'6 ,

4-5
ﬂg g — (X1 5m 5m ( )
—=——-7" =dajas-n° .

B3 a3 —Oaq
Further,
3 51 B2 1
3. o221,
B3 B3
that is,
2
3 (g —aq) 5™
. (e =1,
3 (a2_a3)(a3_a1) ( 77)
whence 1
3 _5m
3 — I 4-6
B (577) oz%ozg ( )

Since all occuring elements are units, for all nine pairs
(e,7m) of solutions of Equation (4-3), the right-hand side
of (4-6) can be represented as a power product of a; and
s, and it can be easily decided if it is a cube or not.

We detail the calculations only for the first solution in
Table 1. In this case, we have e = a;a2; hence,

g = 041_57”_2 'a2_2.5m_1.

Here, the exponents are divisible by 3 if and only if m =
2¢ with a positive integer ¢, that is,

—52¢-2)/3 —2.5%¢-1)/3
g )/ -aé )/.

B3 =« (4-7)

Similarly, for m = 2¢ we obtain (3 for solutions 2—6; for
the other solutions, the exponents in the representation
of 33 are not both divisible by 3.

For the first solution of the unit equation, we have
e = 4dajag,n = 4as; hence, using (4-5) and (4-7), we
obtain

51 = (4@1) N (4@1&2)52£ . a§_52£—2)/3 . a;_2_522_1)/3

20 2¢
N R LI G Te
from which, by taking conjugates (using «j = s and
o = 1/a1as), we obtain

=20 20
3 = agﬂ) +1)/3 a§5 +2)/3

)
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which is the same as what we get for 5 from (4-5). Also,
the conjugate of (3 is just O3. Now, if the values of 3
and (3 are indeed conjugates, then the value of

B
y= 2P

ap — Q2

is an integer, asis x = f1+a1y = (a1 82—aaf1) /(a1 —az).
In this way, we obtain the infinite parametric family of
solutions

1 _52¢ 52¢
a1 — Qg
20 =20
- a§2'5 +1)/3 ag) 1)/3) :
1 _5241)/3  (5%¢42)/3
y = . (ag )/ -aé )/
Q] — Q2

_a§2.52e+1)/3 .aga“q)/s) .

For solutions 2, 4, and 5 of the unit equation, we ob-
tain 8] # (2; hence, we do not get a solution (x,y). For
solutions 3 and 6 of the unit equation, we obtain the
following infinite parametric families of solutions (z,y),
respectively:

1 20 .20
= ) (al-ag 5 +1)/3-ag 2.5%¢4.2)/3
a1 — Q2
£ e
— ~a§_52 +1)/3 .0552 —1)/3) 7
_ 1 (—52°41)/3  (—2.52'42)/3
v= a1 — (X9 (al &2
—52¢41)/3 52¢_1)/3
—ag )/ ~aé )/ )
and
v o (041 25 HN/3 | (57 42)/3
70[1 P 1 2
2¢ 2¢
- ag—s +1)/3 a§—2~5 —1)/3) ’
_ 1 . (a(2~52‘*+1)/3 QB 2)/3
70&1 ~ oy 1 2

—5241)/3 —2.52-1)/3
g +1)/ ~aé )/ ) )

Hence, all solutions of Equation (4-2) are given by the
four isolated solutions (4-4) together with the above
three parameterized families of solutions.

Remark 4.1. The algorithms were implemented in KASH,
the KANT-Shell [Daberkow et al. 97]. The computations
of the examples were carried out on an AMD Athlon 1686
with 1733 MHz and 512-MB RAM under Suse Linux 8.0
and took just a few seconds.
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