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We write K1 ≥ K2 for two prime knots K1, K2 if there ex-
ists a surjective group homomorphism from G(K1) onto G(K2)

where G(K1), G(K2) are the knot groups of K1, K2, respec-
tively. In this paper, we determine this partial order for the knots
in Rolfsen’s knot table.

1. INTRODUCTION

Let K be a prime knot and G(K) its knot group. It is
well known that a partial order can be defined on the
set of prime knots as follows: for two knots K1,K2, we
write K1 ≥ K2 if there exists a surjective group homo-
morphism from G(K1) onto G(K2).

In this paper, we determine this partial order “≥” on
the set of knots in Rolfsen’s knot table, which lists all the
prime knots of ten crossings or less. Theorem 1.1 is the
main result of this paper. The numbering of the knots
follows that of Rolfsen’s book [Rolfsen 03].

Theorem 1.1. The partial order “≥” on the knots in Rolf-
sen’s table is given by

85, 810, 815, 818, 819, 820, 821, 91, 96, 916, 923,
924, 928, 940, 105, 109, 1032, 1040, 1061, 1062,
1063, 1064, 1065, 1066, 1076, 1077, 1078, 1082,
1084, 1085, 1087, 1098, 1099, 10103, 10106, 10112,
10114, 10139, 10140, 10141, 10142, 10143, 10144,
10159, 10164

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
≥ 31,

818, 937, 940, 1058, 1059, 1060, 10122, 10136,
10137, 10138

}
≥ 41,

1074, 10120, 10122 ≥ 52.

In Section 2, we construct explicitly a surjective ho-
momorphism for any pair of knots that belongs to the
list in Theorem 1.1. In Section 3, we give the defini-
tion and results of the twisted Alexander invariants for
knots. In Section 4, we prove the nonexistence of sur-
jective homomorphisms by using the twisted Alexander
invariants. This completes the proof of Theorem 1.1. In
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Section 5, we give the tables of data that are needed to
prove Theorem 1.1.

2. CONSTRUCTION OF SURJECTIVE
HOMOMORPHISMS

In this section, we construct a surjective homomorphism
between the groups of each pair of knots that appears
in the list of Theorem 1.1. For any knot K, we always
take a Wirtinger presentation of its knot group G(K) and
denote it as follows:

G(K) = 〈x1, . . . , xn | r1, . . . , rn−1〉.

We denote by x̄ the inverse of x in G(K). Further, for
simplicity, we write a number representing a generator
of G(K) in Tables 1, 2, and 3. For example, we write
1, 2, . . . , 9, 10 for the generators x1, x2, . . . , x9, x10 and
121̄1̄0 means a relator x1x2x̄1x̄10.

Proposition 2.1. There exists a surjective homomorphism
G(K1)→ G(K2) for any pair (K1,K2) of knots in The-
orem 1.1.

Proof: First, we consider surjective homomorphisms onto
the knot group of the trefoil knot 31. The knot group of
31 admits a presentation:

G(31) = 〈x1, x2, x3 |x3x1x̄3x̄2, x1x2x̄1x̄3〉.

Table 1 gives the relators of each knot group G(K) and
the images of the generators of G(K) in G(31). We can
check easily that the mappings are surjective homomor-
phisms.

Next, we construct surjective homomorphisms onto
the knot group of the figure eight knot 41. The knot
group of 41 has a presentation:

G(41) = 〈x1, x2, x3, x4 |x4x2x̄4x̄1, x1x2x̄1x̄3, x2x4x̄2x̄3〉.

Similarly, Table 2 gives surjective homomorphisms to
G(41).

Finally, we fix a presentation of G(52):

G(52) = 〈x1, x2, x3, x4, x5 |x4x1x̄4x̄2, x5x2x̄5x̄3,

x2x3x̄2x̄4, x1x4x̄1x̄5〉.

Surjective homomorphisms to G(52) are described in Ta-
ble 3.

3. TWISTED ALEXANDER INVARIANTS OF KNOTS

In this section, we recall briefly the definition and some
properties of the twisted Alexander invariants for knots.
See [Wada 94] and [Kitano et al. 04] for a more pre-
cise definition in the general case of a finitely presentable
group.

Let us take a Wirtinger presentation of a knot group
G(K) as follows:

G(K) = 〈x1, x2, . . . , xu | r1, r2, . . . , ru−1〉.

In this paper, the integers Z are identified with the mul-
tiplicative cyclic group 〈t〉. Then, by mapping each gen-
erator xi to t, the abelianization

α : G(K)→ Z � 〈t〉

is obtained. Now, we fix a prime integer p and take a
representation

ρ : G(K)→ SL(2; Fp).

Here, Fp is the finite field Z/pZ. The two maps ρ and
α induce ring homomorphisms ρ̃ : Z[G(K)] → M(2; Fp)
and α̃ : Z[G(K)] → Z[t, t−1], respectively. Then we get
the tensor representation

ρ̃⊗ α̃ : Z[G(K)]→M(2; Fp[t, t−1]).

From a fixed Wiritinger presentation, a natural homo-
morphism Z[Fu] → Z[G(K)] is induced where Fu is the
free group on generators {x1, . . . , xu}. Then a ring ho-
momorphism

Φ : Z[Fu]→M(2; Fp[t, t−1])

is defined by taking the composition of the above natural
homomorhpism and ρ̃⊗ α̃.

Now we define the matrix

M ∈M((u− 1)× u;M(2; Fp[t, t−1]))

to be the (u − 1) × u matrix whose (i, j)-component is
Φ
(
∂ri

∂xj

)
∈ M(2; Fp[t, t−1]). Here ∂/∂xj denotes the Fox

derivation ∂/∂xj : Z[Fu]→ Z[Fu] for each xj .
Further, we write M1 for the (u− 1)× (u− 1) matrix

obtained from M by removing the first column. This ma-
trix M1 can be considered as a 2(u−1)×2(u−1)-matrix
whose entries belong to Fp[t, t−1]. Here, ∆N

K,ρ(t) denotes
the determinant of M1 and ∆D

K,ρ(t) the determinant of
Φ(x1 − 1). By using these polynomials, now we define
the following:
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Definition 3.1. The twisted Alexander invariant of G(K)
for a representation ρ : G(K) → SL(2; Fp) is defined to
be

∆K,ρ(t) =
∆N
K,ρ(t)

∆D
K,ρ(t)

=
detM1

det Φ(x1 − 1)
.

Remark 3.2. ∆K,ρ(t) does not depend on the choice
of Wiritinger presentation, up to a factor tk (k ∈ Z).
Namely, the twisted Alexander invariant ∆K,ρ(t) is
well defined as an invariant of a triple (K, ρ, α). See
[Wada 94].

By using the twisted Alexander invariants, a criterion
for the existence of a surjective homomorphism between
two knot groups is given as follows (it is proved in a
more general setting in [Kitano et al. 04]): let K1 and
K2 be two knots and α1, α2 surjective homomorphisms
from the knot groups G(K1), G(K2), respectively, to Z.
Suppose that there exists a surjective homomorphism ϕ :
G(K1)→ G(K2) such that α1 = α2 ◦ ϕ.

Theorem 3.3. (Kitano-Suzuki-Wada.) For any represen-
tation ρ2 : G(K2)→ SL(2; Fp) and ρ1 = ρ2◦ϕ, ∆K1,ρ1(t)
is divisible by ∆K2,ρ2(t). More precisely, ∆N

K1,ρ1
(t) is di-

visible by ∆N
K2,ρ2

(t) and ∆D
K1,ρ1

(t) = ∆D
K2,ρ2

(t).

Remark 3.4. The corresponding fact about the classical
Alexander polynomial is well known. Namely, if there
exists a surjective homomorphism from G(K1) to G(K2),
then the Alexander polynomial of K1 is divisible by that
of K2. See [Crowell and Fox 77].

4. NONEXISTENCE OF SURJECTIVE
HOMOMORPHISMS

In this section, we prove the nonexistence of a surjective
homomorphism between the groups of any two knots ex-
cept for the pairs listed in Theorem 1.1.

First, for the pairs of knots that do not appear in
Theorem 1.1 or in Table 4, we can show easily that there
exists no surjective homomorphism between their groups
by using only the classical Alexander polynomial. There-
fore, we need to consider only the pairs of knots in Ta-
ble 4.

Theorem 4.1 is a direct consequence of Theorem 3.3.

Theorem 4.1. If there exists a representation ρ2 :
G(K2) → SL(2; Fp) such that for any representation

ρ1 : G(K1) → SL(2; Fp), ∆N
K1,ρ1

(t) is not divisible by
∆N
K2,ρ2

(t) or ∆D
K2,ρ2

(t) 	= ∆D
K1,ρ1

(t), then there exists no
surjective homomorphism from G(K1) onto G(K2).

By applying this theorem with the aid of a computer,
we can prove that there exists no surjective homomor-
phism between any pair of knots in Table 4. This com-
pletes the proof of Theorem 1.1.

We describe how to read Table 4. First, there are knots
with a prime integer in each row of Table 4. For exam-
ple, 811(5) in the row of 31 means that the nonexistence
of a surjective homomorphism from G(811) onto G(31)
is checked by using the twisted Alexander invariants of
SL(2; F5)-representations.

All twisted Alexander invariants that we use to check
Table 4 are listed in Table 5. To prove K1 � K2

by SL(2; Fp)-representations, Table 5 shows ∆N
K1,ρ1

(t)
and ∆D

K1,ρ1
(t) for all SL(2; Fp)-representations of G(K1).

Furthermore, ∆N
K2,ρ2

(t) and ∆D
K2,ρ2

(t), for a certain
SL(2; Fp)-representation of G(K2), are placed under
∆N
K1,ρ1

(t) and ∆D
K1,ρ1

(t). For any pair of ∆N
K1,ρ1

(t) and
∆D
K1,ρ1

(t) in each list, we can see that ∆N
K1,ρ1

(t) is not di-
visible by ∆N

K2,ρ2
(t) or that ∆D

K2,ρ2
(t) 	= ∆D

K1,ρ1
(t). Then

there exists no surjective homomorphism from G(K1)
onto G(K2).

Remark 4.2. We note that the twisted Alexander in-
variants are invariant under changing a representation
to any conjugate representation in the set of SL(2; Fp)-
representations. Therefore, we consider only conjugacy
classes of representations.

By a similar argument to that of [Kitano 96] and [Kirk
and Livingston 99], it is proved easily that the twisted
Alexander invariant for an SL(2; Fp)-representation of a
knot is symmetric up to a factor tk. It is clear that its
denominator is symmetric, because it is the characteristic
polynomial of the matrix ρ(x1). Hence, its numerator is
also symmetric. So finally we obtain

∆D
K,ρ(t) = tk1∆D

K,ρ(t
−1), ∆N

K,ρ(t) = tk2∆N
K,ρ(t

−1).

Therefore, in Table 5, an expression a0+a1+a2+· · ·+an
represents the symmetric polynomial a0 + a1(t−1 + t) +
a2(t−2 + t2) + · · ·+ an(t−n + tn).

Remark 4.3. All the twisted Alexander invariants in Ta-
ble 5 were calculated using the second author’s com-
puter program, and some of them (the numerators of the
twisted Alexander invariants) were also calculated using
the Kodama Knot program [Kodama 04].



388 Experimental Mathematics, Vol. 14 (2005), No. 4

5. TABLES

Tables 2 and 3 are included here in their entirety. Tables 1, 4, and 5 are included only partially here. The complete
Tables 1–5 can be found at http://www.expmath.org/expmath/volumes/14/14.4/KitanoSuzuki/tables.pdf.

K relators
surjective homomorphism to 31

85 727̄1̄, 838̄2̄, 646̄3̄, 151̄4̄, 363̄5̄, 474̄6̄, 282̄7̄

1 �→ 3, 2 �→ 2, 3 �→ 1, 4 �→ 3, 5 �→ 3, 6 �→ 2, 7 �→ 1, 8 �→ 3

810 727̄1̄, 424̄3̄, 636̄4̄, 858̄4̄, 353̄6̄, 171̄6̄, 282̄7̄

1 �→ 3, 2 �→ 1, 3 �→ 2, 4 �→ 3, 5 �→ 3, 6 �→ 1, 7 �→ 131̄, 8 �→ 3

815 414̄2̄, 828̄3̄, 535̄4̄, 242̄5̄, 757̄6̄, 161̄7̄, 373̄8̄

1 �→ 1, 2 �→ 3, 3 �→ 3, 4 �→ 131̄, 5 �→ 1, 6 �→ 2, 7 �→ 3, 8 �→ 3

818 414̄2̄, 535̄2̄, 636̄4̄, 757̄4̄, 858̄6̄, 171̄6̄, 272̄8̄

1 �→ 1, 2 �→ 2, 3 �→ 1, 4 �→ 3, 5 �→ 3, 6 �→ 131̄, 7 �→ 3, 8 �→ 1

819 525̄1̄, 838̄2̄, 646̄3̄, 151̄4̄, 363̄5̄, 171̄6̄, 585̄7̄

1 �→ 3, 2 �→ 3, 3 �→ 1, 4 �→ 3, 5 �→ 3, 6 �→ 2, 7 �→ 1, 8 �→ 131̄

820 515̄2̄, 727̄3̄, 131̄4̄, 757̄4̄, 353̄6̄, 474̄6̄, 585̄7̄

1 �→ 2, 2 �→ 2̄32, 3 �→ 3, 4 �→ 1, 5 �→ 3, 6 �→ 3, 7 �→ 2, 8 �→ 1

821 818̄2̄, 737̄2̄, 131̄4̄, 747̄5̄, 161̄5̄, 868̄7̄, 575̄8̄

1 �→ 2, 2 �→ 3, 3 �→ 3, 4 �→ 1, 5 �→ 2, 6 �→ 2, 7 �→ 3, 8 �→ 1

91 616̄2̄, 727̄3̄, 838̄4̄, 949̄5̄, 151̄6̄, 262̄7̄, 373̄8̄, 484̄9̄

1 �→ 1, 2 �→ 2, 3 �→ 3, 4 �→ 1, 5 �→ 2, 6 �→ 3, 7 �→ 1, 8 �→ 2, 9 �→ 3

TABLE 1. Surjective homomorphisms to 31.

K relators
surjective homomorphism to 41

818 414̄2̄, 535̄2̄, 636̄4̄, 757̄4̄, 858̄6̄, 171̄6̄, 272̄8̄

1 �→ 2, 2 �→ 3, 3 �→ 4, 4 �→ 1, 5 �→ 2, 6 �→ 3, 7 �→ 4, 8 �→ 1

937 818̄2̄, 728̄3̄, 949̄3̄, 343̄5̄, 161̄5̄, 565̄7̄, 272̄8̄, 494̄8̄

1 �→ 2, 2 �→ 3, 3 �→ 141̄, 4 �→ 3, 5 �→ 1, 6 �→ 1̄41, 7 �→ 4, 8 �→ 1, 9 �→ 4

940 818̄2̄, 737̄2̄, 646̄4̄, 242̄5̄, 161̄5̄, 969̄7̄, 575̄8̄, 494̄8̄

1 �→ 1, 2 �→ 1, 3 �→ 2, 4 �→ 2, 5 �→ 3, 6 �→ 2, 7 �→ 4, 8 �→ 1, 9 �→ 1̄41

1058 818̄2̄, 424̄3̄, 1041̄03̄, 242̄5̄, 757̄6̄, 979̄6̄, 575̄8̄, 181̄9̄, 6106̄9̄

1 �→ 1, 2 �→ 1, 3 �→ 212̄, 4 �→ 2, 5 �→ 3, 6 �→ 141̄, 7 �→ 4, 8 �→ 1,
9 �→ 1, 10 �→ 3

1059 525̄1̄, 939̄2̄, 636̄4̄, 151̄4̄, 767̄5̄, 363̄7̄, 484̄7̄, 1081̄09̄, 2102̄9̄

1 �→ 1, 2 �→ 1, 3 �→ 4, 4 �→ 1, 5 �→ 1, 6 �→ 3, 7 �→ 141̄, 8 �→ 4, 9 �→ 3, 10 �→ 2

1060 515̄2̄, 131̄2̄, 939̄4̄, 242̄5̄, 363̄5̄, 1061̄07̄, 686̄7̄, 484̄9̄, 797̄1̄0

1 �→ 4, 2 �→ 1, 3 �→ 2, 4 �→ 2, 5 �→ 3, 6 �→ 4, 7 �→ 1, 8 �→ 2, 9 �→ 2, 10 �→ 3

10122 919̄2̄, 838̄2̄, 1041̄03̄, 141̄5̄, 262̄5̄, 464̄7̄, 383̄7̄, 595̄8̄, 696̄1̄0

1 �→ 2, 2 �→ 1, 3 �→ 1, 4 �→ 4, 5 �→ 3, 6 �→ 2, 7 �→ 1, 8 �→ 1, 9 �→ 4, 10 �→ 3

10136 525̄1̄, 636̄2̄, 242̄6̄, 949̄5̄, 868̄5̄, 373̄6̄, 1071̄08̄, 191̄8̄, 292̄1̄0

1 �→ 212̄, 2 �→ 1, 3 �→ 4, 4 �→ 1̄41, 5 �→ 2, 6 �→ 3, 7 �→ 3̄23, 8 �→ 23̄232̄,
9 �→ 1̄21, 10 �→ 2

10137 515̄2̄, 131̄5̄, 1031̄04̄, 242̄5̄, 363̄5̄, 868̄7̄, 1081̄07̄, 181̄9̄, 494̄1̄0

1 �→ 2, 2 �→ 232̄, 3 �→ 3, 4 �→ 3, 5 �→ 212̄, 6 �→ 2, 7 �→ 1, 8 �→ 4,
9 �→ 3, 10 �→ 3

10138 515̄2̄, 131̄2̄, 848̄3̄, 242̄5̄, 363̄5̄, 1061̄07̄, 686̄7̄, 393̄8̄, 797̄1̄0

1 �→ 4, 2 �→ 1, 3 �→ 2, 4 �→ 2, 5 �→ 3, 6 �→ 4, 7 �→ 1, 8 �→ 2, 9 �→ 2, 10 �→ 3

TABLE 2. Surjective homomorphisms to 41.
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K relators
surjective homomorphism to 52

1074 616̄2̄, 424̄3̄, 848̄3̄, 1041̄05̄, 959̄6̄, 161̄7̄, 272̄8̄, 393̄8̄, 595̄1̄0

1 �→ 2̄12, 2 �→ 2, 3 �→ 121̄, 4 �→ 1, 5 �→ 121̄, 6 �→ 41̄2, 7 �→ 2̄52, 8 �→ 5,
9 �→ 131̄, 10 �→ 5

10120 515̄2̄, 929̄3̄, 131̄4̄, 747̄5̄, 353̄6̄, 1061̄07̄, 474̄8̄, 686̄9̄, 292̄1̄0

1 �→ 3, 2 �→ 4, 3 �→ 5, 4 �→ 1, 5 �→ 2, 6 �→ 3, 7 �→ 4, 8 �→ 5, 9 �→ 1, 10 �→ 2

10122 919̄2̄, 838̄2̄, 1041̄03̄, 141̄5̄, 262̄5̄, 464̄7̄, 383̄7̄, 595̄8̄, 696̄1̄0

1 �→ 2, 2 �→ 2, 3 �→ 1, 4 �→ 5, 5 �→ 252̄, 6 �→ 5, 7 �→ 5, 8 �→ 4, 9 �→ 2, 10 �→ 3

TABLE 3. Surjective homomorphisms to 52.

31 811(5), 929(3), 938(3), 1059(3), 10113(3), 10122(5), 10136(3), 10147(5)
41 821(3), 912(3), 924(3), 939(3)
51 1021(5), 1062(5), 10100(5), 10132(5)
52 912(5), 1065(17), 1067(5), 1077(7), 1095(5), 10111(7)
61 811(7), 937(7), 946(11), 1021(7), 1067(7), 1074(11), 1087(7), 1098(7), 10147(11)
62 10111(7), 10123(7)
63 1095(5), 10100(5), 10159(5)
72 815(3), 939(3)
73 916(3)
74 92(5), 923(7), 10120(7)

TABLE 4. Nonexistence of surjective homomorphism.

(K1 � K2, p)
�
∆N

K1,ρ1
(t), ∆D

K1,ρ1
(t)
�

�
∆N

K2,ρ2
(t), ∆D

K2,ρ2
(t)
�

(811 � 31, 5) (4 + 1 + 2 + 2, 1 + 1), (4 + 4 + 2 + 3, 4 + 1), (0 + 0 + 1 + 0 + 1, 0 + 1),
(4 + 1 + 4 + 2 + 2, 4 + 1), (4 + 4 + 4 + 3 + 2, 1 + 1), (1 + 0 + 3 + 0 + 4, 0 + 1),
(3 + 0 + 1 + 1 + 4, 4 + 1), (2 + 1 + 0 + 2 + 4, 3 + 1), (2 + 4 + 0 + 3 + 4, 2 + 1),
(3 + 0 + 1 + 4 + 4, 1 + 1)

(2 + 2 + 1, 2 + 1)

(929 � 31, 3) (0 + 0 + 0 + 0 + 1 + 0 + 1, 0 + 1), (2 + 1 + 2 + 2 + 0 + 1 + 1, 2 + 1),
(1 + 1 + 0 + 0 + 1 + 1 + 1, 2 + 1), (2 + 2 + 2 + 1 + 0 + 2 + 1, 1 + 1),
(1 + 2 + 0 + 0 + 1 + 2 + 1, 1 + 1)

(2 + 1 + 1, 1 + 1)

(938 � 31, 3) (1 + 0 + 0 + 0 + 1, 0 + 1), (0 + 0 + 2 + 0 + 1, 1 + 1), (0 + 0 + 2 + 0 + 1, 2 + 1),
(2 + 0 + 2 + 1 + 1, 1 + 1), (2 + 0 + 2 + 2 + 1, 2 + 1)

(2 + 1 + 1, 1 + 1)

(1059 � 31, 3) (1 + 0 + 2 + 0 + 1 + 0 + 1, 0 + 1), (2 + 1 + 1 + 2 + 1 + 1 + 1, 1 + 1),
(1 + 2 + 1 + 0 + 2 + 1 + 1, 1 + 1), (2 + 2 + 1 + 1 + 1 + 2 + 1, 2 + 1),
(1 + 1 + 1 + 0 + 2 + 2 + 1, 2 + 1)

(2 + 1 + 1, 1 + 1)

(10113 � 31, 3) (1 + 0 + 0 + 0 + 2 + 0 + 1, 0 + 1), (0 + 2 + 0 + 1 + 0 + 1 + 1, 1 + 1),
(0 + 1 + 0 + 2 + 0 + 2 + 1, 2 + 1), (2 + 0 + 0 + 0 + 0 + 0 + 2, 1 + 1),
(2 + 0 + 0 + 0 + 0 + 0 + 2, 2 + 1)

(2 + 1 + 1, 1 + 1)

(10122 � 31, 5) (2 + 2 + 4 + 2 + 0 + 1, 3 + 1), (4 + 4 + 4 + 0 + 4 + 1, 3 + 1),
(2 + 3 + 4 + 3 + 0 + 4, 2 + 1), (4 + 1 + 4 + 0 + 4 + 4, 2 + 1),
(3 + 0 + 0 + 0 + 0 + 0 + 4, 0 + 1), (2 + 0 + 0 + 0 + 3 + 0 + 4, 0 + 1),
(3 + 0 + 4 + 3 + 2 + 1 + 4, 3 + 1), (2 + 3 + 2 + 0 + 3 + 2 + 4, 1 + 1),
(4 + 1 + 1 + 3 + 4 + 2 + 4, 1 + 1), (2 + 2 + 2 + 0 + 3 + 3 + 4, 4 + 1),
(4 + 4 + 1 + 2 + 4 + 3 + 4, 4 + 1), (3 + 0 + 4 + 2 + 2 + 4 + 4, 2 + 1)

(2 + 1 + 1, 1 + 1)

(10136 � 31, 3) (1 + 0 + 0 + 0 + 1, 0 + 1), (2 + 2 + 1 + 1 + 1, 2 + 1), (2 + 0 + 2 + 1 + 1, 1 + 1),
(2 + 1 + 1 + 2 + 1, 1 + 1), (2 + 0 + 2 + 2 + 1, 2 + 1)

(2 + 1 + 1, 1 + 1)

TABLE 5. Twisted Alexander invariants.
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