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For any finite field kK = F,, we explicitly describe the k-isogeny
classes of abelian surfaces defined over k and their behavior
under finite field extension. In particular, we determine the
absolutely simple abelian surfaces. Then, we analyze numeri-
cally what surfaces are k-isogenous to the Jacobian of a smooth
projective curve of genus 2 defined over k. We prove some par-
tial results suggested by these numerical data. For instance, we
show that every absolutely simple abelian surface is k-isogenous
to a Jacobian. Other facts suggested by these numerical com-
putations are that the polynomials t* + (1 —2¢)t* 4+ ¢* (for all q)
and t* 4 (2 — 2¢)t® + ¢* (for ¢ odd) are never the characteristic
polynomial of Frobenius of a Jacobian. These statements have
been proved by E. Howe. The proof for the first polynomial is
attached in an appendix.

1. INTRODUCTION

Let C' be a projective smooth curve of genus 2 defined
over a finite field Fy. If N,, := §C(Fgm) denotes the
number of points of C' over the m-th degree extension of
Iy, the zeta function of C' can be written as:

m

Z(C/ant) = €Xp Z Nm;

m>1

I +at+ ast? + qa1t3 + q2t4
(I—=t)1—qt) ’

for certain integers a1, as, related to N1, Ns by:

(1-1)

Ni=a; +q+1, Ny =2ay—a2+¢*+1. (1-2)

In this paper, we are interested in determining which
rational functions appear as the zeta function of a curve
C of genus 2, or equivalently, what pairs of integers aq,
ag satisfy (1-1) for a certain curve C, or equivalently, for
what pairs of nonnegative integers (N7, N2 ) there exists a
curve of genus 2 having N; points over IF, and N, points
over [Fgz.

To any curve C, as above, we can attach a more fea-
sible object: its Jacobian, J(C), which is an abelian sur-
face over ;. The isogeny class of J(C') is determined
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by the characteristic polynomial of its Frobenius endo-
morphism, which is easily described in terms of a; and
as:

fro(t) = t* 4+ a1t + aot® + qait + ¢*.

Thus, we can split the characterization of the zeta
functions of curves of genus 2 in two steps: first character-
ize the pairs (a1, as) arising from characteristic polynomi-
als of abelian surfaces over I, and, afterwards, determine
what abelian surfaces are F,-isogenous to the Jacobian
of a smooth projective curve defined over F,.

The first step is no mystery. The roots of the charac-
teristic polynomial f4(¢) of the Frobenius endomorphism
of an abelian surface A are g-Weil numbers. This leads
to bounds on a; and as which determine a finite subset
of Z[t] containing all possible polynomials of the form
fa(t). Moreover, by results of Honda and Tate, the F-
isogeny classes of simple abelian varieties A defined over
F, are ruled by the g-Weil numbers, classified under the
action of the absolute galois group. Combined with re-
sults of Tate [Waterhouse and Milne 69] computing the
dimension of A in terms of the minimal polynomial of the
corresponding ¢-Weil number, this makes it possible to
determine explicitly all pairs (a1, as) for which the poly-
nomial t* + a;t® + ast? + qait + ¢? is of the form f4(t)
for a certain abelian surface A defined over ;. These
conditions were described in [Riick 90] and [Xing 94]. In
Section 2 we review these results, and we present them
in a more explicit form (Theorem 2.9). In particular,
we obtain a list of all simple abelian supersingular sur-
faces, that completes that of [Xing 96|, where some cases
are missing. Also, we include an exhaustive study of
the behavior of the simple abelian surfaces under finite
field extension, obtaining an explicit description of the
absolutely simple varieties in terms of the pair (aj,az)
(Theorem 2.15).

The second step, to determine the Jacobians among
all abelian surfaces, seems to be a very difficult question;
In Section 3, we de-
velop an algorithm computing all curves of genus 2 up to
k-isomorphism and quadratic twist. The algorithm has
been implemented in MATHEMATICA using the pack-
age FF designed by Guardia to work over finite fields of
arbitrary degree over the prime field [Guardia 98]. As a
by-product, we obtain the complete list of all curves of
genus 2 without rational points (Theorem 3.2).

In Sections 4 and 5, we display, for any ¢ < 16,
the numerical results obtained by counting for each
isogeny class of abelian surfaces over IF; how many non-
isomorphic curves have a Jacobian belonging to the class.

we present a numerical analysis.

This is achieved by running the algorithm of Section 3
and by computing for each curve the corresponding pair
(a1,az2). These numerical results present some regular
behavior which has led us to prove some partial results,
both in the positive and negative direction. For instance,
we show that every absolutely simple abelian surface is
k-isogenous to the Jacobian of a smooth projective curve
of genus 2 (Theorem 4.3). The ordinary case has been
proved in [Howe 95] and the nonordinary case is a con-
sequence of the work [Howe 96] and our characterization
of the absolutely simple surfaces.

Other facts suggested by our numerical computations
are that the polynomials ¢*+ (1 —2q)t*+¢? (for all ¢) and
t* + (2 — 29)t% + ¢* (for q odd) are never the characteris-
tic polynomial of Frobenius of the Jacobian of a smooth
projective curve of genus 2 defined over F;. These state-
ments have been proved by E. Howe. The proof for the
first polynomial is attached in an appendix and the proof
for the second polynomial appears in [Howe 02]

2. ISOGENY CLASSES OF ABELIAN SURFACES
OVER FINITE FIELDS

2.1 Characteristic Polynomials of Abelian Surfaces
Let A be an abelian surface defined over the finite field
Fy, where ¢ = p®, a > 1 for a certain prime number p.
We denote by

fat) =t* + a1 t® + aat?® + qart + ¢* € Z[t] (2-1)

the characteristic polynomial of the Frobenius endomor-
phism of A. By abuse of language, we shall sometimes
refer to f4(t) as the characteristic polynomial of A. This
polynomial determines A up to Fy-isogeny and the four
roots of fa(t) in Q (counting multiplicites) are g-Weil
numbers; more precisely,

q q

Fa®t) = (t = m)(t = )t = m)(t = =),
with 7y, w2 g-Weil numbers, not necessarily different. We
recall that a g-Weil number is an algebraic integer such
that its image under every complex embedding has ab-
solute value /g. If A is simple, then fa(t) = ha(t)® for
some irreducible polynomial h4(t) € Z[t]. By results of
Honda and Tate, the mapping

A= 1 root of hy(t),

is a bijection between F-isogeny classes of simple abelian
varieties (of any dimension) and conjugation classes of g-
Weil numbers (of any degree) [Tate 69].
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We review results of Riick and Xing finding necessary
and sufficient conditions for a polynomial of the type
(2-1) to be the characteristic polynomial of an abelian
surface over F,. We start with well-known bounds on
the size of ay, as:

Lemma 2.1. Let f(t) € Z[t] be a monic polynomial of
degree 4. The following conditions are equivalent:

(1) f(t) = (t —m)(t = E)(t—m)(t — 5

q- Weil numbers.

(ii) f(t) = (t* — Bt + q)(t* — Bt + q), B € R,
1B:] <243, i=1,2.

(iii) f(t) =t* 4+ a1t + aot® + qart + ¢, with

), with 1, T2

2
a
1] <43, 2laalvG—2g<ax < 7 420 (2-2)

Proof: The relationship 8; = m; + ;:-’— shows immediately
that (i) is equivalent to (ii) (cf. [Waterhouse and Milne
69, p. 59]). Analogously, (ii) is equivalent to (iii) since
we can relate pairs 3, 8o satisfying (ii) with pairs ay, as
satisfying (iii) by:

(z = B)(z — B2) = 2 + a1z + a2 — 2¢. -

Definition 2.2. A polynomial f(t) € Z[t] satisfying the
conditions of Lemma 2.1 will be called a Weil polynomial.

Remark 2.3. The bound on |a1| can be refined to a; <
2[2,/q], which is much better than 4,/g for ¢ nonsquare
and large. In fact,

a2
1] > 22 = 2eava — 2> | B+ 2a).
so that in this case there is no integer as satisfying (2-2).

It is easy to characterize when a Weil polynomial is
irreducible:

Lemma 2.4. Let f(t) = t* + a1t + ast® + qart + ¢° € Z[t]
be a Weil polynomial and let A = a? — 4ay + 8q. Then,
the following conditions are equivalent:

(i) f(t) is irreducible in Z[t].

(ii) A is not a square in Z and |a1| < 4,/4,
2
2la1|\/q — 29 < az < %+ +2q.

(i41) A is not a square in Z and (a1,as) # (0, —2q).

Proof: The equalities |ai| = 4,/g or az = 2¢ + a3 /4
lead to A = 0, whereas the equality 2|a;|\/q — 2¢ = a2
leads to either a1 = 0,a5 = —2q or to ¢ a square and
A = (la1] +4,/9)*. Thus, (ii) and (iii) are equivalent.
With the notation of Lemma 2.1, A is the discriminant
of (x—f1)(x—P2); hence, if A is a square, then 31,82 € Z
and f(t) decomposes in Z[t]. Thus, (i) implies (iii). Con-
versely, if f(t) is not irreducible in Z[t], then either some
m; belongs to Z, or some 7; is a quadratic integer with
conjugate g/m;, or mp,me are conjugate quadratic inte-
gers, my # q/m1. In the first two cases, some (3; belongs
to Z and A is a square, whereas in the third case, 7, 7o
are real and f(t) = (t* — ¢)%. Thus, (iii) implies (i). O

If A is a simple abelian surface defined over F, whose
characteristic polynomial decomposes in Z[t], then f4 (%)
has to be the square of a quadratic irreducible polyno-
mial. The only real quadratic g-Weil numbers are 4,/q
(for a odd) and the corresponding simple abelian vari-
ety has dimension 2. We compute the dimension of the
simple abelian variety associated with a pair of complex
conjugate quadratic g-Weil numbers.

Proposition 2.5. Let 8 € Z, with |3] < 2,/q and let b =
vp(B) (taking b= oo if 3 =0). Let F(t) =t*—Bt+q and
let d = 3% — 4q be the discriminant of F(t). Let B be the
simple abelian variety defined over F, with hp(t) = F(t).
Then:

@ b< 3,
dim(B) = { 2, ifb>2, de ;z,
L ifb>45, dgQ”.

Proof: By [Waterhouse and Milne 69, pp. 58-59], we
have fp(t) = hp(t)¢ and

F,(0
dim(B) = e = least common denominator of M,

a
where v runs among the finite places of Q(v/d) lying
above p and F,(t) denotes the corresponding factor of
F(t) in Q,[t]. If d is not a square in Q,, then F(¢) is
irreducible in Q,[t], v,(F(0)) = a, and e = 1. If d is
a square in Q, then F(t) = Fy(t)F2(t) in Q,[t] and de-
noting b; = v,(F;(0)), an easy manipulation of Newton
polygons shows that

b2s—bhi=b=3—e=2,
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Corollary 2.6. By adequate choice of ¢ and 3, we can
find simple abelian varieties of arbitrarily large dimension
with hp(t) =t? — Bt +q.

Definition 2.7. We say that an integer 3 € Z, |3| < 2,/g,
is a g¢-Waterhouse number if there is an elliptic curve E
defined over F, such that fg(t) = t* — Bt + q. Equiva-
lently, 8 € Z is a ¢-Waterhouse number if either |3] =
2,/q or |3] < 2,/q and the simple abelian variety B asso-
ciated to the polynomial ¢ — 8t + ¢ has dimension 1.

Waterhouse found in [Waterhouse 69] very explicit
conditions determining the g-Waterhouse numbers. We
list below similar explicit conditions for the 2-dimensional
case:

Corollary 2.8. Let 3 € Z, |B] < 2/q. There exists a
simple abelian surface B defined over Fy with hp(t) =
— Bt + q if and only if a is even and

B==+yq p=1(mod3), or [B=0,

Proof: Straightforward by Proposition 2.5. O

Now we can resume the explicit determination of the
WEeil polynomials corresponding to abelian surfaces de-
fined over IF,:

Theorem 2.9. Let f(t) = t*+a1t® +ast® +qait+q¢* € Z]t]
be a Weil polynomial and let

A =a? —4ay +8q, = (az+2q)° —4qa’.

Then, f(t) is the characteristic polynomial of a simple
abelian surface defined over F, if and only if one of the
following conditions holds:

(M) A is not a square in Z, vy(a1) =0, vy(az) > §
and 0 is not a square in Z,.

(O) A is not a square in Z and v,(az) = 0.

(SS1) (a1, a2) belongs to the following list:
(0,0), a odd, p # 2, or: a even, p £ 1 (mod 8),
(0,9), a odd,
(0,—q), a odd, p # 3, or: a even, p£ 1 (mod 12),
(£/4,9), a even, p# 1 (mod 5),
(+£4/5¢,3q), a odd, p =5,
(+v2q,q), a odd, p = 2.

p=1 (mod 4).

(SS2) (a1, a2) belongs to the following list:
(0,—2q), a odd,
(0,29), a even, p=1 (mod 4),
(£2\/4,3q), a even, p=1 (mod 3).

Moreover, let 31, B2 be the roots of the quadratic polyno-
mial 22 + ayx + (as — 2q), with discriminant A. Then,
f(@t) = fa(t) for an abelian surface A ~ Ey X Ey if and
only if A is a square in Z and (1,32 are q-Waterhouse
numbers. In this case, the elliptic curves E1, Ey are Fy-
isogenous if and only if A = 0.

Proof: By Lemma 2.4 in the cases (M), (O), (SS1),
f(t) is irreducible and the conditions determining when
f(t) = fa(t) for some surface A were found in [Riick 90].
Actually, Riick wrote condition (SS1) as

vp(az) > a, f(t) has no roots in Z,,

vp(ar) >

l\DIQ

but it is easy to check that the irreducible Weil polynomi-

als with (a1, as) satisfying this last condition are precisely
those listed in condition (SS1) above.

The case where f(t) is reducible (SS2) is a consequence

of Proposition 2.5 and it was first described in [Xing 94].

O

Corollary 2.10. IfF, is the prime field F,, (that is ¢ = p),
then every Weil polynomial is the characteristic polyno-
mial of an abelian surface defined over F,.

Proof: Assume that (a1,as) € Z? satisfies the inequali-
ties (2-2). If A = a? — 4ay + 8¢ is a square in Z, then
the integers 3 = (—a1 + v/A)/2 satisfy: |8] < 2,/p and
any integer satisfying this inequality is a p-Waterhouse
number. If A is not a square in Z and (aq, as) # (0, —2q),
then (a1, as) falls in one of the cases (M), (O), (SS1). O

Corollary 2.11. A Weil polynomial is the characteristic
polynomial of a simple supersingular abelian surface de-
fined over F, if and only if it appears in the list (SS1) or
(552).

Proof: The supersingular condition is equivalent to
vp(a1) > a/2, vp(az) > a. In the list of simple abelian
surfaces given in Theorem 2.9, only those of (SS1) and
(SS2) satisfy this condition. |

This result completes the list given in [Xing 96], where
some cases are missing.
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(a1, a2) L
(0,0), (@ odd, p # 2) or (a even, p Z 1 (mod 8)), p # 1 (mod 4) F 2
(0,0), (a odd, p # 2) or (a even, p £ 1 (mod 8)), p =1 (mod 4) Foa
(0,9), a odd, p #Z 1 (mod 3) F 2
(0,9), a odd, p =1 (mod 3) F e
(0,—q), (a odd, p # 3) or (a even, p# 1 (mod 12)), p #1 (mod 3) Fp2
(0,—q), (a odd, p # 3) or (a even, p# 1 (mod 12)), p=1 (mod 3) Fs
(£4/4,9), a even, p # 1 (mod 5) Fs
(++/54,3q), a odd, p=5 F s
(+£v/2q,q), a odd, p =2 F 4
(0, —2¢q), a odd F 2
(0,2q), a even, p =1 (mod 4) F 2
(£24/4,3q), a even, p =1 (mod 3) F.s

TABLE 1. The minimum field L of decomposition of the supersingular surfaces.

2.2 Absolutely Simple Abelian Surfaces

We now characterize in terms of the pair (a1, as) when
an abelian surface A defined over [F, is absolutely simple.
By abuse of language, we denote simply by A = (a1, a2)
the (isogeny class of an) abelian surface determined by a
pair (ai,as) satisfying the conditions of Theorem 2.9.
We have classified the simple abelian surfaces in three
groups: (M) for mixed, (O) for ordinary and (SS1),
(SS2) for supersingular. They can be distinguished
by the Newton polygon of their characteristic polyno-
mial, which has 3, 2, 1 sides, respectively. The num-
ber of sides of the Newton polygon is invariant un-
attending to the particu-
lar shape of the polygon, we see that after scalar ex-
tension, a simple surface of type (M), (O), (SS) ei-
ther remains simple of the same type or decomposes as

der scalar extension; thus,

the product of two elliptic curves, which are, respec-
tively, ordinaryxsupersingular, ordinaryxordinary, and
Actually, we shall prove
that all simple surfaces of type (M) are absolutely sim-
ple.

Since the invariant A can be a square in Z, or the
characteristic polynomial can be reducible only for su-
persingular simple surfaces, we have

supersingular x supersingular.

Lemma 2.12. Let A be a nonsupersingular simple abelian
surface defined over IFy.
equivalent:

The following conditions are

(i) A remains simple over Fyn
(i1) The invariant A(Fyn) is not a square in Z.

(iii) The characteristic polynomial fAqun (t) is
irreductble.

The proof of the following observation is straightfor-
ward.

Lemma 2.13. Let A = (a1, a2) be an abelian surface de-
fined over F, and let A\]Fq?, = (b1, b2), AIIFqs = (c1,¢2).
Then

b1 = 2a4 — a?, by = a% — 2qa% +2¢%;

c1 = al(a§—3a2—|—3q), Cco = a2—|—6q —3¢* a2—3qa1a2

Moreover,

A(F,2) =aiA, AFzs) = (q—af +a2)’A.

We can tell the minimum field L of decomposition of
the supersingular surfaces just by checking Lemma 2.13
and Theorem 2.9. (See Table 1.)

In the nonsupersingular case, it is easy to analyze,
using Lemmas 2.12 and 2.13, the decomposition in Fgn,
for n = 2,3,4,6:

Proposition 2.14. Let A = (a1,a2) be a simple abelian

surface defined over IFy, which is not supersingular. Then
(i) A decomposes over Fgz iff a; = 0.

(ii) A decomposes over F s iff ¢ = a3 — as.

(iit) A is simple over Fp and decomposes over Fga iff
a% = 2CL2.

(iv) A is simple over Fp2 and Fys but decomposes over
Fyo iff a3 = 3(az — q).
(v) If A is simple over g4 then it is simple over Fs.

(vi) If A is simple over Fga and Fys then it is simple over
Fi2.
q
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Proof: Suppose that A decomposes over Fy» and n = 2 or
3. Then A(Fyn) is a square in Z, but since A(F2) = afA
(respectively, A(F,s) = (¢ — a? + a2)?A) and A is not a
square in Z, this implies a; = 0 (respectively, g—a?+as =
0). Conversely, if a; = 0 (respectively, ¢ — a? + az = 0),
then A(F4») = 0 and A decomposes over F 2 by Lemma
2.12. This proves (i) and (ii).

By (i), A decomposes over F 4 and not before if and
only if a; # 0 and b; = 0. This is equivalent to by = 0
since the condition a; = 0 = by is satisfied only by the
supersingular surface A = (0,0). This proves (iii).

By (i) and (ii), A decomposes over F s and not before
if and only if ¢; = 0, a1 # 0, ¢ # a? — az. The two
first conditions are equivalent to a% —3as + 3¢ = 0 and
this latter condition already implies that ¢ # a? — az. In
fact, a3 — 3az +3q = 0 = q — a3 + ap leads to (a1, as) =
(v/3q,2q) which is either impossible or satisfied only by
a supersingular surface. This proves (iv).

Suppose that A is simple over Fy4+ and decomposes
over Fys. By (iii), applied to the surface A‘]qu we have
b? = 2b,, but this equation is impossible. In fact, it leads
to

ai + 2a3 — 4asa? + 4qai — 4¢* = 0.

This relation implies a;,as both even and 4¢? = 0 (mod
8), which is possible only for p = 2. But then, A would
be supersingular. This proves (v).

Suppose that A is simple over F,+ and Fge, but it
decomposes over F, 2. By (iv), applied to the surface
A 5, we have b = 3(bz — ¢°), which is impossible. In
fact, it leads to

aj + (6q — 4az)a? + a3 — 3¢>.
The discriminant of this quadratic equation in a? is
12(as — 2¢)?, which is a square in Z only if ay = 2g;
but then a? = ¢ and (for a even) A would be supersin-
gular. This proves (vi). O

Actually, Proposition 2.14 collects all possible cases in
which a non-supersingular simple abelian surface is not
absolutely simple.

Theorem 2.15. Let f(t) = t*+a 1t +ast*+qart+¢* € Zlt]
be a Weil polynomial and let

A =a? —4day +8q, = (az+2q)° — 4qa’.

Then there exists an absolutely simple abelian surface A
defined over F, with f(t) = fa(t) if and only if A is not
a square in Z, and either

(a) vp(ar) = 0, vy(az) > a/2, § is not a square in Z,,
or

(b) vp(az) =0, ai € {0,q + a2, 2a2,3(az — q)}.

Proof: We have already checked that all surfaces other
than those listed above are not absolutely simple. We
prove now that if A = (a1, az) is a nonsupersingular sim-
ple abelian surface which is not absolutely simple, then
a? € {0,q + az,2az,3(azs — q)}. For such a surface, the
characteristic polynomial f4(t) is irreducible. Let 7 be
one of its roots in Q and let K = Q(x) be the quar-
tic field generated by 7. The quadratic algebraic integer
B =7+ g/ belongs to K, hence, the discriminant A of
its minimal polynomial over Q is a square in K, so that
K contains Q(v/A) as a quadratic subfield.

By Lemma 2.12, A decomposes over Fy» if and only
if the characteristic polynomial of Ajr_, reduces and this
is equivalent to Q(7™) & K. Take n minimum with this
property and let L be a quadratic subfield of K contain-
ing 7. If Gal(K/L) = {1,0}, we have

7t e L <= (7") = 7" <= 77 =em,

where € € K is a primitive n-th root of 1, by the minimal-
ity of n. Thus, n belongs to the set {2,3,4,5,6,8,10,12}.
By Proposition 2.14, the cases n = 8,12 are not pos-
sible and in the cases n = 2,3,4,6, we have a? €
{0,q + a2,2a2,3(az — q)}.

Finally, assume that n =5 or 10. Then K = Q(us5) is
a cyclic extension of Q whose only quadratic subfield is
Q(v/5). In this case, 7" = /g7, since 7" is a real Weil
number. Thus, A would be supersingular. O

The ordinary case (b) has already been settled in
[Howe and Zhu 02].

Corollary 2.16. The minimum positive integer n for
which a not absolutely simple abelian surface over F, de-
composes over Fgn belongs to {1,2,3,4,5,6}.

Corollary 2.17. If an abelian surface A defined over F,
decomposes over Fq as the product of two elliptic curves,
one supersingular, the other ordinary, then A decomposes
already over F,.

3. CURVES OF GENUS 2 OVER FINITE FIELDS

3.1 Generalities on Curves of Genus 2

Let k be a perfect field. Any smooth projective curve C
defined over k of genus 2 is hyperelliptic; that is, it admits
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a k-morphism, 2: C — P, of degree 2. In particular,
the function field k(C) is a separable quadratic extension
of k(P'). The k-automorphism, ¢: C — C, correspond-
ing to the nontrivial element of Gal(k(C)/k(P')) is called
the hyperelliptic involution of C. Any two k-morphisms
of degree 2 from C' to P! differ by a k-automorphism of
P!. Thus, the hyperelliptic involution does not depend
on the particular choice of the morphism z. The fixed
points of ¢ are the ramification points of any such mor-
phism and they coincide also with the Weierstrass points
of C'. By the Hurwitz genus formula, the different of
k(C)/k(P') is a divisor D of degree 6. If char(k) # 2, D
consists of six different points, but if char(k) = 2, there
are three different possibilities for the structure of this
divisor [Igusa 60],[Lachaud 91]:

(a) D = 5P,

(b) D =3Py + Po,

(C) D:POO+P0+P1.

Since the divisor D is defined over k, the points P, and
P, in cases (a) and (b) are defined over k too. However,
in case (c), we have three possibilities:

(c1) Py, Py, Py defined over k,

(¢2) Py defined over k and Py, P; conjugated over a
quadratic extension,

(¢3) Px, Py, P1 conjugated over a cubic extension.
Clearly, the type of divisor and the structure of the sup-
port of D as a galois set are invariant by k-isomorphism;
thus, the set H of k-isomorphy classes of smooth projec-
tive curves of genus 2 is the disjoint union of 5 subsets:

H:HaUHbUHcluHCQ UHC3~

If char(k) # 2, there are 11 possibilities for the structure
of the support of D as a galois set, one for each partition
of 6. We have a similar decomposition of H as the disjoint
union of 11 subsets:

H=HcUHs51 UHa2UHs11UH33UHz21UH3z1,1,1

Lyt

11111

where, for instance, H4 1,1 denotes the set of classes of
curves in ‘H having two Weierstrass points defined over &
and four Weierstrass points defined over a quartic exten-
sion of k£ and forming a complete orbit under the action
of Gal(k/k).

We choose a point oo € P!(k), and we call it infinity.
This choice determines an embedding A! C P! and iden-
tifications k(P') = k(z), Aut(P') = PGLy. The function
field k(C), as a quadratic extension of k(z), admits a

generator y € k(C) satisfying:

y? = f(x)

(if char(k) # 2),
y* +y=f(z) 7 By

(if char(k) = 2)

for some rational function f(z) € k(z). This equation
for the function field of C' is unique up to two actions: =
can be replaced by any automorphism vy(z) € PGLy (k)
and f(z) can be replaced, respectively, by

f(@)g(x)?

(if char(k) # 2),
f(@) +g(@) + g(x) ,

(if char(k) = 2)

where g(x) € k(z) is an arbitrary rational function,
g(z) # 0 in the odd characteristic case. Accordingly,
one is able to exhibit a family of plane affine models con-
taining all k-birational classes of curves of genus 2.

If char(k) # 2, any projective smooth curve of genus 2
is k-isomorphic to the normalization of the projective clo-
sure of the plane affine curve C defined by the equation
y* = f(z), where f(z) = a,z™ +---+ag € k[z] is a sepa-
rable polynomial of degree 5 or 6. The curve C is smooth
and its closure C' in P? has only one point at infinity, P,
which is a singular point. If n = 5, the point P, has only
one preimage in the normalization C' — C, which we still
denote by P..; this point is a Weierstrass point and it is
always defined over k. If n = 6, the point P,, has two
preimages in C, which we denote by P.,, Px,; these
points are permuted by ¢ and they are defined over k if
and only if a, is a square in k*. Since the rest of the
points of C' are in bijection with the points in Cy, it is
common to attach to these points of C' the affine coordi-
nates (z,y) of the corresponding points in Cy. In affine
coordinates, the hyperelliptic involution is expressed by
[’('7373/) = (.CIJ, _y)'

If char(k) = 2, any projective smooth curve of genus
2 is k-isomorphic to the normalization of the projective
closure of the plane affine curve Cy defined (after removal
of denominators) by an equation:

(a) y? +y = ax® + bx® + cx? + d, a#0,
(b) ¥*+y=ax®+br+ £ +d, ac # 0,
(c1) y2+y:ax+§+xfr1+d, abe # 0,

(c2) ¥ +y =ax+ G5 +d,

a 70, (b,c) # (0,0),

(a,b,c) #(0,0,0),

where Q(z), P(z) are irreducible polynomials of respec-
tive degree 2,3. As before, one attaches to the points of C'
the affine coordinates of the corresponding affine model.

2
(c8) y? +y = staEe 4,
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The set of “points at infinity” of C coincides with the set
W of Weierstrass points, except for the model (c3), in
which case

C(k)\ Co(k) = W U {Poo,, Poc, },

with P.,, Ps, permuted by ¢; these two points are
defined over k if and only if d belongs to the Artin-
Schreier group: AS(k) := {\ + A?| X € k}. In affine
coordinates, the hyperelliptic involution is expressed by:
uz,y) = (z,y +1).

3.2 Quadratic Twist

The quadratic extensions of k are parameterized by
k*/(k*)? if char(k) # 2 (Kummer theory) and by
k/AS(k) if char(k) = 2 (Artin-Schreier theory). If a
smooth projective curve C' of genus 2 is given by Equa-
tion (3-1), we define the twisted curve by an element
A € k*/(k*)?, respectively, A € k/AS(k), as the curve
C* determined by the equation

y> = Af(x),

The curves C and C* are isomorphic over the quadratic
extension of k determined by A, but they are not neces-
sarily k-isomorphic. This induces a well-defined action of
k*/(k*)?, respectively, k/AS(k), on H and we denote by
H?! the quotient set of classes of curves of genus 2 up to
k-isomorphism and quadratic twist. The galois structure
of the set of Weierstrass points is preserved by quadratic
twist and we obtain an analogous decomposition for the
set H! as the disjoint union of 11, respectively, 5 subsets.

If k = F, is a finite field, we have k*/(k*)? ~ Z/2Z,
respectively, k/AS(k) ~ Z/27Z, according to the parity of
q. Actually, if ¢ is even, we have an exact sequence of

respectively, y? +y = f(z)+ \.

additive groups
0—F, —F, 22F, I5F, —o0,

where AS(\) = A + A2, Thus, the subgroup AS(F,)
coincides with the set of elements of absolute trace zero.

Let N,,(C) = #C(Fgm) be the number of rational
points of C over the unique extension of degree m of k.
If we denote by C’ the nontrivial quadratic twist of C,
we have

Nl(C')—|—N1(C") :2q—|—2, NQ(O) :NQ(OI),

or equivalently,

a;+ay =0, as=aj, (3-2)

where a1, a2 and af, a are the coefficients of the numera-
tor of the zeta function, respectively, of C and C’ (see,
for example (1-2)).

3.3 Generating Curves of Genus 2 up to Aisomorphism
and Quadratic Twist

If char(k) # 2, the moduli functor of curves of genus 2 is
the variety

M= ( E;l )\PGLQ.

The set of k-points of this functor parameterizes smooth
projective curves of genus 2 up to k-isomorphism and
quadratic twist. More precisely, if we denote by

( PL(F) )Gal(l_c//c)
X:= 6 ,

the set of families of six different points of P! (k) which
are invariant (as a family) under the galois action, we can
consider the map

w:H — M(k) = X\ PGLy(k), (3-3)
which assigns to any curve C the set {z(Py), - ,2(Fs)}
of images of the Weierstrass points Py, - - - , Ps of C' under
any k-morphism, x : C — P!, of degree 2. This map
w is well-defined and bijective. The inverse map sends
{z1, -+ , 26} to the curve C defined by the equation

y: = H (z — x;).

In exactly the same way as H and H?, the sets X and
X\ PGL2(k) split as the union of 11 different subsets ac-
cording to the galois structure of the sextuples of points.
Clearly, the map w of (3-3) respects this decomposition.
In fact, in an affine model, the Weierstrass points have
coordinates (z,0) and the possible Weierstrass point at
infinity P, with image (P ) = oo is always defined
over k.

In order to describe H' when char(k) = 2, we don’t
use the moduli space of curves of genus 2 (described in
[Igusa 60]). Instead, we find for each of the cases (a), (b),
(c1), (c2), and (c3) explicit conditions on the coefficients
a, b, c,d of the equations, determining when two curves
of the same type are k-isomorphic. Curves of type (a)
are precisely those whose Jacobian is supersingular; this
case has been thoroughly studied in [van der Geer and
van der Vlugt 92]. For details concerning the other cases,
see [Cardona et al. 02].

We have developed two independent MATHEMAT-
ICA subroutines that find unique representatives of the
set H' when k = F, is the finite field with ¢ elements.
For ¢ odd, the subroutine Gen2 finds representatives of
the set X under the action of PGLy(k). For the sake
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Equation N1  No a1 as Equation N1 Nx a1 as
type (a) 21111
v +y=a® 3 5 0 0 y' = (1 +2*)z(l+2)(~1+2) 4 6 0 -2
2 5 2
+y=x"+x 5 9 2 4
yz v _ .5 3 2211
Yy +y=2"+z 5 5 2 2 2 5 5
VP 4y =2+ a° + 22 3 9 0 9 y2f(1—|—x2)m(—1—x+m) , 6 10 2 2
y'=1+z2°)1+z)(-1+z+ %) 4 14 0 2
type (b) 299
2 3 1
Yy + y=x + = 4 4 1 0 2 __ 2\(_ 2V (_1 _ 2
Vry—atatl 9 8 -1 o y=01+2z°)(-14+z+2°)(-1—z+2°) 8 14 4 10
42
type (c1) Y2 =(1+2%)(~1— 242 6 18 2 6
Pty = Ly 1 3 3 0 1
yty=z+o+ o3 - v =1 +2*)(1 -2+ 2 +2) 6 14 2 4
v =142 (-1 -z +z*) 4 14 0 2
) ) type (c2) v =0+ -z 42> +2) 8 10 4 8
y+y=az+1/(*+x+1) 3 7 0 1
Vvry=c+az/(®+x+1) 5 7 2 3 411
v =a(-1+z—2*—2®+ 2" 4 10 0 O
type (c3) v =z(l+z+22+2) 6 10 2 2
Vv ry=1/*+z+1) 2 6 -1 1 v =z(1l+z—2°+a?) 4 6 0 -2
Vry=z/(@®+zx+1) 4 10 1 3 y? = x(—1 —2? + %) 4 18 0 4
V4ry=(@®+2)/(*+2+1) 6 6 5 v =ax(—1+x+z*) 6 14 2 4
v =z(1l-2+2°—2°+2?) 6 18 2 6
TABLE 2. ¢ = 2.
33
V= (-1—z+2>)1 -z +2°) 2 20 -2 7
v = (-1—xz+2*)(1 -2 +2°) 4 12 0 1
>4 3y 2., 3
of efficiency, we split the search of these representatives y = (-1-z+a”)(-1+a" +27) 6 122 3
into 11 different cases, since for each different structure 3111
of the galois set, we use different procedures to lower v =z(z—1)(1+z—2>+2% 3 5 -1 =2
the complexity of the search. For ¢ even, the subroutine y? = (e - 1)(-142° + 2% 5 13 1 2
Gen2Ch2 works directly with the five types of generat- 391
ing equations, restricted always to the case d = 0. We =1+l +a— a2 +a°) 5 13 1 2
remark that since two triples of points of P! with the P =1+ a2 (—-1+ 22 + %) 3 9 —1 0
same galois structure are in the same orbit under the v =142} (-1 -z — 2> +2°) 1 13 -3 6
. . . . 2 2
action of PGLy(F,), the quadratic and cubic irreducible y'=(1+2*)(1 -z +a%) 3 17 —1 4
polynomials Q(z), P(z) of cases (c2) and (c3) can be 6
fixed a priori. These subroutines, as well as the package 2 =1+2%—2*+2° 4 20 0 5
FF, can be downloaded at www.mat.uab.es/danielm. y?=1—a?+2° 8 12 4 9
Our programs also compute for each curve the num- yz =-1+ m5+ m36+ z* + 25 + 2° 6 16 2 5
bers Ny, Ny of points of the curve over the fields F,, F 2 vy = -1+ r, + e e 4 16 0 3
. y =—1l—z"—z"+2°+=x 2 12 -2 3
and the relevant coefficients a1, as of the numerator of Ve —14otata 408 0 -1
the zeta function. For instance, we list in Table 2 the P =1l—z+2°—2°+a°+a° 6 8 2 1
output for ¢ = 2 and in Table 3 the output for ¢ = 3.
51
2 2 4 5 o
Remark 3.1. For ¢ odd, explicit formulas for #H! as a v = 14z rort 3 15 -1 3
1 ial i be f di [L' ¢ al 02] B y=1—-z+x 7 15 3 7
Roynomla in ¢ can be found in [Lépez e a.. - By P=—1+z+2°+a° 1 11 -3 5
similar methods, we found formulas for the cardinality of 2 =—1—2°—z*+2° 5 15 1 3
each of the 11 subsets H%, where P is a partition of 6. Vv =14+z—a2>—2%+a° 5 19 1 5
For g even, in [van der Geer and van der Vlugt 92] the yz =—1l-z- 502 + Sﬂz - CU: +2° 3 7 -1 -1
authors find explicit formulas for ##, and, even more, v = —l-z+az . + L +z 311 -1 1
Yy =—l—z—z"+z 5 11 1 1

for the number of curves in H, with prescribed number
N of k-points. Formulas for §H, and #H., ¢ = 1,2,3

TABLE 3. ¢ = 3.
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=2 | yY¥+y=1+@"+2)/@@ +z+1)
=2+ 12> +z—-1)(2®> -z —1)

qg=3 =2+ )(a* +2* -2+ 1)
W= —2% 42— 1

qg=4 Vry=s+z/(@®+x+1), ss=s5+1
y? = (223 + 4z — 2)(2® — 227 — 1)

q=>5 y2:2m6—2m5+2m4+m3—m2—2x+2
y? = (227 + 1) (z* — 22° 4+ 2% — 22 — 2)

_, | v=E 1)@+ D +2)

= y? = —ab + 2% — 322 — 2

q=38 vy =u+ ((utu?) +uz+uz?)/(2® +ux+u), v®=u®+1

q=9 vP=s@® -z +1)(a®—z—1),s=-1

g=11 y? = (—2? +2)(z* — 52 + 2% + x + 4)

TABLE 4.

can be found in [Cardona et al. 02]. Our numerical

computations agree with all these results.

As a by-product of our search, we obtain the complete
list of curves of genus 2 without rational points. By Weil’s
bound, any curve of genus 2 over I, has rational points
if ¢ > 13. By searching all curves for ¢ < 13, we obtain

Theorem 3.2. Any smooth projective curve C of genus
2 defined over a finite field Fy, such that C(Fq) = 0, is
F4-isomorphic to one of the curves listed in Table 4.

The fact that C(F13) # 0 for all curves defined over
Fy5 has already been observed by Stark [Stark 72].

4. ABELIAN SURFACES AS JACOBIANS

We are far from having a complete answer to the question
of which isogeny classes of abelian surfaces contain a Ja-
cobian. There is abundant literature about existence and
nonexistence results for decomposable surfaces, with sig-
nificant contributions by Serre, Hayashida-Nishi, Riick,
Frey-Kani, Kani, Ibukiyama-Katsura, and Oort among

others, although in some cases, the adaptation of the ar-
guments to the finite field case is still to be done.

For simple surfaces, the situation is much clearer, prin-
cipally because of a well-known result of Weil. Actually,
we need a generalization of the classical result of [Weil
57], which can be easily deduced from the arguments of
Section 5.10 of [Adleman and Huang 92]:

Theorem 4.1. (Weil, Adleman-Huang.) Let A be a prin-
cipally polarized abelian surface defined over a finite field
k. If A is simple over the quadratic extension of k, then
A is k-isomorphic to the Jacobian of a projective smooth
curve of genus 2.

Using this result, if A is simple over the quadratic
extension of k, then the isogeny class of A contains a Ja-
cobian if and only if it contains a principally polarized
surface. This latter question has been completely solved
in the ordinary case in [Howe 95]. Moreover, in Theo-
rem 4.3 below, we use a criterion of Howe to prove that
any simple surface of the family (M) of Theorem 2.9 is
isogenous to a principally polarized surface. Thus, it re-
mains to solve the question only for a scattered family
of supersingular simple surfaces and for the simple sur-
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faces with a; = 0, which, by Proposition 2.14, are the
only nonsupersingular surfaces that decompose over the
quadratic extension of k.

In any case, it is quite simple to carry out a computa-
tional exploration of the problem. We have written two
programs Jac2,Jac2Ch2, which for a given (odd, respec-
tively, even) prime power ¢ display all isogeny classes of
abelian surfaces A over Fy, determine the decomposition
type of A and count the number of projective smooth
curves of genus 2 for which the Jacobian is isogenous
to A.

As a first step, the program considers the pairs of inte-
gers (a1, az) parameterizing all Weil polynomials (Lemma
2.1) and for each of them, it checks the conditions of The-
orems 2.9 and 2.15 labeling each polynomial with one of
the following symbols:

x there exists no abelian surface corre-
sponding to this pair (a1, as)
absolutely simple
ordinary, simple, not absolutely simple
simple, supersingular
decomposes as F1 X Fs, with Fy, E5 not
[ ;-isogenous
e decomposes as F x E

Aaw o

This information is kept in the form of a matrix in-
dexed by the values of (a1, as), with the above symbols as
entries. Once this matrix is obtained (with an insignifi-
cant expenditure of time), it is written as a first output of
the program. Afterwards, the programs Gen2,Gen2Ch2
search for all curves of genus 2 over F, and for each
curve, they compute the pair (a1,as) of relevant coef-
ficients of the characteristic polynomial of its Jacobian
and then add one to the entry (|ai|,a2) of the ma-
trix. Then, the programs produce as a second output
the same matrix with the changes produced by counting
the Jacobians. These subroutines can be downloaded at
www.mat.uab.es/danielm.

For instance, for ¢ = 2,3, the two outputs of
Jac2Ch2,Jac2 are given in Tables 5 and 6.

In the display of the matrix, the rows are indexed by
increasing values of aq, starting with a; = 0, whereas
the columns are indexed by the values of ay within the

ai min.a2
0 -4 sosodosde sosllllde
1 -1 oaadad olllld
2 2 sade 111e
3 5 od 1d
4 8 e e
TABLE 5. ¢ = 2.

al min.ag
0 -6 soodoosodsode sood21112111le
1 -2 oadaaadad 11122211d
2 1 oodaade 1222121
3 5 adad 111d
4 8 ode 111
5 12 d d
6 15 e e
TABLE 6. ¢ = 3.
bounds

2
a
2lai|\/q —2q < as < Tl + 2¢,

given by Lemma 2.1. To accommodate the reader we
write the minimum value of as corresponding to the first
entry in the row at the beginning of each row.

Finally, the matrix has entries only with a; > 0 and
the program takes into account only one curve for each
pair C, C’ of twisted curves. This is harmless after
the following observation, which is an immediate conse-
quence of Theorem 2.9, Theorem 2.15 and (3-2) of Sec-

tion 3.2:

Lemma 4.2.

(i) For anyay,as € Z, the couples (ay,as) and (—ay, as)
have the same symbol x,a,0,s,d,e attached as above.

(i1) If C is a curve of genus 2 whose Jacobian corre-
sponds to the couple (ay,az), then the nontrivially
twisted curve C' has Jacobian corresponding to the
couple (—ay,az).

In particular, the figures occurring in the rows with
a; > 0 give the exact number of k-isomorphy classes of
curves whose Jacobian belongs to this isogeny class. Only
in the row a; = 0 do the figures give the number of curves
up to k-isomorphism and quadratic twist.

One can observe some regular behavior in the
numerical results obtained by running the programs
Jac2,Jac2Ch2 for all g < 49.

4.1 Observations

For ¢ < 49, one can check that in the second output
matrix:

1. There is no a.

2. In the last position of the odd rows, we find either
an x or a d.
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3. In the second position of the top row, we always find
o. If char(k) # 2, in the third position of the top
row we find o, too.

4. Assume g > 5 and p # 3. Then, all other surfaces
in the top row, apart from the two (one if char(k) =
2) mentioned above, are Jacobians, with the only
exception of A = (0, —¢) when ¢ is not a square and
p =1 (mod 3) or p = 2, or when ¢ is a square and
p = 7(mod 12).

The first two observations can be generalized as fol-
lows:

Theorem 4.3. Every absolutely simple abelian surface A
defined over a finite field F, is F,-isogenous to the Jaco-
bian of a projective smooth curve of genus 2.

Theorem 4.4. Let a; be an odd integer, |a1| < 2[2,/q].
Let ag = 2q + (a3 — 1)/4 be the largest integer such that
(a1,az2) determine a Weil polynomial and assume that
(a1 £1)/2 are q- Waterhouse numbers. Then, the abelian
surface A = (a1, az) decomposes over F, and it is not F-
isogenous to the Jacobian of a smooth projective curve of
genus 2.

Theorem 4.4 is an immediate consequence of a result
of Serre ([Lauter 00], Lemma 1). For such a surface, we
have A = 1, so that A decomposes. Moreover, (31,3 =
(a1 £ 1)/2 are integers such that 31 — B2 = +1; hence,
the polynomial (¢t — 31)(t — B2) factorizes in Z[t] as the
product of two polynomials whose resultant is £1. By the
result of Serre, 71,71, M2, T2 cannot be the eigenvalues of
Frobenius of a smooth projective curve of genus 2 defined
over Fg.

Theorem 4.4 can be reinterpreted in terms of number
of points as follows: If we restrict our attention to curves
C with a fixed value of N; = §C(F,), then the number N,
of points of C over the quadratic extension is bounded
by as < 2q + (a?/4), which by (1-2) translates into

¢>+1-N?

Ny <3¢+ (¢g+1)Ny + 5

Since N1 = ¢ (mod 2), the maximum possible value of
N> would be

2_N2
N2:3q+(q+1)N1+—q 5 -,

and Theorem 4.4 asserts that this value is never attained.

Theorem 4.3 is a consequence of Theorem 4.1, the
work of [Howe 95|, [Howe 96] and our characterization
of the absolutely simple surfaces (Theorem 2.15).

Proof of Theorem 4.3: By Theorem 4.1, it is sufficient to
show that any absolutely simple abelian surface A defined
over IF, is F -isogenous to a principally polarized one. If
A is ordinary, this has been proved by Howe [Howe 95]. In
fact, he proves that the parameters (ai, as) of an ordinary
abelian surface over I, which is not isogenous to any
principally polarized surface satisfy ¢ = a? — ay and this
implies that A decomposes over F,s by Proposition 2.13.
For A nonordinary, Howe has found sufficient conditions
for an abelian surface to be principally polarized, which
are applicable in our case ([Howe 96], Prop. 7.2).

Let A be a nonordinary absolutely simple abelian sur-
face. By Theorem 2.15, A is of type (M). The quartic field
K generated by any root 7 of f4(t) is a CM field with
K* = Q(v/A) as the real quadratic subfield. The crite-
rion of Howe asserts in this case that if there is a prime
ideal that ramifies in K/K™, or there is an inert prime
ideal in K/K* dividing 7 — 7, then A is F -isogenous to
a principally polarized abelian surface. Let us check that
this condition is always satisfied.

We denote by O, O the respective rings of integers of
K,K™. Since pt A and A is a quadratic residue modulo
p (with A =1 (mod 8) if p = 2), the prime p decomposes
in Kt:

pO" = pg'. (4-1)
On the other hand, fa(t) decomposes in Q,[t] as

fa(t) =+ Bt +q)(t — 1) (t — a2),

with 2 + Bt + ¢ irreducible ([Riick 90], Lemma 3.2).
Hence, p decomposes in O as

pO = P1PP?, or pO = PiPoP(y). (4-2)

From fa(t) = t3(t + a1) (mod p), we get by an old re-
sult of Kummer that p and 7 4 a; are generators of one
of the prime ideals Py, Po; let’s say: P1 = (p, 7 + a1).
The two decompositions (4-1), (4-2) imply that one of
the prime ideals of O above p decomposes in O as the
product Py P, and the other is either ramified or inert (it
is easy to determine when it is inert or ramified in terms
of §). Since Gal(K/K™) = {1,0}, where o is complex
conjugation, we know explicit generators for Py = PY
too: Py = (p, T + a1). In particular, neither P; nor P
can divide m — 7; for instance,

Py |7r—7‘r:(7r+a1)—(7_r+a1):>771\(7_r+a1)
:>Pl 27327
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a1 min.as
0 -8 doxosoxdsoxodoxde dox212x224x422x11
1 -4 doaaaadaaadad d12222241322d
2 0 daxasdxade d3x424x4d1
3 4 doaodad d22412d
4 8 daxde 12x21
5 12 dad did
6 16 de de
7 20 d d
8 24 e e
TABLE 7. ¢ — 4.

a]1min.ag

0 -10 sooodsoooosdooosdoode

1 -5 aoadaaaaadaaadad
2 -1 oaadaaaadaade

100121114223513332212
111234325322332d
0225342662141

3 4 oadaoadad 32144122d
4 8 oadoade 1232331
5 13 adsd 112d
6 17 ode 111
7 22 d d
8 26 e e
TABLE 8. ¢ — 5.

which is impossible. But, p | § and N ,o(7—7) = d (see
Lemma 4.5 below); hence the other prime in O above p
must divide m — 7 and the criterion of Howe is satisfied.

O

Lemma 4.5. Let A be an abelian surface defined over F,
such that fa(t) € Z[t] is irreducible. Let K = Q(m) be the
quartic field generated by a root ™ of fa(t) in Q. Then,

Ngjo(m —7) = 6 := (as + 2¢)° — 4qa3.

Proof: If my, 71, T, Ty are the four roots of f4(t) in Q,
we have:

fa(t) = (2 4 Bt + q)(t? + Bot + q),

where §; = m; + 7; are real numbers. The invariant § is
the product, 6 = dyds, of the two discriminants of these

quadratic factors. Hence, m; — 7; = ++/d; and

NK/Q(’IT — 7_T) = (7T1 — 771)(7_'('1 — 7T1)(7T2 — 772)(77’2 — 7'('2)
= (=dy)(—ds) = 6. O
We have not been able to check if the third and fourth

observations above are true in general or not. By Theo-
rem 2.9, the abelian surfaces A1 = (0, —2¢ + 1) and (for

q odd) As = (0, —2q + 2) are simple and ordinary. By
([Howe 95], §13) they are Fy-isogenous to the generalized
Jacobian of a good curve in the sense of Oort-Ueno, but
as our tables show, they seem to be not F4-isogenous to
the Jacobian of a smooth curve.

Actually, we have run a modified version of our pro-
grams centering the attention only in curves with Ny =
g + 1 (that is, a3 = 0) and we have checked that obser-
vations 3 and 4 remain true for ¢ < 64. The assertion
of Obervation 3 has been proved recently by Howe. His
proof that A; is not isogenous to a Jacobian is included
in Section 6. For the surface As, see [Howe 02].

5. COMPUTATIONAL RESULTS

In Tables 7-14, we collect the output of the programs
Jac2, Jac2Ch2 for 4 < ¢ < 16. For each ¢, the out-
put consists of two matrices, indexed by pairs of integers
(a1, as2), corresponding to Weil polynomials. The content
of the matrices is explained at the beginning of Section 4.
For g > 11 only the second matrix is displayed.
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a1 min.ag
0 -14 soodooosoooodosoooodosoodoode 100131154 42272547245732372422
1 -8 aadaaaaaaadaaaaadaaadad 1222348245482586444233d
2 -3 oadaaoaaadaaaadaade 14442866214644684342
3 2 oadaaaaadaaadad 1323662564 4442d
4 8 odaaaadaade 36624662543
5 13 adaaadad 1242331d
6 18 odaade 242241
7 24 dad 11d
8 29 de 11
9 34 d d
10 39 e e
TABLE 9. ¢ =1T7.
a1min.ag
0 -16 soxoxoxdsoxoxoxodoxoxoxdsoxoxoxde lox3x 4 x 3 s 6x12x 3 x12712x6x12x1236x7x9x33
1 -10 xaaoxadaxaaaxadaxaaaxaaaxad x330x 646 x669 x669x1269x66 9 x3d
2 -4 xaxaxdxaxaxaxaxaxdxaxe x10x9 x12x12x 18x18 x 18x 6 x18x7x 3
3 oxaaaxaaaxodaxadax 3x366 x156 3 x9312x336x
4 7 asaxdxaxadaxdx 436x15x12x1246x 9 x
5 13 axadoxadax 3x636 x6 3 3 x
6 18 xaxdxaxe x6x6x 6 x 3
7 24 aaxad 13x3d
8 30 xde x31
9 35 od 1d
10 41 e e
TABLE 10. ¢ = 8.
ai1min.a
0 -18 dooxooxoosodxooxoosodxooxoodooxodxode doox5 2x2 8s2 5x4 6xX1444 416x3121 6 10d106x610x651
1 -12 daaaoaaaaadaaaaaaadaaaaadaaxdad d3226 624 628 86104 214102101448 4314 4 x 6 2d
2 -6 doaxaaaaodaaaaaadaaaadaade d34x128 410164 8 4 612124226 4 8 124844 5
3 0 daaxaaxadsaaxadxaadad 126x 6 10x 6 124 4 12x 7 10x 8 10d 4 d
4 6 dooaaaxdaaaadaade 166412 4 x14142108 6 4 4 2 8
5 12 daaaoadaaadad d52211424 624 4d
6 18 daaxadxade d38x612x2 81
7 24 daaadad d2223 2d
8 30 daode 12313
9 36 dad did
10 44 de d1
11 48 d d
12 54 e e
TABLE 11. ¢ = 9.
a1 min.ag
0 -22 1oo13 2126412131649 8 35134 561461471166 3165 5131227874515
1 -15 14244 3 755109 4 9128 4 6168 106 8 1341214126 138 5104 1054 5d
2 -8 40668 6146 8 8161212 6 20248 6 18 6 14 6 2098 6 1212 6 412 2
3 -2 2228122 8 8 4144 4208 615104 1212610438 4 d
4 5 4949 41441414124 911138 612154 6 6 5
5 12 25774 9108 4 4 8 445 45d
6 18 2642169 411126102 4 5
7 25 34432 454 2d
8 32 34624 6 3
9 38 2123d
10 45 121
11 51 1d
12 58 1

TABLE 12. ¢ = 11.
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a1 min.a
0 -26 2001 5123442619 s 34174 9 4168 4 614812139 6 6 12204 128302 7101612 7511975134554
1 -18 233445107 48108 8 612168 8 1213 8 12201214101616 8 8 12121016126 8 11108 6 9 103 d
2 -11 2648 6167 4 8246 18 6231212121220 8 8 281628 6 1218 6 10321812 4 18128 3 8 6
3 -4 1655124 8 9186 61812168 62416 6 111415108 6 9 10 8 12104 5 d
4 3 445126111612 6 17 8 23 4 181824 6 102014 6 148 156 7 6 12
5 11 2106 4128 5 812128 4 412158 4124 6 3 d
6 18 8 8 4618121010189 8 41216 6 5 10 2
7 25 1286 9436384474d
8 32 3672510104 6 4 5
9 39 14244 33d
10 47 2425 2
11 54 11d
12 61 21
13 68 d
14 75 e
TABLE 13. ¢ = 13.
a1 min.a

0 -32 10X4X4X8X16X8X8X17516X24X16X24X 24X44X24X24816X32X 16X38X32X16X36X401032X32X12X38X16X24X12X106

1 -24 d4x848X8410X16812X164 16X161216X24 8 25X36820X32428X161632X16816X20832X24 2 18X248 8 x 8 d

-16 X14X16X24X16X36X24X64X16 X 63X32X 48X48 X 60X32X40X64X64X32X 48X16X24X40X40X16 X 12

2
3

4

5 8
6 16 X12X24X40X24X40X32X24X32X 48X 16X 40X16X 8
7 24 14X16412X16429X8 824x8 1 8x4d

8 32 4 8X16X16X34X24X16X16X16 5

9 40 dex12412x8 415x8d

10 48 XI12X 8 X16X 8 X 6

11 56 d4ax424x

12 64 daxsx

13 72 d2x

14 80 X1

15 88 d

16 96 1

d16xX 4 8 8 X24424X16816X16 4 16X321016X 8 4 20X164 12X

-8 doxX8 620X 8 820X24820X40X 16X161616X241228X40824X24434X2410 8 X164 8 X
0 d8x32X16X32X36X48X32X321036X72 X 32X 32 X 28X68X16X32d 16X20X

TABLE 14. ¢ = 16.

6. APPENDIX BY EVERETT W. HOWE

For every prime power g, let f; denote the polynomial
2%+ (1 —2q)x? + ¢°. In Section 4 of this article, Maisner
and Nart observe that for all prime powers ¢ < 64, no
genus-2 curve over F, has characteristic polynomial f,.
(By the characteristic polynomial of a curve, we mean
the characteristic polynomial of the Frobenius endomor-
phism of the Jacobian of the curve.) The purpose of this
appendix is to prove that Maisner and Nart’s observation
holds for all prime powers gq.

Theorem. There is no curve of genus 2 over any finite
field F 4 whose characteristic polynomial is equal to f,.

Proof: Suppose, to obtain a contradiction, that C is a
genus-2 curve over a finite field Fy whose characteristic

polynomial is equal to f;. Note that then #C(F,) = ¢+1
and #C(Fg2) = (¢ —1)(¢ - 3).

Let J be the Jacobian of C, let A be the canonical
principal polarization of J, let F' be the Frobenius endo-
morphism of J, and let V = ¢/F be the Verschiebung
endomorphism of J. Since f; is irreducible and its mid-
dle coefficient is coprime to ¢, we see that J is a sim-
ple ordinary abelian surface, and it follows that the ring
(End J) ® Q is equal to the field Q(F'). In fact, this field
is a totally imaginary quadratic extension of a totally
real quadratic field, and general theory (see [Mumford
74, p. 201]) shows that the Rosati involution x + z' on
Q(F) is complex conjugation.

Let ¢ be the endomorphism F' — V of J. It is easy to
check that i> = —1, and it follows that ifi = 1. Thus
i is an automorphism of J that respects the polariza-
tion A, so @ can be viewed as an automorphism of the
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polarized abelian variety (J,A). Since C is hyperellip-
tic, Torelli’s theorem (see [Milne 86, p. 202]) shows that
the natural map from the automorphism group of C' to
the automorphism group of (J, A) is an isomorphism that
takes the hyperelliptic involution to —1. Thus, the auto-
morphism ¢ of (J,A) gives us an automorphism « of C,
defined over F, whose square is the hyperelliptic involu-
tion.

Let W denote the set of Weierstrass points of C,
viewed as a set with an action of the absolute Galois
group of Fy. If P is a geometric point of C' whose orbit
under the action of a contains fewer than four points,
then P must be fixed by a? = —1, so P must lie in W.
Thus, for every finite extension field k£ of F;, we have
#C (k) = #W (k) mod 4.

Suppose that ¢ is odd. Then W consists of six points,
and we will show that exactly two of these points are
fixed by a.

Consider the map C — P! obtained from the hyperel-
liptic involution, and let W’ denote the set of six points
of P! lying under the Weierstrass points of C. The auto-
morphism o induces an involution 3 of P! that takes the
set W' to itself. Geometrically, this involution is conju-
gate to the involution z — —z, so if none of the points
in W’ were fixed by 3 the curve C would be isomorphic
(over the algebraic closure of F,) to a curve of the form
y? = f(z?), where f is a cubic polynomial. But then
a would have to be of the form (z,y) — (—z,+y), and
such an automorphism has order two. Thus, § must fix
at least one of the six points of W’. But the points not
fixed by [ come in plus/minus pairs, so there must be
at least two points of W' fixed by 3. Since z — —x
has exactly two fixed points in P!, there must be exactly
two points of W’ fixed by 8. It follows that exactly two
points of W are fixed by «, as claimed.

Since « is defined over F,, the two points of W fixed
by o must be defined over Fp2. Thus, #W(F,2) > 2.
But we also have

#W(F2) = #C0(Fy2) = (¢ — 1)(q — 3) = 0 mod 4,

so we must have #W (F,2) = 4. But this is impossible,
as one can see by asking where the other two points of
W are defined. Thus, if ¢ is odd, no curve can have
characteristic polynomial f,.

Suppose that ¢ is a power of 2. Then ¢ must be a
multiple of 4, because if ¢ were 2 the curve C' would have
—1 points over F,. We see that #W (F,;) =1 mod 4 and
#W (Fg2) = 3 mod 4. But a genus-2 curve in character-
istic 2 has at most three Weierstrass points, so C' must

have exactly three Weierstrass points, and exactly one of
them is defined over F.

Once again we let W' denote the points of P! lying
under the Weierstrass points of C' and we let 3 be the
involution of P! obtained from a. Clearly 3 must fix the
unique point of W/(F,). But § cannot fix the other two
points of W', because in that case 3 would be the identity
on P!, and « could not have order four. Thus, 4 must
swap the other two points of W’. It follows that over
the algebraic closure of F, we can write C as y* +y =
ar+b/x+b/(x+1), where we have chosen the coordinates
so that 3 is given by x — x + 1. But then a must
send (z,y) to (z + 1,y + ¢) where ¢ + ¢ = a, and this
automorphism has order two. Once again we obtain a
contradiction, and the theorem is proved. O

Maisner and Nart also note that for every odd prime
power g < 64, no genus-2 curve over F, has characteris-
tic polynomial g, = z* 4+ (2 — 2¢)z” + ¢*>. The obvious
conjecture is that the same statement is true for all odd
prime powers q. Unfortunately, the argument we used
above cannot be easily modified to prove this conjecture;
the critical fact we used was that the ring Z[F, V] con-
tains a root of unity other than +1, and this is no longer
true when we replace f; with g, in our argument. In
a forthcoming paper [Howe 02], we will prove this con-
jecture using an argument that depends on the Brauer
relations in a biquadratic number field.
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We identify and investigate a class of complex Hénon maps H :
C? — C? that are reversible, that is, each H can be factorized as
RU where R? = U? = Id¢2. Fixed points and periodic points
of order two or three are classified in terms of symmetry, with
respect to R or U, and as either elliptic or saddle points. We
report on experimental investigation, using a Java applet, of the
bounded orbits of H.

1. INTRODUCTION

For a, 3 € C, the Hénon map H, g : C* — C? is defined
by the rule

Hopl((zw) = (@ — fw—2%2).  (1-1)

If o, 8 € R, then H, g restricts to the real Hénon map
H,p : R? — R% Real and complex Hénon maps, and
their history, are well-documented, see, for example, [De-
vaney 89, Hale and Kogak 91] for the real case, and [Fried-
land et al. 89, Bedford et al. 91, Bedford et al. 93, Hub-
bard and Oberste-Vorth 94, Oberste-Vorth 97, Smillie
and Buzzard 97] for the complex case.

If R is an involution of R” and F : R — R” or
if R is an involution of C" and F : C® — C" then,
following [Devaney 76, Devaney 84|, F' is R-reversible if
F~! = RFR. This is equivalent to requiring that RF is
an involution or that F' = RU for some involution U.

Let R and S denote the involutions of C2 such that
R((z,w)) = (w,z) and S(z,w) = (—w,—2z), or, where
If a € R, the
real Hénon maps H,,; and H, _; are R-reversible and

appropriate, their restrictions to R2.

S-reversible, respectively, and are discussed in [Devaney
84] and [Devaney 89, Section 2.9, Exercises 21-34]. The
only comment on reversible complex Hénon maps that we
have found in the literature is a comment in [Friedland et
al. 89], where a conjugate form of H(a,(3) is used, that
H, s is R-reversible if and only if 3 = 1 and S-reversible
if and only if 8 = —1. For 8 € C, with || =1, let Rg be
the involution of C? such that

Rp((=,w)) = (5T, 52). (12)

© A K Peters, Ltd.
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FIGURE 1. Projections of orbits.

Then R; and R_; have the same restrictions to R? as R
and S.

In Section 2, we shall see that H, g is Rg-reversible if
and only if & € R3. In this case, the involution RgH, g
is given by (z,w) — (B8%,0a —w — B7z2).
76, Devaney 84] the involutions R are assumed to be dif-
feomorphisms. Although Rg is not a C-diffeomorphism
of C?, it is a R-diffeomorphism when C? is identified with
R*, so the results of [Devaney 84] apply.

The role of the reflection z — (% in the involutions Rg
and RgH, g gives rise to orbits, with reflective symmetry,
that can be quite striking in appearance. Figure 1 shows
projections onto the z-plane of two examples.

The reversibility not only influences the geometry
of orbits but facilitates calculation and analysis. In
Section 3, we analyse the fixed points and determine
when they are symmetric, for either of the involu-
tions Rg or RgH, 3, and when they are elliptic. We
shall do the same for periodic points of order 2 or 3
in Section 4. Section 5 is concerned with local dy-
namics and establishes a sufficient condition for an
orbit to be unbounded. This has been applied to
plot bounded orbits. (A Java applet is available at
http://www.shef.ac.uk/“daj/henon/H.html.) The final
section reports on experimental observations of such or-

In [Devaney

bits. For example, if § is a primitive mth root of unity,
then orb((0,0)), if bounded, appears to be dense in the
union of m closed curves which are deformations of el-
lipses, becoming more deformed as |a| increases. We also
comment on the influence on orbits of nearby periodic el-
liptic points and on bifurcation.

Our interest in Hénon maps arose from a problem
in [Jordan 93, 3.3], a special case of which would ask
whether, for a nonperiodic orbit {(zn,wn)}nez of the
Hénon map, z,, could take the same value infinitely often.

2. REVERSIBILITY

Lemma 2.1. Let o, 8,p € C, with |p| =1, let H = H, g,
and let R, be the involution of C* such that R,((z,w)) =

(pw, pz). Then H is R,-reversible if and only if 5 = p
and o € RE.

Proof: 1t is easily checked that (R,H, g)? = Idc: if and
only if 8= p and «a € RS. |

2.1 Notation

The Euclidean norm on C? = R* will be denoted || ||.
We denote by H the map H, g, where 3 = e for some
0 € R with —7 < 8 < 7, and a = r( for some r € R.
The involutions Rz and RgH will be denoted by R and
U, respectively. Thus H is R-reversible, H = RU and

U((z,w)) = (6%, fa — @ — fz°). (2-1)

Here, 3% is obtained from z by reflection in the line in-
clined at g to the real axis. We call this line the U-line.
For n € Z, H-"((0,0)) = UH"1((0,0)), so the projec-
tion onto the z-plane of orb((0,0)) is symmetrical about
the U-line. This symmetry can be observed in Figure 1.

The space of parameters for which H is R-reversible
is P = {(o,8) : |8] = L,a € RB}. If r > 0,
- < 60 < 7and a = reie, then o determines two
points pos(a) := (re?, e?) and neg(a) := (re?, —e’) =
(—ret0Fm) i 0E£m)) in P,

For P € C2, we say that P is periodic of order n if n is
the least positive integer such that H"(P) = P. The set
of periodic points of a given order n is invariant under
both R and U. A periodic point P is U-symmetric, resp.
R-symmetric, if U(P) = P, respectively R(P) = P.

3. FIXED POINTS
3.1 Symmetry

Let
f(z)=22+(B+1)z—a. (3-1)
For P = (z,w) € C2,
H(P)=P < w=zand f(z) =0. (3-2)

Counting multiplicity, there are two fixed points deter-
mined by the zeros of f. Let P be a fixed point for H.
Then R(P) = U(P) is a fixed point. If P = R(P) =
U(P), we shall say that P is symmetric.

Theorem 3.1. The fized points of H are symmetric if and
. [

only if r > —c?, where ¢ = cos 5-

Proof: The fixed points have the form (z,z), where

f(z) = 0, and, as U((z,2)) is also fixed, U((z,2)) =



(6z,0%). For v € C,

f(ve%) = B(v? + 2cv — ). (3-3)

Thus the zeros of f are z = ve?, where v = —cV/c2 + 1.
The fixed points are symmetric if and only if these are
on the U-line if and only if » > —c2. O

3.2 Ellipticity
We now analyse the fixed points identified in Section 3.1
in terms of local dynamics. Let P = (z,w) € C?, let n

be a positive integer, and let J,,(P) denote the Jacobian
matrix of H® at P. Then

Ji(P) = ( _122 _Oﬂ > and detJ,(P) = 8. (3-4)
Let P be periodic of order n. By (3—4), |det J1(P)| =1,
so |det J,(P)] = 1. Either both eigenvalues of J,,(P)
have modulus 1, in which case P is elliptic, or one has
modulus > 1 and the other has modulus < 1, in which
case P is a saddle point. The dynamics at saddle points
is well understood in terms of the stable and unstable
manifolds, e.g., [Bedford et al. 91, Fornaess 96, Smillie
and Buzzard 97]. If n € N, then

RH"R=H " =UH"U and UH™™ = H"'R. (3-5)

Hence the stable and unstable manifolds are mapped to
each other by R and by U. In a sense made precise in
[Bedford et al. 93] or [Smillie and Buzzard 97, Corollary
13.4], most periodic points are saddle points.

Theorem 3.2. Let ¢ = cos §.
(i) If r < —c?, that is, if the fized points of H are not

symmetric, then they are saddle points.
(ii) If —c® < r < 1-2c, then both fized points are elliptic.

(iii) If 1 —2¢ < r < 14 2¢, then one fized point is elliptic
and one is a saddle point.

() If r > 142¢, then both fized points are saddle points.

Proof: Using (3-4), one shows that, for all w, z € C, the
eigenvalues of Ji((z,w)) are A\1(2) = —2z + /22 — 3 and
A2(z) = =z — /22— (3. Let z = ve?, v € C. Then
M (2),A2(2) = €% (—v £ Vo? — 1). Hence [A\1(z)| = 1 =
|A2(2)] if and only if v € R and v? < 1.

By Theorem 3.1 and its proof, the fixed points have
the form (z,z), where z = (—c + V& +r)e?. (i)-(iv)
follow easily. a
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FIGURE 2. The regions where fixed points are elliptic.

Remark 3.3. Corresponding to 0 # « € C, there are
four fixed points, P; and P;" for pos(a), and P and
Py for neg(a). Number these so that ||P;7|| > ||PF]|
and [|[P|| > ||Py ||. Figure 2 shows the values of «,
determined by Theorem 3.2, for which there are elliptic
fixed points. These are P everywhere that is shaded,
P; everywhere except in the large outermost region, P;"
in the eye where the shading is lightest and P; in the
darkest regions.

3.3 Linearization

We now discuss orbits for the linearization Ly of H in
the case where the fixed points are elliptic. This will
provide a basis for discussions of orbits of H later in the
paper. Thus

Lu((z,w)) = (-2z — fw, 2) = (M(z,w)")",

where P = (¢, ¢) is an elliptic fixed point and M = J; (P).
By Theorem 3.2 and its proof, the eigenvalues of M can
be written in the form \; = ¢(5+%) and Ay = ei(5—@)
for some ¢ € R. If both € and e’ are roots of unity,
then Ly has finite order and hence H cannot be locally
conjugate to Ly. A condition on the eigenvalues under
which Ly is locally conjugate to H is given by [Zehnder
77].

Suppose that § is a primitive mth root of unity, but
that €' is not a root of unity. Then AJ* = e~im(§+¢) —

AL ™. Let
oo
b= [0 )\J '
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FIGURE 3. Projections of orbits for Ly with 6§ = /4.

If 2120 # 0, the orbit of (21, 22) for the action of the
group (D™) lies on, and is dense in, the closed curve
{(e®*21,e7"29)} and its orbit for the action of (D) is
dense in the union of m such closed curves. Projections
of such curves onto a complex line pz; + 029 = 0 are (pos-
sibly degenerate) ellipses. The orbit of (z1,0) or (0, 22)
for the action of (D) is dense in a circle {(e*z1,0)} or
{(0,e7%25)}, in the z;- or zp-plane. Consequently, for
(z,w) € C2?, the orbit for the action of (Ly) is dense
either in the union of m (possibly degenerate) closed
curves, whose projections onto the z-plane are ellipses,
or in a single such curve. Examples of some orbits for
Ly are shown in Figure 3.

If the eigenvectors generate a free abelian subgroup of
C* of rank 2, then orbits for the action of (D) are dense
in two-dimensional tori {(e*z1, e 25)}, so orbits for the
action of (L) are also dense in two-dimensional tori.

4. PERIODIC POINTS OF ORDER 2

4.1 Symmetry
For P = (z,w) € C% if B8 # —1,

H*(P)=P & (1+p)w=a—2*and f(2)g(z) =0,
where f(z) is as in (3-1) and

9(x) =2~ (B+ D2+ (146’ —a.  (42)

Counting multiplicity, this determines the four points P
such that H2(P) = P, including the fixed points. Thus
there are at most two periodic points of order 2. If P
is a periodic point of order 2, then so are H(P), R(P),
and U(P). As z determines w, P is U-symmetric if and
only if z is on the U-line. Also R(P) # U(P), otherwise
H(P) = P, so either P is R-symmetric and U(P) =
H(P), in which case RH(P) = U(P) = H(P) and H(P)
is R-symmetric, or P is U-symmetric and R(P) = H(P),
which is U-symmetric.

0

Theorem 4.1. Let ¢ = cos 5.

(i) If r = 3c®> # 0, then H has no periodic points of
order 2.

(ii) If B8 # —1 and r # 3c?, then H has precisely two
distinct periodic points of order 2. These are U-
symmetric if r > 3c¢* and are R-symmetric if r <
3c2.

(i) If B = —1 and r # 0, then the periodic points of
order 2 are the two points of the form (z,—z) where

zzza.

Proof: For v € C, g(ve?) =0 v*—2cw+4c —r =0
so the zeros of g are z = ves where v = ¢ 4+ V7 — 3¢2.

(i) Suppose that r = 3¢®> # 0. Then 3 # —1 and
the double zero ce# of g is, by (3-3), a zero of f. For
periodic points of order 1 or 2, w is determined by z so
the solutions of H?((z,w)) = (z,w) are already solutions

of H((z,w)) = (z,w).
(i) If B # —1 and r # 3c?, then g and f have no
common zero so H has two periodic points, (z1,w;) and

(22, ws2), say, of order 2, with 21,2, = ve%, where v =
¢+ vr — 3c2. The result follows.

(iii) This is routine. O

4.2 Elipticity

Theorem 4.2. With c as in Theorem 4.1, if r # 3c2, then
the periodic points of H of order 2 are elliptic if and only
if 4 — 1 < r < 4¢c2.

Proof: Let {(z;,w;) : i = 1,2} be an orbit of period
2 under H. The Jacobian matrix of H? at (z;,w;) has
trace t = 42,29 — 23 and determinant d = 32. As z; and
2 are the roots of g, t = 4(1 + §)% — 4a — 23 = 240,
where b = 8¢? — 2r — 1. Hence t2 — 4d = t?> — 432 =
43%(b* — 1). The eigenvalues are B(—b =+ iv/1 — b?) and
these have modulus 1 if and only if b2 — 1 > 0, that is if
and only if 4c®> — 1 < r < 4¢2. O

4.3 Notation

For n > 1, let @, denote the set of all (a,3) € P for
which H has an elliptic periodic point of order n. In
the notation of Section 2.1, Figure 4 shows, in darker
shading, respectively lighter shading, the values of « for
which pos(«) € @2, respectively neg(a) € Qo.

4.4 Points of Period 3

If P is periodic of order 3, then HU(P) = R(P) so
R(P) and U(P) must be in the same orbit. If there is



FIGURE 4. The set Q2.

a symmetric periodic point of order 3, for either R or
U, then there is an orbit of the form {P, H(P), H?(P)}
where P is R-symmetric, H(P) is U-symmetric, and
U(P) = H*(P) = R(H(P)). Call such an orbit symmet-
ric. If there is no symmetric orbit then, for any periodic
point P of order 3, orb(U(P)) = orb(R(P)) # orb(P).

For calculation of the periodic points (z,w) of or-
der 3, there is a polynomial h, of degree 6, such that,
with f as in (3-1), the zeros of hf determine the z-
coordinates of the eight points, up to multiplicity, where
H3(z,w) = (2,w). Except when 28322+ *—2a8+1 =0,
z determines w.

Following a suggestion of the referee, we have used the
method described in [Giarrusso and Fisher 95] to factor-
ize h as the product of the two cubics

22— = (a+ 82— (B+1)Q—B+1)z

—a(f+1-Q)+8°-pa+1, (4-3)

where €2 represents the sum of the z-coordinates of the
three points, (z;,w;),1 <4 < 3, in an orbit of period 3
and is a root of the quadratic

P -B+1)Q+28°+2-23—a. (4-4)

At each of these points, the Jacobian matrix J3 has trace
—8212023 + 28(21 + 22 + 23) = —8(a(B+1-Q) — B3 +
B — 1) +28Q, and determinant 33. Writing 2z = ve%,
Q =Te? and ¢ = cos g, the roots of (4-3) have the form

i0
ve2 where

v —Tw? — (r+4c® —3—2Tc)v+Ir—T —2rc+8c® —6c = 0

and

IF'=cEt+6+7r—7c2.

The eigenvalues of Js(z;, w;) are €2 (u£+y/uZ — 1), where
u = (4r — 3)T — 8c(r + 3) + 32¢3.
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FIGURE 5. The set Q3.

If 6+ > 7c?, each of the cubics in (4-5) has a real root
so each orbit of period 3 contains a point (z,w) with z on
the U-line. In the situation where z determines w, such
a point must be U-symmetric. In the exceptional case, a
lengthy calculation shows that the only examples of pe-
riodic points (z,w) of order 3 that are not U-symmetric,
but for which z is on the U-line, occur with 8 = 1 and
a > 1, in which case {(z,2),(1 — z,2),(2,1 — 2)} is a
symmetric orbit, with U((1 — z,2)) = (1 — z,z), when
22 = a — 1. Therefore, if 6 + r > 7c?, there are two
symmetric orbits of order 3.

The points in the orbit of period 3 determined by ei-
ther value of T' are elliptic if u € R and u? < 1. Note
that v € R if either 6 +7 > 7¢? or r = %. In the latter
case, there is a nonsymmetric orbit of elliptic points of
order 3 when 28¢? > 27 and —1 < 32¢® — 30c < 1. When
64 r = 7c?, there is a symmetric orbit O of period 3 and
multiplicity 2. Here u = cos 32—9 so the points in O are
elliptic.

Points « for which there are elliptic points of period
three, for pos(a) or neg(«), are shown, with various com-
binations indicated by different levels of shading, in Fig-
ure 5.

4.5 Elliptic Periodic Points and the Keep Set
The forward and backward keep sets KT and K~ of H
are defined as follows:

Kt = {PecC?:{H"(P)},>o is bounded};

K- = {PeC?:{H"(P)},<o is bounded}.
For example, see [Hubbard and Oberste-Vorth 94]. The
keep set K is Kt N K~. By (3-5), for P € C?,

PeK"& R(P)e K~ < U(P)€K.

Hence K is invariant under both U and R and if P is
fixed by either R or U, then P € K+ < P ¢ K.
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It is known, e.g., [Smillie and Buzzard 97, Theorem
13.2] that periodic saddle points must be on the boundary
of K, so any periodic point P € Int K must be elliptic.
We thank the referee for pointing out that, at any such
point, H is locally conjugate to its linearization. On a
dense subset of P, containing those points (a, 3) where
the eigenvalues of the Jacobian matrix J; are roots of
unity at the fixed points, H cannot be locally conjugate
to Ly at the fixed points, which are therefore not in
Int K.

Experiments investigating whether selected points
close to periodic points of orders 1, 2, or 3 are in the keep
set produce pictures remarkably similar to those in Fig-
ures 2, 4 and 5. It would be interesting to know for which
elliptic periodic points P there exists a neighbourhood U
of P such that U\K has measure zero. We would also
be interested to know more about the sets @,, and their
union @. In particular, how does the Lebesgue measure
of @,, behave as n increases and is the Lebesgue measure
of @ finite? Or could @ be the whole of P?

5. DYNAMICAL RELATIONS

The dynamics of the Hénon map are known to be similar
to those of the horseshoe map, see [Smillie and Buzzard
97, Section 5] or [Oberste-Vorth 97, Section 4]. For the
reversible Hénon maps considered here, it is possible to
be precise about the bounds which occur.

Definition 5.1. For 0 # « € C, let

bo =1+ 1+ ]| €R, (5-1)

and let
V = {(z,w):|z]| <by and |w| < b,}; (5-2)
vVt = {(z,w):|w| > by and |w| > |z|}; (5-3)
Vo = {(z,w):]|z| > by and |z| > |w|}. (5-4)

We note that, for the involution R defined in (1-2),
R(VH)=V~,R(V") = R(V*) and R(V) = V.
Proposition 5.2.

(1) HV™)Cc V™.

(i) If P € V~ then ||H™(P)|| = o0 as n — 0.
(iii) H-Y(VT) C VT,

() If P € VT then ||[H "(P)|| — 0o as n — oo.
(v) HV)C VUV~ and H-Y (V) C VU V™.
(vi) K CV.

Proof: Note that
|ab? — by — 1 = by,. (5-5)

(i) Let (z,w) € V~ and let (u,v) = H((z,w)). Then
|z| > |w| and |z] > by (1 + €) for some € > 0. Now

ul o1 o]
= 2l = lwl—laf) 2 2] =1 = —.
2| I 2|
Using (5-5),
ol o
R N N S i L
S F e N
2 4+ 2€)by — 1
:(e—l—e)b €+ > 142
(I+e)
Thus |u| > 2| > by and |v] = |z| < |u|] and so
(u,v) € V.

(ii) Let P = (z,w) and (up,v,) = H"((z,w)). If
(z,w) € V~, the above argument shows that |v,41| =
|un| > (14 2€)™|z| for some € > 0.

(iii) Using (3-5), H Y(VT) =
RH(V-)CR(V™)=V+.

(iv) follows from (ii) and (3-5), while (v) and (vi) are
immediate from (i)-(iv). O

RHR(V*¥) =

Remark 5.3. The bound b, is, in a sense, best possible,
for if « = B = —1, then (z,w) = (=1 — 2,1 ++/?2) is a
fixed point of H and b, =1+ V2.

6. ORBITS

Most of this section is concerned with experimental ob-
servations of orbits of (0,0). Orbits in Int K, for a class
of volume-preserving maps including H, are discussed in
[Bedford et al. 91, Appendix] where it is shown that the
closure of the orbit of a generic point is a union of g k-
dimensional tori for K = 1 or £ = 2. From Section 3.3
and our experimentation, it appears that if 3 is a prim-
itive mth root of unity and r is small, then k¥ = 1 and
q = m. However, it appears that, for larger r, ¢ can be
nm for an integer n > 1. In Section 6.3, we shall describe
an example where m = 25, but ¢ appears to be 1075. If
[ is not a root of unity, then k may be 2 and, although
q = 1 for the linearization and for small r, experimen-
tation suggests that ¢ need not always be 1. Examples
with ¢ > 1 will be observed in Section 6.2 and Section
6.3.

We restrict our study to the case where a = re
with » > 0 so that a determines H. The obser-
vations below are based on a Java applet, available

6



FIGURE 6. The set B.

at http://www.shef.ac.uk/~daj/henon/H.html, which,
given r and 6, plots the z-projection II,(orb((0,0)). The
set B :={a:(0,0) € K} is shown in Figure 6. This was
plotted using a Java applet based on the bound b, from
Proposition 5.2(ii). Note that if |a| > 3, then b, < |af
and hence, since H((0,0)) = («,0) € V, (0,0) ¢ K.

6.1 Coset Orbits

Let 7 and k be integers with 0 < ¢ < k. The subset
{H*+1((0,0)) : j € Z} of orb((0,0)) will be denoted
O7 and will be called the i-th coset orbit for the sub-
group (HF).

Suppose that 3 is a primitive mth root of unity. Re-
call from Section 3.3 that the orbit of a generic point
under (L) is dense in a union of m closed curves whose
z-projections are ellipses. For small r, II,(orb((0,0)))
appears to be dense in the union of m ovals, each cor-
responding to one of the coset orbits O7*. In Figure 7,
where 0 = %, 5, % and m = 6,4,3, respectively, and in
Figure 8, where § = % and m = 4, each coset orbit is
shaded differently.

As r increases towards the boundary of B, the m ovals
lose their convexity and smoothness, but remain closed
curves. For example, see the top two coset orbits in Fig-
ure 14.

Where the line {ze? : z > 0} crosses the boundary
of B, the closed curves are distorted ovals for a close to
the boundary, but closer to their original oval shape away
from the boundary. Figure 9 shows the coset orbits O3 for

FIGURE 7. Orbits for m = 6,4, 3 respectively.
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FIGURE 9. Coset orbits for » = 0.1,0.23,0.24,0.3;60 = 7.

r =0.1,0.23,0.24,0.3, and 0 = 7/2. When r = 0.2462,
the orbit is unbounded. However, the orbit appears to
be bounded for r = 0.24853 (see Figure 10) and has a
reasonably simple shape for » = 0.3.

For fixed small r, the eccentricity of the ovals decreases
with 6. This can be seen in Figure 7. If 8 is not a
root of unity, the pictures generated by the applet are
consistent with orb((0,0)) being dense in a finite union
of two-dimensional tori. For example, see the orbits in
Figure 1.

FIGURE 10. A coset orbit for r = 0.24853 and 0 = 7.

6.2 Islands

It seems likely that the boundedness of the orbits dis-
cussed above is influenced by elliptic fixed points close to
the centre of the ovals. Orbits of points close to this fixed
point are similar in shape to those of (0,0). There are
points on the set B where orb((0,0)) appears to be in-
fluenced by elliptic periodic points of order greater than
one. For example, for the point o = e™/3, which ap-
pears to be on the boundary of an “island” of B, (0,0)

is an elliptic periodic point of order 4. For other val-
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FIGURE 11. Four coset orbits with a close-up of one.

ues of a on this island, the orbits of (0,0) appear to
be influenced by such periodic points. Figure 11 shows
orb((0,0)) when r» = 1 and 8 = €%-32™ a primitive 25th
root of unity. On the left are the four coset orbits for H*
with a close up of one of these, decomposed as the union
of 25 coset orbits for H'%°, on the right. This suggests
that there may be an orbit { Py, P, P3, P4} of elliptic pe-
riodic points of order 4, such that there exist neighbour-
hoods N(Pl), N(Pg), N(Pg), N(P4) with OI'b((O, 0)) C
Ui<i<a N(P) and H(N(P;)) € N(Pi41 mod 4)-

Values of the parameters at which we have observed
similar behaviour are shown on the left of Table 1. Fig-
ure 12 shows orbits for the first three rows of the left
hand table.

o ° S,
© ATl
Oo N 2

FIGURE 12. Orbits for a = 0.55¢™9 ,«
o = 0.9385¢" 1877,

0.939¢%,

wl”

6.3 Bifurcation

Within the period 4 island, there is some bifurcation.
Figure 13 shows the 12 coset orbits for H'2, where
a = 0.98¢%3%7 on the left, and o = 0.95¢%-30167%
indicating bifurcation from 4 to 12. The coset orbits
for a = 0.98¢%39™ are smoother than those for a =
0.95€0-3016 - Other values of a for which we have ob-
served bifurcation are shown on the right in Table 1.

If & = 0.167, so that m = 25, and r is about 0.82
then the coset orbits for H2° appear as 25 closed curves.
However for » = 0.83, these each bifurcate into 43 closed
curves, suggesting that the closure of orb((0,0)) is the
union of 1075 1-dimensional tori. The 11th coset orbits
for » = 0.82, 0.826 and 0.83 are shown in Figure 14.

r 0 period r 0 bifurcation
0.55 4m/9 5 0.98710.306317 12 — 60
0.939 0.27 11 0.983]0.3067 12— 444
0.9385 [0.187w 116 0.943]0.198257 11 +— 99
0.790666 | 0.2957047w 21 0.962]0.1987 11 — 253
0.788 0.363636367| 9 0.661]0.4957 5 — 90
0.696059(0.52013571 10 0.661]0.494989717 | 90 — 360

TABLE 1. Parameters for periodic behaviour and bifurcation.

'. gp

¥ %

FIGURE 13. Bifurcation into 12.

o V9,
o © ;

&
O CIQ':'

FIGURE 14. Bifurcation of one coset orbit.
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Soit B le sous-espace de H = L?(0,+00) composé des fonc-
tions f telles que f(t) = > 7_, cxp (%&) ,neN, ¢ e€C, 0<
0r <1, pour 1 <k <n,olp(t)désigne la partie fractionnaire
de t. Notons aussi x la fonction caractéristique de I'intervalle
10,1]. Un résultat bien connu de Nyman et Beurling [Nyman
50, Beurling 55] implique que I’hypothése de Riemann est
vraie si et seulement si d(x, B) = 0. Nous présentons ici divers
résultats numériques concernant I’approximation de x par des
éléments de B.

Let B be the subspace of H = L*(0,+o0) consisting of the
functions f such that f(t) = > }_, ckp (%lf-), n €N, ¢, €
C, 0 <6t <1, forl < k < n, where p(t) denotes the
fractional part of t. We also denote by x the characteristic
function of (0, 1]. A well known result of Nyman and Beurling
[Nyman 50, Beurling 55] implies that the Riemann hypothesis
holds if and only if d(x, B) = 0. We present several numerical
results about the approximation of x by elements of 5.

1. INTRODUCTION

On considere I'espace de Hilbert H = L2(0,+00) et le
sous-espace B de ‘H des fonctions de la forme

f0-$an (%),

neN, ¢ eC, 0<0 <1, pourl <k <mn,oup{)
désigne la partie fractionnaire de ¢. On note x la fonction
caractéristique de l'intervalle ]0, 1].

Il résulte des travaux de Nyman et Beurling [Nyman
50, Beurling 55] que ’hypothese de Riemann équivaut au
fait que x est limite dans H d’une suite d’éléments de B,
autrement dit au fait que d(x,B) = 0 ou d désigne la
distance naturelle sur ‘H induite par le produit scalaire
<fg>= f0+00 f(t)g(t)dt

Si 'on note, pour 0 < A < 1, By le sous-espace
de B des fonctions f telles que minj<p<, 0 > A et

© A K Peters, Ltd.
1058-6458/2001 $0.50 per page
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D()\) = d(x, By), le théoréme de Beurling et Nyman af-
firme donc I’équivalence entre ’hypothese de Riemann et
la convergence de D()) vers 0 quand A tend vers 0.

On dispose sur D(A) de la minoration suivante établie
par L. Baez-Duarte, M. Balazard, E. Saias et le premier
auteur [Bdez-Duarte et al. 00].

Théoréme 1.1. (Baez-Duarte et al.)
lig\niglfD()\)\/log(l/)\) > C,
—

ot la constante C est définie par

Nl

1
C:= —
2P
la sommation portant sur les zéros B de la fonction { de
partie réelle %, chaque zéro étant compté une seule fois,

quel que soit son ordre de multiplicité.

Signalons que ce résultat a été récemment amélioré par
J.-F. Burnol [Burnol 01] qui a établi le théoreme suivant.

Théoréme 1.2. (Burnol.)

m 2
tiint DOV Iog 1/ > | 320
B

ot la sommation porte toujours sur les zéros 3 de la fonc-
tion ¢ de partie réelle % et m(B) désigne la multiplicité

de (3.

On remarquera que d’une part si I’hypothese de Rie-
mann est fausse les deux théorémes précédents sont tri-
viaux puisque le membre de gauche vaut +o0o. D’autre
part, on sait [Rosser 39, p. 29] que sous 'hypotheése de
Riemann on a

Z _mﬂ(g) =2+ —log4m,
B

ou ~ désigne la constante d’Euler. Cela permet donc
d’affirmer finalement & partir du résultat de Burnol que

Théoréme 1.3.

li{\ni(r)lfD()\)\/log(l/)\) > /2 + v — log4r.
—

Les résultats numériques mentionnés en [Baez-Duarte
et al. 00] et développés dans ce qui suit ont conduit leurs
auteurs a formuler la conjecture suivante.

Conjecture 1.4. On a

lim D(M\)/log(1/\) = /2 + v — log 4.
—

Nous présentons ici un certain nombre de résultats
numériques concernant ’approximation de la fonction x
par des éléments de B.

2. PRODUITS SCALAIRES

La plupart des calculs présentés ici nécessitent
I’évaluation des produits scalaires entre les fonctions gy
définies par gy(t) := p(0/t) pour 6 > 0.

On utilise pour cela les formules' explicites. de Vas-
siounine [Vassiounine 96] suivantes s’appliquant aux fonc-
tions en(t) = g1 (t) = p (L), n>1

Théoreme 2.1. (Vassiounine.) On a pour n,m > 1

log(27) — 1 1 -
< é€n,lm > = Og—( 7T) 7 -+ — +m nlOg (£>
2 nom 2mn m
w e (km()) . k
2nm Pt ng no
w " kng . wk
2mn o mo mo’
ot w = (n,m), n = wng, m = wmgy et v désigne la

constante d’Euler.

A vpartir de ces formules, il est aisé d’établir les
résultats plus généraux suivants.
Proposition 2.2. On a

(i) < go,g0 >= 6 < ey,e1 >= 0(log(2m) — ) pour tout
0 >0;

(i) < ge,9y >=pp' < epq,epy >, pour p,p',q,q' > 1,
q
p<q etp <q;
(ii1) < x,g0 >= 0(—log+1—7), pour tout 6,0 < 0 < 1.

3. CALCULS DE LA DISTANCE d,,

D’apres la formule d’inversion de Maebius et le théoreme
des nombres premiers, on a

> 1
Z,u(k)p (E) = —1 pour tout ¢t > 0.
k=1

1En fait, Vassiounine a donné des formules pour < e, —
e1/n,em —e1/m >.




Landreau et Richard: Le critere de Beurling et Nyman pour I"hypothése de Riemann: aspects numériques

351

0.1

0.095

0.09

0.085

0.08

0.075

0.07

0.065 |

0.06 1 1 I 1

0 2000 4000 6000 8000

10000 12000 14000 16000 18000 20000

FIGURE 1. La distance d,, de 1 & 20 000.

Une premiere approche naturelle consiste donc a se
restreindre aux fonctions de B ayant des parametres 6
rationnels et plus précisément de la forme %, k € N*. On
considere pour cela les fonctions ej définies par eg(t) =
p(75) pour k > 1 et on note V,, le sous-espace vectoriel
engendré par la famille (eq,...,e,). On s’intéresse alors
a la distance d,, := d(x, V,,) dans H.

Les résultats numériques qui suivent plaident en faveur
de la conjecture suivante déja énoncée en [Baez-Duarte
et al. 00] et similaire & la conjecture précédente.

Conjecture 3.1. On a

9 N2—|—'y—log47r

n

d quand n — +00.

logn

Rappelons que la convergence de d, vers zéro en-
traine automatiquement ’hypothese de Riemann puisque
D(%) < d, mais en revanche la réciproque n’est pas
claire?.

Des calculs sur d,, ont déja été présentés en [Bdez-
Duarte et al. 00], nous les avons prolongés jusqu'a
20000. La méthode est fondée sur une ortho-
normalisation de Gram-Schmidt de la base des (e)r>1.
Nous avons également utilisé d’autres méthodes de cal-

n =

culs comme la formule

2 det Gram (eq, ..., en,X)
" det Gram (eq, ..., e,)

)

2En fait, la question est maintenant réglée, cf Addendum.

ou encore la méthode du gradient conjugué ou bien encore
la méthode d’orthogonalisation QR; ces méthodes sont
nettement plus lentes mais permettent de confirmer (au
moins jusqu’a n = 10000) les résultats précédemment
trouvés.

On peut observer, Figure 1, que la décroissance de d,,
est relativement lente et irréguliere.

En grossissant le graphe, par exemple entre 0,07 et
0,08, on observe, Figure 2, une succession de ruptures de
pente difficiles a interpréter. En effet, s’il est clair, que
pour les petites valeurs de n, ce sont les nombres premiers
qui provoquent une pente importante pour le graphe de
dn, cela devient beaucoup plus complexe par la suite et
mériterait certainement une étude approfondie.

Expérimentalement, la suite d,,+/logn converge et 1’on
peut calculer aisément par la méthode des moindres
carrés le nombre réel ¢ = an qui minimise 227:1 |d,, —
a/+/logn|?. On trouve pour N = 20000, ay ~ 0,21377.
La proximité de ce nombre avec (2 + v — log 47r)% ~
0,21492 apporte du crédit aux conjectures précédentes.
La comparaison du graphe de d,, et de celui de sa valeur
asymptotique conjecturée, Figure 3, explique le léger
décalage de la constante ap, sans que celui-ci ne soit
vraiment significatif.

4. CALCULS DE LA PROJECTION ORTHOGONALE
DE x SUR V,

Dans cette section, nous nous proposons d’étudier la pro-
jection orthogonale de x notée p,, sur le sous-espace V,,.
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FIGURE 2. La distance d,, de 1 & 10000, fenétre [0,07; 0, 08].
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FIGURE 3. La distance d,, de 1 & 20000 et /2 + v — log 47 /+/logn.

Nous nous sommes intéressés principalement aux coor-
données de p,, dans la base des (e)1<k<n. On écrit pour
cela

Pn = an1€1 + Ap 2€2 +-+ Gn,n€n-
On s’intéresse ici au comportement des a,jx. On

s’apercoit rapidement sur les premieres valeurs, Table 1,
que les a, , pour k fixé, convergent expérimentalement

vers —u(k) lorsque n tend vers U'infini. Cela ne surprend
pas: d’une part, comme nous I’avons déja mentionné, la
suite de fonctions w, = —> ;_, u(k)es converge sim-
plement vers x sur |0,+oo[, d’autre part il résulte des
travaux exposés en [Bdez-Duarte 01] que ’hypotheése de
Riemann implique cette propriété de convergence de a,,
vers —u (k). Malheureusement la suite de fonctions (u,,)
ne converge pas vers y dans H [Bdez-Duarte 01].
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n\k 1 2 3 1 5 6 7 8 9 10
1 0,335
2 | -0,829 1,900
3 | -0977 1,138 1,349
4 | -0925 0856 1,049 0,700
5 | -0927 0,859 0,863 0296 0,751
6 |-0931 0,863 0,880 0,302 0,777 -0,060
7 | -0939 0891 0,894 0,195 0,673 -0,399 0,614
8 | -0938 0894 0,897 0,172 0,671 -0,410 0,575 0,081
9 |-0937 0,896 0,888 0,179 0,660 -0,416 0,567 0,030 0,086
10 | -0,939 0,901 0,881 0,170 0,695 -0,416 0,573 0,047 0,152  -0,126
11 | -0,945 0,918 0,890 0,145 0,734 -0,487 0,545 0,029 0,106 -0,416
12 | -0,945 0,918 0,890 0,144 0,735 -0,490 0,546 0,029 0,106 -0,418
13 | -0,944 0,916 0,891 0,155 0,724 -0,466 0,510 0,026 0,090  -0,422
14 | -0,950 0,926 0,890 0,138 0,735 -0,517 0,615 0,019 0,102 -0,421
15 | -0,950 0,924 0,895 0,130 0,749 -0,519 0,599 0,042 0,100 -0,416
16 | -0,951 0,925 0,900 0,128 0,759 -0,528 0,629 -0,025 0,106 -0,414
17 | -0,952 0,927 0,908 0,125 0,768 -0,546 0,625 0,015 0,055 -0,422
18 | -0,952 0,927 0,909 0,125 0,770 -0,551 0,626 0,021 0,043  -0,422
19 | -0,953 0,929 0,907 0,122 0,773 -0,543 0,619 0,019 0,068 -0,454
20 | -0,953 0,925 0,909 0,130 0,768 -0,554 0,630 _ 0,019 0,026 -0,381
TABLE 1. Les coeflicients a,,x pour 1 <n <20et 1<k <10
70 . . . . . . : .
60 -
50 1
40 | // .
//‘
30 1
20 -1
10 -
(0] 1 2 3 4 5 6 7 8 9

FIGURE 4. Les coefficients b;’ll en fonction de logn de 1 a 5000.

On peut penser pour a,j & une expression de la
forme —pu(k)(1 — %gi) En effet A. Selberg utilise dans
gn
[Selberg 46] une approximation de 1/{(s) sur la droite
critique par des polynomes de Dirichlet de la forme
Sy w(k)(1— %)k—lﬁ ce qui incite & tenter d’approxi-
mer X par la suite de fonctions

i log k
=Y ulk) (1 - e
Pt ogn

Ceci nous amene a étudier, a k fixé, plus précisément les
quantités by, i := |ank + (k)|

Prenons pour commencer £ = 1, le tracé de b;ﬁll en
fonction de logn, Figure 4, met en évidence, hormis
quelques valeurs initiales tres particulieres, la quasi-
linéarité en logn. Cependant, il est clair que la formule
@ pour la pente ne convient pas pour cette valeur par-
ticuliere de k.

Un calcul de la meilleure constante ¢, au sens des
moindres carrés, telle que b, 1 = ¢/logn donne la valeur
c1 ~ 0,133. On observe ce méme comportement comme
le montre la Figure 5 pour k = 2,3,4,5 et k£ > 6 a condi-
tion que k soit sans facteur carré.

En revanche, pour les k plus grands que 4 et ayant
un facteur carré, par exemple pour k = 8, Figure 6, on
obtient pour a,, g un graphe qui tend vers zéro en oscillant
de facon irréguliere.

On pense naturellement a calculer pour chaque k sans
facteur carré la meilleure constante c;, telle que b, =
chk;. Pour cela on minimise par exemple la quantité

N
Z(brjC — clogn)?.

n=1

Les résultats sont donnés Table 2 pour 1 < k£ < 19,
w(k) # 0 et N = 5000.
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FIGURE 5. Les coefficients b;}lk en fonction de logn, k =1,2,3,4,5,6,7,10 et 1 < n < 5000.

L’étude de la dépendance de ces constantes en fonc-
tion de log k, Figure 7, met en évidence une proportion-
nalité avec log k mais avec une sérieuse dispersion pour
les grandes valeurs de k.

On peut aussi d’'un autre coté, pour apprécier le role
des différentes fonctions ey, considérer a n fixé, la suite
des entiers k ordonnés suivant l’ordre décroissant des
|an k|- On obtient par exemple pour n = 100 le classe-
ment suivant.

123576111310 17 1514 19 23 21 33 22 29 31 37 26
47 39 65 41 35 74 43 53 59 46 55 34 51 77 38 57 30 67 97
61 42 70 87 66 58 71 73 79 78 62 82 89 69 91 85 94 93 95
83 86 92 90 68 84 44 36 12 81 4 28 88 54 18 40 99 56 80
100 52 63 72 60 9 48 98 49 45 25 50 16 27 32 75 24 20 96
64 76 8.

La structure multiplicative des entiers y apparait claire-
ment sans pour autant qu’il se dégage une regle simple
d’ordonnancement.

k] 1 1 2 ] 3] 5] 6] 7 |10
% ]0,1330,233]0,253]0,711|1,337| 1,048 1,748

E| 11 | 13 | 14 | 156 | 17 | 19
x| 1,487 | 1,641 [2,002| 1,881 1,060 2,021

TABLE 2. Les constantes ¢, pour 1 < k < 19, u(k) # 0,
calculées pour N = 5000.

Pour conclure cette section, disons que l’expression

—u(k)(1— %ggﬁ) pour le coefficient a,, i, est effectivement

une formule qui colle grossierement au comportement

asymptotique de a,  quand n et k tendent vers l'infini,
elle n’en reste pas moins approximative et nécessiterait
une nette amélioration. On verra un peu plus loin ce que
donne I’étude directe de la suite de vecteurs définis par
cette expression.

5. CALCULS DE LA DISTANCE DE
A CERTAINES SUITES

Une autre approche consiste a étudier des suites candi-
dates pour converger dans H vers x. On considere tout
d’abord la suite naturelle de vecteurs

n

On observe sur la Figure 8 que, ainsi qu’il a été men-
tionné plus haut, la suite u,, ne converge pas vers x dans
‘H, cependant la distance d(x,u,) semble rester bornée.
On notera de plus une corrélation certaine et finalement
assez naturelle entre les variations de d(x,uy) et les va-
riations de la fonction sommatoire M de la fonction de
Moebius, cela apparait clairement en comparant le graphe
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FIGURE 7. Les constantes ¢ en fonction de log k pour 1 < k < 1000, u(k) # 0, calculées pour N = 5000.

de d(x,uy) avec celui de z — |M(z)|/+/z. On considere
alors la suite de vecteurs
log k >
€k,

Un = _i“(k) <1 " logn

k=1

ce qui semble étre un bon candidat compte-tenu de
I’étude de la projection orthogonale de x sur V,, réalisée
a la section précédente.

Le graphe de la distance d(x,v,) comparé & celui de
d,, est le suivant, Figure 9.

On constate maintenant une décroissance générale
vers zéro mais disons a “bonne” distance de d,,. On peut
encore approcher un peu plus pres le graphe de d,,. Apres
diverses expérimentations, il apparait que la suite définie

par
log k

E)|1—-—— .

M()( 10gn)ek

wy, = —e; — (1 +

1 n
log n) Z

k=2
réalise une bonne performance. Le graphe de la distance
d(x,wy) comparé a celui de d, et d(x,v,) est donné
Figure 10.
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FIGURE 9. Comparaison de d,, et d(x,v») pour n < 5000.

5000

Le graphe est maintenant nettement plus proche de
celui de d,,.
pu trouver de suites véritablement meilleures pour ap-

Malgré diverses tentatives nous n’avons

procher la fonction y. Compte-tenu de ces résultats, on
peut raisonnablement conjecturer que les suites v, et w,
convergent vers x dans H; il reste donc a étudier les ex-
pressions ||x — v,||? ou [[x — w,||? ce qui n’est pas aisé
malgré leurs formes tout a fait explicites obtenues grace
aux formules de Vassiounine déja mentionnées.

6. RECHERCHE DES MEILLEURS 6
6.1

Dans ce qui précede, nous nous sommes toujours jusque
la restreints a I’étude de l'approximation de x par des

Introduction

combinaisons linéaires de fonctions ey (t) = p(7). Dans
cette section, nous nous proposons maintenant d’élargir
cette étude au cas plus général ou les parametres 6 sont
quelconques dans ]0, 1]. On considére pour cela pour N >
1 le sous-ensemble By de B des fonctions de la forme

N
f(t) = Zcig9i(t)a ci€C,0; 6}0, 1]3 pour 1 <4 <N,

=1

out go(t) == p (7).
Notre démarche
expérimentalement & N fixé les (6;)1<i<ny qui en-

va consister a trouver

les meilleures
Autrement dit,

gendrent par combinaisons linéaires

approximations de x. en notant
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FIGURE 10. Comparaison de dy, d(x,v,) et d(x,w,) pour n < 5000.

V(b1,...,0n8) = Vect(go,,---,905), recher-
chons les (0;)1<i<ny rendant minimale la distance
d(x,V(b1,...,0n)). Signalons de suite que By n’étant
pas un sous-espace vectoriel de H, ’existence d’un N-
uplet (01, ...,0N) tel que d(x, By) = d(x, V(01,...,0N))
n’est pas assurée.

Notons que par un résultat classique de géométrie

euclidienne on a

nous

_det Gram (g, , . . -

’HN))_ 799N7X)

-7991\7)

d(x. V6, ..

)

det Gram (gg,, - .

ou Gram (vq,...,v,) désigne la matrice de Gram des

vecteurs v;.

6.2 Cas d’un seul 0

Dans le cas particulier ou N = 1, on obtient aisément le
résultat suivant.

Théoreme 6.1. La distance de x a la droite engendrée
par gg est minimale pour § = 0y := e 177 ~ 0,207 et on
a alors

d(x, Caae) = dx, Br) = 1|1 — = <0587
(x: Cgo,) = d(x, B1) = —mfv ) .

La démonstration se fait simplement en étudiant les
variations de la fonction

det Gram (gg, X) < 90,90 > — < X, 90 >2
det Gram (gg) < 90,90 >

dont on obtient une expression explicite a 'aide de la
proposition de la section 2.

6.3 Cas N =2

Dans ce qui suit, on s’intéresse a l’existence puis a la
détermination expérimentale d’un couple (01,62) mini-
misant la fonctionnelle F5 (61, 03) := d(x, Vect(go, , go,))-

Proposition 6.2. I existe une fonction f de By telle que

Ix = fll = inf [Ix — ]l
LPEBz

Une preuve de ce résultat a été
indépendamment par E. Saias [Balazard et Saias
98] et V. Vassiounine dans un cadre légeérement différent,
une démonstration complete tirée de celle de Saias est
exposée par le second auteur en [Richard 00].

Pour trouver expérimentalement un couple (61,62) €
]0,1)?> qui minimise la fonctionnelle Fy : (61,6;) —
d (x, Vect (go,, go,)), nous avons tout d’abord réalisé une
représentation graphique de la surface définie par Fj,
Figure 11. Nous avons utilisé pour cela le logiciel Matlab;
la fonction Fy est évaluée en calculant les déterminants
des matrices de Gram correspondantes. Le maillage
choisi est décimal avec un pas de 0,01. L’étoile sur la
figure signale le point minimum observé sur le maillage

donnée

choisi, en occurence au point (1, %)

On observe clairement une suite de minima locaux qui
se répartissent sur un faisceau de droites d’équations 6, =
%91, n 2 1.

On observe également sur les bords de la surface par
un effet de continuité lorsque 61 ou 65 tend vers zéro le
graphe de la fonction 0 — d(x, Cgg) étudiée a la section
précédente.

Nous avons ensuite entrepris un calcul de minimisation
plus poussé. On cherche précisément le minimum de la
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FIGURE 11. La distance de x & Vect(ge,,go,) (vue de l'origine, de coté).

fonction F5(61,62) sur I'ensemble Do = {(61,62) € Q X
Qb =580=21<p <q¢=<Qi=12}ol
@ > 1 est fixé. Les distances sont calculées cette fois
par la méthode d’orthonormalisation de Gram-Schmidt
(le calcul des déterminants de Gram est en effet bien trop
coliteux) de fagon similaire aux calculs conduits pour la
distance d,, dans la troisiéme section.

On trouve alors, en effectuant les calculs jusqu’a une
borne Q = 200, comme valeurs réalisant le minimum de
F, en permanence le couple (1, %) ce qui corrobore le
résultat lu sur le graphe un peu plus haut et donne une
distance minimale F3(1, 3) ~ 0,483.

On peut noter que si le minimum de F5 était atteint
avec au moins 'un des 6; irrationnel, on devrait alors
observer en augmentant suffisamment la borne @, par
densité de Q et par continuité de F5, des # rationnels
proches de la valeur idéale donnant de meilleures valeurs
de la distance que le couple (1, %) Or il n’en est rien, du
moins jusqu’a @ = 200.

Tout laisse donc a penser au vu de ces résultats que
les meilleurs 6 sont les rationnels 1 et %

6.4 Cas N > 2

On prolonge maintenant ’étude précédente au cas de plus
de deux parametres . On s’emploie a déterminer le min-
imum de la fonction

Fy :(01,...,0n) —> d(x, Vect (go,---,905)) -

L’existence d’un N-uplet réalisant le minimum n’est
plus assuré et ne semble pas facile a établir dans le cas
général.

Remarquons que 'on a

2

N 2 o | N 0.
X — Z cigo;|| = /1 Z cip (f) dt
=1 ~ 'LJ:VI ) N ,
:/ Zcﬂ, X % dt = chel .

L li=1 i=1

il sera intéressant de regarder la valeur de
ZZN:l ¢;0; qui doit, si 'hypotheése de Riemann est vraie,
tendre vers 0 lorsque N tend vers 'infini pour le N-uplet
des meilleurs 0;.

Dans

Ainsi,

tout ce
parerons les résultats avec
dn = d(x, Vect(ey,...,en)).

Dans un premier temps, nous avons effectué, compte-
tenu des approximations de y étudiées précédemment,
une recherche des meilleurs # parmi les inverses d’entiers.
Nous avons ensuite élargi notre recherche a tous les 6
rationnels. Dans les deux cas, la recherche est menée
parmi les rationnels de dénominateur borné.

6.4.1 Minimisation sur les inverses d’entiers. Nous
recherchons ici & N fixé les (6;)1<;<n qui minimisent Fi
avec@i:é,lgqng,lgigN.

Voici, Table 3, les résultats obtenus. Il est évident que
lorsque N augmente, pour des raisons de temps de cal-
cul, nous sommes malheureusement obligés de réduire

sérieusement la borne ), ce qui limite la portée des
résultats.

nous

qui suit, com-

ceux obtenus pour

A priori, I’étude de la section 4 nous laisse penser que
P’on va retrouver en premier les inverses de nombres pre-
miers entre lesquels vont s’intercaler les inverses de nom-
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N Q 0;,1=1 N distance dn i c;0;
i=1
2 | 500 1,1 0,4825 | 0,5385 | 0,09106
3 | 500 1,%,% 0,3063 0,3063 | 0,04161
4 | 100 1,4,4,1 0,1999 | 0,2552 | 0,01624
5 | 50 1,3,34,%, 2 0,1725 | 0,1900 | 0,01057
6 50 1,3,4, 44,4 0,1609 0,1897 | 0,00977
7 | 50 1,14, 848 & 0,1537 | 0,1559 | 0,00828
8 25 1,3,3.834,4. 5. & 0,1475 0,1554 | 0,00788
9 | 25 1,4, 4,54 5L 5, & 0,1438 | 0,1550 | 0,00730
10 | 25 L,3,3. 5084 5 555 0,1399 0,1542 | 0,00709
11 | 25 1,3, 5,444 5455 0,1362 | 0,1430 | 0,00654
12 | 25 1,43, 40,845 4555 & 0,1334 | 0,1430 | 0,00612
13 | 25 ,3,4,4, 4,0 L L L L L L 0,1310 0,1408 | 0,00594
14 | 25 L33 443 2 E s 0,1310 | 0,1360 | 0,00589
15 | 25 1,334,440 L L A5 S 0,1270 0,1354 | 0,00559

TABLE 3. Meilleurs 6; inverses d’entiers, 2 < N < 15.

bres composés sans facteur carré. C’est effectivement le
cas mais I’on note tout de méme quelques particularités.
Il y a la curieuse inversion d’ordre pour % et % au départ.
Le rationnel % apparait pour N = 9. Un fait marquant
est que la suite des ensembles ({01,...,0x}), .y n'est
pas une suite croissante pour l'inclusion. par exemple,
% apparait pour N = 9, disparait pour N = 10 puis
réapparait pour N = 12. On notera que l'expression
Zij\il ¢;0; semble tendre vers zéro en décroissant.

6.4.2 Minimisation sur les rationnels.  Nous cherchons
maintenant & déterminer & N fixé les (0;)1<;<n qui min-
imisent Fy(01,...,0N), ou les 6; sont rationnels de la
forme@i:%, 1<p;<q¢<Q,1<i<N.

Encore une fois, et plus que dans la recherche
précédente, pour des raisons évidentes de temps, les
bornes des dénominateurs sont relativement petites ce
qui limite considérablement la zone d’investigation.

Voici cependant, Table 4, les résultats obtenus.
objet de cette seconde
recherche, est de savoir si des rationnels autres que les

La question importante,

inverses d’entiers peuvent jouer un role important dans
I'approximation de y. La réponse est positive puisque

'on note avec attention ’apparition des rationnels

3 5 5
11013011 " .
de 6 apparaissent puis disparaissent (par exemple 73) de

sorte que la suite des ensembles ({01,...,0k}), .y n'est
toujours pas une suite croissante pour l’inclusion. Les

On note également que certaines valeurs

inverses d’entiers ayant un facteur carré n’apparaissent
pas, du moins pour N < 10.
I apparait alors intéressant et complémentaire

d’étudier numériquement la distance §,, définie par §,, =

d(x, Wy) ot W,, = Vect(gp/q,1 < p < g < n) et de
la comparer & d,. Notons que l'on a immédiatement
compte-tenu des différentes définitions

D(1/n) < 6, < dy.

Le calcul de cette distance, mené comme celui de d,,, ne
peut malheureusement étre fait que pour des entiers n
relativement petits; en effet les rationnels 6 considérés
constituent la suite de Farey de rang n dont le cardinal
croit de facon quadratique en n.

Signalons simplement que 1’on observe jusqu’an < 200
(soit plus de 12000 rationnels) un comportement simi-
laire & celui de d,, mais avec toutefois des valeurs de
0, bien inférieures & celles de d,,. Cela vient confirmer
les calculs précédents qui ont mis en lumiere le role non
négligeable des 0 de la forme p/q avec p > 1.

Disons pour conclure cette section que le comporte-
ment des meilleurs 6 reste, malgré une stabilité relative
évidente des suites obtenues, pour l'instant encore as-
sez mystérieux. Il est difficile de dégager une conjecture
claire pour la suite de ces meilleurs 6 et, en particulier, en
dépit de 'apparition des rationnels comme par exemple
2 ou 2, il est tout & fait possible qu’asymptotiquement
les 0 de la forme % soient les meilleurs possibles.

ADDENDUM

Depuis la date de soumission de ce travail, un nouveau
résultat important a été établi par L. Bdez-Duarte [Béez-
Duarte 02]. Sil’on note B"* le sous-espace de B engendré
par les fonctions ¢ — p(%), n > 1, alors 'hypothese de
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N[ Q 0;,i=1...N distance dn i c;0;
=1
3 | 40 1,3,3 0,3063 | 0,3063 | 0,04161
4 | 40 1,344 0,1999 | 0,2552 | 0,01624
5 |25 1,1,%,3,1 0,1725 | 0,1900 | 0,01057
6 | 18 1,3,4,3,3, 0,1607 | 0,1897 | 0,01238
7 |15 1,453,211 0,1506 | 0,1559 | 0,01687
8 | 15 Li, 242 48,1 0,1436 | 0,1554 | 0,01673
9 |13 | 1,3, 3.4, 5.5 6.4 0,1374 | 0,1550 | 0,01543
1013|1454 2111 L L 01330 |0,1542 | 0,01494

TABLE 4. Meilleurs 6#; rationnels, 3 < N < 10.

Riemann équivaut au fait que d(x, B"**) = 0i.e x € B"*
ou encore que la suite d,, étudiée dans la section 3 tende
vers 0 a l'infini. Cela vient prouver le fait qu’il suffit, pour
approcher la fonction y, de considérer les combinaisons
linéaires de fonctions gy ou les 6 sont rationnels et de la
forme %, n>1.
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A Chaitin Omega number is the halting probability of a univer-
sal Chaitin (self-delimiting Turing) machine. Every Omega num-
ber is both computably enumerable (the limit of a computable,
increasing, converging sequence of rationals) and random (its
binary expansion is an algorithmic random sequence). In par-
ticular, every Omega number is strongly noncomputable. The
aim of this paper is to describe a procedure, that combines Java
programming and mathematical proofs, to compute the exact
values of the first 64 bits of a Chaitin Omega:

0000001000000100000110001000011010001111110010111011101000010000.

Full description of programs and proofs will be given elsewhere.

1. INTRODUCTION

Any attempt to compute the uncomputable or to decide
the undecidable is without doubt challenging, but hardly
a new endeavor (see, for example, [Marxen and Buntrock
90], [Stewart 91|, [Casti 97]). This paper describes a hy-
brid procedure (which combines Java programming and
mathematical proofs) for computing the ezact values of
the first 64 bits of a concrete Chaitin Omega number,
Oy, the halting probability of the universal Chaitin (self-
delimiting Turing) machine U, see [Chaitin 90a]. Note
that any Omega number is not only noncomputable, but
random, making the computing task even more demand-
ing.

Computing lower bounds for €y is not difficult: we
just generate more and more halting programs. Are the
bits produced by such a procedure exact? Hardly. If
the first bit of the approximation happens to be 1, then
yes, it is exact. However, if the provisional bit given by
an approximation is 0, then, due to possible overflows,
nothing prevents the first bit of 0y from being either 0
or 1. This situation extends to other bits as well. Only
an initial run of 1s may give exact values for some bits
of QU.

The paper is structured as follows. Section 2 intro-
duces the basic notation. Computably enumerable (c.e.)
reals, random reals, and c.e. random reals are presented

© A K Peters, Ltd.
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in Section 3. Various theoretical difficulties preventing
the exact computation of any bits of an Omega number
are discussed in Section 4. The register machine model of
Chaitin [Chaitin 90a] is discussed in Section 5. In Section
6 we summarize our computational results concerning the
halting programs of up to 84 bits long for U. They give a
lower bound for 2y which is proved to provide the exact
values of the first 64 digits of Q¢ in Section 7.

Chaitin [Chaitin 00b] has pointed out that the self-
delimiting Turing machine constructed in the preliminary
version of this paper [Calude et al. 00] is universal in
the sense of Turing (i.e., it is capable to simulate any
self-delimiting Turing machine), but it is not universal
in the sense of algorithmic information theory because
the “price” of simulation is not bounded by an additive
constant; hence, the halting probability is not an Omega
number (but a computably enumerable real with some
properties close to randomness). The construction pre-
sented in this paper is a self-delimiting Turing machine.
Full details will appear in [Shu 03].

2. NOTATION

We will use notation that is standard in algorithmic
information theory and assume familiarity with Tur-
ing machine computations, computable and computably
enumerable (c.e.) sets (see, for example, [Bridges 94],
[Odifreddi 99], [Soare 87], [Weihrauch 87]), and elemen-
tary algorithmic information theory (see, for example,
[Calude 94]).

By N, Q, we denote the set of nonnegative integers
(natural numbers) and rationals, respectively. If S is a
finite set, then #S denotes the number of elements of S.
Let ¥ = {0,1} denote the binary alphabet. Let ¥* be
the set of (finite) binary strings, and X“ the set of infinite
binary sequences. The length of a string x is denoted by
|z|. A subset A of ¥* is prefiz-free if whenever s and ¢
are in A and s is a prefix of ¢, then s = t.

For a sequence x = xgx1---x, - - € X¥ and an non-
negative integer n > 1, x(n) denotes the initial segment
of length n of x and z; denotes the ith digit of x, i.e.
x(n) = zoxy - Tp—1 € X*. Due to Kraft’s inequality,
for every prefix-free set A C X%, Q4 = > 4 27151 lies
in the interval [0,1]. In fact Q4 is a probability: Pick,
at random using the Lebesgue measure on [0, 1], a real
a in the unit interval and note that the probability that
some initial prefix of the binary expansion of « lies in the
prefix-free set A is exactly Q4.

Following Solovay [Solovay 75, Solovay 00], we say
that C is a (Chaitin) (self-delimiting Turing) machine,

shortly, a machine, if C is a Turing machine process-
ing binary strings such that its program set (domain)
PROG¢ = {z € ¥* | C(z) halts} is a prefix-free set of
strings. Clearly, PROG( is c.e.; conversely, every prefix-
free c.e. set of strings is the domain of some machine.
The program-size complexity of the string z € X* (rela-
tively to C) is He(z) = min{ly| | y € ¥*, C(y) = =z},
where min ) = co. A major result of algorithmic informa-
tion theory is the following invariance relation: We can
effectively construct a machine U (called universal) such
that for every machine C, there is a constant ¢ > 0 (de-
pending upon U and C) such that for every z,y € 3*
with C(z) = y, there exists a string 2’ € X* with
U(z') = y (U simulates C') and |z’| < |z|+c (the overhead
for simulation is no larger than an additive constant). In
complexity-theoretic terms, Hy(z) < He(z) + ¢. Note
that PROGY is c.e., but not computable.

If C' is a machine, then Q¢ = Qprog, represents its
halting probability. When C' = U is a universal ma-
chine, then its halting probability Qg is called a Chaitin
Q number, shortly,  number.

3. COMPUTABLY ENUMERABLE AND
RANDOM REALS

Reals will be written in binary, so we start by looking
at random binary sequences. Two complexity-theoretic
definitions can be used to define random sequences
(see [Chaitin 75, Chaitin 00a]): an infinite sequence x
is Chaitin random if there is a constant ¢ such that
H(x(n)) > n—c, for every integer n > 0, or, equivalently,
lim,, 00 H(x(n)) —n = oco. Other equivalent definitions
include the Martin-Lof [Martin-Lof 66, Martin-Lof 66]
definition using statistical tests (Martin-Lof random se-
quences), the Solovay [Solovay 75| measure-theoretic de-
finition (Solovay random sequences), and the Hertling
and Weihrauch [Hertling and Weihrauch 98] topologi-
cal approach to define randomness (Hertling—Weihrauch
random sequences).
alence between the Martin-Lof and Chaitin definitions
have been obtained by Schnorr and Solovay, see [Chaitin
90a, Chaitin 01]. In what follows, we will simply call
“random” a sequence satisfying one of the above equiva-
lent conditions. Their equivalence motivates the follow-
ing “randomness hypothesis” ([Calude 00]): A sequence is
“algorithmically random” if it satisfies one of the above

Independent proofs of the equiv-

equivalent conditions. Of course, randomness implies
strong noncomputability (see, for example, [Calude 94]),

but the converse is false.



A real a is random if its binary expansion x (i.e.
a = 0.x) is random. The choice of the binary base
does not play any role, see [Calude and Jiirgensen 94],
[Hertling and Weihrauch 98], [Staiger 91]: randomness is
a property of reals not of names of reals.

Following Soare [Soare 69], a real « is called c.e. if
there is a computable, increasing sequence of rationals
which converges (not necessarily computably) to a. We
will start with several characterizations of c.e. reals (see
[Calude et al. 01]).
real @ with infinitely many ones, then o = >
where X, = {i | y; = 1}.

If 0.y is the binary expansion of a

—n—1
neXq 2 ’

Theorem 3.1. Let « be a real in (0,1].
conditions are equivalent:

The following

(i) There is a computable, nondecreasing sequence of ra-
tionals which converges to «.

(i) The set {p € Q | p < a} of rationals less than « is
c.e..

(iii) There is an infinite prefiz-free c.e. set A C X* with
o = QA.

(iv) There is an infinite prefiz-free computable set A C
X* with o = Qy4.

(v) There is a total computable function f : N? — {0,1}
such that

(a) If for some k,n we have f(k,n) = 1 and
f(k,n+ 1) = 0, then there is an | < k with
f(l,n)=0and f(l,n+1)=1.

(b) We have: k € X, <= lim, o f(k,n) = 1.

We note that following Theorem 3.1, (v), given a com-
putable approximation of a c.e. real a via a total com-
putable function f, k € X, <= lim, . f(k,n) = 1;
the values of f(k,n) may oscillate from 0 to 1 and back;
we will not be sure that they stabilized until 2¥ changes
have occurred (of course, there need not be so many
changes, but in this case, there is no guarantee of the
exactness of the value of the kth bit).

Chaitin [Chaitin 75] proved the following important
result:

Theorem 3.2. If U is a universal machine, then Qy is
c.e. and random.

The converse of Theorem 3.2 is also true: It has been
proved by Kucera and Slaman [Kucera and Slaman 01]

Calude et al.: Computing a Glimpse of Randomness 363

based on work reported in [Calude et al. 01] (see also
[Calude and Chaitin 99], [Calude 02a], [Downey 02]):

Theorem 3.3. Let a € (0,1). The following conditions
are equivalent:

(i) The real « is c.e. and random.

(i1) For some universal machine U, ao = Q.

4. THE FIRST BITS OF AN OMEGA NUMBER
We start by noting that

Theorem 4.1. Given the first n bits of Qu, one can decide
whether U(xz) halts or not on an arbitrary string x of
length at most n.

The first 10,000 bits of Qp include a tremendous
amount of mathematical knowledge. In Bennett’s words
[Bennett and Gardner 79]:

[Q] embodies an enormous amount of wisdom in a
very small space ...inasmuch as its first few thou-
sands digits, which could be written on a small piece
of paper, contain the answers to more mathematical
questions than could be written down in the entire
universe.

Throughout history mystics and philosophers have
sought a compact key to universal wisdom, a fi-
nite formula or text which, when known and under-
stood, would provide the answer to every question.
The use of the Bible, the Koran and the I Ching for
divination and the tradition of the secret books of
Hermes Trismegistus, and the medieval Jewish Ca-
bala exemplify this belief or hope. Such sources of
universal wisdom are traditionally protected from
casual use by being hard to find, hard to under-
stand when found, and dangerous to use, tending
to answer more questions and deeper ones than the
searcher wishes to ask. The esoteric book is, like
God, simple yet undescribable. It is omniscient, and
transforms all who know it ...Omega is in many
senses a cabalistic number. It can be known of, but
not known, through human reason. To know it in
detail, one would have to accept its uncomputable
digit sequence on faith, like words of a sacred text.

It is worth noting that even if we get, by some kind of
miracle, the first 10,000 digits of 7, the task of solving
the problems whose answers are embodied in these bits
is computable, but unrealistically difficult: The time it
takes to find all halting programs of length less than n
from 0.Q20€25 ..., 1 grows faster than any computable
function of n.
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Computing some initial bits of an Omega number
is even more difficult. According to Theorem 3.3,
c.e. random reals can be coded by universal machines
through their halting probabilities. How “good” or “bad”
are these names? In [Chaitin 75] (see also [Chaitin
97, Chaitin 99]), Chaitin proved the following:

Theorem 4.2. Assume that ZFC' is arithmetically
sound.? Then, for every universal machine U, ZFC can
determine the value of only finitely many bits of Q.

In fact, one can give a bound on the number of bits of
Qy which ZFC can determine; this bound can be explic-
itly formulated, but it is not computable. For example,
in [Chaitin 97] Chaitin described, in a dialect of Lisp, a
universal machine U and a theory T, and proved that U
can determine the value of at most H(T') + 15, 328 bits of
Qu; H(T) is the program-size complexity of the theory
T, an uncomputable number.

Fix a universal machine U and consider all statements
of the form

“The n'” binary digit of the expansion of Qy is k”,
(4-1)

for all n > 0,k = 0,1. How many theorems of the
form (4-1) can ZFC prove? More precisely, is there a
bound on the set of nonnegative integers m such that
ZFC proves a theorem of the form (4-1)? From The-
orem 4.2, we deduce that ZFC can prove only finitely
many (true) statements of the form (4-1). This is Chaitin
information-theoretic version of Godel’s incompleteness
(see [Chaitin 97, Chaitin 99)):

Theorem 4.3. If ZFC is arithmetically sound and U is
a universal machine, then almost all true statements of
the form (4—1) are unprovable in ZFC.

Again, a bound can be explicitly found, but not ef-
fectively computed. Of course, for every c.e. random
real a, we can construct a universal machine U such that
a = Qp and ZFC is able to determine finitely (but as
many as we want) bits of Q.

A machine U for which Peano Arithmetic can prove
its universality and ZFC cannot determine more than
the initial block of 1 bits of the binary expansion of its

halting probability, {7, will be called Solovay machine.?

1Zermelo set theory with choice.
2That is, any theorem of arithmetic proved by ZFC is true.
3Clearly, U depends on ZFC.

To make things worse Calude [Calude 02b] proved the
following result:

Theorem 4.4. Assume that ZFC is arithmetically sound.
Then, every c.e. random real is the halting probability of
a Solovay machine.

For example, if a € (3/4,7/8) is c.e. and random,
then in the worst case, ZFC can determine its first two
bits (11), but no more. For o € (0,1/2), we obtained
Solovay’s Theorem [Solovay 00]:

Theorem 4.5. Assume that ZFC is arithmetically sound.
Then, every c.e. random real o € (0,1/2) is the halting
probability of a Solovay machine which cannot determine
any single bit of a. No c.e. random real o € (1/2,1) has
the above property.

The conclusion is that the worst fears discussed in the
first section proved to materialize: In general, only the
initial run of 1s (if any) can be exactly computed.

5. REGISTER MACHINE PROGRAMS

We start with the register machine model used by Chaitin
[Chaitin 90a]. Recall that any register machine has a fi-
nite number of registers, each of which may contain an
arbitrarily large nonnegative integer. The list of instruc-
tions is given below in two forms: our compact form
and its corresponding Chaitin [Chaitin 90a] version. The
main difference between Chaitin’s implementation and
ours is in the encoding: we use 7 bit codes instead of 8
bit codes.
L: 7 L1 (L: GOTO L1)
This is an unconditional branch to L1. L1 is a label of
some instruction in the program of the register machine.

L: A RL1 (L: JUMP R L1)
Set the register R to be the label of the next instruction
and go to the instruction with label L1.

L: @R (L: GOBACK R)
Go to the instruction with a label which is in R. This
instruction will be used in conjunction with the jump
instruction to return from a subroutine. The instruction
is illegal (i.e., run-time error occurs) if R has not been
explicitly set to a valid label of an instruction in the
program.



L: = R1 R2L1 (L: EQ R1 R2 L1)
This is a conditional branch. The last 7 bits of regis-
ter R1 are compared with the last 7 bits of register R2.
If they are equal, then the execution continues at the
instruction with label L1. If they are not equal, then
execution continues with the next instruction in sequen-
tial order. R2 may be replaced by a constant which can
be represented by a 7-bit ASCII code, i.e., a constant
from 0 to 127.

L: # R1 R2 L1 (L: NEQ R1 R2 L1)
This is a conditional branch. The last 7 bits of register
R1 are compared with the last 7 bits of register R2. If
they are not equal, then the execution continues at the
instruction with label L1. If they are equal, then exe-
cution continues with the next instruction in sequential
order. R2 may be replaced by a constant which can be
represented by a 7-bit ASCII code, i.e., a constant from
0 to 127.

L: ) R (L: RIGHT R)
Shift register R right 7 bits, i.e., the last character in R
is deleted.

L: ( R1 R2 (L: LEFT R1 R2)

Shift register R1 left 7 bits, add to it the rightmost 7
bits of register R2, and then shift register R2 right 7
bits. The register R2 may be replaced by a constant
from 0 to 127.

L: & R1 R2 (L: SET R1 R2)

The contents of register R1 are replaced by the contents
of register R2. R2 may be replaced by a constant from
0 to 127.

L: ! R (L: READ R)

One bit is read into the register R, so the numerical
value of R becomes either 0 or 1. Any attempt to read
past the last data-bit results in a run-time error.

L: / (L: DUMP)

All register names and their contents, as bit strings, are
written out. This instruction is also used for debugging.

L: % (L: HALT)

Halts the execution. This is the last instruction for each
register machine program.

A register machine program consists of a finite list of
labeled instructions from the above list, with the restric-
tion that the HALT instruction appears only once, as the
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last instruction of the list. The data (a binary string)
follows immediately the HALT instruction. The use of
undefined variables is a run-time error. A program not
reading the whole data, or attempting to read past the
last data-bit, results in a run-time error. Because of the
position of the HALT instruction and the specific way data
is read, register machine programs are Chaitin machines.

To be more precise, we present a context-free grammar
G = (N,X%, P, S) in Backus-Naur form which generates
the register machine programs.

(1) N is the finite set of nonterminal variables:
N = {S}UINSTUTOKEN

INST = {(RMS16), ("ns)s (Ans)> (@Ins)s (=Ins)> Flns)»
<)Ins>7<(Ins>7<gllns>7<!Ins>7</lns>7<96lns>}

TOKEN = {(DATA), (LABEL), (REGISTER), (CONSTANT),
(SPECIAL), (SPACE), (ALPHA), (LS)}

(2) X, the alphabet of the register machine programs, is
a finite set of terminals, disjoint from N:
> = (ALPHA) U (SPECIAL) U (SPACE) U (DIGIT)

(ALPHA) = {a,b,c,...,z}
<SPECIAL = {:7/7?7/\7@7:7#7)7(7&7!7%}

)
)
(SPACE) = {‘space’,‘tab’}
(DiciT) = {0,1,...,9}

)

(CoNSTANT) = {d |0 <d <127}

(3) P (a subset of N x (N UX)*) is the finite set of rules
(productions):
S — <RMSIHS>*<%

(DATA) — (0[1)*

Ins) (DATA)

(LABEL) — 0] (1]2]...]9)(0]1]2]...]9)*

(LS) — : (SPACE)™
(REGISTER) — (ALPHA)((ALPHA) U (0[1|2]...|9))*
<RMSIns> - <?Ins> | </\Ins> ‘ <@Ins> ‘ <:Ins> | <#Ins> ‘
<)Ins> | <(Ins> | <&Ins> ‘ <!Ins> ‘ </Ins>
(L: HALT)
(%o1ns) — (LABEL)(LS)%
(L: GOTO L1)

(?Ins) — (LABEL)(LS)?(SPACE)* (LABEL)

(L: JUMP R L1)
(AIns) — (LABEL)(LS) A (SPACE)" (REGISTER)
(SpaCE) Tt (LABEL)

(L: GOBACK R)
(Qrns) — (LABEL)(LS)@(SPACE)* (REGISTER)

(L: EQ R 0/127 L1 or L: EQ R R2 L1)

(=Ins) — (LABEL)(LS) = (SPACE)”" (REGISTER) (SPACE)
(CONSTANT)(SPACE) T (LABEL) | (LABEL)(LS) =
(SPACE)* (REGISTER) (SPACE) T (REGISTER)
(SPACE) " (LABEL)

+
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(L: NEQ R 0/127 L1 or L: NEQ R R2 L1)

(#Ins) — (LABEL) (LS)# (SPACE)* (REGISTER) (SPACE)
(CONSTANT)(SPACE) T (LABEL) | (LABEL)(LS)#
(SPACE)* (REGISTER) (SPACE) T (REGISTER) (SPACE) ™
(LABEL)

(L: RIGHT R)
Ons) — (LABEL)(LS))(SPACE)" (REGISTER)

(L: LEFT R L1)

((1ns) — (LABEL)(LS)((SPACE)* (REGISTER)(SPACE)
(CONSTANT) | (LABEL)(LS)((SPACE) " (REGISTER)
(SPACE) T (REGISTER)

(L: SET R 0/127 or L: SET R R2)

(&ns) — (LABEL) (LS) & (SPACE) * (REGISTER) (SPACE) T
(CONSTANT) | (LABEL)(LS)& (SPACE)* (REGISTER)
(SPACE) T (REGISTER)

(L: READ R)
(1ns) — (LABEL)(LS)!(SPACE)" (REGISTER)

(L: DUMP)
(/Ins) — (LABEL)(LS)/

(4) S € N is the start symbol for the set of register
machine programs.

It is important to observe that the above construction
is universal in the sense of algorithmic information the-
ory (see the discussion at the end of Section 1). Register
machine programs are self-delimiting because the HALT
instruction is at the end of any valid program. Note that
the data, which immediately follows the HALT instruc-
tion, is read bit by bit with no endmarker: This type
of construction was first programmed in Lisp by Chaitin
[Chaitin 90a, Chaitin 00a).

To minimize the number of programs of a given length
that need to be simulated, we have used “canonical pro-
grams” instead of general register machines programs.
A canonical program is a register machine program in
which (1) labels appear in increasing numerical order
starting with 0; (2) new register names appear in
increasing lexicographical order starting from ‘a’; (3)
there are no leading or trailing spaces; (4) operands are
separated by a single space; (5) there is no space after
labels or operators; and (6) instructions are separated
by a single space. Note that for every register machine
program, there is a unique canonical program which is
equivalent to it, that is, both programs have the same
domain and produce the same output on a given input.
If x is a program and y is its canonical program, then
lyl < lal.

Here is an example of a canonical program:

O:'a 1:"b 4 2:!c 3:711 4:=a 0 8 5:&c 110
6:(c 101 7:0b 8:&c 101 9:(c 113 10:@b 11:%10

To facilitate the understanding of the code, we rewrite
the instructions with additional comments and spaces:

0:! a // read the first data bit into register a

1:" b 4 // jump to a subroutine at line 4

2:1 ¢ // on return from the subroutine call ¢ is
//written out

3:7 11 // go to the halting instruction

4:= a 08 // the right most 7 bits are compared with
// 127; if they are equal, then go to label 8

5:& ¢ ‘n’ // else, continue here and

6:( c ‘e’ // store the character string ‘ne’ in register

7:@ b // ¢; go back to the instruction with label 2
// stored in register b

8:& ¢ ‘e’ // store the character string ‘eq’ in
// register c

9:( c ‘q’

10:@ b

11:% // the halting instruction

10 // the input data

For optimization reasons, our particular implementa-
tion designates the first maximal sequence of SET/LET
instructions as (static) register preloading instructions.
We “compress” these canonical programs by (1) delet-
ing all labels, spaces and the colon symbol with the first
nonstatic instruction having an implicit label 0, (2) sepa-
rating multiple operands by a single comma symbol, and
(3) replacing constants with their ASCII numerical val-
ues. The compressed format of the above program is

'a”b,4!c?11=a,0,8%c,110(,c,101@b&,c,101(,c,113@b%10

Note that compressed programs are canonical pro-

13

grams because during the process of “compression,”
everything remains the same except for the elimination
of space. Compressed programs use an alphabet with 49
symbols (including the halting character). The length is
calculated as the sum of the program length and the data
length (7 times the number of characters). For example,
the length of the above program is 7 x (49 + 2) = 357.
For the remainder of this paper, we will be focusing

on compressed programs.

6. SOLVING THE HALTING PROBLEM
FOR PROGRAMS UP TO 84 BITS

A Java version interpreter for register machine com-
pressed programs has been implemented; it imitates
Chaitin’s universal machine in [Chaitin 90a]. This in-
terpreter has been used to test the Halting Problem for
all register machine programs of at most 84 bits long.
The results have been obtained according to the follow-
ing procedure:
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Program plus Number of
data length halting programs

7 1
14 1
21 3
28 8
35 50
42 311

Program plus Number of
data length halting programs
49 1012
56 4382
63 19164
70 99785
7 515279
84 2559837

TABLE 1. Distribution of halting programs.

1. Start by generating all programs of 7 bits and test
which of them stops. All strings of length 7 which
can be extended to programs are considered prefixes
for possible halting programs of length 14 or longer;
they will simply be called prefizes. In general, all
strings of length n which can be extended to pro-
grams are prefizes for possible halting programs of
length n + 7 or longer. Compressed prefizes are pre-
fixes of compressed (canonical) programs.

2. Testing the Halting Problem for programs of length
n € {7,14,21,...,84} was done by running all
candidates (that is, programs of length n which
are extensions of prefixes of length n — 7) for up
to 100 instructions, and proving that any gener-
ated program which does not halt after running
100 instructions never halts. For example, (uncom-
pressed) programs that match the regular expression
"0:\" a 5.*% 5:\7 0" never halt on any input.

For example, the programs "'a!b'a!b/%10101010"
and "'1a?0%10101010" produce run-time errors; the first
program “under reads” the data and the second one “over
reads” the data. The program "!a?1!b%1010" loops.

One would naturally want to know the shortest pro-
gram that halts with more than 100 steps. If this pro-
gram is larger than 84 bits, then all of our looping pro-
grams never halt. The trivial program with a sequence
of 100 dump instructions runs for 101 steps, but can we
do better? The answer is yes. The following family of
programs {Py, P,,...} recursively counts to 2¢, but has
linear growth in size. The programs P; through P, are
given below:*

/&a,0=a,1,5&a,172%

/&a,0&b,0=b,1,6&b,1?3=a,1,9%a,172%

/&a,0&b,0&c,0=c,1,7&c,174=b,1,10&b,173=a,1,13&a,172%

/&%a,0&b,0&c,0&d,0=d,1,8%d,1?5=c,1,11&c,174=b,1,14&b,1
?73=a,1,17&a, 172}

4In all cases the data length is zero.

In order to create the program P;;; from P; only 4
instructions are added, while updating “goto” labels.

The running time ¢(7) (excluding the halt instruction)
of program P, is found by the following recurrence: (1) =
6, t(i) = 2-¢(i — 1) + 4. Thus, since t(4) = 86 and
t(5) = 156, Ps is the smallest program in this family
to exceed 100 steps. The size of Ps is 86 bytes (602
bits), which is smaller than the trivial dump program of
707 bits. What is the smallest program that halts after
100 steps is an open question. A hybrid program, given
below, created by combining P, and the trivial dump
programs is the smallest known.

&a,0/&b,0///////////7/7////////=b,1,26&b,172=a,1,29
&a,170%

This program of 57 bytes (399 bits) runs for 102 steps.
Note that the problem of finding the smallest program
with the above property is undecidable (see [Chaitin 99]).

The distribution of halting compressed programs of
up to 84 bits for U, the universal machine processing
compressed programs, is presented in Table 1. All binary
strings representing programs have the length divisible
by 7.

7. THE FIRST 64 BITS OF Qg

Computing all halting programs of up to 84 bits for U
seems to give the exact values of the first 84 bits of Q.
However, this is false! To understand the point, let’s
first ask ourselves whether the converse implication in
Theorem 4.1 is true? The answer is negative. Globally,
if we can compute all bits of (27, then we can decide the
Halting Problem for every program for U and conversely.
However, if we can solve for U the Halting Problem for
all programs up to N bits long, we might not still get
any exact value for any bit of Qp (less all values for the
first N bits). Reason: A large set of very long halting
programs can contribute to the values of more significant
bits of the expansion of .
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Qf, = 0.0000001

Q' = 0.00000010000001

Q3! = 0.000000100000010000011

Q28 = 0.0000001000000100000110001000

Q7% = 0.00000010000001000001100010000110010

Q¢ = 0.000000100000010000011000100001101000110111

Qf? = 0.0000001000000100000110001000011010001111101110100

Q2f = 0.00000010000001000001100010000110100011111100101100011110

Q%3 = 0.000000100000010000011000100001101000111111001011101100111011100

Q7% = 0.0000001000000100000110001000011010001111110010111011100111001111001001

Q77 = 0.00000010000001000001100010000110100011111100101110111010000011100000101001111

Q%! = 0.000000100000010000011000100001101000111111001011101110100001000001111011011011011101

TABLE 2. Successive approximations for Q.

So, to be able to compute the exact values of the first
N bits of Qy, we need to be able to prove that longer
programs do not affect the first N bits of Qy. And, for-
tunately, this is the case for our computation. Due to
our specific procedure for solving the Halting Problem
discussed in Section 6, any compressed halting program
of length n has a compressed prefix of length n — 7. This
gives an upper bound for the number of possible com-
pressed halting programs of length n.

Let QF be the approximation of Q2 given by the sum-
mation of all halting programs of up to n bits in length.
Compressed prefixes are partitioned into two cases—ones
with a HALT (%) instruction and ones without. Hence,
halting programs may have one of the following two
forms: either “xy HALT u,” where x is a prefix of length
k not containing HALT, y is a sequence of instructions of
length n — k not containing HALT, and u is the data of
length m > 0, or “zu,” where x is a prefix of length k&
containing one occurrence of HALT followed by data (pos-
sibly empty) and v is the data of length m > 1. In both
cases, the prefix x has been extended by at least one char-
acter. Accordingly, the “tail” contribution to the value
of

o0
I D D

n=0 {|w|=n, U(w) halts}

is bounded from above by the sum of the following two
convergent series (which reduce to two independent sums
of geometric progressions):

oo o0

Z Z #{x | prefix z not containing HALT, |z| = k}

m=0n=k

48"k 1 L gm 9g—(ntmtl)
—— =~
Y HALT wu

and

o0
Z #{x | prefix = containing HALT, |z| = k}

m=0

. om 128~ (mtk),
~~

u

The number 48 comes from the fact that the alphabet has
49 characters and the last instruction before the data is
HALT (%).

There are 402906842 prefixes not containing HALT
and 1748380 prefixes containing HALT. Hence, the “tail”
contribution of all programs of length 91 or greater is
bounded by:

(o oo o}

S S 402906842 - 48713 g™ 128 (D)
m=0n=13

+ ) 1748380 - 2 - 128~ (M 1Y)

m=0

64 =/ 48\"
— 402906842 - 58 485 n;;), <ﬁ>

+ 1748380 - <2708 (7-1)

1

63 - 12813
that is, the first 68 bits of Q¥ “may be” correct by our
method. Actually, we do not have 68 correct bits, but
only 64 because adding a 1 to the 68th bit may cause an
overflow up to the 65th bit. From (7-1) it follows that
no other overflows may occur.

The list in Table 2 presents the main results of the
computation:
The exact bits are underlined in the 84 approximation:

Q% = 0.0000001000000100000110001000011010001111
11001011101110100001000001111011011011011101




In summary, the first 64 exact bits of Q are:

00000010000001000001100010000110100011111100101
11011101000010000

8. CONCLUSIONS

The computation described in this paper is the first at-
tempt to compute some initial exact bits of a random
real. The method, which combines programming with
mathematical proofs, can be improved in many respects.
However, due to the impossibility of testing that long
looping programs never actually halt (the undecidability
of the Halting Problem), the method is essentially non-
scalable.

As we have already mentioned, solving the Halting
Problem for programs of up to n bits might not be enough
to compute exactly the first n bits of the halting proba-
bility. In our case, we have solved the Halting Problem
for programs of at most 84 bits, but we have obtained
only 64 exact initial bits of the halting probability.

Finally, there is no contradiction between Theorem 4.5
and the main result of this paper. {’s are halting proba-
bilities of Chaitin universal machines, and each (2 is the
halting probability of an infinite number of such ma-
chines. Among them, there are those (called Solovay
machines in [Calude 02b]) which are in a sense “bad,”
as ZFC cannot determine more than the initial run of
1s of their halting probabilities. But the same 2 can be
defined as the halting probability of a Chaitin univer-
sal machine which is not a Solovay machine, so ZFC,
if supplied with that different machine, may be able to
compute more (but always, as Chaitin proved, only fi-
nitely many) digits of the same Q. Such a machine has
been used for the 2 discussed in this paper.

All programs used for the computation as
well as all intermediate data files
(3 giga-bytes in gzip format) can be found at
ftp://ftp.cs.auckland.ac.nz/pub/CDMTCS/Omega/

and final
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Let (W, S) be an arbitrary Coxeter system, y € S*. We describe
an algorithm which will compute, directly from y and the Cox-
eter matrix of W, the interval from the identity to y in the Bruhat
ordering, together with the (partially defined) left and right ac-
tions of the generators. This provides us with exactly the data
that are needed to compute the Kazhdan-Lusztig polynomials
P.., x < z < y. The correctness proof of the algorithm is
based on a remarkable theorem due to Matthew Dyer.

1. INTRODUCTION

Let (W,S) be a Coxeter system, i.e., a group W to-
gether with a presentation of the form (S | (st)™=t =
e (s,t € S)), where S is a finite set which we shall
usually just consider to be {1,...,n}; e is the identity
element in W; and (ms,) is a symmetric matrix with
values in {1,2,...} U {co}, such that ms, = 1 for all
s €8, mgy > 2 for s # t; mgy = oo simply means
that the corresponding relation is to be omitted. The
cardinality of S is called the rank of the group; some-
times we omit S from the notation and simply say that
W is a Coxeter group. We refer to [Humphreys 90| for
general information about Coxeter groups. Examples of
Coxeter groups are Weyl groups of finite-dimensional or
Kac¢-Moody semisimple Lie algebras, and finite groups
generated by reflections in Euclidian space; other exam-
ples may be realized as discrete groups generated by re-
flections in hyperbolic space.

In their seminal paper [Kazhdan and Lusztig 79],
Kazhdan and Lusztig have defined for each pair of ele-
ments (x,y) in W such that z < y in the Bruhat ordering
(to be defined below), a polynomial P, , € Z[g]. We will
use in Section 4 the recursion formula which, in principle,
leads to the computation of P, ,. If W is the Weyl group
of a finite-dimensional or Kac-Moody Lie algebra g, the
Kazhdan-Lusztig polynomials of W hold the key to the
representation theory of g, and also to the geometry of

© A K Peters, Ltd.
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the corresponding Schubert varieties. In this case, it is
known that the coefficients of P, , are nonnegative inte-
gers. For other W, very little is known about the P, , (in
particular, the positivity of their coefficients remains con-
jectural); they probably point to a yet-to-be-discovered
geometry and/or representation theory.

Due to the fundamental importance of Kazhdan-
Lusztig polynomials, and to the difficulty in computing
them by hand except in very special cases, great efforts
have been made to implement their calculation on a com-
puter. As far as I know, previous attempts to achieve
this (including my own) have always proceeded in three
stages: (a) implement the group W, either by way of a
linear representation, or combinatorially; (b) deal with
the Bruhat ordering; and (c) implement the actual re-
cursion. In practice, the main burden of the computation
falls on the Bruhat order routines, but in turn, the effi-
ciency of these routines will depend on how well we have
been able to solve stage (a). In view of these difficulties,
most computations I am aware of have been restricted
to finite Coxeter groups (for the best programs, up to a
group order of about half a million, say). The exceptions
are the results posted by Mark Goresky [Goresky 96] on
his homepage, concerning the first few hundred elements
of the affine Weyl groups associated to root systems of
rank < 3, and A3, and Bill Casselman’s Kazhdan-Lusztig
programs, which he has used to compute one- and two-
sided cells in various finite, affine, and hyperbolic Cox-
eter groups (see [Casselman 00] for an application, and
Casselman’s homepage [Casselman 01]). Goresky’s files
contain the necessary data for the description of the sin-
gularities of the Schubert variety associated toy € W, for
small y; basically, this involves the computation of the el-
ement ¢, in the Kazhdan-Lusztig basis (see Section 4.2),
and pruning the result a little to extract the irreducible
components of the stratification defined by equality of
polynomials (a rough version of equisingularity.)

In this paper, we shall present an algorithm which,
for any Coxeter group W, constructs directly from the
»8p) in
the generators, the interval [e,y] in the Bruhat order-
ing, where y = 51 ...s;, is the element of W represented
by a, together with the (partially defined) left and right
actions of all the generators on [e,y|, without any prior

Coxeter matrix (ms;) and a word a = (sq,...

implementation of the group operations. This provides
us with exactly the data we need to compute P, ., for all
x < z < y using the recursion formula of Kazhdan and
Lusztig. The algorithm is based on the analysis of the
structure of Bruhat intervals and some other Bruhat-like
posets in [du Cloux 00]; the essential ingredient in its cor-

rectness proof is a remarkable theorem due to Matthew
Dyer in his thesis [Dyer 87|, which we shall discuss in
Section 3.

We have made a preliminary implementation of this al-
gorithm in a demonstration program available from the
Coxeter homepage [du Cloux 01].
compute the basis element c,, and the data which would
appear in Goresky’s files describing the singularity of the
corresponding Schubert cell whenever this makes sense,
for an element y of moderate length in an arbitrary Cox-
eter group W, of rank less than 16, say (more details on
the scope of the program are given in Section 6.) The per-
formance limitations of the demonstration program are

This program will

mainly due to the simple-minded routines used to access
the Bruhat order within the Kazhdan-Lusztig computa-
tion. By using ideas from [du Cloux 99], we believe that
its performance (regarding both speed and memory us-
age) could be improved considerably—we hope to include
a full-fledged implementation in some future version of
Coxeter.

2. DEFINITION AND ELEMENTARY PROPERTIES
OF THE BRUHAT ORDERING

2.1 Posets

For any poset P, and < y in P, we denote by [z,y] the
set of z € P such that x < z < y. Let us say that P is
locally finite, if all intervals [x,y] in P are finite; assume
from now on that P is locally finite. A chain in P is
a totally ordered subset; a chain is mazimal if it is not
properly contained in any other chain. Define the length
of a chain to be its cardinality minus one. We say that
P is graded, if for all z < y € P, all maximal chains in
[, y] have the same length; this is also sometimes called
the Jordan-Dedekind condition. Let us assume that fur-
thermore P has a smallest element 0; then we define the
length function | on P by setting I(z) to be the length of
the maximal chains in [0, z]. For < y in P, we also de-
fine the length of the interval [z, y] to be the length of its
maximal chains; it is easy to see that the length of [z, y] is
equal to I(y) — I(z). The atoms of an interval [z, y] C P,
x < y, are the z € [z,y] such that I(z) = l(x) + 1; sim-
ilarly, the coatoms of [z,y] are the z € [z,y] such that
I(z) = l(y) — 1. For z € P, we will speak about the
coatoms of x instead of the coatoms of [0,z] and denote
their set coat(z). A decreasing subset of P is a subset @
such that if y € @ and x < y, then x € Q; since P has a
smallest element 0, this means simply that @ is a union
of intervals [0, y].
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2.2 Coxeter Groups

We denote S* the free monoid generated by S, i.e., the
set of all words in the alphabet S. To avoid confusion be-
tween elements of S* and elements of W, we will write a
worda € S* as a = (s1,...,sp); if x = s1... 5, is the cor-
responding element in W, we say that a is an expression
for . The smallest possible number of letters in an ex-
pression for z is called the length of z, and denoted I(x);
an expression for z is called reduced, if it has exactly I(z)
letters. It is an elementary fact about Coxeter groups
that for x € W, s € S, we have either I(xzs) = I(x) + 1,
in which case we write s > z, or l(zs) = I(z) — 1, in
which case we write zs < x, and of course, we have an
analogous statement for left multiplications.

2.3 Bruhat Ordering

The following proposition can be used to define the
Bruhat ordering :

Proposition 2.1. There ezists a unique ordering on W,
which we call the Bruhat ordering, and denote <, such
that (a) (W, <) has smallest element e (b) for each
x €W, s eSS such that l(zs) < l(z), [e,z] is the (non-
necessarily disjoint) union of [e, xs| and [e, xs]s.

Proof: Uniqueness is clear, since all intervals [e, z]| are
uniquely defined by induction on the length of z, and
the knowledge of these intervals is enough to determine
the poset structure. For the existence, the main point is
to show that [e,zs] U [e, z]s is independent of the choice
of s, so that it can be used as a definition of [e, zs]. This
can be proved directly by an elementary argument us-
ing dihedral groups, but we will omit the proof, since it
follows from the usual definition of the Bruhat ordering
(see the Proposition in [Humphreys 90], Section 5.9). O

2.4 First Properties of the Bruhat Ordering

The Bruhat ordering satisfies the following properties:

(a) The previous usage of < in Section 2.2 is compatible
with Proposition 2.1: if z € W and s € S are such
that I(zs) < I(z), then zs € [e,z], hence xs < x for
the Bruhat ordering.

(b) If a = (s1,...
the interval [e, z] is the set of all elements z € W of
the form 2z = s, ...s;,, where 1 <j; <...<j, <p
(the elements corresponding to the so-called subez-
pressions of a.) This follows easily from (b) in propo-
sition 2.1 by induction on the length of z; in partic-
ular, our definition of the Bruhat ordering is equiv-

,8p) is any reduced expression for z,

alent to the usual one (see for instance [Humphreys
90], Section 5.9).

(c) z — 2~ ! is an automorphism of the Bruhat ordering

(this follows from (b) above).

(d) The Bruhat ordering also satisfies the property anal-
ogous to (b) in Proposition 2.1 for left multiplica-
tions (this follows from (c)).

(e) If z € W, s € S are such that xs < z, the interval
[e, x] is stable under right multiplication by s; this is
clear from the equality [e, z] = [e, xs] U [e, zs]s. The
analogous property holds for left multiplications.

2.5 Further Properties of the Bruhat Ordering

Two other essential properties of the Bruhat ordering lie
slightly deeper than the previous observations. The first
one is that the Bruhat ordering is graded (see [Humphreys
90], Section 5.11); moreover, the length function on W
as a poset coincides with the length function previously
defined for elements of W. The second one is that the
poset W is Fulerian. This means that we have x(;,,) = 0
for each z < y in W, where X[, is the “Euler charac-
teristic” defined by

Xay) = (-1,

w<z<y

Equivalently, the Mobius function of W is given by
w(z,y) = (=1)¢W=1@) for all x < y in W (see [Stanley
97], Sections 3.14 and 3.7, for more details on Eulerian
posets and Mébius functions.) In this form, this was
proved by Verma [Verma 71].

An elementary consequence is that all intervals [z, y]
for which I(y) —I(x) = 2 have exactly four elements: z, y,
and exactly two intermediary elements z and 2’. Also, it
follows that for any x < y in W, the cardinality of [z, y]
is even.

3. DYER’S THEOREM

3.1 Dihedral Coxeter Groups

A dihedral Coxeter group is simply a Coxeter group of
rank 2, i.e., for which the generating set S has two el-
ements s, t. If m = mg, is finite, then W is a finite
group of order 2m; if m is infinite, then W is the infinite
dihedral group, isomorphic to the (nontrivial) semidirect
product of Z with Z/2Z. The Bruhat ordering of a dihe-
dral group is particularly easy to describe: there are ex-
actly two elements in each length j such that 0 < j < m,
one in length 0, and one in length m if m < oco; and all
elements in length j > 0 are comparable to all elements
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t ts
e sts = tst
s st
FIGURE 1. Hasse diagram of the Bruhat ordering in
type As.

in length j—1. For example, if m = 3, we get the familiar
picture of the Bruhat ordering on the Weyl group of type
As (also the symmetric group on three letters), shown in
Figure 1.

We say that an interval [z, y] of length > 1 in an arbi-
trary Coxeter group W is dihedral if it is isomorphic as a
poset to the Bruhat ordering on a (finite) dihedral group.
Let us also make the convention that intervals of length
0 (one-element sets) and of length 1 (two-element sets)
are dihedral. Then it is easy to see that any subinter-
val in a dihedral interval is again dihedral. We shall say
that y € W is dihedral, if the interval [e,y] is dihedral;
equivalently, there exist s,¢ in S such that y belongs to
the subgroup of W generated by s and t.

3.2 Dihedral Subgroups

We now explain a striking result due to Matthew Dyer
(one of the many striking results contained in his thesis
[Dyer 87]) that imposes very important restrictions on
the Bruhat ordering of a Coxeter group. For its proof
(which we reproduce here since this result of Dyer’s ap-
parently has not been included in his publications), we
first need to review some of his other results.

The reflections in W are defined to be the conjugates
of the elements of S; so the set T of reflections is a fi-
nite union of conjugacy classes of elements of order 2 in
W. The canonical geometrical realisation of W is defined
as follows. Consider the real vector space V = RY, of
dimension n, and its standard basis (es)scs. Endow V
with the unique symmetric bilinear form ( , ) for which
(es,et) = —cos(;7—). Then there is a unique injective
homomorphism from W into the orthogonal group of V'
taking s to the orthogonal reflection with respect to the
hyperplane eX ( [Humphreys 90], Section 5.3); this is the
canonical geometrical realization. We define the roots of
W to be the conjugates under W of the basis elements
es, and denote the set of roots by ®. Since s.e; = —eg,
we have & = —®. Reflections in W will correspond to or-
thogonal reflections with respect to elements of ®; more
precisely, if for each t € T' we define its reflection line Ly
to be the (—1)-eigenspace of the action of ¢ in V, then

t — Ly N ® is a bijection from T to pairs of opposite
elements in ®.

We will define a dihedral subgroup of W to be any sub-
group generated by two distinct reflections. We will say
that two dihedral subgroups are commensurate, if they
are contained in a common dihedral subgroup. For any
dihedral group D, it is easy to see that for any choice
of reflections t1, to generating D, D N T is exactly the
set of elements of odd length with respect to the chosen
generators, and also the set of conjugates of ¢; and ¢ in
D. Hence, all the reflection lines L;, t € DN T, lie in
the two-dimensional subspace Vp of V spanned by Ly,
and L;,; this shows immediately that Vp does not de-
pend on the choice of generators. If a dihedral subgroup
is contained in another, it is clear that the correspond-
ing two-dimensional subspaces are the same; hence, the
same is true for commensurate dihedral subgroups. The
converse also holds, and follows from the proof of the
following lemma [Dyer 87, Corollary 3.18]:

Lemma 3.1. Each dihedral subgroup of W is contained in
a unique mazrimal one.

Proof: Let a, 8 be two nonproportional elements of @,
and let V7 be the two-dimensional subspace of V' spanned
by a and 8. Let ®; = ®N V7, and let D be the subgroup
of W generated by the reflections 7., v € ®;, where for
each unit vector u € V, we denote by r, the reflection
x — x—2(u, z)u. It will suffice to show that D is dihedral.
If ( , )1 is the restriction of ( , ) to Vi, there are three
cases to consider: (a) (, )1 is positive definite; (b) {, );
is nonzero positive degenerate; (c¢) ( , )1 has signature
(1,—1). In cases (a) and (c), take Vo = V;*; in case (b),
choose a subspace Vo C Vi such that V = V; @ V5. Then
in all cases, D acts trivially on V5. So D is contained in
O(V1) x {Idy, } € O(V).

But it is well known ([Bourbaki 68], Chapter V, n°
4.4, Corollary 3) that W is a discrete subgroup of O(V);
hence, D may be identified with a discrete subgroup of
O(V1). Moreover, as a Lie group O(V;) always has the
form Zs x A, where A is isomorphic to R/Z in case (a),
to R in case (b), and to R* in case (c), with Z, acting by
inversion; in case (c), D is contained in Zy x R% . Then
from elementary topological considerations, one sees that
in all three cases D is a dihedral subgroup of W, finite
in case (a), infinite in the two other cases. a

3.3 The Reflection Subgroup of a Bruhat Interval

In fact, Dyer [Dyer 90] Theorem 3.3 shows that if R is any
(finite, say) subset of T', the subgroup W’ of W generated
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by R is always a Coxeter group in its own right (this
was proved independently by Deodhar in [Deodhar 89]).
More precisely, he defines a canonical subset S” ¢ TNW'
such that S” is a set of Coxeter generators for W’; he
shows that |S’| < |R|, although it is certainly possible
that |S’| > |S|. In particular, when W’ is dihedral, S’ is
a two-element set. We shall call such a subgroup W' a
reflection subgroup of W.

It is a well known and useful fact in the theory of
Coxeter groups ([Humphreys 90] section 5.12) that if I is
any subset of S, and if W7 is the subgroup of W generated
by I, then any (left, say) coset Wiz of W; in W contains
a unique element of minimal length. This was extended
in [Dyer 90] Corollary 3.4 to the case of an arbitrary
reflection subgroup W”.

Let < y in W be such that I(z) = I(y) — 1. Then
it is an easy consequence of 2.4 (b) that if y = s1...5,
is a reduced decomposition, £ may be obtained by eras-
ing a single s; from the decomposition (and in fact, j
is unique.) This may also be expressed by saying that
there exists a reflection t € T such that x = yt (take t =
Sp..-8j+18jSj41---8p); S0 we have y lz =27 ly e T.

The following theorem regroups the main results of
Dyer’s study of the reflection subgroups arising from
maximal chains in subintervals [Dyer 91, Proposition 2.1]:

Theorem 3.2. Let x <y in W, and let z = xg < 71 <

oo < Ty =y be a mazimal chain in [x,y], so that m =

l(ly) = l(z). For1l < j <m, sett; = a:j__lla:j, and let

W' C W be the subgroup generated by the t;. Then

(a) W' is independent of the choice of the mazimal
chain.

(b) Let z be the unique element of minimal length in
W'x; then [x,y] is contained in the left coset W'z,
and the map u — uz"' defines a poset isomor-
phism from [z,y] to [2',y'] C W', where 2’ = 2271,
y' = yz7t, and [2',y'] is the interval in the Bruhat
ordering defined by the canonical generating set S’

of W'.

3.4 Dyer’s Characterization of Dihedral Intervals

The above theorem is the essential ingredient in the proof
of the theorem on which our algorithm is based, and
which may be stated as follows :

Theorem 3.3. ([Dyer 87] Proposition 7.25.) Let (W, S)
be an arbitrary Coxeter system, and let [x,y] be a Bruhat
interval in W of length at least two. Then the following
are equivalent :

(i) [z,y] has two atoms;
(i1) [z,y] has two coatoms;
(i1) |x,y] is dihedral.

Proof: Of course (iii)=-(i) and (iii)=-(ii) are trivial. Let
us prove, for instance that (ii)=-(iii). We argue by induc-
tion on I(y) — I(z). If I(y) — I(x) is two, there is nothing
to prove. So we may assume that [(y) — I(x) is at least
three.

Let ¢, t’ be the two reflections of W taking y to the two
coatoms of [z, y| (see Section 3.3). From Lemma 3.1, the
dihedral subgroup (¢,t’) is contained in a unique maximal
dihedral subgroup D. From Theorem 3.2, it suffices to
prove that the subgroup generated by all the v~ tv, u <
v in [z,y], l(u) = l(v) — 1, is dihedral; and since any
reflection subgroup (containing at least two reflections)
of a dihedral group is again dihedral, it will suffice to
show that u~1v € D for all such u,v.

We argue by induction on I(y) —I(u). If l(y)—Il(u) =1,
we have u~tv € {t,t'}, so there is nothing to prove. As-
sume [(y) — l(u) > 1, and let z be an atom of [v,y],
so that I(z) — I(u) = 2. Write [u,z] = {u,v,v’, 2z}, and
let t; = u=tv, ty = v 1z, t) = v'"1z. Then we know
from Theorem 3.2 that the two dihedral subgroups (¢1, t2)
and (to,th) are commensurate (in fact the latter is con-
tained in the former); but from the inductive hypothesis,
(t2,th) C Dj; so (t1,t2) C D as well, and in particular
t1 € D. The proof of (i)=-(iii) is entirely similar. O

Corollary 3.4. Let y € W be non-dihedral (see Section
3.1), and let s € S. Then if zs < s for all z € coat(y)
except at most one, we have ys < y; the analogous prop-
erty holds for left multiplications.

Proof: We consider the case of right multiplications. If
y = e, there is nothing to prove. So let y > e, and
assume that ys > y. If we would have zs < z for all
z € coat(y), then from Section 2.4 (e), [e,y[:= [e,y] \ {y}
would be stable under right multiplication by s; but on
[e, y[ this defines an involution without fixed points, con-
tradicting the fact that |[e,y[| is odd, since |[e, y]| is even
from Section 2.5.

Hence, there is a unique z € coat(y) such that zs > z.
Now any = < y other than z satisfies z < 2’ for some
z' € coat(y), 2’ # z: this is clear if x € coat(y), and oth-
erwise follows from the fact that [x,y] has at least two
coatoms if I(y) — I(x) > 1. Hence [e,y] \ {z,y} is stable
under right multiplication by s, and [e, ys] contains ex-
actly two elements not already in [e, y], viz. zs and ys; in
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particular, coat(ys) = {y, zs}, which from Theorem 3.3
implies that [e, ys] is dihedral; but then [e,y] is dihedral
as well, contradicting our assumption on y. O

4. KAZHDAN-LUSZTIG POLYNOMIALS

4.1 Recursion Formulae

We refer to the original paper [Kazhdan and Lusztig 79
or to [Humphreys 90], Chapter 7, for the proper definition
and proofs of the basic properties of the Kazhdan-Lusztig
polynomials. Our goal here is to recall the recursion for-
mule from [Kazhdan and Lusztig 79] which we use to
compute these polynomials, in order to assess the data
which will be needed in the process.

Let ¢ be an indeterminate. Then it is clear that there
is at most one family P, , of elements of Z[q], defined for
x <y in W, satisfying the following requirements :

(a) P,y =1forallz € W;

(b) ifz < y,and s € S, are such that ys < y and zs > x,
P:r,y - P:rs,y;

(b)) ifz < y,and s € S, are such that sy < y and sz > z,
Py = Pagy;

(¢) ifx < y,and s € S, are such that ys < y and zs < z,
and z is not comparable to ys, Py, = Pys ys;

(d) if x < y, and s € S, are such that ys < y, xs < z,
and =z < ys, we have

Pa:,y = Pws,ys +qu,ys - Z q%(l(y)—l(z))u(z7 ys)Px,zy

z<z<ys
zs<z

where pu(z,ys) is the coefficient of degree 1(I(ys) —
l(z) — 1) in P, s (defined to be 0 if I(ys) — I(2) is
even); it is not hard to show by induction that, in
fact, P, is at most of degree 3(I(y) —I(z)— 1) when

T <y.

4.2 Kazhdan-Lusztig Basis

In fact, the P, , are (up to a degree shift) the coordinates
of the elements of a remarkable basis of the Hecke alge-
bra of W, the so-called Kazhdan-Lusztig basis. There is
one such basis element ¢, for each y in W, and in many
applications it is the knowledge of such a ¢, which is re-
quired. In other words, a common requirement will be
the computation of the P, , for a fixed y, and all z < y.
The whole recursion then takes place in the interval [e, y],
which is finite even if the group is infinite. We see that
in order to carry out the recursion, we will need the fol-
lowing:

(a) an enumeration of the interval [e,y], and a descrip-
tion of the Bruhat ordering on it;

(b) in this enumeration, the action of the generators s €
S on the left and on the right.

Note that the action of each s € S on [e,y] is only
partially defined. In fact, it follows from Proposition 2.1
that it is everywhere defined (on the right, say) if and
only if ys < y; in other words, if and only if s belongs
to the so-called right descent set of y (see Section 4.3
below). Otherwise, s remains within [e, y| if and only
if there exists z > z in [e,y] such that zs < z. We will
say that this is the domain of the right action of s; it is
a (possibly empty) decreasing subset of [e, y].

4.3 Descent Sets

For each y € W, we define L(y) (R(y)) to be the set
of s € S such that sy < y (ys < y); we set LR(y) =
L(y) [T R(y) € SIIS. Wesay that L(y) (R(y), LR(y)) is
the left (right, two-sided) descent set of y. These descent
sets play an important role in the theory.

We notice that the knowledge of LR(x) for each z < y
suffices to determine the left and right actions of all gen-
erators on [e, y] (this remark could be used if a compact
data encoding is required, but it is likely to be unpractical
for systematic computations). Indeed, encoding LR(z)
as a sequence of 2|.S| bits in the obvious way, and looking
at the bit position for, say, the right action of a genera-
tor s, we see that if the bit for x is set, meaning zs < =z,
there will be exactly one among the coatoms z of x for
which the corresponding bit is not set; indeed, [e, z] is
stable under right multiplication by s, so zs > z happens
if and only if zs = x, hence z = xs (these are precisely
the remarks underlying the axiomatization in [du Cloux
00]).

4.4 Outline of the Computation

Assuming we have solved (a) and (b) above, the only
further (and obvious) idea used in our program is to re-
member the values of all the polynomials already com-
puted. More precisely, assume that a polynomial P, . is
required for x < z < y. The program first reduces to
the case where LR(z) D LR(z) (this amounts to putting
ourselves in cases (c) or (d) of Section 4.1). Then it looks
up a list of such z; the first time this occurs for a given z,
it actually has to make the list, which involves extracting
the subinterval [e, z]—we will come back to this problem,
which is probably the most time-consuming part of the
computation, in the next section. If the polynomial has
already been computed, it will find it there; otherwise, it
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uses the recursion formula, potentially triggering many
other computations, finds the requested P, ., and writes
it down.

5. DESCRIPTION OF THE MAIN ALGORITHM
5.1 Data Structures

We shall now describe an algorithm which takes as input
an arbitrary word over the alphabet S, and produces as
output the poset [e, y], and for each x € [e, y], the “shift-
table” of x recording the result of the left and right ac-
tions of the generators on x. The only other datum that
this algorithm needs is the Coxeter matrix of W, which
is assumed to have been somehow read into memory. In
other words, for s,¢ in {1,...,n}, we may call a function
Cox(s,t), which will return m,, (with some convention
for representing oo; in our program, it is represented by
0).

An enumeration of [e,y] simply means an identifica-
tion of [e,y] with the numbers 0 to N — 1, where N is
the cardinality of [e,y]. We view this as a function v
from [e,y] to [0, N[C N. We shall always require that
the enumeration be increasing: i.e., if z < z in [e, y], we
want to have v(z) < v(z). Increasing enumerations exist
for any finite poset. On the other hand, we do not insist
that the enumeration be length-first; in other words, we
do not require that I(z) < I(z) implies v(z) < v(z). It
is always possible to do a length-sort if and when this
becomes necessary (for instance, in order to have pleas-
ant output.) In particular, the fact that v is increasing
implies that v(e) = 0.

In order to represent a graded poset, it is enough to
give for each z in [e, y] the list of coatoms of x; this will
be empty if and only if z = e.

To summarize, we wish to find the cardinality N of
[e, y], and construct the following data:

(a) for each = € [0, N[, the list coat[z] of the elements
in [0, z[ which correspond to coatoms of x;

(b) for each z € [0, N, the length length|x];

(c) for each x € [0, N[, the shift table shift[z]; this is
the datum of 2n elements of [0, N[Uoo, correspond-
ing to the left and right action of the generators,
where oo is a special value, indicating that the cor-
responding shift is undefined (in practice, it is con-
venient to take for oo a value which is larger than
any legal value for x).

(d) for each x € [0, N[, the descent set LR[z]; of course
these are trivially deduced from the shift tables, and

we have seen that the converse is also true; however,
it is convenient to have them both available.

Notice that these data imply the enumeration of the
poset: clearly, if all left shifts are known, it is a trivial
matter to write down for each x € [0, N[ a reduced ex-
pression for the corresponding group element, and indeed
the ShortLex normal form (this is by definition the lex-
icographically smallest reduced expression, correspond-
ing to the ordering of S implied by its identification with
{1,...,n}.) Conversely, if we are given a reduced expres-
sion of an element of [e, y], following the right shifts from
the identity, we find the corresponding x € [0, N[ (in fact,
this works for any expression, reduced or not, provided
the path does not take us outside of [e,y].) So we will
leave v implicit in the sequel.

At the beginning of the algorithm, the data are ini-
tialized to their values for y = e: we have N = 1, the
coatom list of x = 0 is empty, the length of z = 0 is 0, the
shifts are all set to co, and the descent set LR[0] is empty.
We shall describe in the next sections the main loop of
the algorithm, passing from the data for [e, y| to the data
for [e,ys|, where s is a new letter in our input word. A
very nice feature of the construction is that, apart from
some undefined shifts becoming defined, it fully preserves
the data already constructed for [e,y], at least if ys > y
(which should be the “hard” case, and always happens
if the word is reduced.) So once we have determined the
size of the bigger interval, we simply resize our lists and
fill in the new part.

5.2 Poset Structure

It is easy to find out how many new elements have to be
added to our interval. Indeed, from Section 2.4 (e), we
see that for each = € [e,ys] we have z < y or zs < y or
both; hence the new elements are the x = z’s, where z’
runs through the elements in [e, y] for which z’s is not
already in [e,y], i.e., for which the right shift of z’ by
s is undefined. From this, we get the new value of IV,
and we can fill in the length function and the right shifts
by s (note that right shift by s is everywhere defined on
fe,ys].)

Now we may construct the coatom lists of the new ele-
ments as follows ([du Cloux 00], Section 2.9 and Proposi-
tion 2.14.) Traverse the list of new elements in increasing
order. For each x, let ' = zs; then the coatoms of = are
2/, and the z = 2’s, where 2’ runs through the coatoms
of 2’ in [e, y] for which 2’s > 2’. Since the coatoms of z
are all represented by strictly smaller integers, it is clear
that the enumeration is indeed increasing.
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5.3 Shifts

It remains to explain how to find the shifts other than
right multiplication by s. Let o be such a shift, i.e., o is
either right multiplication by some ¢ # s, or left multi-
plication by any t. Before we start, all the o(z) for the
newly created x are set to undefined. Let A C [e,y] be
the previous domain of o, and let A’ C [e, ys] be the new
one. Then we need to define o on A’\ A; this will involve
some of the newly created elements, and some already
existing elements for which o was previously undefined.
But we notice that, in fact, A’ \ A = [[{o(z), 2}, where
x runs through the set of newly created elements such
that o(z) < x. So if for each newly created element x
we are able to decide whether o(z) < x or o(z) > z, we
are done: if o(z) > z, the corresponding shift is left un-
defined for the time being; if o(x) < x, there is a unique
coatom z of x such that o(z) > z (in fact, o(z) will have
the value oo at this point), and we set o(z) = z, 0(2) = =.

So again, we traverse the list of newly created elements
in increasing order. If I(z) = 1 (which can happen only if
x is the first new element and s is a generator which had
not occurred before), then = s, and the only ¢ other
than right shift by s that can take it down is left shift
by s; so we conclude directly in this case. Assume from
now on that I(z) > 1. We have already remarked that if
o(x) < z, there is a single coatom z of x such that o(z) >
z; so if there are at least two such coatoms, we may
conclude without further ado that o(z) > z. Otherwise,
from the Theorem in Section 3.4, we can decide if x is
dihedral or not by looking at the cardinality of coat[z].
If = is nondihedral, we conclude from Corollary 3.4 that
o(z) < x. If x is dihedral, it is easy to conclude directly:
the other generator involved in x is the unique element
t in R[zs]. Since we have assumed that o(z) < z for one
of the two coatoms of z, ¢ is either left multiplication
by s, or right or left multiplication by ¢. If I(z) = ms,
o(z) < x; otherwise, xt > z, and sz < z, tx > z if [(z)
is odd, sz > x, tz < x if I(x) is even (note that this is
the only place in the whole algorithm where the Coxeter
matrix comes in.) This concludes the main loop of the
algorithm.

5.4 Nonreduced Expressions

Each time the algorithm reads a new generator from its
input word, we are in the situation where the data for
the interval [e,y] have been constructed, and we want
the data for [e,ys]. We have assumed so far that ys > y
(note that from the shift tables for y, which are available
when we read s, we can immediately determine whether

or not this is the case.) If, on the contrary, ys < y, we are
in the situation where we have to restrict to a subinter-
val [e,ys] of the already constructed interval. There is a
straightforward way of extracting the subinterval “back-
wards” from the knowledge of the coatom lists. In our
program, however, we prefer to imitate the above proce-
dure, using for instance the ShortLex normal form for
ys, to extract [e,ys] in the form of a list of elements in
[e,y]. Then as the construction proceeds, we have to deal
with the situation where we only enlarge a subinterval of
our current poset, which can no longer be assumed to
be an interval, but rather an arbitrary finite decreasing
subset of W; in fact, this causes no trouble at all, and
can be handled exactly as above.

Note that there are efficient methods available to con-
struct a priori the normal form of an arbitrary element
in an arbitrary Coxeter group (see [Casselman 02] for
a nice exposition of the practical implementation of the
ideas from Brink and Howlett in [Brink and Howlett 93]).
So the trouble caused by nonreduced expressions could in
principle be avoided entirely. However, as we have seen
in Section 4.4, it will in any case be necessary to extract
many subintervals of the form [e, 2| in the course of the
Kazhdan-Lusztig computations, so this problem has to
be addressed one way or another.

6. SCOPE AND FURTHER DEVELOPMENTS

6.1 Poset Memory Requirements

We would like to conclude with a few informal remarks
on the resources required by this algorithm. In our expe-
rience, given enough memory, time has never been a fac-
tor in Kazhdan-Lusztig computations. It only becomes
a problem if we are unable to keep in memory the ta-
bles described in this article, or the polynomials already
computed. Assuming for simplicity that everything is
represented by 32-bit unsigned integers, the memory re-
quirements for the table constructions are not hard to
evaluate. The limiting factor is the size N of the actual
poset [e, y] we are constructing.

The sizes of the length, descent, and shift tables are
exactly N, N, and 2nN, respectively (if we assume that
the rank does not exceed 16, so that the descent sets
can be represented by a single word.). The size of the
coatom lists is harder to predict, but a rule-of-thumb for
the most common cases (where there is enough commu-
tativity around) is that 2nN is a reasonable estimate for
the total number of coatoms (for groups like the free Cox-
eter group, where all the coefficients my ; are infinite, the
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y1 = 21321324321323432132 € Fy;

ys = (321212)%.3.(212123)% € G>
ys = (12345)% € A, (length 40).

(length 21)
Yo = 21213212132124321213212343212132123432121321234321213212 € Hy;

(length 97);

(length 56)

FIGURE 2. Some Coxeter group elements.

1 3 2 2 1 5 2 2
31 4 2 5 1 3 2
2 41 3 2 31 3
2 2 3 4 2 2 31

1 3 2 2 3
1 6 2 31 3 2 2
6 1 3 2 31 3 2
2 31 2 2 3 1 3
3 2 2 31

FIGURE 3. Coxeter matrices of F4, Hy, Gz, A4.

size would be much larger). In addition, there is an un-
avoidable overhead of 2N elements, because we have to
indicate somehow the number of elements in each coatom
list, and we need a pointer to the beginning of each list.
So we end up with an estimate of 4(n+1)N long integers,
which seems to be pretty well-validated by experience.

6.2 Kazhdan-Lusztig Memory Requirements

Of course, we will still need a sizeable amount of ad-
ditional memory for the Kazhdan-Lusztig computations.
In order to give an idea of how big this requirement might
be, we print a table obtained for a few typical cases.

We consider the elements yi,...,ys4 defined in Fig-
ure 2 (Here we use the usual Coxeter matrices for Fy,
Hy, Gg and A4, see Figure 3.). The elements in F,; and
H, are (at least in our experience) among the worst possi-
ble ones: in fact, they are elements of longest length with
the property of having one-element left and right descent
sets, which are moreover equal. The element chosen in
G, also has this property. The element in Ay has one-
element left and right descent sets, but they are unequal.

The breakup of the corresponding memory costs has
been collected in Table 1. A few explanatory comments
may be in order regarding this table. The memory cost
for the poset construction is computed as explained above
(on a machine where pointers also have a size of 4 bytes.)
The number of Hasse edges is, in fact, the total number
of coatoms for the various lists coat[z]; notice that our
heuristic bound of 2nN holds in these examples.

As we have explained in Section 4.4, in order to record
the polynomials already computed, we maintain an array
of N rows, where row z holds the P, . for the elements
z < z, which are in “extremal position” with respect

to z; a row is allocated if and when a P, , is actually
required. The allocation requires eight bytes for each
polynomial: four to record the value of z, and four for a
pointer to the actual polynomial, which is written down
in full only once. The header of each row also requires
eight bytes. In fact, we maintain another such table for
recording p-coefficients (when a u-coefficient is required,
we try as much as possible to compute it without unnec-
essarily computing full polynomials; also, u-coeflicients
are essential information in many applications.) We allo-
cate a p-coeflicient only if in addition to x being extremal
with respect to z, the length difference is odd and > 3.
Again, each allocation takes up eight bytes. Finally, we
do not allocate the row for z if z~! < z in our enumera-
tion; it is reasonably easy to deduce row z from row z~!
if one maintains a (partially defined) table of inverses, at
an additional cost of N words. The cost of the memory
tables is the sum of the 4N words for the headers, the
space for the allocation of the nonempty rows, and the
space for the table of inverses.

When many distinct polynomials appear, the space
used for recording them becomes an important part of
the memory requirement (sometimes the dominant part.)
The cost of storing them is deg(P) + 2 words for each P,
plus the cost of a searching structure to access the store
efficiently (in our case, a hash table). The total cost of
the computation is the sum of the costs for the poset,
memory tables, and polynomial storage.

6.3 Conclusion

The upshot of this analysis is that on a computer with
512 Mb of memory available, the computation of the basis
vector ¢, should go through for a size of [e, y] of about 2'®
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yn€F, | y2€ Hy Y3 € Go ys € Ay
N 988 14042 9276 56410
Hasse edges 5244 98 357 53925 496 734
memory cost for poset 68400 | 1067444 586 740 | 5145896
construction (bytes)
Kazhdan-Lusztig 1383 379991 572003 | 2221661
polynomials allocated
Kazhdan-Lusztig 887 246 895 416994 | 1569005
polynomials computed
mu coefficients allocated 410 181387 269 985 1042705
mu coefficients computed 146 107148 191 284 619 255
memory cost for 34104 | 4771864 | 6921424 | 27243128
memory tables (bytes)
distinct polynomials 135 67 864 190 860 23946
found
> deg(P) +2 728 653508 | 2992386 240106
memory cost for poly- 3992 | 3156944 | 13496424 | 1151992
nomial storage (bytes)
total cost for 106496 | 8996252 | 21004588 | 33541016
computation (bytes)

TABLE 1. Memory costs for some typical computations.

to 220 if the rank is not bigger than 8, say (this will not
be possible with the demonstration program, however;
a more careful implementation of the Kazhdan-Lusztig
computation will be needed.) In practice, this seems to
correspond to elements of length around 40 or 50, unless
the rank of the group is small, where lengths might get
larger (but not much larger than 100, except in very easy
cases.)
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la suite

Nous étudions le systtme dynamique défini par la transforma-
tion ® :]0,1] —]0,1] ol ®(z) = px — 1 si = €]1/p,1/q], q
et p étant deux nombres premiers consécutifs. La question
de l'existence d’une mesure absolument continue invariante
par ® est reliée par un argument de chaine de Markov a une
conjecture concernant un ensemble de suites de nombres pre-
miers. Cette hypothése est corroborée par des simulations de
type Monte-Carlo. Nous montrons que cela entraine la stabilité
statistique de @ sur lintervalle ]0,2/3]. En utilisant des argu-
ments heuristiques nous définissons des versions simplifiées de
I'opérateur de Perron-Frobenius associé a ®. Cela nous per-
met de construire a 'aide de Maple une densité de probabilité
présentant une bonne adéquation expérimentale avec les his-
togrammes des orbites issues de constantes fondamentales.

We study the dynamical system defined by the transformation
® :]0,1] —]0, 1] where ®(z) = pz — 1 if z €]1/p,1/q], ¢ and
p being two consecutive prime numbers. The problem of the
existence of an invariant absolutely continuous measure by ®
is related via a Markov chain argument to a conjecture con-
cerning a set of prime number sequences. This hypothesis is
corroborated by Monte Carlo simulations. We prove that this
implies the statistical stability of the transformation ® on the
interval ]0,2/3]. By using heuristical arguments, we define sim-
plified versions of the Perron-Frobenius operator associated to
®. Using Maple, we construct a probability density presenting
a good experimental fit with the histograms of orbits stemming
from fundamental constants.

1. INTRODUCTION

Un systeme fibré est la donnée d'un ensemble I, le
plus souvent un intervalle de R et de deux applications
®: I — 1, (que 'on nomme plutot transformation) et
P: I — N vérifiant la propriété que la restriction de
® & tout P~!(n) est injective. L’exemple classique est
le systéme lié au développement décimal ou: I = [0, 1],
P:x — [102] et ®: 2 — 10z — [10z]. Le systeme
fibré 1ié au développement en fraction continue est défini

© A K Peters, Ltd.
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sur I =|0,1] par &: &z — 1/x — [1/x] et Pz — [1/x].
Nous renvoyons le lecteur & [Schweiger 95] pour une docu-
mentation complete sur le sujet.

Un systeme fibré est un systeme dynamique discret.
Etant donnée une condition initiale x dans I la suite des
itérés (x,®(z),®2(x),,...) de x sous l'action de ® forme
une orbite dont le comportement asymptotique est le
principal objet d’étude. Cette orbite engendre la suite
n — P,(x) = P(®"(z)) que l'on appelle développement
de x.
élément = € [ est appelée suite admissible. La transmuée
de la transformation ® par 'application P est le shift a
droite sur l’ensemble des suites admissibles.
prend donc l'intérét de décrire complétement ce dernier

Une suite de N qui est le développement d’un

On com-

ensemble. Dans les deux exemples précédents I’ensemble
des suites admissibles est de la forme AN ou A est un
sous ensemble de N. Il n’en n’est pas toujours ainsi par
exemple pour le systéme d’Engel noté & [Schweiger 95].
Celui-ci est défini sur ]0, 1] par

1 1

@(CL’) = (k-'—].)l’— 1 sur }k——i—l,%

].
Il se trouve que les suites admissibles de £ sont exacte-
ment les suites d’entiers croissantes.

Dans ce travail nous étudions le systeme inspiré de &
ol 'on remplace la suite des entiers par celle des nombres
premiers. Ainsi nous considérons ’application ® définie
par £ — px — 1 sur lintervalle [1/p,1/¢| si ¢ < p sont
deux nombres premiers consécutifs. L’intervalle 0, 1] est
stable par ® car d’aprés un théoréme de Tschebychef on
a toujours p/q — 1 < 1 ou encore p < 2q.

A Tinstar de ce qui se passe pour £ on s’attend
a ce qu’une suite admissible soit croissante.
est rien. En fait une telle suite présente de brusques
sauts suivis de descentes progressives avec une tendance
marquée a revenir vers les nombres 3, 5, 7 et 11. Nous
nous sommes alors intéressés aux problemes suivants:
(1) Caractérisation des suites admissibles, (2) Existence
d’une densité stationnaire, (3) Ergodicité du systeme.

Voici maintenant exposées les grandes lignes de notre
travail. Du fait que l'on ait I'inégalité plus fine p < 5/3¢
(si ¢ < p sont deux nombres premiers consécutifs avec
2 < q), Vintervalle I =]0,2/3] est stable par ®. De plus
on voit facilement que toutes les orbites restent dans I
a partir d'un certain rang. Aussi du point de vue de

Il n’en

la théorie ergodique seul le systeme restreint a cet in-
tervalle est digne d’intérét.
plement les suites admissibles commencant par une série

Ce faisant on exclut sim-

de nombres 2. Par ailleurs on s’apercoit que par rap-
port aux problemes posés un certain ensemble joue un

role central. Il s’agit de I’ensemble O défini comme la
réunion des orbites issues des nombres p/g—1 (o1 p < ¢
sont deux premiers consécutifs avec 2 < ¢g). Cet ensem-
ble est en effet tres riche car le caractere premier des
dénominateurs précédents fait que ces orbites sont deux
a deux disjointes.

Au paragraphe 2 nous montrons qu’une suite admis-
sible tronquée (ou D-suite) est une concaténation de
débuts de développements de nombres 1/p (p premier)
avec une condition aux indices de discontinuité (appelés
indices de saut). Une telle suite est donc accompagnée
d’une “ombre” définie comme la suite de O composée de
la juxtaposition des morceaux d’orbite associés aux nom-
bres 1/p mentionnés précédemment. Le dernier terme de
cette “ombre” que 'on appelle résultant de la D-suite est
une notion qui se révele tres utile au paragraphe 3.

L’idée centrale du paragraphe 3 réside dans la con-
statation que 'opérateur de Perron-Frobenius 7' associé
A @ laisse invariant le sous-espace de L!(I) constitué des
fonctions de la forme f = > ., Lg,jou ) |a, | r
< oo. La matrice Z de T réduit a cet espace dans la
base de Schauder (%]io,r}),n co ©st colonne-stochastique.
Nous introduisons la chaine de Markov P dont I’ensemble
des états est O et dont les probabilités de passage sont
données par les coefficients de Z. Cette chaine est d'un
grand intérét pour 1’étude des propriétés du systeme.
A partir d’une distribution invariante a = [a;]co de
‘P on obtient une densité stationnaire de 7' en posant
[ = Y,coar/r Lo, Comme P est irréductible et
apériodique ’existence d’une telle distribution invariante
est équivalente a ’ergodicité de la chaine, cette propriété
étant encore équivalente a la non nullité de la limite
quand n —» oo d’'un quelconque des coefficients diago-
naux de la matrice puissance nieme de Z. Dans le but de
tester cette hypothese nous établissons d’abord une for-
mule exprimant le coefficient générique de la matrice Z"
par une somme portant sur les D-suites liées aux indices
du coefficient par le biais de leurs résultants. Ainsi par
exemple si 3, est le coefficient diagonal de Z™ corres-
pondant & 2/3 on a

B":Z {H pik7 (p17p2a~-‘7pn)

k=1
est une D-suite de résultant 2/3} .

En exploitant le fait que le résultant d’une D-suite est
lié a la longueur du cylindre engendré par cette D-
suite nous obtenons une expression du coefficient diago-
nal de Z™ comme probabilité pour qu'un nombre tiré au
hasard dans un certain intervalle ait un développement
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de longueur n de résultant donné. Cela nous donne la
possibilité de déterminer ce coefficient par la méthode
de Monte Carlo. Au vu de simulations sur Maple nous
nous permettons d’avancer que la limite de 3, est non
nulle et qu’elle est de 'ordre de 0,145, ce qui est con-
firmé par le calcul approché de la densité stationnaire
aux paragraphes 4 et 5. Ainsi nous conjecturons que P
est ergodique. Nous montrons que sous cette hypothese
la transformation ® est statistiquement stable.

Le but du paragraphe 4 est la détermination d’une
approximation la plus fine possible de la densité sta-
tionnaire g = Y a,./r Iy, de T. Nous proposons deux
méthodes qui sont complémentaires et dont 1’élaboration
est fondée sur une démarche heuristique conduisant a
des approximations sans estimation effective des termes
Nous utilisons le procédé di & Ulam [Ulam
60] d’approximation matricielle de l'opérateur 7" en ap-
portant 'innovation consistant a conserver le terme reste
sous forme d’un opérateur intégral.

L’opérateur T est la somme d’une série d’opérateurs
dont le terme général fait apparaitre la suite

d’erreur.

Pn
Pn—-1

n— U, = -1

Un entier N
étant fixé nous définissons 'opérateur tronqué Ty par la
somme partielle d’indice N de la série ci-dessus et nous
notons TN l'opérateur reste T'— T. Dans la premiere

ol p, est le nombre premier de rang n.

méthode nous nous appuyons sur le théoreme des nom-
bres premiers pour justifier le remplacement de u, par
sa “moyenne” 1/n. Dans la deuxiéme méthode nous
utilisons le modele probabiliste de H. Cramér [Cramér
36] pour déterminer 'espérance de Ty f(t), expression
que nous adoptons comme nouvelle approximation de
cet opérateur. Nous poursuivons la simplification en
transformant les deux versions précédentes de TN en
un opérateur intégral f](vi), (¢ =1 oui = 2 suivant la
méthode utilisée). Pour cela nous faisons intervenir une
fonction G fournissant un “lissage” correct de la suite
n — p,. L'opérateur Ty +T1(vi) laisse pratiquement sta-
ble un sous-espace E%) de L' (I) somme directe Ex+F @,
ou £y est l'espace de dimension finie engendré par les
Lo .1, r parcourant la réunion des orbites issues des nom-
bres pn/pn_1 — 1 (pour n < N) et F(®) est un espace
de fonctions continues liées & la fonction primitive de
z — 1/G(z).
est suffisamment simple pour se préter a une program-

De plus I'expression de cet opérateur

mation sous Maple. Le vecteur propre de valeur propre

dominante de Ty + Tz(\;) est déterminé par approxima-

tions successives. Nous définissons gg\l,) comme le nor-

malisé dans L' (I) de ce vecteur propre. Nous observons
une bonne convergence expérimentale de chaque suite
(gj(\?)) vers la densité stationnaire g, la convergence étant
plus rapide avec la seconde méthode. De plus au vu de
I’expression de gj(\? nous sommes amenés a conjecturer
que k = lim;—09(t)/In(t) existe avec k de lordre de
-1,3.  Au dernier paragraphe nous nous intéressons au
développement de quelques constantes fondamentales et
nous présentons le résultat des calculs des coefficients liés

a la densité stationnaire.

2. LE SYSTEME FIBRE ET LA DYNAMIQUE
SYMBOLIQUE ASSOCIEE

La lettre p désigne toujours un nombre premier différent
de 1 et lorsque p > 2, p~ désigne le nombre premier
immédiatement inférieur a p. Nous définissons les fonc-
tions P et ® sur |0, 1] par

P(z) =min({p;1/x <p}) et &(x)= P(x)r—1.

La fonction ® prend ses valeurs dans |0, 1] car d’aprés un
théoréme de Tschebychef on a p < 2p™, (pour p > 2).
On peut donc itérer ®. Si 'on part de z > 2/3, la suite
®™(z) commence par décroitre et elle finit par prendre
une valeur dans U'intervalle I =|0,2/3|. De plus ce dernier
intervalle est stable par ® car on a l'inégalité plus fine
p < 5/3p~ pour p > 2 (cette inégalité peut se démontrer
a partir de 'encadrement effectif du nombre premier de
rang n rappelé au début du §4) C’est pourquoi seul
le systeme dynamique défini par la restriction de ® a
I est pris en considération. Il s’agit d’un systeme fibré
o-affine ([Schweiger 95]) dont la partition associée est
constituée des intervalles |1/p, 1/p™] (pour p > 2) et de
lintervalle ]1/2,2/3]. Aussi afin d’harmoniser les nota-
tions, nous posons p~ = 3/2 (au lieu de p~ = 1) lorsque
p=2.

Nous notons pour tout z de I et tout entier n >
0, P,(xz) = P(®"(x)).

Définition 2.1. Etant donné = € I, la suite
[P (z)]n>0 est appelée développement du nombre z et
pour tout N >1 lasuite [P,(2)]q<,<n_; est appelée
développement d’ordre N de z.

Proposition 2.2. Soit « € I et soit (pr)r>o0 son
développement. On a pour tout n > 0,

n £ 1 -~ n 1
x:ZH]D—k—i-@ @) || —-

£=0 k=0 k=0
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De plus
co £ 1
z=> [[— (2-2)
=0 k=0 P¥
Preuve: La relation (2-1) est vraie pour n = 0. En

rapprochant 1’égalité (2-1) supposée établie pour n de
O l(z) = 1/ppp1(1 + @"F2(x)), on voit quelle est
encore vraie pour n + 1. Ce qui démontre (2-1) par

récurrence. La formule (2-2) en découle immédiatement.

O

Corollaire 2.3. Une condition nécessaire et suffisante
pour que le développement de x € I soit périodique a
partir d’un certain rang est que x soit rationnel.

Preuve: La condition est suffisante car si x est de la
forme n/m ou n,m € N*, alors pour tout k, ®%(x) est
de la forme n'/m oun’ € N* et n’ < m. Par suite il existe
ket h > 0 tels que ®*(x) = ®**"(x). Le développement
de x est donc h—périodique a partir du rang k. La con-
dition est nécessaire. En effet si le développement de x
est h—périodique, il résulte de la proposition 2.2 que

1 1\-1
=S 120115
t=0 k=o Pk ko P
Donc z est rationnel. O

Rappelons que la lettre p désigne toujours un nom-
bre premier et p~ le nombre premier immédiatement
inférieur A psip > 2et 3/2sip=2.

Etant donné k € N, nous posons

r(p,k) = @*(1/p") et s(pk)=P(r(p k).

On a en particulier r(p,1) = p/p~ — 1 et s(p,0) = p.

Par commodité d’écriture une suite finie ou infinie est
notée (pr)o<k<n ot n € N U {oo}; elle est aussi notée
(poy - - s Pn—1) lorsque n est fini.

Nous posons aussi

¢
e =2 ]
=0 k=0

2.1 Caractérisation des suites développements
de nombres

Définition 2.4. (Indice de bifurcation.) Soient z,y €
I, © < y. On appelle indice de bifurcation du couple
(z,y) le plus petit entier n = n(x,y) tel que P,(x) #
Pu(y).

1
H(po, - o

Lemme 2.5. Pour tout z,y € I, x <y, sin=n(z,y) est
Vindice de bifurcation de (z,y), on a: P,(y) < Py(z).
Preuve: On montre par récurrence la propriété (P,,):
pour tout couple (z,y) € I%, z <y, tel que n(z,y) =m
on a P, (y) < Ppn(x).

(Po) est clairement vraie. Supposons (P,,) vraie et
solent z, y € I, x < y, tels que n(z,y) = m + 1,
(définition 2.4). On a par hypothese: Py(z) = Py(y) =
po; donc ®(z) = pox — 1 < poy — 1 = P(y). Comme
I'indice de bifurcation du couple (®(x), ®(y)) est égal a
m, on peut lui appliquer la propriété (P,,) , ce qui donne
Pr+1(y) < Ppyi(x). Donc (P+1) est vrale. |

Définition 2.6. (Indice de saut.) Soit S = (pr)n<k<n,
ou h € Net n € NU{oco}, une suite de nombres premiers.
On appelle indice de saut de S toute valeur prise par la
suite finie ou infinie (k;)o<;<m définie par récurrence par

ko = h, et pour tout ¢ > 1:

ki = min({k;ki—l <k<n et s(pki—l?k_ki—l) 7é pk})7

si 'ensemble précédent est non vide.

Définition 2.7. (D-suite.) On dit qu'une suite
(Pk)o<k<n finie ou infinie de nombres premiers est une
D-suite si pour tout couple d’indices de saut consécutifs
(k1,k2) de cette suite on a pg, > s(pk,, k2 — k1).

Exemple 2.8. (11,2), (2,5) et (11,2,11) sont des D-suites,
mais (11,2,5) et (11,2,7) n’en sont pas. Une suite dont
tous les éléments sont égaux a p # 2 est une D-suite. Par
contre (2,2) n’en est pas une.

Proposition 2.9. La suite développement d’un réel x € I
est une D-suite.

Preuve: Soit x € I et soit (pg)r>0 son développement.
Soient k1 < ko deux indices de saut consécutifs de cette
suite. En considérant ®*1(z) au lieu de x on peut sup-
poser que k1 = 0. Posons y = 1/py’. Si z = y la conclusion
est immédiate car il n’y a pas de deuxieme saut. Sinon
r < y et par définition de ko, pour tout k < ks, prp =
Pi(xz) = Py(y) = s(po, k) et Py,y(x) # Pr,(y). Donc ko
est l'indice de bifurcation de (z,y). Par suite d’apres le
lemme 2.5, pr, > s(po, k2). |

Proposition 2.10. Soit S =
pour tout h < n la suite tronquée S" = (pr)n<k<n est une
D-suite. De plus les indices de saut de S supérieurs ou
égauzr a h sont aussi des indices de saut de S’.

(Pk)o<k<n une D-suite. Alors
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Preuve:  Soit kg le plus grand des indices de saut de
S strictement inférieurs a h. Si les indices de saut de
S sont tous strictement inférieurs & h, alors S’ est le
développement d’ordre n— h de r(pg,, h — ko). C’est donc
une D-suite d’apres la proposition 2.9. Dans le cas con-
traire, soit ki le plus petit indice de saut de S minoré
par h. Si k1 = h la conclusion est immédiate. Autrement
considérons la suite S; = (pp, ..., Pk, —1). Par définition
de kg et de k1, St est le développement d’ordre ki —h de
r(pko, h — ko). C’est donc une D-suite et par conséquent
I'inégalité de la définition 2.7 est vérifiée pour tout couple
d’indices de saut de S’ strictement inférieurs & ki. Soit
ko le plus grand des indices de saut de S;. Par définition
de k9 on a:

(1) 5(prys k— k2) = pi, pour tout k tel que ky < k < ky.

De plus, par définition de kg et de k; :

(2) s(prosk— ko) = pr, pour tout k tel que ko < k < ky.

Montrons que

(3) S(pras k1 — k2) < 5(pros k1 — ko).

L’égalité (2) avec k = ko implique r(pko, ko — ko) <
1/py,- Si la relation précédente est une égalité, alors (3)
est évidemment aussi une égalité. Autrement, compte
tenu de (1) et (2), 'inégalité (3) est une conséquence du
lemme 2.5 appliqué au couple (r(pko,kz — k:o), 1 /psz).
Comme s(pko, k1 —ko) < Pk, ,on a donc: s(pk2,k1—k2) <
Pk, - On en déduit que k; est I'indice de saut de la suite S’
qui suit immédiatement ks et cette inégalité montre que
S’ est une D-suite. En effet, a partir de k; les indices de
saut de S’ sont les mémes que ceux de S. Ce qui justifie
le derniere assertion de ’énoncé. O

Lemme 2.11. Soit (px)o<k<n—1 une D-suite finie. Alors
H(p()a cee apn—l) < 1/p0N

Preuve: Si n = 1 le lemme est clairement vrai.
Supposons-le établi pour tout entier m < n et soit
(Pk)o<k<n une D-suite de longueur n + 1. Si 0 est le seul
indice de saut de cette suite, celle-ci est le développement
d'ordre n + 1 de 1/py, donc linégalité est vraie.
Autrement soit k1 le deuxiéme indice de saut de la suite.
D’apres la proposition 2.10, la suite (pg)r,<k<n—1 €st
une D-suite (de longueur inférieure & m). Donc par

I'hypothese de récurrence: H (py,,...,pn—1) < 1/py -

On voit en utilisant 1’égalité

H(po, ... ,pn-1) = H(po,...,Pr,~1)
kl—l 1
+H sy s Pn— )
(pk1 p 1) kl;[o P

que

ky—1

N 1

H(pos--ypn-1) < H(po, .-, pri-1) + 1/p, H o
k=0

< H(po,- - Pri-1,5(po, k1));

la derniére inégalité découlant du fait que s(pg, k1) <
Py, buisque par définition de ki, s(po,k1) < px,. Or,
toujours par définition de k1, (po,. .., Pr—1,5(po, k1))
est le développement d’ordre k; + 1 de 1/py. Par
suite H(po, ey Pki—1, 8(Po, kl)) < 1/pg . D’ou finalement
H(poy .- ,pn—1) < 1/py. Le lemme est ainsi démontré
par récurrence. O

Théoreme 2.12. Une condition nécessaire et suffisante
pour qu’une suite de mombres premiers (pg)p>o0 Soit le
développement d’un mnombre réel appartenant a I est
qu’elle soit une D-suite.

Preuve: La condition est nécessaire d’apres la proposition
2.9. Soit (pg)r>0 une D-suite. Montrons que cette suite
est le développement du nombre z = li7rln H(poy.--ypn)-
11 résulte du lemme 2.11 que 1/py < x < 1/pg. Donc
po = Po(z). On en déduit que ®(z) = pozr — 1. Mais
poxr — 1 = liran H(p1,...,pn). On voit par une récurrence

sur k que pr = Pi(z) pour tout k. |

2.2 Notion de résultant d’une D-suite.

Les résultats établis dans ce paragraphe sont utiles pour
la suite.

Notation. Etant donné une D-suite finie S =

(Pk)o<k<n, On nOtE
J(S) ={z €l ;Pu(z)=pk
pour tout k tel que 0 < k < n}
et on appelle résultant de S le nombre res(S) =
T(pkm,“ n — km_l) ou k,,—1 est le plus grand indice

de saut de S. (Dans [Schweiger 95] les ensembles J(5)
sont appelés des cylindres).

Théoréme 2.13. Soit S = (pr)o<k<n une D-suite finie.
Alors on a

J(S) :}H(pOa"'apn—l)y H(p())"'apkmfl) p;m,l)]a
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ol kmy—1 est le plus grand indice de saut de la suite
(pk)0§k<n-

Preuve: Soit x € J(S5). On a d’apres la proposition 2.2:

km—1—1

1
x=H(po,...,pk, 1)+ ®F1(z) H —.
o Pk

Par ailleurs le développement de ®*7-1(x) commence
par  (Pk,,_1r---sPn-1). Donc H (P, i1 Pn-1) <
®Fm-1(z) < 1/py . En rapprochant cette dou-
ble inégalité de la relation précédente on en déduit
I’encadrement souhaité de x.

Dans le but d’établir 'inclusion inverse montrons
d’abord que

H(p(),...

Du fait de Ulexistence du saut
résulte du théoreme 2.12 que si lon
(po, e ,pkmfl_l) par le développement de 1/py ~ on
obtient une D-suite qui est le développement de
H(po, e 7pk'm71_17p;m,1)7 ce qui prouve (2-3).

Supposons d’abord que ky,,—1 = 0. La suite (pg)o<k<n
est alors le développement d’ordre n de 1/py. On en
déduit que |H (po,...,pn-1),1/p5] C J(S).

Supposons maintenant que k,, 1 > 0. Soit x €

1H (po, . .-

D’apres (2-3) on a: pg = Py(z). De plus pox — 1 €
JH(p1,- - pn-1), H(p1, - - -, Pky_r—1,0%,,_,)]- Or dapres
la proposition 2.2, k,,_1 est aussi le dernier indice de
saut de (pi,...
le théoreme établi pour les suites de longueur n —
1 on voit que le développement de ppxr — 1 com-
mence par (pi,...,pn—1), donc celui de z commence par
(o, - - -y Pn—1). Ce qui implique l'inclusion souhaitée pour
les suites de longueur n. Le théoreme est ainsi démontré
par récurrence. O

7pkm,1—l7p/]:m,1) < ]'/pON (273)

en km— 1 il
complete

7pn—1),H(p0, oo 7pkm,1—17p;m,1):|'

,Pn—1). Par conséquent en supposant

Proposition 2.14. Soit S = (pr)o<k<n une D-suite finie.

Alors J(S) est un intervalle de longueur res(.S) Hz;é pik.

Preuve: Par le théoréme 2.13 on sait que J(S) est un
intervalle de longueur

kpm—1—1 1
(]—/pkNm,l _H(pkmfla"wpn—l)) H )
o Pk

ou kp,—1 est le plus grand indice de saut de S. Mais

comme (pkmfl, e ,pn_l) est le développement d’ordre

n — k;p—1 de 1/;19;m717 on a d’apres la proposition 2.10:

l/p;m—l = H(pk'm717 s 7pn—1)
n—1
1
+ 7 (Pr1> — km—1) H —.
' o PR

3. LA CHAINE DE MARKOV P

Rappelons que la lettre p désigne toujours un nombre
premier différent de 1 et p™~ désigne le nombre premier
immédiatement inférieur & p sip > 2 et 3/2 si p = 2.

Le fait que les extrémités des intervalles du systeme
fibré soient toutes (sauf une) des inverses de nombres
premiers apporte ceci de particulier que les orbites finies
issues de ces nombres sont deux a deux disjointes, mise a
part I'exception due a I'égalité r(2,2) = r(5,1). Un sous-
ensemble de la réunion de ces orbites joue un role essentiel
dans la suite. Il s’agit de I’ensemble O qui est la réunion
des orbites des nombres p/p~ — 1. Nous commengons par
établir une bijection de O sur un ensemble de couples
(p, k) via Papplication (p, k) — r(p, k). Pour cela nous
introduisons la fonctions h suivante:

pour p £ 2et p#£5,

h(p) = min{k > 2, tel qu’il existe j, 1 < j < k
avec r(p, j) = r(p, k)}

et enfin h(2) = h(5) = 2.
Nous pouvons donc identifier
{(p,k) ; p premier, 1 <k < h(p) — 1}.
Nous définissons aussi la fonction j suivante:
pour p # 2 et p # 5,

O a l'ensemble

j(p) = Dunique entier k, 1 < k < h(p)
tel que r(p, k) = r(p, h(p))

et enfin j(2) = j(5) = 1.

(En général on a pour p > 5:

T( ah’(p) - 1) - i,\,a
p

donc j(p) = 1. Le plus petit p tel que 1 < j(p) est p = 19).

Nous désignons par A la mesure de Lebesgue. Rap-
pelons que I =]0,2/3].

L’application & définie au §2 est non singuliere, en
ce sens que pour tout borélien A de I, AM(A) = 0 =
A(@71(A)) = 0. On peut donc considérer 'opérateur de
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1
- si p>s(q,f) et k=1,
p
! | 5 C<hlg)—1 et k=t+1
St p=4q ) q) — € = )
, s(g, ¢)
Ak = . :
ou si p=g>5, L=h(g)—1 et k=jq),
ou si p=s(q,1),q<5, L= et k=1,
0 autrement.
TABLE 1.
Perron-Frobenius 7' de L'(I,\) dans L!(I,)\) associé  On obtient les Aq’f; a partir de (3-2) (voir Table 1).
R N . 1 1 1 1
a ®. D’apres [Schweiger 95] on a pour tout f € L(I,\), En particulier A3 = s Ag 1 > A?,ﬁ = :

1 /1414
=Y (=), e, (D)
~p NP Jow/p=-1]
cette série étant absolument convergente pour la
norme L'. En particulier on a pour tout s e I :

T(Lo,q) = ( ) Lo,a(s)) + Z - ]hop/p 1 (3-2)

p>P(S)

(pour la définition de P(s) voir le début du §2)
Introduisons le sous-espace € de L'(I, \) constitué des
fonctions f de la forme

F=Y" apr Yorpu)

(p,k)eO

ou Y. | ap | r(p, k) < oo. Pour simplifier I’écriture nous
¢écrivons par la suite e, = T r(p,x))-

Le lemme suivant montre que la famille (e, ) (p.k)€O
constitue une base de Schauder de €.
Lemme 3.1. Soit (ry,)n>0 une suite injective de R%_ et soit
(an)n>0 une suite de réels telle que > | oy | 7 < 00.
On suppose que la fonction f = Y anly, | est presque
partout nulle. Alors c,, = 0 pour tout n.

Puisque f est continue a gauche, I’hypothese
implique que f est identiquement nulle. Or du fait de
Uinjectivité de (r,,)n>0, on a pour tout n : f(r,) — f(ry, +
0) = ay,. O

Preuve:

On voit d’apres (3-2) que T laisse € invariant. On peut
donc parler de la matrice infinie A = [Ag’é] (k) (0.0 02
de l'opérateur Tj¢ dans la base (ep ) (p,k)co- Ainsi, pour

tout (¢,¢) € O :

Tqu— Z Apkepk
(p,k)€O

Puisque T est une isométrie sur L'(I,\)* on a pour
tout (g, ¢) € O:

r(g.0)= > r(pk) ALy

(p,k)eO

Soit la matrice infinie

2= (231w m wercon

ol
A - A(q’f) T(p, k) )
(k) (g, £)

La relation précédente montre que Z est colonne-
stochastique en ce sens que la somme des éléments de
chacune de ses colonnes est égale a 1. Cela nous per-
met de définir la chaine de Markov que nous notons P
dont O est I’ensemble des états et dont les Zg:f; sont les
probabilités de passage de (q,¢) a (p, k).

Lemme 3.2. Pour tout p > 5, on a p~ > s(p,1).

Preuve: On a
2 1
T pal Z —_— >
®.1) p~ " (p)~
Donc s(p,1) < (p~)~. D’ou s(p,1) < p™. O

Proposition 3.3. La chaine de Markov P est irréductible
et apériodique.

Preuve: 11 s’agit de montrer que pour tout couple d’états
[(g,0), (p, k)] il existe une suite finie [(p;, ki)]o<i<n telle

que (po, ko) = (g, f), (Pnskn) = (p, k) et que pour tout i,
0<i<n-—1, Apll # 0.

Pit+1, z+1
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Remarquons d’abord que tout état est accessible a par-
tir de (5,1); en effet on a pour tout p: A;:} # 0 et pour
tout k', 1 <K' < h(p) —1 : AV}, #0.

Pour conclure il suffit d’établir que (5,1) est accessible
a partir de tout état (g, ). Dans ce but choisissons p; tel
que p; > s(q,¥). Alors Agfl # 0. Si p1 = 5 le résultat
est évident. Autrement définissons (p;)a<i<n telle que
pn =5 et que p; = p;7; pour tout i, 2 < i <mn , (on rap-
pelle que p™ désigne le nombre premier immédiatement
inférieur a p). Par le lemme 3.2 on a pour tout i, 2 <

it <n :p; > s(pi-1,1), dou Azjjll’l # 0. La suite
((q,é), (p1,1), (p2,1), ..., (pn, 1)) établit donc un lien en-
tre (g,¢) et (5,1). |

3.1 Lla chaine P est-elle ergodique?

Suivant le vocabulaire de [Feller 68] une distribution in-
variante de P est une famille [0, ] (p.x)co de RT telle que
Yapr=1let Za=a.

La proposition suivante (qui est une conséquence di-
recte du lemme 3.1) établit le lien entre distribution in-
variante de P et densité de probabilité stationnaire de T :

Proposition 3.4. Soit a = [apk](prco 0U apr €
R* et Y ap,r = 1. Une condition nécessaire et suf-
fisante pour que Za = «, c’est-a-dire que « soit une

distribution invariante de P, est que la fonction f =

Qp L
- r(p, k)

Lo, (p,k)) (t) s0it une densité stationnaire de T.

Puisque P est irréductible et apériodique, d’apres
[Feller 68, théorémes XV.5 et XV.7] une condition
nécessaire et suffisante pour qu'’il existe une distribution
invariante de P est qu’il existe au moins un état (p,1)
tel que lirrln ”ZZ’;”Z # 0, (ot 'on note ”Zg,’g le coefficient
générique de la matrice puissance n-ieéme de Z). De plus
si cette limite est non nulle pour un état, elle est aussi
non nulle pour tout autre état. On dit alors que la chaine
est ergodique et dans ce cas la famille [ x](p r)co OU
Q= liTan "Z;’:,f constitue la seule distribution invariante
de P.

Notre but dans la suite de ce paragraphe est d’obtenir
une expression des coeflicients ”ZZ’;”,I: en termes de D-
suites, ce qui donne un moyen de tester ’hypothese
d’ergodicité de P a ’aide de simulations numériques.

Définition 3.5. Soit ¢ = [(¢,£),(p,k)] € O?. On dit
qu'une suite finie (p;),;<,, est c-compatible si la suite

(q7 5(Q7 1)3 ) S(qae - 1)aplap23 s
de résultant égal & r(p, k).

,Pn) est une D-suite

Proposition 3.6. Soit ¢ = [(¢,¢), (p,k)] € O%. FEtant
donné une suite finie S = (p1,...,pn), on définit j =
min({1 < i < n; s(¢,€—1+14) # p;}) si l’ensemble
précédent est non vide et j = oo sinon. Alors une condi-
tion nécessaire et suffisante pour que S soit c-compatible
est qu’elle soit une D-suite et qu’elle satisfasse l'une ou
Uautre des conditions suivantes:

(a) j=00 et r(qg,l+n)=r(pk).

(b) i <n, s(g, 0 —1+j) <p; et res(S)=r(pk).

Preuve: Supposons que S soit c-compatible. D’apres la
proposition 2.10, S est une D-suite. Si de plus j = oo
cela entraine que la suite S’ = (¢,s(q, 1), ..., s(q, £ — 1),
Ply---,Pn) est le développement d’ordre n + £ de q%,
donc res(S’) = r(q, £+ n); ainsi S satisfait (a). Si
j < oo alors j < n etle deuxiéme indice de saut
S’ définie plus haut est j + £ — 1; donc
s(¢,£ — 1+ j) < p;. De plus d’apres la proposition 2.10,
j est un indice de saut de S. Donc S et S’ ont les
mémes résultants; ainsi S satisfait (b). La réciproque
est une conséquence immédiate de la proposition 2.10. [J

de la suite

Définition 3.7. On dit qu'une suite [(¢;,%)]y<;<, de O
est une n-chaine reliant (g,f) et (p,k) si (qo,fo) =
(@:0), (@) = (p k) et AZ251 £ 0 pour tout i tel
que 1 <17 < n.

Nous notons C’h(n, (q,é),(p,k:)) I’ensemble des n-
chaines reliant (g, ¢) et (p,k).

Proposition 3.8. Soit ¢ = [(q,¢),(p,k)] € O*. Pour
tout n > 1,

chaine  [(gi; €i)lo<i<n,

. . Gi—1,0i—17 L
cie la suite ([A57"7] )1§¢§n
de Ch(n,(q,0),(p,k)) sur Uensemble des D-suites c-
compatibles de longueur n.

Uapplication notée A, qui a une n-
(g,€) et (p,k)

reliant asso-

est une bijection

Preuve: L’application A,, est injective car étant donné
(¢,¢) € O, si pour (p,k) € O on a Ag’j; # 0,
alors (p,k) est déterminé par Ag’j;. D’autre part
lorsque (p,k) parcourt 'ensemble des éléments de O
tels que Ag:i # 0, le nombre [Ag’j;]_l parcourt
I'ensemble des p; p1 > s(g,f), Cclest-a-
dire tels que (q,s(q, 1),...,s(q,¢ — 1),p1) soit une D-
suite, dont le résultant est nécessairement r(p,k). La
proposition est donc vraie lorsque n = 1. Supposons-la
établie pour n > 1. Soient ¢ = [(¢,4), (p,k)] € O? et
[(qi7£i)]0§i§n+1 € Oh(n + 13 (qa 4)7 (pa k))

tels que
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-1
Posons p; = [AZ:Z’Z“I] , 1 <i<n+1. Mon-
trons que la suite S = (p;)1<i<n+1 est une D-suite c-
compatible.

. . . ¢
Discutons suivant les quatre cas ou AZ’I o, 70

(1) Sig>5, 1 =¢q, L <h(q)—1, b1 =041,

alors p1 = s(¢,¥) = s(q1,¢1 — 1); or d’apres
Ihypothese de récurrence la suite (q1,s(q1,1),...,
s(qi, 01 — 1),p2,. .y Dnt1) D-suite de
résultant r(p,k). Donc S est une D-suite c-

compatible (définition 3.7).

alors p; = s(q,f) et par hypothese (p2,...,pnt1)
D-suite  [(¢,7(q)), (p, k)]-compatible.
Puisque s(g,h(q) —1+1) =s(g,j(q) —1+1i) pour
tout ¢ > 1, on voit par la proposition 3.6 que S est

est une

est une

c-compatible.

(3) Si q > S(q, 6), él = 17

alors p; = ¢q; et par hypothése (p1,p2,...
est une D-suite de résultant 7(p, k).
(¢,8(q;1),...,8(q,£=1),p1,p2,. ..
une D-suite dont l'indice ¢ est un indice de saut
(sachant que 0 est son premier indice), de sorte que
son résultant est toujours r(p, k).

7pn+1)
Dans ce cas

,Dni1) est encore

(4) Slq§57 Q1:3(q71)7 6217 61:1,

alors p1 = s(g,1) et par hypothese
(p1,p2,---yPn+1) est une D-suite de résultant
r(p,k). Puisque s(p1,i) = s(¢,i + 1) pour tout

¢t > 1, on voit que (q,p1,p2,...,Pnt1) est encore
une D-suite de méme résultant r(p, k).

Montrons que inversement toute D-suite S =
(pi)1<i<n+1 c-compatible est 'image par A,;; d’une
(n + 1)-chaine reliant (g, ) et (p, k).

Par hypothese la suite S" = (¢,s(¢,1), ..., s(¢g, € — 1),
P1,D2, -+, Pnt1) €st une D-suite de résultant r(p, k) .

Discutons suivant les valeurs possibles de p;:
1. Si py =s(q,¢) et £ < h(q) —1,

alors (pa,...,pnt1) est [(¢,€+1),(p, k)]-compatible
et d’apres ’hypothese de récurrence il existe une n-
chaine (qi,éi)lgign_H telle que pour tout 2 <i <
n+1,

-1
i— ,fi,
[Agivet 1:| =Ppi
que (q1,%1) = (g, £+1) et que (gny1,lnt1) = (0, k).

La suite (gi,4i)ocicniy o0 (q0,f0) = (g,€) est
une (n+ 1)-chaine reliant (q,¢) et (p, k) et 'image

par A, 1 de cette (n + 1)-chaine est bien la suite
(pi)1§i§n+l‘

2. Si py =s(q,f) et £="nh(g) —1 (ce quiinclus les
casou g<5etl=1),

alors (p27 s apn—i—l) est [(‘L](q))a (p7 k)}—compatible
et comme précédemment on voit que la suite
(Pi)1<i<ny1 est définie par une (n+1)-chaine reliant

(q,€) et (p, k).

3. Si p1 > s(q,0),

alors d’apres la proposition 2.10, la suite

(p1,P2, - s Prt1) D-suite de méme
résultant que la suite S’. Donc (pa,...,Pnt+1)
est [(p1,1), (p, k)]-compatible. Par hypothese de
n-chaine (gi,4i);<;j<pi1
telle que pour tout 2 <i<n+41,

—1
AQi—héi—l o
qili =Ppi

que (q1,41) = (p1,1) et que (gnt1,lnt1) = (p,k).
Comme Ag’fl = p%’ on obtient une (n+ 1)-chaine
reliant (g,¢) et (p, k) en prolongeant la précédente
par (qo,%o) = (g,¢) ; de plus 'image par A,.; de

cette (n + 1)-chaine est bien la suite (p;);<;<,q ;-

est une

récurrence il existe une

La proposition est donc démontrée par récurrence. O

Le résultat suivant est une conséquence directe de ce
qui précede:

Proposition 3.9. Soit [(g,£), (p, k)] € O%. Alors pour tout
n>1 si ”Agzi désigne le coefficient générique de la
puissance n-ieme de la matrice A, on a

n

%Z:izz {H i ;(plap27"'apn)

i1 Pk
est une D-suite [(q,£), (p, k)]-compatible} .

Nous avons vu plus haut que la question de I’ergodicité
de la chaine P se rameéne a la non nullité de lim "Zg 11 .
o ,

Or on a "Z5511 = ”Agi De plus une condition nécessaire
et suffisante pour qu’une suite (p1,po,...,pn) SOit
[(5,1), (5,1)]-compatible est qu’elle soit une D-suite de
résultant % Ainsi d’apres la proposition 3.9 nous pou-
vons ecrire:

n

1

nZ55:::ll :Z {H P (p17p27"-7pn)
i1 Pk

est une D-suite de résultant 2/3} .
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Les valeurs approchées de "Zg:’ll pour n = 2, 3,
4, 5, obtenues par calcul direct sont respectivement
0,253... 0,183..., 0,171..., 0,160....

Le nombre de termes dans la somme ci-dessus est a-
symptotiquement d’ordre plus grand que 7”2 pour un
certain v > 1. Le calcul des ”Zg’ll est tout de méme pos-
sible par le procédé de Monte Carlo. Pour cela on nous

nous appuyons sur les propositions suivantes:

Proposition 3.10. Soit n > 1.
hasard dans I suivant la loi uniforme, la probabilité pour

Si x est pris au

que la D-suite formée des n premiers nombres de son
développement soit de résultant 2/3 est égale a "Zg’ll

Preuve: Suivant les notations du paragraphe 2.2,
I’ensemble des
est égal & la réunion disjointe des J(S) ou S parcourt
I’ensemble des D-suites de longueur n et de résultant
2/3. Le résultat découle alors de la proposition 3.9 et de
la proposition 2.14. O

x € I ayant la propriété de 1’énoncé

Proposition 3.11. Soient (p,k) € O et n > 1. Soit
1

I(p, k) = [H(p,s(.1), 50k = 1)) | p—N].

Si x est pris au hasard dans I(p,k) suivant la loi
uniforme, la probabilité pour que la suite formée des k—+n
premiers nombres de son développement soit de résultant
r(p,k) est égale d ”Zg”,]j.

Preuve: D’apres le théoreme 2.13, 'ensemble des x €
I(p,k) vérifiant la propriété de I’énoncé est la réunion
disjointe des ensembles J(S) ou S parcourt ’ensemble
des D-suite de longueur n + k, de résultants r(p, k)
et commencant par (p,s(p,1),...,s(p,k—1)). Il résulte
de la proposition 2.14 que la mesure de Lebesgue de cet
ensemble est égale a

k—1 n

r(p,k)HS(L Z H %?(plap%”wpn)

i=0 p7l) j=1 J

est [(p, k), (p, k)]-compatible} .

Mais d’apres les propositions 2.14 et 3.9, ce dernier nom-

bre est égal au produit de la longueur de I(p,k) par

nszC O
pk*

Les calculs par Maple suivant ce procédé de "Zg’ 11 pour

n = 100, 200 et 300 font apparaitre des valeurs comprises
entre 0, 145 et 0, 148.

D’autre part le calcul approché de la densité station-

o
_ Di ]
9= > N Epii

oeo (P10

naire

par la deuxieme méthode du paragraphe suivant donne
Q51 = 0, 145 ...
énoncer la conjecture suivante:

Tous ces éléments nous amenent a

Conjecture 3.12. La chaine P est ergodique.

3.2 Conséquences de I’hypothése de I'ergodicité
de la chaine P

Dans ce paragraphe nous admettons 1’hypothese de
I'ergodicité de la chaine P. Soit

_ Qp,k
9= Z T(p, k) Ep,k

(p,k)eO

la densité de probabilité stationnaire de T (proposition
3.4). La transformation ® préserve donc la mesure p =
gA. Nous nous intéressons aux propriétés asymptotiques
du couple (@, u).

Lemme 3.13. Soit A C I tel que ®~1(A) = A. Soitz € I
et soit S = (Pk)o<p<n_1 le développement d’ordre n de
x. Alors

AnH(S)a] = 1(5) + (] pik) (An]o.4"@)]).
k=0

Preuve: L’égalité précédente avec n =1 s’écrit
1 1 1
AN ]=z]==+—=(4 nJ0,o(x)]).
Pbo Po Po
Afin de la prouver, remarquons que par hypothese la
restriction de ® a ]—,a:] concide avec la fonction

Po
t — pot — 1. Donc

1 1 1 1

1A N =zl =(—+—=4) n |—,z|.
) ]Po ] (po bo ) ]po ]
1 1 1 .
Comme |—,z] = —+—1]0,®(z)] et que ®~1(A4) = A4,
Po Po Po
I’égalité est vraie pour n = 1 . La démonstration se
poursuit en effectuant une récurrence sur n. O

Lemme 3.14. Soit A C I tel que ®71(A) = A. Alors
pour toute D-suite finie S = (pk)0§k<nf on a:

n—1

AnJ(S)=H(S)+ ([] 1 (A N ]0,res(5)]).) (3-3)
Pk
k=0
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Preuve: La relation est vraie si n = 1. On a en effet:

et

Po Py Po Do
1 1
= — = (A n ]o,r(po,l)])
Po Do

Supposons le lemme établi pour n > 1. Soit S =
(Pk)o<k<nyi une D-suite de longueur n + 1. Puisque

on a

. EVERE
P (A)mJ(S)_(p0 +p0A) n J(9).

Si S est le développement d’ordre n+1 de % I’égalité
(3-3) résulte du lemme 3.13. Autrement S posséde au
moins deux indices de saut. Alors d’apres la proposition
2.10 le plus grand indice de saut k,,_; de la D-suite
S"= (Pr)1<k<ny1 estle méme que celui de S ; par suite
d’apres le théoreme 2.13,
1 1 ,
J(8) = . +pOJ(S )

d’ou

. 1.1 :
1A NJ(S) = o +p0 (AN J(S")).

Par ’hypothese de récurrence,

ol
ANJ(S) =H(S) + — ) (AN]0, res(SN)]).
(8) = H(S) q_[lm)( 10, res(S")])
Comme res(S) = res(S’) et que A = & 1(A), on en
déduit que (3-3) est vraie pour n+ 1. Le lemme est donc
établi par récurrence. O

Proposition 3.15. En supposant ’ergodicité de la chaine
P, la transformation © est ergodique.

Preuve: Soit A borélien de I tel que ®1(4) = A.
D’apres la proposition 2.14 et le lemme 3.14, on a pour
toute D-suite finie S:

AMANJ(9)) B A(AN]0, res(S)])

NUE)) res(9) (3-4)

Par ailleurs d’apres un théoreme de Lebesgue, on a pour
A-presque tout z € I:
lim

y—rz, y<w
z—rx, <z

11 en résulte que si pour n >0 et x € I, S,(x) désigne
le développement d’ordre n de z, on a pour A-presque
tout x €1 :

L AANT(S0(@)
n A(J(Sa(2)))

= La(2). (3-5)
Montrons que pour A-presque tout , res(Sn(a:)) =
% pour une infinité de n. La mesure pu = g\ qui
est invariante par ®, est équivalente a A. Il découle du
théoreme de I’éternel retour de Poincaré que pour M-
presque tout z € I la trajectoire [®"(z)],>0 issue de

x visite une infinité de fois 'intervalle

11 1 1,
l3+35 37330

cela entralne que dans le développement de z, la
séquence (3,5) apparait une infinité de fois ; comme
5> 5(3,1) cela prouve notre assertion. Par suite d’apres
(3-4) et (3-5), La(x) est A-presque partout égale & une
constante, c’est-a-dire que A =1 ou A = ¢ App. Ce
qui démontre ergodicité du couple (P, p). |

Le reste de ce sous-paragraphe vient en complément
d’une premiere version de notre travail. Nous améliorons
le résultat précédent en montrant que sous I'’hypothese
de Vergodicité de la chaine P le couple (P, 1) est exact.
Pour cela nous commencons par établir une formule per-
mettant d’obtenir une expression simple de la puissance
nieme de l'opérateur de Perron-Frobenius T'; ce qui per-
met d’utiliser les résultats de [Lasota and Mackey 94]
dans le but de démontrer le caractere statistiquement
stable de la transformation ®.

Rappelons que pour une suite de nombres S =
(Pk)o<k<n—1, DOUS nDOtONS

n—1 4

1
H(S) = I =
=0 k=o Pk
Nous écrivons aussi
n—1 1
ns) = [ —
k=o Pk

Pour les définitions de res(S) et de J(.S) lorsque S est une
D-suite nous renvoyons au début du §2.2. Nous notons
D,, 'ensemble des D-suites de longueur n.
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Proposition 3.16. Soient f € L'(I,\) etn > 1. On a
pour presque tout t € I:
T"f(t) =

> I(S)F(H(S) + tTI(S)) o res(

SeD,
(3-6)

Preuve: La relation (3-6) est vraie pour n = 1, car c’est
la formule classique donnant l'expression de T' (formule
(3-1) au début de ce paragraphe). En effet le résultant
d’une D-suite de longueur 1 & savoir (p) est égal a r(p, 1).
Appliquons l'opérateur T aux deux membres de la rela-
tion (3-6) supposée vraie pour n > 1. On obtient:

= 2 > 1(s.A)S

sSeD, p
+ tH([Svp]))l]

T f () H([S,pl)

O,mam(O,min(res(S)p 1,r( p,l)))

N
(3- 7)

ou [S, p] désigne la suite S augmentée de 1’élément p. On
a tenu compte du fait que

1+t

]-]O,res( ]Ii() r(p,1)] )

1] 0,mazx (O,min (res(S)p_lﬂn(p’l)) )] (t) .

La fonction indicatrice ci-dessus que I'on note gg ;) est
non identiquement nulle si et seulement si % < res(S),
ce qui revient au méme de dire que la suite [S, p] est une
D-suite (définition 2.7).
Deux cas se présentent alors:

Supposons qu’il en soit ainsi.

1
(1) p <res(S) <

p
res([S,p]) = res(S)p — 1 <r(p,1)

car le plus grand indice de saut de [S,p] est le
méme que celui de S (définition 2.6); d’ott g5, =

Lo res(1s,p])]-

1

(2) pr <res(S):ona

res([S,p]) =r(p,1) < res(P)p —1

car le plus grand indice de saut de [S,p] est son
dernier indice. Par conséquent on a encore gig,, =

Lo res(1s,p])]-

Ainsi la relation (3-7) n’est autre que la relation (3-6)
ou n est remplacé par n + 1. O

Remarque 3.17. La proposition précédente permet une
démonstration plus directe de la proposition 3.9.

Nous notons D(I) I'ensemble des densités de proba-
bilité sur I, la mesure de référence étant \. Pour tout
f € D(I) et tout n > 1 nous définissons U,, f € D(I) par:

Unf: Z ( f(u)d )

sep, “J(S)

]I-]O res(

res( )

Proposition 3.18.
Unf”l =0.

Pour tout f € D(I), lim, |T"f —

Preuve: Soit f € D(I) et n > 1. D’aprés la proposition
3.16 et par définition de U, f on a:

res(S)
177 f — U fls < Z/

SeD,
1
- —res(S) /J(S) f(u)du | dt.

En effectuant le changement de variable v = H(S) +
tII(S) dans les intégrales de la somme du second mem-
bre ci-dessus, tenant compte du fait que J(S) =
|H(S),H(S)+res(S)II(S)] (théoréme 2.13), on obtient:

S)f(H(S) + tIL(S))

17" f—Unf s < Z/J

Py res(S) s f(uw)du | dv.

On reconnait au second membre: ||f — E(f/B,)|1 ou
B,, désigne la tribu finie engendrée par les J(S5), S par-
courant D,,; E(f/B,) étant ’espérance conditionnelle de
f par rapport a B,,. Du fait méme de I'existence de la cor-
respondande bijective entre I et ’ensemble des D-suites,
la tribu engendrée par |J,, B, est la tribu de Borel de I.
Or par un théoréme classique on a lim,, ||f—E(f/B.)|1 =
0 pour tout f € L'(I, ). O

Pour les définitions de ’ensemble O, de 'espace & et
de la matrice Z nous renvoyons au début de ce para-
graphe. Soit F l'application de [*(Q) dans L(I,\)
définie par: (ap)prco — 2 %enk (on rappelle
que e, 1 désigne Iy ., xy). L'image de F est I'espace €.
Nous avons vu que cet espace est stable par 'opérateur
de Perron-Frobenius T' associé¢ a ®. Soit Tj¢ la réduction
de T' a £. La matrice de T|¢ dans la base de Schauder
normalisée (e, /7(p, k))(p,k)eo n’est autre que Z. Soit
K = F~'T¢F 'opérateur de I'(O) dans ['(0O) transmué
de Tj¢ par l'application F. La matrice de K dans la base
canonique étant aussi Z on voit que K est Markovien.
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Nous notons D(O) l'ensemble des densités sur O, la
mesure de référence étant bien entendu la mesure v telle
que v({c}) = 1 pour tout ¢ € O. D’aprés I'hypothese
d’ergodicité de la chaine de Markov P Il existe une den-
sité stationnaire unique a pour K. De plus pour toute
autre densité 8 de D(O) on a K™"3 — « simplement
sur O (voir le début du §3.1).

On voit facilement que K est constrictif [Lasota and
Mackey 94, definition 5.3.2]. En effet soit B un sous
ensemle fini de O tel que >, 1 cpapr > 1/2. Pour
toute densité B de D(O) il existe un entier no(83) tel
que pour tout n > n9(8), 32, kyen(K"B)pxr > 1/2. En
choisissant ¢ quelconque avec 0 < § < 1 , on a pour
tout E C O tel que v(E) < ¢ et tout n > no(f),
> wiye©,purE"B)pr < 1/2; ce qui montre bien la
constrictivité de K.

On peut alors appliquer & K le théoréme 5.6.1 de [La-
sota and Mackey 94]; on voit ainsi que la suite { K™} est
asymptotiquement stable [Lasota and Mackey 94, defini-
tion 5.6.1], & savoir que pour tout 8 € D(0), K" — «
dans [1(0).

Soit g = 3>, meo %enk la densité stationnaire de
T (proposition 3.4). Il résulte de ce qui préceéde que pour
tout f € D(I)NE, T"f — g dans L*(I, \). Le théoréme
suivant affirme qu’il en est de méme pour tout f € D(I);
ce qui veut dire que P est statistiquement stable [Lasota
and Mackey 94, definition 5.6.2].

Théoreme 3.19. Sous l’hypothése de lergodicité de la
chaine de Markov P, la transformation ® est statistique-
ment stable.

Preuve: Soient f € D(I) et € > 0. D’apres la proposition
3.18 il existe un entier n et f* € D(I)NE tels que || T" f —
f*ll1 < €/2. D’apres la discussion précédente il existe k
tel que ||[T*f*—g|l1 < €/2. D’ou |T"**f—g||; < €; on en
déduit que pour tout f € D(I), T"f — g dans L1(I, \).

O

D’aprés [Lasota and Mackey 94, proposition 5.6.2] on
peut alors énoncer le résultat suivant:

Corollaire 3.20. Sous U’hypothése d’ergodicité de la
chaine de Markov P, le couple (P, ) ot p = g\ est exact
et en particulier mélangeant.

3.3 Relations vérifiées par une distribution
invariante de P
Dans ce paragraphe nous déterminons les rapports %ﬂ%
P,
pour (p, k) € O en supposant que « est une distribution

invariante de P. Ces relations sont utilisées au §5 dans
les algorithmes de calcul de la densité stationnaire g.

Rappelons que d’apres la relation (3-2) du début de
ce paragraphe on a pour tout (p, k) € O:

1 1 .
mep,k.H + Z —€pr,1 Sl k< h(p) -1,
T(eps) = p'>s(p,k)
P, 1 1 .
s(p, k) €p.i(p) T Z —6p1 Sl k= h(p) — 1.
’ P'>5(p,k)
Reportons cette expression dans la somme
P (pk)eo %T(ep,k) et aprés regroupement des termes
. . p N Ap k
semblables, identifions le résultat a g = P ek
2

(voir lemme 3.1).
On voit alors que pour tout p > 5 et tout k, 2 <k <

h(p) — 1:

Qp k—1 . .
. k
S(p,k_ 1) T(p,k_ 1) S1 #](p%
Qp,j(p)—1
Ok _ ) r(p,i(p) = Ds(p,i(p) — 1)

Xp,h(p)—1

T r(p,h(p)—l) s (p,h(p)—l)

si k= j(p) et j(p) = 2.

(D’ailleurs il apparait aussi que 4ap; = a5,1).
On en déduit les relations suivantes:

Ve, 2<0<i(p) wfr(p,é)ﬁ 1
S ~r(p,1) 2 s(p k)

Oép71
(-1
. Qy, r(p, ¢ 1

v, j(p) << h(p), -2zt - @0 -

Qp j(p) r(p,j(p)) k=1 (p) s(p, k)
et si j(p) > 2,

oy )1 h(p)—1
%) _ T(p,i(P)) ]i—[ 1 (1- ﬁ 1 >—1.
ap,1 rip,1) % s(p k) i S F)

4. CALCUL APPROCHE DE LA DENSITE
STATIONNAIRE

L’hypothese de l'ergodicité de P étant admise, le but
de cette partie est la détermination d’une approxima-
tion la plus fine possible de la densité stationnaire g =
Yo apk/T(D, k) Lo p(pk))- Les deux méthodes exposées ci-
dessous sont complémentaires et sont fondées sur une
démarche heuristique qui utilise la méthode de [Ulam
60] d’approximation matricielle de ’opérateur T' tout en



396  Experimental Mathematics, Vol. 11 (2002), No. 3

conservant le terme reste sous la forme d’un opérateur
intégral.
Rappelons la formule (3-1) du paragraphe 3:

1 14t
1 nlenf< Pn >1}o,pn/p;—1} )
ou p, désigne le nombre premier de rang n.

Un entier N étant fixé, nous définissons l'opérateur
tronqué Ty par la somme partielle d’indice N de la série
ci-dessus et nous notons TN lopérateur reste T'— Ty .

Une premiere étape consiste a remplacer la série
définissant TN f(t) par une intégrale. Pour cela nous
utilisons la fonction G sur R, définie par (log désignant
toujours par la suite le logarithme népérien):

G(z) = (z +2,1362) [log(w +2,1362)

21
+ loglog(x + 2,1362) — %)

fonction qui présente 'intérét de fournir un lissage cor-
rect de la suite n — p,. Elle s’obtient en partant
de l'encadrement [Ellison et Mendes France 75, p. 25]:
Vn > 21,

3 1
n(log n+loglog n—g) <pn < n(log n+loglog n—§)

et en procédant a ’aide de Maple a un ajustement em-
pirique de son graphe avec celui de la suite n — p,, pour
n < 30 000.

D’autre part grace a la formule ([Ellison et Mendes
France 75, p. 32) (ot a = 0,261...):

Zl = a + log log(z) +O<

p<z

).
log
on a pour x assez grand:

1 ~ a+loglog(G(x)).

1<n<z Pn

En fait nous n’utilisons que les premiers termes du
développement asymptotique du deuxieme membre, a
savoir la fonction

L(z) = a + loglog(x)

loglog(z) = loglog(z) — 3 — Lloglog(x)?
log(z) log(z)? '

L’autre intérét de L est de fournir une bonne approxima-

1
tion d’une primitive de —— pour z grand.
G(x)

4.1 Description de la premiére méthode d’approx-
imation. Conjecture concernant la partie princi-
pale de la densité stationnaire au voisinage de 0.

Cette méthode est fondée sur le raisonnement heuris-
tique suivant: d’apres le théoreme des nombres premiers
(voir [Ellison et Mendés France 75]) p, — pn—1 est “en
moyenne” égal a logn et comme p, ~ nlogn on voit
que p_: — 1 se comporte “en moyenne” comme % Cela

n
nous amene pour la premiere méthode & utiliser la forme

simplifiée T](Vl ) de l'opérateur Ty définie par:

~(1) - 1 1+t
TOf =1 (0 S —f ,
] ’N] NS”<%pn ( Pn )
ou encore sous forme intégrale:
~ vt q
(1) +t\ dz
T t) =1 t —
Vo =1, 00 [ 175 as

ce qui donne, en faisant ¢ = 0 sous l'intégrale puis en
effectuant le changement de variable u = L(z) (sachant

dx

que du = G(w)):

L(1/1) 1

T F(t) = 1,2 (0) /L N f<m>du. (4-1)

Remarque 4.1. Dans le cas particulier ou f = 1y 4 avec
P(s) < py+1 on justifie directement I’approximation

TV50 = LG -LW] 3, g0 (@

L
"N

en s’appuyant sur le fait que dans ce cas on a d’apres la
formule (3-2) du début du §3:

Tt = Y — (®).

n>N+1 Pn j|07pn/p;_1:|
Cela s’applique en particulier au cas ot f = o ,(p,x)
avec p <py et 1 <k <h(p) — 1
1
En effet du fait que — < r(p,k), on a P(r(p,k)) <
p
D <DPN+41-

Pour la définition de la fonction h, ainsi que celles de
&, de O, de e, et de A nous renvoyons au début du
§3. D’aprés (4-1) et la remarque précédente un vecteur
propre de Ty + TI(Vl ) est de la forme

= >

(p,k)€O, p<pn

L(1/t)

Op.k ep,k(t)*']lio,%}(t) / o(z)dx,

L(N)

ol ap i € R et ¢ est une fonction continue sur [L(N), col.
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4.1.1 Notation. Nous écrivons On = {(p, k) € O; p <
pN} et nous notons En le vecteur ligne dont les com-
posantes sont les fonctions ep ,(p,k) € Op. Ainsi
pour tout vecteur colonne V' = [a, k](p,k)c0y, 12 somme
D (pk)coy Opk €pi(t) s’écrit plus simplement En(¢)V.
D’autre part £y désigne le sous-espace de £ engendré par
les ey, (p,k) € On et pry est la projection canonique
de &€ sur Ey. Enfin Ay est la matrice de 'endomorphisme
pry o Ty | En dans la base [ep 1] (p.r)coy; (cette matrice
est donc un bloc de la matrice A).
tions 4.1 et 4.4 plus bas d,,1 désigne le vecteur colonne
élémentaire de RO~ associé & €,1, (p < N). Nous adop-
tons la notation z V y pour max(z,y).

Soit L',g\l,) le sous-espace de L (I, \) constitué des fonc-
tions f pour lesquelles il existe un couple (V,¢) ou
V € RON et ¢ est une fonction continue, tel que:
L(1/t)

o(x)dz.

Dans les proposi-

£0) = BV + 3, 4) [ (4-3)

(N)

En premiere approximation 55\1,) est invariant par
TN + T](\,1 ). Plus précisément nous énoncons la proposi-
tion suivante:

1

Proposition 4.2. L’opérateur Ty —I—T](V est asymptotique-

ment proche de l’endomorphisme noté 'y, de ﬁg\l,) qui a
fe 55\1,) représenté selon (4-3) par le couple (V, ), as-
socie ’élément représenté par (W, 1)) o

(NVpn)
W ANV+ Z p / d.fl}' 51771:1
n L(N

1<n<N

x > L(N),

v =sV)+ [ plujd,

L(N)
(s(V') désignant la somme des composantes de V).
Preuve: Soit f € Lfg\l,)

; posons f1(t) = En(t)V et

L(1/t)
) =1, 10 [ el
N L(N)
11 résulte de (4-2) (voir la remarque plus haut) que
L(1/%)
Ex(0ANY + (V)1 (0 / du.
TN L

(N)

Tfl (t) ~

D’autre part on a pour tout u > L(N): L™ (u) > N,
d'ott G(L™!(u)) > G(N) > N et par suite
1 L(c@ ()
Plar——) = / z)dx.
(@@ = L P

Comme L(G(L7(u))) = u+ue (1 + o(1)), on a pra-
tiquement L(G(L™*(u))) = u. Ainsi:

(/;:m <p(:1:)da:) du.

L(1/t)
) ~ 1
VRO 1,0 [

Enfin en simplifiant

TN fa(t) ~

> =y (%ﬂ)epml(t),

on voit que T fs est proche de la fonction de 55\1,)
représentée selon (4-3) par le couple

x

Y11 5
(;p_nh(p_) Pt /L(N)

En ajoutant les deux approximations de T'f; et T f5 ainsi
définies on obtient la fonction I'}, f de Lg\l,) représentée
par le couple (W, 1) de I’énoncé. |

On obtient une approximation gg\}) de g sous forme du

@(u)du) .

vecteur propre normalisé de I'}; de valeur propre domi-

nante py. Le couple (V) ¢) représentant gg\}) vérifie:

s(V)—i—/Lg:

(NVpn)
et ANV + Z / da:)dpml — unV.
L(N

p(u)du = pno(x)

1<n<N
(4-4)
On en déduit d’une part que pour tout x > L(N),
1 1
z)=— s(V)exp|—(z — L(N)) ). 4-5
pla) = - s(V)exp(-— (e = L(N))). (49)

Soit d’autre part Dy (un) la matrice carrée construite
sur I’ensemble d’indices Oy telle que pour tout n < N
sa ligne d’indice (p,,1) soit formée de

1 [ 1

— exp<— L(N V py,) — L(N) ) - 1}

Pn 120\ ( )

répété card(Oy) fois, tandis que toutes ses autres lignes
sont nulles.

Compte tenu de (4-5) la relation (4-4) conduit &

[ AN + Dn(pn)IV = pn'V. (4-6)

La valeur de py maximale pour laquelle I’équation
(4-6) admet une solution non nulle est calculée par
approximations successives , ce qui détermine simul-
tanément V. On obtient alors ¢ a partir de (4-5) et enfin

gg\}) par normalisation dans L'(I,\) de la fonction

t— Ex@V+E, (@) s(V) [exp(#iN(L(l/t)—L(N)))—l],

L
N
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Nous trouvons poog = 0,997... et pgoo = 0,999....
Il y a donc tout lieu de penser que uy — 1 et puisque
exp(L(1/t)) ~ log(1/t), nous énongons la conjecture suiv-
ante:

Conjecture 4.3.
k #0.

k = limi—09(t)/log(1/t) existe et

Avec N = 600 nous obtenons k ~ 0, 78. Une meilleure
estimation de cette constante est donnée au prochain
paragraphe.

4.2 Seconde méthode d’approximation fondée
sur I'heuristique de H.Cramér

Afin d’accélérer la convergence de gy vers g mnous
définissons une approximation plus fine de 'opérateur T'
en introduisant un terme qui prend en compte les fluctu-
ations erratiques de la suite
n — <p_: — 1).
pn

Pour cela nous utilisons le modele heuristique de [Cramér
36] dont voici la description. Soit (Up,),>2 un suite
d’urnes contenant des boules noires et blanches, la
probabilité de tirer une blanche de U, étant qu;n.
Considérons 'expérience aléatoire consistant & tirer de
maniére indépendante une boule dans chaque urne. Soit
pour tout entier n > 1 la variable aléatoire X,, donnant le
rang du nieéme tirage produisant une boule blanche. Selon
cette heuristique, la suite (pn)nZI est vue comme une
réalisation du processus (X,,),>1. A partir de ce modele
H.Cramér [19] a montré que pour tout ¢ > 0 la proba-
bilité de I'évenement p,, .1 —p, > ¢ logp? est équivalente
a Ap; ¢, (on a A ~1—0,4c expérimentalement); de plus
on a presque stirement X,, .1 — X,, < logX2 pour tout n.

Par conséquent l'inégalité suivante est pratiquement
toujours vérifiée:

2
2 Py loep
PR P Pn
Nous posons pour = > 1:
2 log G(z)?
= — t =l S
A T

L v~1 désignent les fonctions inverses de p

et plus bas pu~
et de v sur L.

Nous notons pour t € [ et z > 1:
tG(z)

) = ———

V(@) logG(z)?

F(t,z) =1—G(z) " (1 - 0,47(t, z)).

et

0.12 1

0.1 -
0.08 1
0.06

0.04 /

0024 /

0 0.002 0.004 0.006 0.008 0.01

FIGURE 1. Fonction @ sur l’i(ntervalle [1/10%,1/50] avec
les fonctions fi : x — 2z et fo: x — 1/2 zlog(z)?;
( fi(z) et f2(x) sont les parties principales de p(n) et
1/2 v(n), si n est lentier tel que p, = P(z)).

Rappelons enfin que p_z — 1 g’écrit aussi r(pp, 1).
2N

D’apres la discussion précédente, pour ¢ € I et pour
n assez grand, la probabilité de 1’événement t < r(p,, 1)
est égale & p;'Y(t’")(l —0,4v(t,n)). Par conséquent, pour
N € Net t € I fixés, l'espérance de fo(t) pour f €
LY(I,)) est donnée par

n<NvVu~1(t) 1 14t
> 50
Pn Pn

N<n

n<Nvr~1(t)

14ty .
+ > (=) e - 0, 49(8m)).
Nvup—1t(t)<n Pn

Nous définissons ’opérateur TJ(VQ ) en posant f](\? ) f @)
égale a 'expression ci-dessus. Puis comme au paragraphe
précédent nous remplacons les sommes »_ - par des
intégrales en y effectuant la méme simplification (t=0
sous l'intégrale); cela donne aprés changement de vari-
able:

- L(Nve ()
TP f(t) —/L(N) f(ﬁ)du—
L(Nve—t@) ) )
T o
4-7
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Posons
L(vvwto) 1
~/L Nvu=1(t) f(G(L—ll(u))>F(taL_ (U)>du
Ra(f1) = 24 )
N/ L(Nve—t@) ) )
/L(Nvul(t)) f(m) u.

Du fait que selon la conjecture précédente g est a-
symptotiquement proportionnelle & —log et que d’autre
part Ry (.,.) est homogene de degré 0 par rapport & son
premier argument, on a Ry(g,t) ~ Ry (—log,t). De plus
log (G(L‘l(u))> est pratiquement égal & e“ (voir para-
graphe précédent). Par suite on a:

L(Nvlﬁl(t)) . .
/L e F(t,L (u))du

(Nvi=1(v)

Ry (—log,t) ~
(exp(L(NV Vu=1(1))) = exp(L(N v =1 (1)).

Pour simplifier ’écriture nous notons par la suite
On(t) = R (— log, 1).
Soit T% lopérateur positif sur L'(I, \) défini par

L(Nvet@) 1

TNf(t) =Tnf(t)+ /L(N) f(m)du
L(Nve—t@) 1
—ox® [ Moy

(4-8)

D’apres ce qui précede on peut chercher une approxi-
mation gg) de g comme vecteur propre de T;. Dans ce
but nous procédons a une ultime simplification de T
afin de permettre le calcul de ses éléments propres par

o p(2) ~
un programme sous Maple. Soit L5’ le sous-espace de
LY(I,)) constitué des fonctions de la forme:

J(t) = En()V + P(L(N Vv (1)) = P(L(N))

—on@[P(LIN Vi) - P(L(V Vi (1)],
(49)

ot V est un vecteur colonne de RO~ et u — P(u) est
une fonction continue sur [L(N), ool.
N . . 2 . .
En premiere approximation £y’ est invariant par T'.
Plus précisément nous énoncons la proposition suivante:

Proposition 4.4. L’opérateur T5; est asymptotiquement
proche de l’endomorphisme L'}y de EE\Q,) qui a f € L',g\Q,)

représentée selon (4-9) par le couple (V, P) associe
I’élément représenté par le couple (W, Q) tel que:

W =AnV + zlj: in [P(L(N v zfl(pin))) — P(L(N))
~on (=) (P(L(V Vo ()

PV ()] B

n

et Q(u) est une primitive de la fonction

u— s(V)+ P(M(u)) — P(L(N))
— 5N(u) [P(M(u)) — P(m(u))} ;

ot s(V') désigne la somme des composantes de V et M, m
et On sont les fonctions définies par:

o0 =0 Gy

(Rappelons que 6,,1 désigne le wvecteur colonne

élémentaire de ROV associé a ey, 1).

Preuve: Soit f € ES\?). Ecrivons f = f; + fo ou fi(t) =
EN (t)V et

Folt) = P(L(N v y—l(t))> — P(L(N))
—On(t) [P(L(N v y—l(t))) - P(L(N v ;rl(t)))]

On a pour tout (p, k) € On:

et par conséquent pour tout u > L(N),

m <r(pk).

Donc
T (ep i) (t) = T (epr)(t) + L(N Vv~ (1)) — L(N)
—On(?) (L(N V() = L(N v ;fl(t))>.

On en déduit que T3 f1 ~ I'y f1 ot I'}y f1 est représentée

selon (4-9) par (.ANV, S(V)/ du).
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0.44 4
0.42 1
0.4
0.38
0.36 1
0.34 1 /
0.321 /
031 /

0.28/

FIGURE 2. Fonction s00.

D’autre part apres avoir effectué la simplification

2: ~ /(-

TN f2 ~

epml’

on a d’apres (4-8): TFfo =~ I'N(f2), ou I'y(f2) est
représentée selon (4-9) par le couple formé du vecteur

N
: : p’?’bv

et d’une fonction primitive de

w—s P(M(u))~P(L(N))~Ox () [P(M () ~P(m(w) .

Ainsi la fonction I'y f = 'y f1 + 'y f2 approximant Ty f
est bien représentée par le couple (W, ) de Iénoncé. O

Pour déterminer ¢¢2 &d ima-
gn~ nous procédons par approxima

tions successives en calculant
T3 fo/ TR folls,

ou fo est la fonction I /3, c’est-a-dire la fonction
représentée selon (4-9) par (ds,1,0). La convergence est
relativement rapide car 20 itérations de Iy
atteindre un résultat stationnaire.

Les calculs avec N = 600 conduisent a un couple
(V, P) représentant gg\?) selon (4-9) vérifiant P(u) ~
Aexpu pour u > 9, avec A = 1,28...

L(v~Y(t)) = loglog(1/t) + o(1) et que log(v

suffisent pour

Comme

) -

3 4 5 6 7
u

FIGURE 3. Fonctions u — u,u — m(u),u — M (u).

log(u~1(t)) = O(loglog(1/t)) on voit que gioh(t) ~
klog(1/t) avec k ~1,28.
L(600), on a P(ug)exp(—ug) ~ 0, 78.
C’est la valeur de k obtenue par la méthode précédente.
On voit que les deux méthodes d’approximation de g
se completent et ne sont pas contradictoires. Les suites
g\ et g semblent bi 1 I
gy~ semblent bien converger vers la méme limite

En posant ug =

g, la deuxieme convergeant nettement plus vite que la
premiere, (voir les comparaisons des graphes au §5)

5. RESULTAT DES CALCULS SOUS MAPLE

Dans cette partie nous apportons quelques précisions
concernant ’algorithme de développement d’un nombre
et nous donnons quelques exemples de développement
de constantes fondamentales. Puis nous présentons les
graphes des approximations de la densité stationnaire g
calculées par les deux méthodes exposées au §4 en les
comparant aux histogrammes des orbites issues des con-
stantes précédentes, ceci afin de vérifier via le théoreme
de Birkhoff I’ergodicité du systeme.

5.1 Exemples de développements de
nombres irrationnels

Etant donné un nombre réel x, on sait par la propo-
sition 2.14 que son développement d’ordre n + 1 (noté

Sn = (po-..pn)) définit une approximation rationnelle
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de x avec une précision inférieure a 1,51_[?:0 p;. En
admettant 'hypothese de 'ergodicité de ® , la valeur
moyenne de [ p; est environ égale & exp(nE(log(P));
ou E(log(P)) est espérance par rapport & u = g de la
fonction ¢ — log(P(t)). Or on a exp(E(log(P)) = 12
environ. Par conséquent la précision apportée par le
développement d’ordre n d’un nombre est en moyenne
1,5. 127", Inversement ’ordre moyen du développement
permettant d’obtenir une approximation de z a la

log(10) _
102(12) =0,92n.

précision 10" est approximativement n

5.1.1 Description de l'algorithme. Afin d’économiser
I’espace mémoire nous déterminons le développement
d’un nombre irrationnel x par paquets successifs de
longueur pratiquement constante. Pour cela nous nous
appuyons sur le fait que si S, = (po...p,) est le
développement d’ordre n + 1 de =z, le reste de son
développement coincide avec celui de la partie fraction-

naire de z [[}", pi(voir théoreme 2.13).

Voici les articulations de l'algorithme:

10™™ étant fixée, si «, est
I'approximation décimale par défaut de x a € pres, on sait
(voir proposition 2.14) que le développement Si d’ordre
k de a,, coincide avec celui de x tant que «,, + € appar-
tient & J(Sg). Si k, est le maximum des k satisfaisant
la propriété précédente, Si, constitue une premiere liste

Une précision € =

de longueur environ égale a 0,92n. On reprend alors avec
la partie fractionnaire de z Hf;o p; et ainsi de suite: si
z est le produit des nombres premiers déja déterminés,
le paquet suivant s’obtient par le développement de
I'approximation a ¢ pres de la partie fractionnaire de
Ce procédé
évite de manipuler de trop grands nombres; la part la

zx en appliquant la méme clause d’arrét.

plus importante du temps de calcul étant prise par la
détermination des parties fractionnaires des produits zx.

5.1.2 Développement du nombre = — 3. Nous avons
déterminé le développement d’ordre 142310 de m-3, ceci
afin d’observer ’apparition d’un premier supérieur & 10.
Cela se produit pour la premiere fois au rang 134396
avec le nombre 1508449. Cette attente est relativement
longue car le rang moyen du premier superieur & 106 dans
un développement générique est de 'ordre de 46000 en-
viron (calculé & partir de gé%)o). Un autre fait surprenant
est l'apparition au 66ieme rang du nombre 58889; la
probabilité de voir apparaitre un si grand nombre dans
les 66 premiers est inférieure a 2%. Voici le début du

développement:

(11,2, 11,5, 5,2, 5,3, 17, 11, 3, 3, 11, 3, 3, 11, 5, 3, 23,
7,5, 97, 29, 37, 107, 127, 29, 17, 409, 127, 11, 29, 5, 67,
19, 43, 31, 19, 103, 59, 29, 7, 3, 11, 11, 5, 47, 29, 11, 3, 5,
5,3,17, 5,29, 11, 3, 3, 3, 3, 5, 5, 61, 151, 58889, 1877,
983, 757, 163, 103, 79, 17, 11, 2, 13]

Le nombre 58889 apparait une seconde fois au
125706ieme rang. Voici 'extrait du développement con-
cerné:

23,11, 5, 5, 149, 53, 43, 27103, 2281, 58889, 23039, 3037
347, 83, 23, 163, 37, 7, 79, 19, 17, 5, 5, 3, 17, 5, 149, 31,
37,7, 5, 17, 37, 7, 17, 13, 83, 23, 19, 37, 7, 37, 127, 17,
5,3,3,7,5,5,3,5, 25,5, 2]

Voici 'extrait du développement ot apparait 1508449:

(7,7, 53,29, 5,7, 17,7, 3, 7, 5, 37, 7, 23, 13, 23, 11,
11,3,3,11,7,7, 7,7, 7, 3,29, 7, 5, 29, 1508449, 53407,
10037, 389, 67, 29, 11, 2, 43, 37, 13, 137, 61, 47, 89, 19
17, 5,7,5,17, 5, 5, 11, 2]

Voici rangée dans lordre croissant la liste (avec
répétition) des plus grands nombres de ce développement:

(9767, 9803, 10037, 10037, 10061, 10061, 10061, 10169
10177, 10211, 10331, 10391, 10391, 10427, 10589, 10601,
10739, 10831, 10903, 10937, 10957, 10973, 11069, 11239,
11251, 11423, 11587, 11617, 11777, 11801, 11863, 11863,
12211, 12227, 12473, 12497, 12637, 12653, 12757, 12809,
12821, 12823, 13033, 13249, 13553, 13613, 13649, 13669,
13721, 13751, 14057, 14281, 14369, 14771, 14879, 15013,
15031, 15101, 15187, 15307, 15391, 15493, 15641, 15887
15901, 16127, 16127, 16267, 16301, 16349, 16519, 16691,
16811, 16921, 17377, 17597, 17597, 18119, 18251, 18301,
18583, 18593, 18911, 19009, 19069, 19211, 19469, 19489
19661, 19961, 19961, 19973, 20849, 20849, 21169, 21191,
21247, 21401, 21599, 21751, 22247, 22277, 22291, 22303
22637, 22669, 22807, 23039, 23909, 24197, 24953, 25031,
25219, 25793, 26107, 26141, 26399, 27059, 27103, 27611,
27647, 27743, 27917, 28027, 28387, 29017, 29363, 29641,
30071, 30241, 30403, 30427, 31601, 32297, 32687, 32779,
33317, 33487, 36493, 37619, 38011, 39133, 39503, 40087
40387, 40529, 41351, 42101, 42443, 42487, 43189, 44867
46171, 46261, 47857, 47911, 48731, 49843, 50207, 53407
54139, 54941, 58477, 58889, 58889, 59207, 60493, 60821,
61297, 61487, 62927, 66553, 67103, 68729, 69481, 76667
78607, 80447, 83389, 86923, 87337, 98867, 102139,
102407, 107071, 109919, 127781, 143827, 153871, 167861
206233, 271357, 294179, 321467, 326219, 326737, 334379,
398569, 817123, 900539, 1508449]

5.1.3 Développement du nombre e — 2. Ce
développement présente la particularité de produire
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relativement t6t un nombre supérieur & 107, A savoir
30225161 au rang 11063.

Voici 'extrait du développement ot ce nombre ap-
parait:

[5,3,17, 7, 5, 31, 19, 373, 2203, 131, 89, 17, 11, 2, 37, 11,
2, 157, 37, 11, 3, 3, 3, 7, 67, 163, 31, 331, 6547, 15373,
681259, 1540477, 30225161, 17403227, 636263, 1454347
820399, 25679, 10831, 1381, 223, 37, 7, 5, 5, 53, 53, 787
103, 149, 191, 29, 11, 17]

Voici rangée dans l'ordre croissant la liste des plus
grand nombres du développement d’ordre 11972 de e — 2:

(3613, 3907, 3989, 3989, 4027, 4211, 4507, 4861, 5009
5113, 5209, 5227, 5417, 5897, 5903, 6547, 6947, 7297,
7369, 7649, 8147, 8609, 8693, 9151, 9257, 9463, 9533,
10831, 12889, 12889, 14243, 14537, 15217, 15373, 18127
19949, 24631, 25537, 25679, 26879, 69467, 89041, 106781
202049, 636263, 681259, 820399, 1454347, 1540477,
17403227, 30225161].

5.1.4 Développement de v/2 — 1. Bien que I’on ob-
serve ici relativement tot I’apparition d’un grand nombre
(842321) au 18989ieme rang, il faut attendre le 63626ieme
rang avec 3355487 pour dépasser 10%. Et presque aussitot
apres apparait le nombre 24581083.

Voici I'extrait concerné:

3, 5,2, 29,11, 3, 7, 37, 11, 2, 29, 17, 5, 3, 11, 149, 19,
17, 11, 2, 3355487, 240967, 31963, 39079, 41729, 4889
2887, 1511, 211, 37, 127, 19, 37, 19, 23, 7, 7, 5, 2, 5, 5,
67, 239, 67, 83, 47, 17, 5, 29, 11, 5, 2, 13, 7, 7, 5, 5, 3,
3,7, 5,5, 113, 31, 23, 17, 5, 3, 3, 3, 3, 23, 7, 17, 23, 5,
37,29, 5,5, 7,11, 3,3, 11, 3, 7, 29, 31, 23, 17, 5, 3, 7,
5,3, 11, 11, 5, 3, 59, 11, 11, 5, 2, 5, 5, 53, 37, 53, 11, 11,
11, 2, 11, 223, 53, 29, 37, 1187, 727, 2251, 331, 31, 29, 5,
5,79, 23, 29, 11, 2, 11, 5, 2, 5, 2, 5, 7, 3229, 24581083,
1664987, 3730033, 432569, 67987, 15823, 64187, 14489
5953, 2357, 439, 149, 17, 11, 19]

Voici les plus grands nombres:

[22783, 23399, 26203, 27031, 27581, 28283, 29683, 29717
30241, 31963, 33247, 34313, 34403, 34457, 34667, 35831,
36373, 38933, 39079, 41729, 44159, 52067, 55619, 57587
59651, 61331, 61751, 62141, 64187, 67073, 67987, 85009,
98711, 107941, 113497, 120811, 134581, 135277, 144289,
148639, 176041, 180797, 220973, 240967, 338803, 432569,
842321, 1664987, 3355487, 3730033, 24581083).

5.1.5 Développement de 7%-9. Le rang du premier
supérieur 4 109( 2411821) est 12374.

Voici 'extrait concerné:

[5, 5, 3, 79, 17, 11, 31, 181, 233, 97, 311, 2411821,
1046447, 43987, 4943, 1171, 787, 79, 67, 11, 19, 47, 13,
23,7,5,17,5,29,5,29,11,7, 3,11, 5, 2, 5, 5, 5, 29, 5,
11, 7, 11, 5]

Voici les plus grands nombres:

[4567, 4643, 4751, 4861, 4943, 5381, 5387, 5897, 6079,
6101, 6143, 6373, 6521, 6761, 6803, 7103, 7207, 7219,
7321, 7789, 7817, 7853, 8243, 8951, 9767, 9941, 10289,
10477, 11299, 12197, 12889, 13421, 14591, 17939, 20287
21157, 21893, 22769, 24989, 29059, 30089, 32507, 35933,
36479, 43987, 52769, 64373, 68729, 76913, 1046447,
2411821]

5.1.6 Développement du nombre (v/5—1)/2.
grands nombres du developpement d’ordre 103706:

Les plus

(38011, 38197, 39839, 40627, 41047, 44371, 44579, 44617
44983, 46021, 46091, 46261, 46663, 47591, 49801, 51001,
53087, 53993, 55229, 59729, 61001, 63719, 65921, 66683,
67939, 68863, 69767, 74071, 75431, 76819, 77417, 79133
82531, 84481, 91453, 95737, 98443, 100447, 102101
106163, 149993, 160309, 171271, 218599, 227453, 229979,
253381, 292021, 300277, 377021, 652903]

0.1 0.2 0.3 0.4 0.5 0.6
t
FIGURE 4. Fonction g3, sur [0.02,1.5]

5.2 Calcul de la densité stationnaire et des coefficients
qui en dépendent

Commengons par apporter quelques précisions concer-
nant la programmation. Les fonctions intervenant dans
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0.0020.0040.0060.008 0.01 0.0120.0140.0160.018 0.02
t

FIGURE 5. Fonctions géﬁ)o et g%% sur [0.0002,0.02] (sur
[0.02,1.5] on observe une presque parfaite superposition
des deux graphes).

Vexpression de lopérateur I'} (voir §4) sont rentrées
dans les programmes sous forme de spline linéaire.

Tout se passe alors avec des fonctions polynomiales
par morceaux. Pour éviter les saturations il est nécessaire
d’introduire des procédures de calcul explicite de la liste
des noeuds des fonctions composées.

2.57

0.5

0.1 0.2 0.3 0.4 05 06
t

FIGURE 6. Fonctions gé% et gé& sur [0.1,1.5].

0.002 0.004 0.006 0.008 0.01

t
FIGURE 7. Fonctions g{o) et gt} sur [0.0003,0.01]. On
voit D'effet régularisant de la seconde méthode. La jonc-
tion entre les parties étagées et continues des approxima-
tions de g (formules (4-3) et (4-9)) se fait de maniére plus
progressive pour gG%O.

D’autre part afin d’alléger les calculs, a chaque
itération de l'opérateur,
d’indices (pn,1) du produit matriciel AxV sont ef-
fectivement déterminées, les autres composantes sont
complétées en accord avec les relations du §3.3.

seules les N composantes

5.3 Comparaison du graphe de la densité stationnaire
avec les histogammes des orbites issues de certains
nombres

A Toccasion du calcul du développement des nombres
7 —3,v/2—1,(v/5 — 1)/2 nous avons déterminé la liste
des moyennes temporelles de ®"(x) pour les intervalles
[k£/1000, (k 4+ 1)/1000] (0 < k < 20), [k/100, (k + 1)/100]
(I < k < 66) et [66/100,2/3]. La concordance observée
entre les histogrammes construits a partir de ces listes
et le graphe de géﬁ% montre l'efficacité de la seconde
méthode d’approximation de g et confirme I'hypothese

d’ergodicité de .

5.4 Parametres associés a g

Liste des dix premiers a, 1.

calculée a partir de géf)%):

2, 0.0364] [3, 0.11562] [5, 0.14578] [7, 0.09960] [11,
0.11531] [13, 0.04095] [17 0.05587] [19, 0.021406] [23,
0.03258] [29, 0.03453]
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01 02 03 04 05 06
t
FIGURE 8. Histogramme de l'orbite de m — 3 et géﬁ)o sur
0.02,1.5].

7,
6
5]
0.0020.0040.0060.008 0.01 0.0120.0140.0160.018 0.02
t
FIGURE 9. Histogramme de l'orbite de 7 — 3 et gég)o sur
[0, 0.02].

0.1 0.2 0.3 0.4 05 0.6

t
FIGURE 10. Histogramme de P'orbite de (v/5 — 1)/2 et
982 sur [0.02,1.5].

12+

0.0020.0040.0060.008 0.01 0.0120.0140.0160.018 0.02
t

FIGURE 11. Histogramme de l'orbite de (v/5 — 1)/2 et
gé%% sur [0, 0.02].
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calculée a partir de géf)%):

2, 0.03638] [3, 0.11544] [5, 0.14556] [7, 0.09948] [11,
0.11518] [13, 0.04092] [17, 0.05582] [19, 0.02139] [23,
0.03256] [29, 0.03452]

Liste des dix premiers coefficients de la loi de la variable P
(c’est a dire des probabilités d’apparition des dix premiers

nombres premiers)

calculée a partir de g%)oz

[2, 0.0524] [3, 0.1340] [5, 0.1824] [7, 0.1154] [11, 0.1299]
[13, 0.0421] [17, 0.0589] [19, 0.0216] [23, 0.0339] [29,
0.0360]

calculée a partir de gé?))oz

2, 0.0523] [3, 0.1338] [5, 0.1822] [7, 0.1152] [11, 0.1298]
[13, 0.0421] [17, 0.0588] [19, 0.0216] [23, 0.0339] [29,
0.0359]

Limite en 0 de g(t)/ log(1/1):
avec g%)oz 1,19, avec gégz): 1,28
Liste pour n de 5 a 9 des rangs moyens des premieres

apparitions d’un nombre supérieur a 10™

calculée a partir de géf)z) :

[5645, 47025, 402673, 3489183, 28490028

calculée a partir de géf)%) :

[5610, 46622, 398311, 3456619, 29239766
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Real Quadratic Fields

We describe an algorithm to compute the trace of Hecke op-
erators acting on the space of Hilbert cusp forms defined rel-
ative to a real quadratic field with class number greater than
one. Using this algorithm, we obtain numerical data for eigen-
values and characteristic polynomials of the Hecke operators.
Within the limit of our computation, the conductors of the or-
ders spanned by the Hecke eigenvalue for any principal split
prime ideal contain a nontrivial common factor, which is equal
to a Hecke L-value.

1. INTRODUCTION

Let F be a totally real algebraic number field with non-
trivial class group. We shall study the space Sk(c,v) of
Hilbert cusp forms (relative to F') and the Hecke opera-
tors T'(a) acting on it. We shall describe our result us-
ing the framework first introduced in [Shimura 78]. Fol-
lowing Shimura’s work, the trace formula (whose origin
goes back to fundamental work of Eichler, Selberg, and
Shimizu) was made more explicit in [Saito 84]. Saito’s
formula gives us a method for computing Hecke eigenval-
ues as long as the dimension of the space remains reason-
ably small. It is then natural to expect Hecke eigenvalues
for prime ideals p in a given ideal class to have a new fea-
ture specific to the ideal class. Such a new feature can
be detected only by computing Hecke eigenvalues for the
base field with nonprincipal ideal classes. The purpose of
this paper is to compute examples of such Hecke eigen-
values for real quadratic fields with class number greater
than 1 and to present a new phenomenon that we have
discovered through our numerical examples.

We summarize our observations for the data of Hecke
eigenvalues when the weight is parallel (k1, k1), the level
¢ is the maximal order op of F', and the Hecke charac-
ter v is the identity 7. Let f be a primitive form con-
tained in Sz, x,)(0F, 1) that is orthogonal to any base
change lift from Q (that is, f is a primitive form in the
“F-proper” subspace of S, x,)(0F, 1) as defined in [Doi
et al. 98]). We denote by Ce(p) the eigenvalue of T'(p)
satisfying f|T(p) = Ce(p)f, by K the subfield of the

© A K Peters, Ltd.
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Hecke field Ky of f generated by C¢((p) ) for all rational
primes p, and by o K} the maximal order of Ktj' . For
split prime ideals p, we computed the discriminant of the
order A¢(p) spanned by the eigenvalue of T'(p) (that is,
Ae(p) = Opt+ + Of(p)N(p)(kl_z)/QoK?) to see whether it
has extra factors outside the discriminant of the maxi-
Extra factors show up as the conductor of
the order (for the definition of the conductor, see just
above Lemma 2.3); so, we write ¢(Ag(p)) for the conduc-
tor. Surprisingly enough, as long as the prime ideals p

mal order.

are principal and split, the conductors c(As(p)) contain a
nontrivial common factor §¢, at least within the limit of
our computations. (see Sections 4.1 and 4.2).

In Section 2, we recall the space of Hilbert cusp forms
for totally real number fields and Hecke operators. We
then reformulate Saito’s formula into a more computable
one. The notion of the conductor of an order plays an
important role in this process. In Section 3, we give an
algorithm to compute the trace of Hecke operators for a
real quadratic field F. Key points of the computation
are the determination of the relative discriminant Dy /p,
the character (%), and the Hecke L-value Lr(0,xk/r)
for any totally imaginary quadratic extension K over F.
In particular, the computation of the Hecke L-value by
Shintani’s method [Shintani 76] has been reduced to that
of Hilbert symbols (cf. [Okazaki 91]). In Section 4, we
give examples of eigenvalues and characteristic polyno-
mials of Hecke operators restricted to the case where the
weight is (2,2) and F is Q(v/257) or Q(+/401), and we
describe our analysis of the data to convince the reader
of the conclusion we have already described.

While I was preparing the revision of this paper follow-
ing the request of the referee to provide a more detailed
study of §¢, Professor Haruzo Hida provided the follow-
ing crucial suggestion:

(1) Within the limits of the computations carried out,
check that §rog, is divisible by the common factor
of 1+ N(p) — Ct(p) for the principal primes p.

(2) As is well known, several outstanding mathemati-
cians have worked out the congruence primes be-
tween a primitive cusp form and an Eisenstein se-
ries, which are essentially given by the value at the
weight of a Hecke L-function of the base field. No-
tably, A. Wiles studied in depth such an Eisenstein
congruence, which is a key step in his proof of the
Iwasawa conjecture for totally real fields. Therefore,
if (1) is affirmative, his result presumably implies
that §¢ is divisible by the congruence primes. Here

the congruence prime can be found in the prime fac-
tors of the numerator of the algebraic part of the
Hecke L-value Lp(2,x) associated with a nontrivial
class character x .

(3) Moreover, it is expected that the set of the primes
of §¢ coincides with that of the congruence primes
between the F-proper cusp form f and the Eisen-
stein series of weight (k1, k1) with Mellin transform
Lr(s,x)Lr(s +1 — ky,x~!) for a nontrivial class
character .

We shall give affirmative numerical evidence for (1)
and (2) in Section 4.3. As for (3), we hope to discuss this
property in a subsequent paper.

Notation

For an associative ring R with identity element, we de-
note by R* the group of invertible elements of R. We
write Ma(R) for the ring of 2 x 2 matrices over R, and
1o for the identity element of Ms(R).

For an algebraic number field F' of finite degree, we
denote by o, 0, and D the maximal order of F', the
different of F' over Q, and the discriminant of F' over
Q. We write I(F) for the ideal group of F, and P(F),
CI(F), and h (respectively P*(F), CI*(F), and h},) for
the principal ideal group of F', the ideal class group of
F, and the class number of F' (respectively those in the
narrow sense). For o € F*, we put (a)p = aop. For a
prime ideal p of F' and m € I(F'), we denote by ord,(m)
the order of m at p. For o € F, we set a > 0 if a is
totally positive. We define o, = {a € oy | a > 0}.
For integral ideals a, b of F', we write a | b if ba™! C op;
for elements a(# 0),3 of op, we write a | 3 if Ba™1 €
op. For ay,...,a, € F, we write [ay,..., .| for the Z-
submodule of F' generated by aj,...,a,. We denote by
(r the Dedekind zeta function of F'.

For an extension K of F' of finite degree, we denote
by Dk ,r the relative discriminant of K over F. For an
element o of K, we denote by Dg/p(a), Ng,r(a), and
Trg/r(a) the relative discriminant, the norm, and the
trace of a in K over F. We denote by N(a) the norm
of an ideal a of F. (We also use the symbols N, p(a),
Trg/r(a), and N(a) when K and F are local fields.)

For a € R, we denote by [a] the greatest integer not
greater than a. Let (%) be the Legendre symbol for a €
Z and a prime number p. For a set X, we denote the
cardinality of X by |X| and also by §X. For a subgroup
H of a group G, we write [G : H] = |G/H]|. For a subfield
F of a field K, the symbol [K : F'] means the degree of K



over F'. The disjoint union of sets Y7,...,Ys is denoted

by |_|;:1 \

2. THE TRACE FORMULA FOR TOTALLY REAL
NUMBER FIELDS

In this section, we first recall the definition of Hecke op-
erators acting on the space of Hilbert cusp forms as given
in [Shimura 78, §2]. (Cf. also [Shimura 91].)

2.1 Hilbert Cusp Forms and Hecke Operators

Let F be a totally real algebraic number field of degree
g, and denote by a and h the sets of archimedean primes
and nonarchimedean primes of F. For p € h, we also
denote by p the corresponding prime ideal of F'. For any
set X, we write X2 for the set of all indexed elements
(zy)pea with x, € X. Let Fa be the ring of adeles of
F, and F the group of ideles of F. For v € aUh and
x € Fa, let F, be the v-completion of F, and z, its v-
component. We write F, and Fy for the archimedean
and nonarchimedean factors of Fia, and identify F, with
R?. For a € I(F) and p € h, we denote by a, the
topological closure of a in F,. We abbreviate (o), and
(0F)p by 0y and 0y, for short. We then set op = [],¢}, 0p
and 0 = [[ ¢, 0p. For a € F, we denote by aop the
fractional ideal of F' such that (aor), = ap0, for every
p € h (ie, aop = F N Fall,cpap0p). Fora € Fy,
we set ordy(a) = ordy(aor). We denote by 7, a prime
element of F,. By a Hecke character of F', we understand
a character of F{ with valuesin T = {z € C | |z| = 1}
that is trivial on F'*.

Let G = GLao(F). We set G, = GLo(F,) for every v €
aUh. We consider the adelization G 5 of GG, and denote by
G4 and Gy, its archimedean and nonarchimedean factors.
We set Gayr = {z € Ga | det(z) > 0} and G4 = GN
GarGh. For an element x of Ga, we denote by x, its
a-component. For z € Ga, we set ¢ = det(z)z~! and
x7" = (2*)"!. We take an element d of F}, such that
O0nOn = On, define subsets Y}, and Wy, of Gy, by

—1
1 0 1 0
Yh = (0 5h) M;(on) (0 5h> N Gh,

-1
1 0 1 0
Wh - ( 6h) GLQ(Uh) (O 61’1) )

Y = Ga+Yh7

o

and set
W = Ga+Wh-

We denote by H the complex upper half-plane. For
a = (av)UEa = ((lcl: ZZ))vea € Ga+a z = (Zv)UEa S Haa
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k = (ky)vea € Z?, and a C-valued function f on H?, we
set

a(z) = ((avzv +by)/(cvzy + dv))an,
Jil, ) = T (det(an) ™™/ (eoz, +du)),

(fllre)(2) = Jr(e, 2) 7" f((2)),

and denote by Sy, the space of all holomorphic functions
f on H? satisfying the following two conditions:

(ia) There exists 0 < N € Z such that f|zy = f for all
v € SLa(op) N (12 + N - Ma(oF)).

(i) For every a € G, one has

(fllsa)(z) = > cal@)er(&2)
0<é€La
with a lattice L, of F and c,(§) € C, where

er(£2) = exp(2my/—1 Y vea &v2v)-

Let 1) be a Hecke character of F' of finite order such
that the nonarchimedean part of its conductor is equal to
or (ie. ¢(op) = {1}). We denote by Si(0r, 1)) the space
of all C-valued functions f on G satisfying the following
two conditions:

(ila) f(saaw) = (s)f(z) for s € Fi, a € G, and w €
Wh (Z‘ € GA)

(iip) For every x € Gh, there exists an element f, of Sk
such that f(z7'u) = (fzllxu)(i) for all u € Gay,
where i = (v/—1,...,v/—1) € H?.

The elements of Sk (0r, 1)) are called (adelic) Hilbert cusp
forms of weight k, level op, and character 1. We note
that if Sg(or,v) # {0}, then 1,(—1) = (=1)k* for all
v € a; moreover, k, > 0 for all v € a (cf. [Shimura 78,
Proposition 1.1]).

Let Rc(W,Y) be the free C-module generated by
the double cosets W\Y/W. For WyW, W W, WuwW €
W\Y/W, we take coset decompositions WyW =
L2, Wy; and WeW = | |7, Wz;, and set

m(WyW, WzW; WwW) = 8{(i,j) | Wyiz; = Ww}.
We then define the product (WyW)(WzW) by
(WyW)(W=W)

= > m(WyW, WzW; WuwW)WwW.
WuwWeW\Y/W

Note that the above sum is finite. We extend this product
C-linearly on Rc(W,Y). Then Rc(W,Y') becomes a C-
algebra, which is called the Hecke algebra for W and Y.
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For every y € Y, we may assume that WyW =
LI, Wy; and (yi)a = 1 (€ Ga). For f € Si(op, 1),
we define a function f|WyW on Ga by

m

= fay!) (2 €Ca).

i=1

(EWyW)(z)

Then, for s € Ff, a € G, w € Wy, and = € Ga,
we have (f|WyW)(sazw) = (s) Y-, f(z(yw')") =
P(s)(f|WyW)(x); moreover, for z € Gy, we have

F((ay ") "u)

NE

(EWyW)(z™"u) =

3

= (

(foy ) lrw) (i)

=1

for all u € Gay, where f, -1 is as in (ii,). Thus
fWyW € Si(op, ). Extendmg this action C-linearly to
the whole of Rc(W,Y'), we have a ring homomorphism
¢ of Rc(W,Y) into the C-linear endomorphism algebra
Endc (Sk(or,v)). We call an element of ¢(Rc(W,Y)) a
Hecke operator.

We now determine the generators of Rc(W,Y). For
each integral ideal a of F', we define elements T'(a) and
S(a) of Re(W,Y) by

T(a) = Z

WyW,  S(a) =W (“ 0) W,

0 a
WyWeW\Y/W
det(y)op=a
where a = (Wgrd”(u))peh € F' (C FX). Now we set
7'(L
T(wé,wé) =W( 0‘° ?/ YW for 1,I' € Z. (Note that m, €
p

Fy (C Fy).) Fory,z € Y, we have

(WyWY(WzW) = WyzW
if ged(det(y)op,det(z)op) =o0p. (2-1)
Thus we have
[ord, ()/2]
=TI et ).
pla lp,=0
and hence
T(ab) =T(a)T'(b) if ged(a,b) =op. (2-2)

For any integer e > 0, we have

e e—f
e T
ram =1 U W( "
f=0 1<G<N(p?)

gcd(mfj,rr{:,rrgff)zl

-1
mfj?p > ’
Th

s
where {m; };V:(’la )is a complete set of representatives of

op/ﬂ'{;op. Moreover, for I,m,n > 0, we have

T(’]Té,ﬁé)T(ﬂ';n,Wg) = T(Wé+m, é"’”) (2-3)
Thus
T(1,m)T(1,my)
_ {T(l ) £ N(p)T(mp, ) T(1, )0 if e > 2,
T(1,77) + (N(p) + )T (mp, mp) ife=1.
(2-4)

Therefore, we have

T(p)T(p) = T(p+")
+NP)S(p)T(pe") forpchande>1.

(2-5)

From (2-1), (2-3), and (2-4), we see that Rc(W,Y) is
the commutative C-algebra generated by T'(p) and S(p)
for all prime ideals p of F'. We also denote by T'(a) the
image ¢(T'(a)) in Endc (Sk(op,)).

An element f of Sk(op,v) is called a primitive form
if £ is a normalized common eigenfunction of T'(p)
for all prime ideals p.
the coefficient ¢(1) of the Fourier expansion f,(z) =
Yoecl§er(€z) for ¥ = 1y (€ Gh) is equal to 1, where
fz is as in (iip). (Cf. [Shimura 78, p. 650].)

Here normalized means that

2.2 The Trace Formula

It is known that the characteristic polynomial of a Hecke
operator can be obtained immediately from traces of
Hecke operators by using (2-2), (2-5), and Newton’s
identities ([Miyake 89, pp. 266-267]). In particular if
we take a prime ideal p of F, we can obtain the charac-
teristic polynomial X" +a; X" ' + -+ + a,_1 X + a, of
T(p) as follows:

Let ¢,. .., ¢ be the eigenvalues of T'(p), and set b, =
i+ +c =tr(T(p)'). Then by (2-5), we have

T =3 (()-(.1,) ) vwromyere=

i=0

0. Therefore, we can

for I = 1,...,r, where ( ) =
=0,...,[l/2]). By Newton’s

obtain b; from tr T'(p'=2%) (i
formula, we have
by+b_1a1 +by_2a0+ - +bia_1+1la; =0

forl = 1,...,r.
bi,..., b

Thus we can obtain ay,...,a, from



Now we describe the trace formula of a Hecke operator
T'(a) on Si(or,1) given by [Saito 84, Theorem 2.1]. But
first, we introduce the following notation.

Let K be a quadratic extension of F. We denote by
Ok r the set of all orders in K containing op. Let A €
Ok/p. Since A is an F-lattice, we can take r1,72 € K
and a;,as € I(F) such that A = ayz1 + agze. Then we
define the integral ideal Dy /r(A) of F' by

OO

(2) )

Di/r(A) = (ara2)? |*

)

where xg-l), x§-2) are the conjugates of xz; over F'. We call
Dy /p(A) the relative discriminant of A with respect to

K/F.

Theorem 2.1. Let F' (# Q) be a totally real algebraic
number field of degree g, ¢ a Hecke character of F of fi-
nite order such that the nonarchimedean part of its con-
ductor is equal to op, and k = (k1,...,kg) € Z* such
that kj > 2 and v,,(—1) = (—1)% for each v; € a. For
every element bP(F) € CI(F), we define a mapping n of
CI(F) into CI*(F) by n(bP(F)) = b2P*(F). Then, for
any integral ideal a of F, we have

tr T'(a)

3/2
— £(a)5(a) 2¢r(2)|Dr| ¢<(

ordy (a)/2
(2729 o )peh)
g

(Il =) +e@nr2
Dpen)

' Z w((ﬂ_;rdp(m
S ([Tre) ¥

-1

meM,
n€Ny s€S, j=1 AER;,

+ 07w S A ),0) D N

AeC () bla
bCop
bel(F)
(2-6)
Here
e c(a) = 1 or 0 depending on whether aP*(F) €
n(CLF )) or not;
e §(a) =1 or 0 depending on whether a is a square or
not;
o M, {m} s the set of all representatives of

{mP(F) € CI(F) | m?a € P*(F)} such that m C op
and ged(m, a) = op;
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o for everym € M, we take an element ny, of op such
that (nm)r = m?a and ny > 0, and we set N,
naEr, where Er is a complete set of representatives
of 0;‘4—/(0;‘)2;

o forn € Ny, we set S, = {s€m|s?—4n < 0};

o let s;, n; be the vj-components of s, n in Fy, and
aj, B; the roots of X2 - 5;X +nj; then we set

k -1 kj—1
— By,

-8 ’
o Ky, = F(vs?2—4n), and Ry, is the set of all dis-
tinct orders A in Ok /p satisfying Di, /r(A) |

(s —4n)pm~—2;

®(sj,mj, kj) =

o h(A) is the class number of A; that is, h(A) =
|(Ksn®@p Fn) /K5, [1pen Ay |, where Ay is the topo-

logical closure of A in K, ®p F;

e b(k) =1 or 0 depending on whether k = (2,...,2)
or not;

o C(v) is the set of all unramified Hecke characters A
of F such that A2 = .

Note that the second sum of the right-hand side of
(2-6) is independent of the choice of My, ny, and Ep.
We remark also that (2-6) is shortened and corrected
from the original formula which appeared in [Saito 84].

2.3 Preliminary Lemmas

We now present five lemmas for transforming (2-6) into
a more computable form.

Lemma 2.2. Let F' be an algebraic number field of finite
degree, and K a quadratic extension of F'. For an integral
ideal ¢ of F', we put p(c) = op+cox. Then p is a bijection
of the set of all integral ideals of F' onto Ok /p.

Proof: Thie result follows immediately from [Shimura
71, Proposition 4.11] when F' = Q, and we prove our
assertion in a similar fashion. It is well known that there
exist @ € K and a € I(F) such that ox = op +0a. Let ¢
be an integral ideal of F'. Since cox C op+cox C 0x, we
see that o +cox is a Q-lattice in K. Moreover, 0p+cox
is a subring of K containing op. Thus op +cox € Ok,
and hence p is a mapping. If op + cox = o + /o with
integral ideals ¢, ¢’ of F, then o + fac = op + cox =
op +dox = op + fac’. Since {1,0} is a basis of K over
F, we have ¢ = ¢/. Thus p is injective. Let A be any
order in Ok, p. Since o is the unique maximal order of
K, we have A C og. Set b = {c € a | Oc € A}. Since
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or C A Cox =op+0a, we have {0} C b C a. Moreover,
b is an op-module. Thus b € I(F). For any x € A, we
have z = r + s with » € o and s € a, since A C ogk.
Then s = x — r € A, and hence s € b. Therefore,
A =op +0b. Now we set ¢ = ba~!. Then ¢ is an integral
ideal of F', and A = op + 0b = op + fac = op + cog.
Thus p is surjective. |

We denote the mapping p~! by ¢, and we call ¢(A) the
conductor of A for A € Ok /p.

Lemma 2.3. Let F and K be as in Lemma 2.2. Then for
A € Ok, we have

Dy r(A) - Dyyp " =c(A)?

Proof: By Lemma 2.2, we have og = op + fa and
A = op + fac(A) with 0§ € K and a € I(F). Now let
6 92 be the conjugates of @ over F. Then we have
Dir = Diyr(ox) = a®(0®) — 61))? and Dg/p(A) =
(ac(A))?(6P) — ()2, |

Let F' be an algebraic number field of finite degree,
and K a quadratic extension of F'. For p € h, we define

1 if p splits in K,
(%) =< —1 if p remains prime in K,
0 if p ramifies in K.
Lemma 2.4. Let F be a totally real algebraic number
field of finite degree, and K a totally imaginary quadratic
extension of F'. Then for A € Ok, we have

h(A) = hic[of : A] 7' N(e(A) T (1—(§)N(p)—1).
ple(A)
p€h

Proof: This can be proved in exactly the same way as
in [Miyake 89, Theorem 6.7.2], which deals with the case
F = Q. For any lattice L in K and p € h, we write L, for
the topological closure of L in K @ Fy,. For A € Ok,
we have

h(A) = ‘ K or )" | K* [] A
peh

= ‘(K®F F)* | K~ H(OK);‘
pch

.‘KX [T ex)y / &= T AF|-

peh peh

Generally for an abelian group G and subgroups H, I,
and J satisfying I O J, the sequence

1= (HND/HNJ)—1)J— HI/HJ -1

is exact. Thus

8= [TTer / TT A

peh peh
| TTex)) / 0 T A7)
peh peh
= e+ (TLHm)5 /A3 - Joie/a| "
peh
Since (0x)p # Ay if and only if p | ¢(A), we need to show
only that

(ex)y /A1 = N(e(A)y) (1= (K)N(R)T)  (2-7)

for (ox)p # Ap. We denote an element a ® 3 of K @ F,
simply by «f. Let p satisty (0x), # Ap. Assume first
that p splits in K. Set o = op + fa with § € K and
a € I(F), and take o, € F}, such that oyo, = a,. Let
f be the minimal polynomial of 6 over F', and let 64, 62
be the two roots of f in F,. For a,b € Fy, we set 7(a +
bayl) = (a+baybr, a+baybs). Then 7 is a topological Fj-
algebra isomorphism of K @r F}, onto F}, x F,. (cf. [Weil
67, Chapter III, Theorem 4]). Since (ay (62 — 61))%0,
(Dg/r)p = 0p, we have 7((0f)p) = 0p X 0p and 7(A,)
{(a, ) € 0, x 05 | @ — 3 € ¢(A)p}. Hence 7(Ap)* =
{(e, B) € o) x 05 | a—p € ¢(A)p}. For (o, B) € 05 x 0,
we set p((a,8)) = af~1(1+ c¢(A)y). Then p is a group
homomorphism of oy x oy onto o, /(1 + ¢(A),). Since
Ker(p) = 7(Ap)*, we have 7((0k)y)/T(Ay) = (05 X
0p)/T(Ap)* =0y /(14 ¢(A)y). Therefore,

(0 )p /A5 | = Jog /(L+c(A)y)] = N )JA=N(p)~").

Thus we obtain (2-7) in this case. Now assume that p
remains prime or ramifies in K. Then K ®@r F), is a field.
For 8 € o, and v € (0x),, we set p1(B(1 4 c¢(A)p)) =
B(1 + c(A)p(ox)p) and pa(v(1 + c(A)p(ok)p)) = YAy
Since (14 ¢(A)p(ox)p) Noy = (14 c(A), +00( )pap)
op =14 c¢(A)p and Ay = o, + c(A)p(0k)y = 0p (1 +
c(A)p(0k)p), the sequence

1= 0, /(14 ¢(A)y) 2 (0k)y /(1 + c(M)y(0K)y)
‘3( ) /AX =1
is exact. Therefore,
[(0r)5 /A | = [(0m)y /(1 +e(A)p(0)p)| - |0 /(L +e(A)p)|
Here we have
(0 )y /(L +c(A)p(0x)p)| = [((0K)p /c(A)p (0K )p) |

if p remains prime in K,

_{ (e(A)p)2(1 — N(p)~2)
N(e(A)p)2(1 = N(p)™h)

if p ramifies in K,



and |o;/
N(p)™

(14 c(A)y)| = |(0p/c(A)p)*| = N (1 -
), which proves (2-7) in thls case. O

Lemma 2.5. Let F' and K be as in Lemma 2.4. Let g be
the degree of F' over Q. Let x r be the ideal character

corresponding to the extension K/F (by means of class
field theory). Then

hi
hrog :op]’
where Lp(s,xk/r) is the Hecke L-function associated

Lr(0,xx/p) =297"

Proof: Let Wy (respectively Wr) be the group of the
roots of 1 in K (respectively F'), and Ry (respectively
Rp) the regulator of K (respectively F). Set wx = |[Wk]|
and wp = [Wp|. Let Zg(s) = ((2m)'7°I(s))? (x(s)
and Zp(s) = (T_S/ZF(8/2))QCF(S). Then we have
Ress—o Zk (s) = —(27r)ghKRKw;{1 and Resg—o Zp(s) =
—29hpRpwi'. By Ci(s) = Cr(s)Lr(s, Xx/F), We have
Zk(s) = m9U=)/2T ((s 4+ 1)/2)¢ Zr(s)Lr(s, xx/F), and

hence Res;—g Zk(s) = m Res;—o Zr(s) - Lr(0,xx/F)-
Therefore,
hKRK’U)I_{l
Lr(0, = —2
F( XK/F) hFRF’lUEl

Thus we need to show that

[0 :05] =29 ' wrwr' R Rp. (2-8)

Let [ be the mapping from o to RY defined by [(§) =
(log [6M)],...,log |[6()]), where §(),... ) are the con-
jugates of 6 over F. Then oy /Wkop = l(ox)/l(of).
Since [I(0)) : l(of)] = 29 'Ri'Rp, we have [0} :
Wiop] = 297'R'Rp. On the other hand, we have
[(Wioy:05] = wp'wg. Thus we obtain (2-8). O

Lemma 2.6. Let F' and K be as in Lemma 2.4. Then,
for any integral ideal § of F', we have

> (O TL (- Ene) )

clf plc
cCoFr pch
ceI(F)
( H N(p)ordp(f)'H + N(p)ordp(f) _ 2)
p[f Np)—1
()=
peh
N(p)ordp(f)+1 -1
. N Ordp(f)) ( .
( 1L ) 11 N(p) -1
plf plf
(5)=1 ()0
p€h peh
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Proof: For every prime ideal p of F' and 0 < s € Z, we
set

o 1 if s =0,
p(p®) = {N(p)s <1 _ (%)N(p)‘l) if s > 1.

Now let f = pi* - - - p&~ be the factorization of f into prime

( )

factors.

clf

ple (
2(

= pff"))
Here we have
N(py)* if () =1,
€j oy ( ( )e]+1 +N(p )e] _2)
2002 -y it () = -1,
((mﬁ*l D(N(p) 1) i (F) =0
Therefore, we obtain our lemma. O

2.4 Formula for Computation
From the above lemmas, we obtain the following result:

Proposition 2.7. With the notation of Theorem 2.1, we have

trT(a) = E(u)é(a)(_l)gffch(_l)w((ﬂgrdp(a)h)peh)

(f[ k= 1) +e@(-1)227 > p((m ™), )

j=1 meMq

Z (ﬁ@ (85,15, k ) “Lr(0,XK.,/F)

nENpy s€S, j=1

( H N(p)ordv(fsn)+1 + N(p)ordp(fsn) _
p

')

Ifan Np) -1
S
or N 0rdp(fsn)+1 —1
( I v dpum))( I oo)N(p)_1 )
Kp\fsn Kplfsn
(F5=)=1 (F5=)=0
pEh p€h
D70 3 A ),0) S N
AEC(Y) [Iéla
bel ()
(2-9)

-1
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where fon = c(op + ((s + Vs? — 4n)/2)op)m~ = ((s* —
4n)FDKsn/F_1)1/2m_1, and Xr,, /F s the ideal charac-
ter corresponding to the extension Kgp,/F. (We note that
(s? — 4”)FDKM/F_1 is a square by Lemma 2.3.)

Proof: In view of Theorem 2.1, we only need to show
that

2¢r(2)|Dr 2 _

(—1)?2'7%¢r(~1), (2-10)

(2m)2a
h(A) —
— —979r (0,
B e O

< H N(p)ordp(fanl +N(p)ordp(fsn) _ 2)
X plfsn N(p) -1
(Fgm)=-1

or N(p)ordp(fsn)+1 -1
. N dp(fsn>> (

( 1~ I ==
K sn 1% sn
()=t (Fgm)=0

(2-11)
By the functional equation of (r, we have (r(2) =

|Dp|=3/2(=272)9¢p(~1), and hence we obtain (2-10).
Next, by Lemma 2.4 and Lemma 2.5, we have

h(A)
Z hF[AX :0;]

AERsn
hk., b »
AEZRM helor, ror] ))p‘I;[A)( (£ )N(p) )
=2""9Lp(0,Xx,,/r) Y. N(c(A))
AERqn
T (1= (BN ).
ple(A)

Now, from Lemma 2.3, we have

Ry ={A € Ok, /r | Di,,/r(A) | (s* —4n)pm =2}
={A €Ok, /r| e(A)?| (s> —4n)rDi,, p~'m~ %}
= {A S oKsn/F | C(A) | fsn}

Thus we have

> Ne) IT (1= (BN )
A€ER, ple(A)
= > NOIT(1- (E=)N ),
|fsn ple

since the mapping c is bijective by Lemma 2.2. Therefore
we obtain (2-11) by Lemma 2.6. O

3. COMPUTATION FOR REAL QUADRATIC FIELDS

In this section, we give an algorithm to compute For-
mula (2-9) for a real quadratic field F. In particular, we
assume F' = Q(y/m) with a square-free integer m satisfy-
ing m =1 (mod 4Z) exclusively, though the case m # 1
(mod 4Z) can be handled by a similar consideration be-
low. Throughout this section, we let w = (1 + /m)/2,
and denote by o the nontrivial automorphism of F. We
note that for every integral ideal a of F' there exist ratio-
nal integers @ > 0 and b such that a = [a, b+w]; moreover,
it is well known how to check whether a € P(F") (respec-
tively a € PT(F')) and to find an explicit generator of a
when a € P(F) (respectively a € PT(F)) by the theory
of continued fractions (cf. [Dirichlet 1894], for example).
For p € h, we call p odd (respectively even) if p 1 (2)p
(respectively p | (2)F).

3.1 Preliminaries
We note that (p(—1) = ((—1)-L(-1, (&) = 24_132’(2),
where B, () is the second generalized Bernoulli number

associated with (ﬂ) Here (—) is the character corre-
sponding to Q(y/m)/Q. It is known that

Bzw(ﬂ) = (6m)~! (Z)(6a® — 6am +m?)

a=1

(cf. [Iwasawa 72, §2]). Hence

Cr(—1) = (144m) ™" ) () (602 — 6am + m?).

a=1

Thus the first and third sums of the right-hand side of
(2-9) are easily computable.

Hereinafter, we consider the second sum for the case
e(a) = 1, which implies M, # 0. We first explain a
method for choosing M,, Ny, and S, in (2-9). Choose
an arbitrary complete set of integral representatives C
of CI(F). Take the set of all elements by,...,b, of C
such that b?a € PT(F). If ged(bj,a) = oF, then set
m; = bj; if ged(bj, a) # op, then take a prime ideal p;
of F satisfying p; 1 a and p7b; € P(F) (ie., p; P(F) =
b P(F)), and set m; = p;. Then the set M, is given by

Ma = {mla"'amu}'

We fix m € M,. Then we can take n, satisfying 0 <
nm € op and (nym)r = m?a. Now we can choose {1} as
Er when hg = h}, and {1,e} as Er when hr # h},
where € is the fundamental unit of F' satisfying ¢ > 1.
Thus we can take Ny, = n Er. (Note that the choice of



M, and Ny, has no effect on tr7(a), as remarked after
Theorem 2.1.) We also fix n € Ny,. Now we set m =
[11,lo+w] with I3, s € Z satisfying 1 < l; and 0 < Iy < [5.
For s € m, we can set s = yly + z(ly + w) with y,z € Z.
Then we have

s? < dn = s <dn, (s7)? < 4n°
= —2v/n < s < 2y/n, —2v/n7 <57 < 2v/n°
2l 1 2
- 2+2l+\/mx+ ;/ﬁ7
1 1
A+ 1+ym  2n
> — xr — s
2l I

2l +1—+/m 2v/n°

< — x ,
21, l

21 1— 24/n°

> 22 i ma: — z .
211 l1

Thus we have
Sp =A{yli + z(lo + w) | y, x € Z satisfying (3-1)}.

Set K = F(y/a) with a € o satisfying o < 0. Then our
study is reduced to the computation of the following :

(1) DK/F :HpehDP7
(i) (§) forp €h,

where [], ., Dy is the prime factorization of Dy, p.

peh
3.2 Determination of D, and () for an
Odd Prime p

First we explain a way to determine D, and (%) for an
odd prime ideal p of F'.

Proposition 3.1. Let F be an algebraic number field of
finite degree, and K = F(y/a) a quadratic extension of
F with o € op. Let p be an odd prime ideal of F'. Then

op
_D =
-1

Proof: 1If 2 | ord,(a), then we can find a; € op such
that K = F(,/a1) and ordy(a;) = 0. Since Dg/p |
Dy p(y/ar) and Dg/p(y/ar) = (4a1)r, we have D, =
or. Now assume 2 { ord, (), take a prime ideal P of K
that lies above p, and let e be the ramification index of 3
in K/F. Then 2-ordg(y/a) = ordg (o) = e-ordy(a), and
hence e = 2. Since [Ky : Fy] =2 and p 1 (2)p, we have
D, = p~! = p (cf. [Weil 67, Chapter VIII, Corollary 3
of Proposition 7). d

if 2 | ordy(a),

otherwise.
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We can determine D, from this proposition.
Let F, K, and p be as in Proposition 3.1. By
Dedekind’s discriminant theorem, we know that

(£)=0<=1p| Dg/p. (3-2)

p

For an explicit determination of (%) for pt Dg/p, we
start with the following lemma.

Lemma 3.2. Let F be a Galois extension of Q of
prime degree, and K = F(y/a) a quadratic extension
of F with o € op. Let p be an odd prime ideal of
F satisfying p 1 Dk, and p the prime number in
Q that lies below p (i.e., p | (p)r, which means that
pNZ = pZ). If p remains prime in F/Q, then we
set a = Np/q(ap™ ordp (@) if p ramifies in F/Q, then
we take a € (omp_ord"(a) + my0p) N Z; if p splits in
F/Q, then we take ag € (o + p% (D +o, ) N Z, and set

ordy (@) - Then we have

(%) =(5)-

a = aop~

Note that this criterion does not depend on the choices
of a and a from the proof below.

Proof: Put [F : Q] = g. Now, p splits or remains prime
in K/F by (3-2), and 2 | ord,(c) by Proposition 3.1.
Since p is odd, we have

(1 +mp0p)* = 14 mp0p;
indeed, for any element 1+m,y € 1+m,0,, the polynomial
7rpX2 +2X —y has aroot 2 € 0, by Hensel’s lemma,and
thus (1 + myz)? = 1 + mpy. Note that p splits in K/F if
and only if the polynomial X? — « is reducible over F;
that is,

(%) =1l<= ac (F)).
Assume first that p remains prime in F/Q. Then
[Fy : Qp] = g and ordy(p) = 1. Write Gal(F/Q) =
{o1,...,04} and ag = ap~ %@ (e o) Nop). Then

J R T .
{ag +op1j=0,...,g—1}={ay’ top[j=1,...,9}
(cf. [Weil 67, Chapter I, Corollary 2 of Theorem 7]). Thus

a € (F))? < ao € (0))°

= (apal ol )P/
= aéN(p)fl)/z € 1+ poy
— (aglagz . agg)(lﬂfl)ﬁ
= ]\]-F/Q(OZO)(pil)/2 cl —|—p0p
= a2 = Ny (ao)? V2 €1 4 pz
= (2) =1
P
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Next assume that p ramifies in F//Q. Since arr, ordp (<) c

o, and o, /my0, = Z/pZ, we can take a € (am, ordy (@)

mpop) N Z. Thus

_|_

a€ (F))? < am, ordp(@) ¢ (0,)?
> ac (o))’
— a? V21470,
(ie. aP~V/2 14 p7Z)

= (%) =1

Finally, assume that p splits in F/Q. Then F, = Q,
and ord,(p) = 1. Since Z is dense in o,, we can take
ap € (a+ po(@+lo )N Z. Then a(l + poy) = a +
porde (0 Flo = a4(1 + poy). Thus

a € (F))? < ag € (F))’
—ordp (o) e (0;)2)
= a2 1470,

(ie. a'P~V/2 ¢ 14 pZ)

= (&) =1

(i.e. a=agp

This completes the proof. O

Lemma 3.3. Let F = Q(y/m) be a real quadratic field
with a square-free integer m satisfying m =1 (mod 47Z).
Let p be an odd prime number in Q such that (%) =1,
and p the prime ideal of F that lies above p. Let r be an
integer such that p = [p,r + w|. Then, for u € Z and
1<j€eZ, u=+/m (modploy) if and only if u> =m
(mod p'Z) and u = —2r — 1 (mod pZ).

Proof: We first prove that u = \/m or —y/m (mod p’o,)
if and only if u? = m (mod p’Z) for u € Z and 1 <
j€Z Ifu—+m e plo, or u+ /m € ploy, then
u? —m = (u—/m)(u+ /m) € plop,, and hence u® —
m € plo, NZ = pZ. Conversely, X? = m (mod p’Z)
has exactly two solutions modulo p/Z, since p # 2 and
(%) = 1. Since p is odd and /m € oy, we have \/m #
—y/m (mod p’o,). Thus if u € Z satisfies the condition
u? =m (mod pZ), then u = /m or —y/m (mod p’oy).
Now, 27'(2r+1++m) = r+w € p C po,. Thus
2r + 1+ /m € poy, that is, /m = —2r — 1 (mod poy).
Therefore, we obtain our assertion. O

From the two lemmas above, we obtain the following
proposition:

Proposition 3.4. Let F' and m be as in Lemma 3.3, and
0> a € op. Set K =F(/a), and a = a1 + asw with

ai,as € Z. Let p be an odd prime ideal of F satisfying
p 1 Dk, and p the prime number in Q that lies below p.
Put t = ordy (). In particular, if p splits in F/Q, we set
p=[p,r+w] withr € Z, | = ord,(ged(as,az)), and take
u € Z such that u?> = m (mod p*~'*1Z) and u = —2r —1
(mod pZ). Set

p2t (a% +ajay +a3(1 - m)/4)

if p remains prime in F/Q,
(mp~?)"/? (a1 — az(p — 1)/2)

if p ramifies in F/Q,
pH((p+1)/2) (201 + aa(1 +u))

if p splits in F/Q.

Then we have

()= @)

Proof: If p remains prime in F'/Q, our assertion follows
immediately from Lemma 3.2. Next we assume that p
ramifies in F/Q. Then p = [p,(p — 1)/2 + w|. Since
vmp~t € F*, ord,(y/mp~') = —1, and ordy(y/mp~') >
0 for any q € h — {p}, we see that m, = \/E_lp is a
prime element of F,, and am, * = a(mp=2)*/? € op. Thus
a1 (mp=2)t/% az(mp~2)*/? € Z, and hence am, * +mp0, D
a(mp=2)t24+p 5 (mp~2)*/2(a; —az(p—1)/2). Therefore,
we obtain a in Lemma 3.2 in this case. Now assume
that p splits in F//Q. By Lemma 3.3, we have u = /m
(mod pt~*1o,). Since p' | az, we have asu = as\/m
(mod p**lo,), and hence

((p + 1)/2) (2a1 +as(1+ u)) = ((p—|— 1)/2)
- (2a1 + ax(1 + v/m))
=(p+1)a
a (mod p'toy).

Thus ((p 4+ 1)/2)(2a1 + a2(1 + w)) € (a + pttlo,) N Z.
Therefore, our assertion follows from Lemma 3.2. O

Remark 3.5. Note that we can find u € Z satisfying
u?=m (mod p'~'T1Z) (3-3)

when (%) = 1. Then we have u = —2r — 1 or 2r + 1
(mod pZ), as we see in the proof of Lemma 3.3. Finding a
solution u of (3-3) can be reduced to mod p calculation by
the following procedure: Let u = co +c1p+- -+ c;_pt ™!
with 0 < ¢; <p—1, and set u; = co +c1p+ -+ ¢;p’
for 0 < j < t—1. Since m = uf = (uj_1 +¢;p’)? =
u?_ ) 4 2u;_1¢;p7 (mod pt1Z), we have

(mod pZ), (3-4a)
(mod pZ) (3-4b)

m = c2
pI(m — u?_l) = 2uj_1¢j



for 1 < j < t—1. Thus we can determine cy, ...
inductively by (3—4a, b).

y Ct—1

From Proposition 3.4 and Remark 3.5, we can immedi-
ately determine (%) for every odd prime ideal p satisfying

p1Dg/p.

3.3 Determination of D,, and (%) for an Even Prime p

Next we give a method for determining D, and (%) for
an even prime ideal p of F.

Proposition 3.6. Let F, m, o, K, a1, and as be as in
Proposition 3.4. Let p be an even prime ideal of F. As-
sume p* 1 (a)p. Ifm =1 (mod 8Z), we setl = (m—1)/8
and p = [2,r + w], where r =0 or 1; we also set
A ={(a,b) € Z% | a +b(2U(—1)" +7) — 1 € 8Z},
Al ={(a,b) € Z® | a—b(2l — 1) — 1 € AZ}.

If m =5 (mod 8Z), we set | = (m —5)/8,

A = {(a,b) € Z* | (a — 1,b) € 4Z x 8Z
or (a—2l—2,b—3) € 8Z x 4Z
or (a—21—1,b—1) € (8Z)?
or(a—2l—5b—5) ¢ (8Z)2},
Al ={(a,b) € Z* | (a — 1,b) € (4Z)?
or (a—21 —2,b—3) € (4Z)?
or (a—21 —1,b—1) € (4Z)?}.

Then we have

1 ifpt(a)r and (a1,a2) € A,
-1 pr * (OZ)F, (a17a2) §é Am7
and (a1,a2) € AL,

0 otherwise,

and
D, =< p? if (%) =0andpt(a)r,
p> ifp | (a)F.

Proof: We set

f=max{j €Z|0<j<3,

there exists v € o such that v> = a  (mod p)}.
Then, by [Okazaki 91, Proposition 3], we have
1 iff=3,
o o P i p (),
(3)=3-1 iff=2 Dy=4, _
p ifp|(a)p.

0 iff<l,
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When p | (a)p, we have o+ p? C mpo,, thus f =1, and

hence (%) = 0; moreover, D, = p3. Thus our proposition
holds in this case. Therefore, we may assume p 1 (a)p.

To prove our proposition, we need to show only that

f =3 < (al,ag) S Am,

f>2< (a1,a2) € A,,.
We first assume that m =1 (mod 8Z). Then ord, (o) =
0,and {t € Z | 0 <t < 27,2} t} is a complete set
of representatives of (op/p?)* for j > 1. Therefore, for
j > 1, there exists v € op such that v2 = a (mod p?) if
and only if there exists t € {t € Z | 0 <t < 27,2 { ¢}
such that o — t2 € p/. Now we have
p? =8, -21(-1)" —r +w].
Since a—t? = (a1+az(21(—1)"+7)—t?) +az (—21(-1)"—
r+w) and 1 =1% =32 =52 = 7% (mod 8Z), we have

f =3 < there exists t € {1,3,5,7}
such that a — t? € p?

p? =[4,20 — r + wl,

<~ (a1,a2) € A,

Moreover, since a—t% = (a1 —az(2l—7)—t?)+az(2l—r+w)
and 1 =12 = 32 (mod 4Z), we have

f > 2 <= there exists ¢t € {1,3} such that a — t* € p?
< (a1,a2) € Al,.

Thus the assertion is proved in this case. Now assume

that m =5 (mod 8Z). Then ord, (o) =0, and {u + vw |

0 <wu,v <2, (u,v) ¢ (2Z)%} is a complete set of repre-

sentatives of (ox/p?)* for j > 1. Thus for j > 1, there

exists 7 € op such that 42 = o (mod p?) if and only if

there exists (u,v) € {(u,v) € Z? | 0 < u,v < 27, (u,v) ¢

(2Z)?} such that o — (u +vw)? € p/ = [27,29w]. Since

a—(ut+vw)? = (ag —u? — (21 +1)v?) + (ag — 2uv — v?)w

and

(a1 —u® — (2l + 1)v°, az — 2uv — v?)

if 2twuand 4 | v,

if 2tu, 2| v, and 41 v,

if2tu,2fv,and 4 | u— v,

if24u, 2fv,and 44 u — v,

if4]wuand 24w,

if 2| u, 44w, and 21 v,
(mod 8Z),

(a1 —1,a2)

(a1 — 5, az)

(a1 —2l—2,a2 -3
(

(

(

a1 — 2l —2,a2 — 7
ar —2l—1,a2 — 1
a1 —2l—5,a2—5

)
)
)
)

we have
f = 3 <= there exists (u,v) € {(u,v) | 0 <wu,v <7,
(u,v) ¢ (2Z)%}
such that a — (u +ww)? € [8,8u]
<~ (a1,a2) € Ay,
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Moreover, since

(ar —u? — (21 + 1% ap — 2uv — v?)

if 2twand 2| v,

if 24w and 21w,

if 2| uwand 2tw,
(mod 47Z),

(a1 —1,az)
=< (a3 — 2l —2,a5 — 3)
(a1 —21—1,@2—1)

we have

f > 2 <= there exists (u,v) € {(u,v) |0 <wu,v <3,

(u,v) & (22)%}
such that a — (u +wvw)? € [4,4w]
< (al,a2) S A;n

This completes the proof. O
Remark 3.7. Let F, m, o, and K be as in Proposition
3.4. Let p be an even prime ideal of F. When p? | (o),

we cannot apply this case to Proposition 3.6. However
we can take aq, instead of «, satisfying

K = F(,/ar),

as follows:

o €op, p°f(a1)p (3-5)

(i) If m =1 (mod 8Z), then we take v € op such that
(7)F = (p7)"" € Pp, and put

ap = a(2_17)2[0rdp(a)/21_

Then «; satisfies (3-5), since (27'9)p =

Pt (p7)te
(ii) If m =5 (mod 8Z), set

oy = o - 27 2lordp(@)/2]
Then oy satisfies (3-5), since p = (2)p.
Thus, by Proposition 3.6 and Remark 3.7, we can
immediately determine D, and (%) for an even prime
ideal p.

3.4 Hecke L-Values

Finally, we explain the method for computing
Lr(0,xx/r) that was established by [Shintani 76]
for totally real algebraic number fields F. [Okazaki
91] deals with Shintani’s formula for the case of real
quadratic fields F', and we observe that the ideal charac-
ter corresponding to K/F is expressed by the Legendre
symbols and the Hilbert symbols. Applying this result
to Shintani’s formula, we obtain Formula (3-6) with

simple calculation. We note that the conductor of xg/r
is equal to Dg/p (cf. [Weil 67, Chapter XIII, Theorem
9]), and we can determine D /r by Proposition 3.1 and
Proposition 3.6.

Let F, m, a, K, a1, and as be as in Proposition 3.4.
Let € be the fundamental unit of F' that is greater than 1,

and set
e ife>0,
£ fr
* €2 otherwise.
We take e, e’ € Z such that e, = e+¢e'w. Let aq,..., At

be a complete set of representatives of CI7(F) such that
a, Cop forall p. For 1 < pu < h;, we can determine
uniquely integers d,,, d,, and d; such that

du[dl d” +w] = auDK/F,

w

/!

dy,d;, > 0, and 0 < dj] < d;,; we take integers sy, s),,

% )
and @, as follows:

(i) If a,Dg/r € P(F), then take s, s;, such that
(su+ s;w)p = auDgyr,

and set

Q. =1.

(ii) If a,Dg/p ¢ P(F), then we can take an odd
prime ideal g, of F such that q, splits in F/Q,
ged(qy, ()F) = o, and qua,Dg/r € P(F). Then
du = [qu>Tu + w] with g, 7, € Z. We take s, s),
such that

(su + S;Lw)p = 4,0, Dk/F,
and set
Qu= (al_qizr )

Moreover, for 1 < i < d, and 1 < j < e'dud;” we take
the integer 1 < r,;; < e'dud; such that
ruij = €di— (e+¢€(d; +1))j (mod e'd,d,Z),

and we set

Bij = 4_1(e/dud:)_2((26 + 6/)(7"31]' + j2) + 47'm'jj)
_ 4_1(e'dudz)_1(2e + e +2)(rui; +7)
+1271(2e + €' 4 3),

m — 1))
4 K

Vpij = (€'dyud),) ™ (rmjs; +j(es), +€'s, + e'sL)).

Upij = (e’dudL)‘l (Tﬂijsﬂ +3 (es# +¢€'s,



Note that u,;j,vui; € Z. Now, for an odd prime ideal p
of F and u+ vw € op, we set

NF/Q(u+vw)

ot o) = {E_)

where p is the prime number in Q that lies below p, and

r an integer satisfying p = [p,r + w]. For an even prime
ideal p of F' dividing Dk, and (3 € oF, we set

Xp(ﬂ): {(ﬂ7a)Fp lfpf(ﬁ)F’

0 otherwise,

) if p remains prime in F/Q,

otherwise,

where ( , )p, is the Hilbert symbol (and « is retained as
in Proposition 3.4). Then we obtain

hi
Lr(0,xr/F) = Z sgn(Np/q(su + 5,w)) Qy
p=1
e’ Md;

(Z Z Buij |1 xouis + vuijw)

=1 j=1 p|Dk/F
pcEh

dp

=1 " p|Dgr

p€h
(3-6)

Thus, if we can compute the Hilbert symbol (8, a)r,
for an even prime p and a, 8 € op — {0} satisfying p 1
(B)F, we can determine L (0, xx/r) by (3-6). We note
that the Hilbert symbol

(, )Fp :pr X pr — {£1}
satisfies

(a,b)p, = (b,a)p,, (3-7a)

(a,bc)r, = (a,b)F, (a,¢)F,, (3-7b)

for a,b, ¢ € F,* and naturally induces the mapping
FYJ(FS)? x FYJ(FY)? — {1} (3-8)

(for the Hilbert symbol, see [Neukirch 86|, for example).

3.5 Hilbert Symbol for m =1 ( mod 8Z)

We first give a method for computing the Hilbert symbol
when m =1 (mod 8Z).

Lemma 3.8. Let u € Z satisfying pu*> € Z. Then u =
p (mod 27Zy) if and only if u?> = p? (mod 27H1Z) and
u=p (mod 4Zs) foru € Z and 2 < j € Z.

+ Z 212; dy H Xp (ld;l(su + st)))
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Proof: Suppose u = p (mod 29Z,) with v € Z and 2 <
j € Z. Then u = pu (mod 4Z5). Since u + p = 24
(mod 4Zs) and p € Z, we have 27! (u+pu) € p+2Zy =
Z, and hence ords(u + p) = 1. Thus v? — p? = (u —
w)(u+p) € 2911 Zy, that is, u? —p? € 2771Z. Conversely,
if u?> = p? (mod 2771Z) and u = p (mod 4Z,), then
ordy(u+p) = 1, and hence v — p = (u? — p?)(u+p)~t €
2Z,. 0

Lemma 3.9. Let F = Q(y/m) be a real quadratic field
with a square-free integer m satisfying m = 1 (mod 8Z).
Letp = [2,r+w] be an even prime ideal of F', where r = 0
or 1. Then, forw € Z and 2 < j € Z, it follows that
u=+/m (mod 270,) if and only if u> = m (mod 277'Z)
and u = —2r — 1 (mod 47Z).

Proof: Since m = 1 (mod 8Z), we have F}, = Q. Thus,
by Lemma 3.8, we see that u = \/m (mod 270,) if and
only if > = m (mod 277'Z) and u = /m (mod 4oy,)
foru € Z and 2 < j € Z. Since 271(2r + 1+ /m) =
r+w € p C 20, we have /m = —2r — 1 (mod 4o,).
Thus v = /m (mod 4o,) if and only if v = —2r — 1
(mod 4Z). This completes the proof. O

From the two lemmas above, we obtain the following
result:

Proposition 3.10. Let F', m, p, and r be as in Lemma
3.9. Let 01,02 € op — {0}, and set ,Bj = ¢ + djw
with ¢j,d; € Z. We take u; € Z such that u3 = m
(mod 2074 (B)=Li+5Z) and w; = —2r — 1 (mod 4Z),
where 1; = min{ordy(2¢; + d;),orda(d;)}. We set t; =
27 (Bi) (¢; 4 dj(1 +u;)/2). Then we have

(B1,B2)F,

— (_1)(t1—1)(t2—1)/4+0rdv(ﬂl)(tg—l)/8+0rdp(ﬂ2)(tf—1)/3.

Proof: Since o, = (14 2%0,) U (3 + 2%0,) U (5 + 2%0,) U
(7 + 2%0p), we have (0, )% C 1+ 2%,. Conversely, for
any element 1+ 23y € 1+ 230, we can take a root z €
op of the polynomial 2X? + X — y by Hensel’s lemma,
then 1+ 2%y = (1 + 2%z)?, and hence 1+ 2%0, C (0;)?.
Therefore,

(0;)? =1+ 2%,. (3-9)

Now set e; = ordy(3;). Since 8; = 2b71(274(2¢; +
dj) + 27%d;\/m), we have e; > l; — 1. Thus u; =
vm (mod 2¢~ti+40,) by Lemma 3.9, and hence d;(1 +
u;)/2 = djw (mod 2%730,). Therefore, t; = 27% (¢c; +
d;(1+u;)/2) = 27%3; (mod 2%0,), that is, t;(0, ) =
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27¢% ﬂj(O;( )2. It follows that (ﬁl, ﬂQ)Fp = (2€1t1, 262t2)pp .
Since F, = Q2, we have

(2°1¢4, 262t2)Fp — (_1)(tl—1)(1;2—1)/4—&-@1(tg—l)/S—&-eg(tf—l)/S

(cf. [Neukirch 86, Chapter III, Theorem 5.6], for exam-
ple). This completes the proof. |

Remark 3.11. It is well known that X2 = a (mod 2/Z)
has exactly four solutions modulo 27Z for a € 14 8Z and
3 < j € Z. If z; is one of the solutions, then all the
solutions are z;, z; + 27!, —z;, and —z; + 2771, since
x; is odd. Now we can inductively determine x; by

z3 =1,
U if 2| 277 (23_; — a),
’ Tj_1+ 2772 otherwise,

for 4 < j € Z. To prove this, we assume that z;_; is a
solution of X% = a (mod 2/~'Z) with j > 4, and set

e 0 if2[277 (27 —a),
1 otherwise,

and z; = x;_1 + ¢2/7%. Since 277 (25 | —a) = ¢ =
—xj_1c (mod 2Z), we have z7 | —a = —x; 1c277"
(mod 27Z). Thus

of = a2l g a2 4 P

j
x?_l - (1’?_1 —a)=a (mod 2/Z).

From this, we can easily find u; of Proposition 3.10 and
u of Proposition 3.14 below.

From Proposition 3.10 and Remark 3.11, we can im-
mediately compute the Hilbert symbol when m = 1
(mod 8Z).

3.6 Hilbert Symbol for m = 5 (mod 8Z)

Now we explain a method for computing the Hilbert sym-
bol when m =5 (mod 8Z).
By [Okazaki 91, Proposition 4], we have

Proposition 3.12. Let F = Q(y/m) be a real quadratic
field with o square-free integer m satisfying m = 5
(mod 8Z). Let p be an even prime ideal of F. Put
T=1+4w and £ = (m —9)/4 +w. Then F,*/(F,)?
is generated by —1,7,&,2, and we have
1 if(bya)=(-1,-1)

or (—=1,7) or (—=1,2)

or (1,7) or (1,€)

or (&,2) or (2,2),
—1 if (b,a) = (=1,§) or (7,2) or (&,§).

(b, a)pp =

From this proposition, we can take
{(=1)nrt2gs2% | iy, ig,is, 04 € {0,1}}

as a complete set of representatives of F},*/(F,)?. Thus
for any B1,02 in op — {0}, we can compute (01, 052)F,
by (3-7a), (3-7b), (3-8), and Proposition 3.12, if we
can find ljl,ljg,ljg,lj4 S {0,1} such that ,Bj(FpX)z =
(—1)lirrlizglizalia(F)? for j = 0,1. Now we have
6j(—1)ij17'ij2§ij32_Ordp(ﬂj) € OFQO; for any ijl,ijg,ijg S
{0,1}, and

/Bj(_l)ileij2§i]‘32—Ordp(ﬁj) c (0§)2
= B(F)? = (—1)r gl (Y2,

where ij4 = 0 or 1 according as 2 | ord,(8;) or 2 {
ordy(8;). Thus, for an element 6 of o, we wish to give
an effective method to see that § € (0;)2. (In fact, this
will be given in Proposition 3.14 below.)

For v € (Q2)?, we denote by v'/? the root of X2 —

7 contained in (|72 27(1 + 4Z,)) U {0}. Note that

111212 = (7172)1/2 for 1,72 € (Q2)%.

Lemma 3.13. Let F', m, and p be as in Proposition 3.12.
Let § € F,. Then § € (0;)? if and only if

(Z) NFp/Qz(é) € (Z;)2; and

(ii) Trp, /q,(8) + 2NF, /q, (0)'/2,
Ter/Q?, (5) - 2NFp/Q2 (5)1/2 € (Z2)2 U m(z2)2'

Proof: In this proof, we abbreviate Trr, /q, and N, /q,
by Tr and N. Since o, is the topological closure of o in
F,, we have

op = {27z +yv'm) |,y € Zo, © —y € 2Zs}.

We first prove the “only if” part. Since § € (o, )?, there
exist z,y € Zy such that § = (27 (z+y+/m))?, and hence
Tr(6) = 274(2? + y?m) and N(§) = (471 (z? — y?>m))>.
Since ord,(§) = 0, we have N(§) € (Z3)?. Now we
have N(0)Y/? = (=1)"4=Y(2? — y®m) with [ = 0 or 1.
Therefore,

Tr(6) + (—1)'2N(6)Y/2 = 22 € (Zy)?,
Tr(6) — (—1)'2N(6)/2 = y*m € m(Z,)>.
Now we prove the “if” part. Since N(§) € (Z))?, we

have § € o, . Set § = 27! (a+by/m) with a,b € Z5. Since
Tr(6)? — 4N () = b’*m, we have

a=Tr(8), b= (=1)(m *(Tx(6)% —4N(5)))'/?



with j = 0 or 1. On the other hand, since (Tr(5)? —
4N(8)) € m(Z9)?, we have Tr(8)+(—1)'2N(6)'/2 € (Z)?
and Tr(8) — (=1)'2N(6)"/? € m(Z2)? with [ = 0 or 1.
Thus we set

vz (6 Z2)7

(€ Zy).

z = (~1) (Tx(8) + (—1)'2N(5)"/?)

y = (m™1(Tx(5) — (~1)2N(8)/2)"?

Then

(27 (& +yvm))’
= 27 (Tr(8) + (=1 (m ™ (Tx(8)* - 4N (8))) " V/m)
= 2_1(a + by/m) = 6.

Since § € o, , we have § € (o0, )% This completes the
proof. O

From the above lemma, we obtain the following result:

Proposition 3.14. Let F', m, and p be as in Proposition
3.12. Let§ € op, and set § = 271 (a+by/m) with a,b € Z.
Then é € (0, )? if and only if

(i) 8|47 (a® —b?>m) — 1; and

(i) b=0 and 4|2 ta — 1; or
b#£0and4|a+1; or
b#0,ords(a)=1,2|r, and 4|2 "(a+ 2u) — 1,

where u is a rational integer such that u?> = 471 (a®>—b%*m)
(mod 22°742()Z) gnd u = 1 (mod 4Z), and r = ordy(a+
2u).

Proof: In this proof, again abbreviate Trp, q, and
Np,/q, by Tr and N. Then Tr(§) = a and N(§) =
471(a® — v*m) € Z. By Lemma 3.13, we have

§ € (o)) <= N(9) € (Z5)?,
Tr(6) + 2N (6)/2,
Tr(6) — 2N (6)Y/2? € (Zy)? Um(Zs)>.
(3-10)

Here, by (3-9), we have (Z)? = 1 + 8Z>, and hence

o0

(Z2)* Um(Z2)* = (| | 47(1+ 4Z2)) U {0}.

=0
Since N(0) € Z, we have

N(@©) € (25)* <= 8|47 (a®> = b*m) —1.  (3-11)
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Henceforth, until the end of this proof, we may assume
N(6) € (Z5)?. When b = 0, we have N(5)'/2 =
(=1)!27a € Z with I =0 or 1, and hence

Tr(6) + (—1)'2N(8)/2 = 4-271q,
Tr(6) — (—1)'2N(8)Y/% = 0.

Note that 27ta € ZX NZ =1+2Z. If 4| 27'a — 1, then
4-271a € 4(144Z) C (Z2)*Um(Zy)?;if 4 | 27ta—3, then
4-27% ¢ (2o 4(1 4 4Z9)) U {0} = (Z2)* Um(Zy)*.
Therefore, by (3-10), we have

§e (o)) =4]27a—1

Now we also assume b # 0. Since (Tr(6) +
2N(6)1/2)(Tr(8) — 2N(0)/?) = b®>m # 0, we have
Tr(8) + 2N(6)Y/2 # 0. Hence, if Tr(5) + 2N(6)'/? €
(Z2)?> Um(Z2)?, then

Tr(5) — 2N(8)Y/2 = b2m(Te(6) + 2N (6)1/2) !
€ ((Q2)*Um(Q3)*) N Ze
C (Z2)* Um(Zs)*.

Thus

Tr(6) + 2N (8)Y2, Tr(8) — 2N (0)Y/? € (Z2)? Um(Zy)?
— Tr(8) + 2N(8)Y? € (Z2)? Um(Z2)%.
(3-12)

When ordz(a) > 2, we have Tr(d) = a € 4Zy. Since
N(8)Y? € 1+ 2Z,, we have Tr(6) + 2N (8)'/? € 2(1 +
27,) = 2Z5. Thus Tr(8) + 2N(6)Y/? ¢ (Z2)? Um(Z)?,
and hence ¢ ¢ (0, )? by (3-10). When ords(a) = 0, we
have Tr(0) + 2N (6)'/2 € a + 2 + 4Z5 (C ZJ). Thus, by
(3-10) and (3-12), we have

Se(of)<=4|a+1l

When ordz(a) = 1, we have orda(b) > 2 by Equation
(3-11). Thus, by Lemma 3.8, we have u = N(5)'/2
(mod 22°72()=17,)  and hence a + 2u = Tr(d) +
2N(6)/2 (mod 22°742(M7Z,).  Since Tr(8),2N(0)Y/? €
2(1+2Z5), we have Tr(6§) — 2N (8)*/? € 4Z,. Thus, since
(Tr(8) + 2N (8)Y/2)(Tr(8) — 2N (8)Y/2) = mb?, we have
ordy (Tr(6) 4+ 2N (8)'/2) < 20rdy(b) — 2, and hence

r = ordy(a 4 2u) = ordy(Tr(6) + 2N (6)1/?).

It follows that a -+ 2u = Tr(8) 4+ 2N (6)'/? (mod 27+2Z,),
that is,

27" (a + 2u) = 27" (Tr(8) + 2N (6)/2)  (mod 4Z,).
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| b | Ce(p) | N(Cep)re) |l b | Ct(p) | N((Ce(P))ke) ]
2, w] (1++13)/2 3 [349, 206 + w] —184+ 13 311
11, 4+ w] 1 1 [373, 233 + w] 27 36
(13, 9+ ] +/13 13 [379, 153 + w] 154213 173
(17, 11 4+ w] 4413 3 (397, 164 + w] —20 £ 313 283
(23, 10 + o] 4413 3 [401, 80 4 w] 14 +/13 3-61
29, 2 +w] 2413 32 [419, 222 + w]*| —194+ /13 22.3.29
[31, 29 +u] 14213 3-17 [433, 30 4 w] —24+/13 563
[59, 45 + w] +/13 13 [457, 43 + W) —-15 32.52
61, 23 +w] *| —14++13 22.3 [479, 434 + w] 54613 443
67, 24 +w] | —3£3V13 22. 33 [491, 340 + w] 14+ 513 3-43
(73, 14 + o] 44313 101 [499, 130 + w] * 9+ 713 22.139
[79, 19 + w] 124++/13 131 [503, 105 + w] 94 6v/13 32.43
[89, 68 + w] —142/13 3-17 [523, 303 4 w] 21 32.72
[113, 62 +w] = 54 3v/13 22.23 [563, 34 + w] 174413 34
(137, 89 + w] 144+ /13 3-61 [571, 172 + o] 21 +2/13 389
[139, 18 + w] —124+ /13 131 [587, 445 + w]*| —2+£4V13 22.3.17
(157, 73+ w] * +21/13 22.13 [593, 478 + w] —16 4+ /13 3°
[173, 27 + w] 34613 33.17 (613, 486 + w| -19 192
[193, 100 + w]*| —3++/13 22 [631, 559 + w]*| —1848+/13 22127
197, 40 + w] *| —1+3V13 22.29 [643, 336 + w] x| 124413 26
[199, 177 + w] —18 £+/13 311 [647, 51 + w] 39 32.132
[211, 136 + w] —4+ 313 101 [653, 173 +w]*| 10+ 813 22.3.61
[223, 152 + ] —8+3V13 53 [673, 620 + w] —21 4613 33
[227, 102 + w] = 24213 24.3 [683, 133 4 w] —16 + 13 3°
[239, 148 + w] —54 613 443 [701, 452 + «] 64313 34
[241, 122 + w]*| —1943+/13 22 .61 [709, 38 + w] 27 +44/13 521
[283, 95 + w] —16 +3V13 139 [719, 310 + w] —14+7/13 32.72
(293, 267 + w] 1 1 [727, 205 + w] —6+13v/13 2161
[307, 116 + w] —3+4/13 199 (739, 558 4+ w] * 14 22 .72
[317, 280 + w] +31/13 32.13 [769, 550 + w] —17 +£2/13 3-79

% : principal prime ideal

TABLE 1. The eigenvalues Ct(p) of T'(p)]

Therefore, by (3-10) and (3-12), we have

§ € (0))? <= Tr(6) + 2N (8)"/2 € | |4/(1 +4Zy)
j=0

— 2| ordy(Tr(6) + 2N (5)/?),
2—ord2(Tr(5)+2N(5)1/2)(T\r<6) + 2N(5)1/2)
€1+4Z,
<~ 2|r 4]27"(a+2u) — 1.

This completes the proof. O

Note that we can easily find u of Proposition 3.14 by
Remark 3.11, since 4! (a®> —b*m) = Np, /q,(d) € 1+ 8Z.

4. NUMERICAL EXAMPLES FOR Q(v/257) AND
Q(+/401)

In this section, we shall give numerical examples of eigen-
values and characteristic polynomials of Hecke operators

S(2,2)Cq(vasm)

1) and their norm for a split prime p.

for real quadratic fields Q(v/257) and Q(+/401), whose
class numbers are three and five, respectively.

Let F and m be as in Section 3. We treat only the case
k= (2,2) and ¢ 1is the identity (i.e., Yp(Fg) = {1}). We
denote this character by 1. Let S3(I'o(m), (%)) be the
space of elliptic cusp forms of “Neben”-type of level m,
and S(]g’Q)(oF, 1) the subspace of S5 2y(0F, 1) that con-
sists of Hilbert cusp forms coming from S5(I'o(m), (2))
through the Doi-Naganuma lifting (cf. [Doi and Na-
ganuma 69] and [Naganuma 73]). We denote by
88272)(01?, 1) the “F-proper” subspace of S(32)(0F, 1),
that is, the orthogonal complement of 8(1\2772)(0 r, 1) with
respect to the standard inner product. It is known that
8(02,2)(01?, 1) and 5(1\2772) (op, 1) are stable under the action
of T(p) for all prime ideals p of F. In the following, we
shall determine eigenvalues and characteristic polynomi-
als of T(p)\s?m)(%l) for several prime ideals p.

We denote by ¥,(X) the characteristic polynomial of
T(p)|5§>2’2)(0F’1). For a primitive form f in 88272)(01:, 1),
we denote by Cg(p) the eigenvalue of T'(p) satisfying



f|T(p) = Ce(p)f, and then denote by K the Hecke field
of f, that is, the field generated over Q by C¢(p) for all
prime ideals p. Let K;F be the subfield of K¢ gener-
ated by C¢((p)r) for all rational primes p. We note that
(K¢ : K] =2.

Now we set Ag(p) = Op+ + C’f(p)oK? for a split prime
p. Then A¢(p) is an order in OKf/K? in the sense of Sec-
tion 2.2, and the conductor ¢(Ag(p)) is given by Lemma
2.3 as follows:

e(Be(9)) = (Dyey st (Celp) - Dy s ™).

4.1 Example for Q(+/257)
Let F = Q(v/257). Then hp = h}, = 3. We have

dimc S(OZQ)(OF, 1) = dimc 8(2’2)(0}:', 1)
1.
— 5 dimg S5 (T (257), (1))
1
=trT(op) = 520 =2.

e Table 1 gives numerical data for the eigenvalues of
T(p)|5?2 2 (0 1) and their norms for split primes p
satisfying N (p) < 769.

e Table 2 gives numerical data for the eigenvalues of
T((p)p)|S?2’2)(aF’1) for rational primes p such that
p remains prime in F and p < 97. (Note that the
characteristic polynomial of T((p)p)\s&m(w,l) has
a double root.)

L e T CG® T » T Cm» [ » [ Cm |+
3)F —4 (37 r 52 (53)F -8

(5) 2 (4lp | —18 (71) ~30

(N 0 (43) 30 (83) 50

(19) 18 (47 p 46 (97 90

TABLE 2. The eigenvalue Ct(p) of T'(p)]
for p = (p)r.

Sl2,2) (Pq(vasF) 1)

For a primitive form f in Sp, 5 (0F, 1), we have
K =Q(V13), K{=Q.
Within the limit of Table 1, we observe that
p is principal <= (2)k, | Ce(p)
for split primes p; in particular, we remark that

2 | c(Ag(p))

for all principal split primes p in the table.
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4.2 Example for Q(1/401)
Let F = Q(v/401). Then hp = h}. = 5. We have

1
dime Spy 9y (0r, 1) = 24 — 5 32=8.

e Table 3 gives numerical data for the characteristic
polynomials \I/(p)F(X) of T((p)r)|so

(2.2)
tional primes p such that p remains prime in F' and

p < 23.

(op,1) for ra-

Wy (X) |
(X4 +7X3 +4X2 - 32X +1)2

( (X4 +24X3 +120X2 — 113X — 571)2

(17)p | (X*+2X3 —110X2% — 111X + 3019)2

( (

( (

X% 4+10X3 —339X2 — 1360X + 22759)2
X% —16X3 —495X2 + 8532X — 11671)2

TABLE 3. The characteristic polynomial ¥,(X) of
T(P)‘s&z)(oq(m)g) for p = (p)r.

e Table 4 gives numerical data for the coeflicients
of the characteristic polynomials ¥,(X) = X% +
a X"+ -+a7X +ag of T(p)LS?z,z)

split primes p satisfying N(p) < 643 and nonprinci-

pal split primes p satisfying N(p) < 263.

(or,1) for principal

The characteristic  polynomial
T([2,w])|5&,2)(0F’1) is irreducible over Q,
roots of Wy, (X)) are

\11[270.,] (X) of
and the

il = 4—10 (15 — (=1)*5v5 + (=1)"7/54/110 + 10v5

(—1)! \/4900 — (=1)i100v/5 + (—1)3 (150 — (—1)110v/5)1/110 + 10v/5

where 0 < 7, 5,1 < 1. Now we take the primitive form f
such that f|7T([2,w]) = cooof. Then we have

Ke=Q (\/4900 — 100v/5 + (150 — 10v/5)4/110 + 10«/5>,
K = Q<\/110+ 10«/5).

(The degree of the Galois closure of K¢ over Q is 128 =
27.) Then we have

Dg,/q = 5*-29% - 131 - 139,
Dyt )q =529,
N(Dy,/x¢) = 131-139.

e Table 5 gives numerical data for the norm of

c(Az(p))-
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| p | ai, az;, as, a4, as, as, az, as
2, w] -3, —10, 28, 37, —78, —58, 53, 19
[5, w} -3, —18, 41, 111, —163, —234, 155, 1
[7, 5+ w] -6, -—12, 120, —175, —42, 175, —83, 11
11, 7+ w] 9, 10, —101, —253, 149, 918, 809, 179
[29, 22 + w] 13, —5, —5H23, —408, 8053, 1917, —48078, 38359
[41, 27 + w) —16, —90, 2332, —2437, —86432, 249407, 263905, 43909
[43, 26 + w] —32, 309, —148, —11780, 43156, 18606, —138350, —42131
[47, 44 4 ] 15, —46, —1114, 861, 24682,  —30282,  —133239, 211541
(73, 39 + w) 4, —362, —1343, 36721, 107356, —1265768, —1867352, 14282224
83, 30 +w] x| —32, 92, 5761, —41264, —341588, 3084758, 6681459, —69332531
[89, 60 + w] —10, —278, 3166, 13505, —241434, 703443, —114403, —611281
[103, 85 + w] 27, —118, —6456, —10369, 372198, 1371298, —3479619, —15228421
(109, 74 + w)] 29, —186, —10994, —61417, 448682, 4111874, 7230513, ~1231091
[113, 23 + w] —34, 88, 7570, —T77675, —156608, 5544655, —26618987, 40066931
(149, 55+ w] | —68, 1775, —22208, 131704, —237922, —810800, 2670928, 1079011
(151, 924+ w] | —22, —151, 5415, —7430, —329865, 1334049, —291087, 2791879
[173, 110 + w] —11, —381, 7795, —37942, —157229, 2060155, —6349795, 5629151
[179, 107 + w] —88, 2950, —45092, 245937, 1261812, —21112768, 83231088, —104306576
(181, 21 + w] —7, —310, 2548, 18965, —210804, 594832,  —493872, —100624
[197, 45 + W] 40, 168, —9515, —110360, 121710, 6701416, 29340685, 31232399
[223, 31 + w] —68, 1453, —2076, —317709, 3811290, —9269721, —49448362, 130826831
[229, 57 + w] 33, —67, —8851, —51342, 253023, 1988777, —1662381, —18676169
[239, 206 + W] —53, 1066, —10574, 54335, —132516, 96784, 72897, —69191
[241, 167+ w] | —35, 218, 2705, —15695,  —84085, 59836, 48125, 30371
[257, 122 + w] = 10, —1119, —14842, 336025, 6080144, —T7871441, —548680256, —2339785241
[263, 201 + W] —36, —295, 12183, 91010, —605219, —5055489, —2431643, 17176609
[337, 172 + w| x| —47, 105, 24343, —327430, —1820659, 57625757, —337202462, 582948571
[379, 103 + w] x| —25, —1214, 26233, 458881, —6336001, —81101528, 302094243, 3696976091
[383, 205 + w] x| —63, 286, 61218, —1739923, 17945914, —49335124, —306466744, 1582083824
[397, 197 + w| *| —77, 690, 64185, —1089907, —15159265, 255263350, 1030269191, —910014589
[421, 304 + w] = 48, —494, —47086, —216435, 13127696, 123014259, —842081917, —9542329681
[487, 70+ w] =*| —25, —1553, 38867, 743048, —20170693, —84273537, 3477790992, —11951208719
[499, 264 + w] x| —22, —1402, 39386, 246139, —13711178, 90023337, 71238749, —717378001
[643, 474 + w] x| —72, —896, 147914, —1370115, —68019308, 937509055, 3125818491, —4860460921

% : principal prime ideal

TABLE 4. The coefficients of the characteristic polynomial X8+ a1 X"+ 4+arX +as of T(p)|

prime p.

From Table 5, we immediately observe that

Then we can observe that

5(,2)Cq(vao):

19 | N (c(Ag(p))) Pio | c(Ae(p))

for all principal split primes p in the table. Moreover, if for all principal split primes p in the table.
we set

Pro = c(Ae([83,30 + ), 4.3 Calculation Based on Hida’s Suggestion

We check (1), (2), and (3) of the Introduction.

When F = Q(+/257), the common factor of Nk, /q(1+
N(p) — Ce(p)) = Uy(1+ N(p)) is 22 from Table 6. More-
over, it follows immediately from Table 1 that the com-
mon factor of 1 + N(p) — C¢(p) is (2)x, = Frox,. When
F = Q(+/401), the common factor of Ny, /q(1+ N(p) —
Ce(p)) = Uy (1 + N(p)) is 192 from Table 7.

then P19 is a prime ideal of Kg" , and there exist prime
ideals Py, Py of K, such that

(19)1(;r = ‘1319‘13/19‘13/1/9>
ProPlo = [19,4 + (1 +V5)/2] - 0+,

To = 119,14+ (1+V5)/2] -0,



| P | N(c(Ae(n) |

2, W] 1

5, w] 1

[7, 5+ w] 1
(11, 7+ w] 1
29, 22+ w] 1
[41, 27 + W] 31
[43, 26 + w] 31
[47, 44 + w] 31
(73, 39 + w] 34
83, 30 +w] = 19
(89, 60 + w] 41
[103, 85 + w] 232
(109, 74 + w] 19-29
(113, 23 + ] 1
[149, 55 + w] 52
(151, 92 + w] 29
[173, 110 + o] 41
(179, 107 4 w] 19
(181, 21 + w] 11
(197, 45+ w] 379
(223, 31 + w] 61
[229, 57 + w] 19
[239, 206 + w] 1
[241, 167 + w] 72
[257, 122 4 w] * 19139
[263, 201 + w] 409
(337, 172 + w] * 19-41
[379, 103 + w] * 1931
(383, 205 + w] * 72.19
[397, 197 + w] * 19 - 41
[421, 304 + w] = 11-192
[487, 70 + w] = 192 -31
[499, 264 + w] * 11%2.19
(643, 474 + w] * 19-79

% : principal prime ideal

TABLE 5. The norm of ¢(Ag(p)) for the primitive form f
in S&’z)(oQ(m), 1) and a split prime p.

Moreover, we can observe that the common factor of
1+ N(p) — Cf(p) is s;3190[@ = ngKf. Thus (1) and (2)
are affirmative, and (3) is correct in this case.

By using [Siegel 69, (22)], we have calculated the value
at 2 of the Hecke L-function associated with a a nontrivial
class character y. In the case F' = Q(v/257), we have

D32
I Ghlr@x=2"

x:nontrivial

In the case F' = Q(+/401), we have

D32
11 WLF(Q,X) =192,

x:nontrivial
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| p | Nigq(L+N(p) —Ce(p) |
3)r 22.72
B)r 24.72
Mr 22 .54
(19) 24.52.192
BN r 22 . 6592
(4l)g 24.5%.172
(43)r 24.52.72.132
(Chors 24 . 5412
(53)F 22 . 14092
(") F 28 . 3172
(83)r 26.3%.52.192
97 F 26.52.2332
(61, 23 + w] 22.23.43
(67, 24 + w] 22.1231
[113, 62 + w] 22.17-173
(157, 73 + w] 24.32.173
[193, 100 + w] 22.3.53-61
[197, 40 + w] 22. 9871
[227, 102 + w] 24.3.1063
[241, 122 + w] 22.32.1889
[419, 222 + w] 22.32.53-101
[499, 130 + w] 22.32.6679
(587, 445 + w] 22.3.53.547
(631, 559 + w] 22.32.13.17-53
(643, 336 + w] 24.3.8317
[653, 173 + w] 24.3.8623
[739, 558 + w] 22.32.114

TABLE 6. Ny, q(1+ N(p)— Ce(p)) for a principal prime

p, where Ce(p) is an eigenvalue of T(p)‘s?z,a)("Q(\/ﬁ)*l)'

I Nicpo(L+ N —Cew) |
3)F 192 .292 . 312
(13)r 11%.19% . 612 - 3592
a7 g 112 - 192 - 340301812
(19)F 74.112.192 . 5212 - 32992
(23)F 192 - 40204338312
83, 30 + w] 192 - 31 - 11059 - 12836389

257, 122 + w| 11-192 - 1279 - 3191 - 1236962761
337, 172 + w]| 192 -641-1109-2011 - 8111 - 35099
379, 103 + w] 113 - 192 - 1638061 - 511689281
383, 205 +w]| 2%-11-192.1621 - 1790869 - 2150221
397, 197 + w| 112 - 192 - 131 - 94781 - 942456979
421, 304 + w] 192 - 60830069 - 50854477409
487, 70 4+ w] 111922699 - 17191 - 16454332679
499, 264 +w]| 112.192.61 - 829 - 1681246642091
643, 474 + w| 192 - 421 - 334889 - 515366804791

TABLE 7. Ny, q(1+ N(p) — Ce(p)) for a principal prime

p, where Ce(p) is an eigenvalue of T(p)‘s?z,a)("Q(\/M)*l)'
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R. M. Kashaev conjectured that the asymptotic behavior of the
link invariant he introduced [Kashaev 95], which equals the col-
ored Jones polynomial evaluated at a root of unity, determines
the hyperbolic volume of any hyperbolic link complement. We
observe numerically that for knots 63, 89 and 820 and for the
Whitehead link, the colored Jones polynomials are related to
the hyperbolic volumes and the Chern-Simons invariants and
propose a complexification of Kashaev’s conjecture.

1. INTRODUCTION

In [Kashaev 95], R.M. Kashaev defined a link invariant
associated with the quantum dilogarithm, depending on
a positive integer N, which is denoted by (L) for a link
L. Moreover, in [Kashaev 97], he conjectured that for
any hyperbolic link L, the asymptotics at N — oo of
[(L)n| gives its volume, that is
vol(L) = 27 lim log ()]
N—oo

with vol(L) the hyperbolic volume of the complement
of L. He showed that this conjecture is true for three
doubled knots 41, 52, and 6;. Unfortunately, his proof is
not mathematically rigorous.

Afterwards, in [Murakami and Murakami 01], the first
two authors proved that for any link L, Kashaev’s invari-
ant (L) is equal to the colored Jones polynomial evalu-
ated at exp (27r\/—_1/N), which is written by Jy (L), and
extended Kashaev’s conjecture as follows.

Conjecture 1.1. (Volume conjecture.)

_2r . log|Jn(L)|
i

)

where ||L|| is the simplicial volume of the complement of
L and vs is the volume of the ideal regular tetrahedron.
© A K Peters, Ltd.
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Note that the hyperbolic volume vol(L) of a hyperbolic
link L is equal to ||L|| multiplied by v3. This conjecture
is not true for links in general, as Jy (L) vanishes for a
split link L. It is shown by Kashaev and O. Tirkkonen in
[Kashaev and Tirkkonen 00] that the volume conjecture
holds for torus knots. See [Thurston 99] and [Yokota 00,
Yokota 02] for discussions about Kashaev’s conjecture
for hyperbolic knots from the viewpoint of tetrahedron
decomposition.

In this paper, following Kashaev’s way to analyze the
asymptotic behavior of the invariant, we observe numer-
ically, by using MAPLE V (a product of Waterloo Maple
Inc.) and SnapPea [Weeks 02], that for the hyperbolic
knots 63, 89, 829, and for the Whitehead link, the colored
Jones polynomials are related to the hyperbolic volumes
and the Chern—Simons invariants. Note that the knots
63 and 8¢ are not doubles of the unknot.

We also discuss a relation between the asymptotic be-
havior of Jy (L) and the Chern—Simons invariant of the
complement of the above-mentioned links L, and propose
the following conjecture.

Conjecture 1.2. (Complexification of Kashaev’s conjec-
ture.) Let L be a hyperbolic link. Then the following
formula holds.

In(L) ~ exp L (vol(L) + V=T CS(L))

o (N — o0)

where CS(L) is the Chern—Simons invariant of L [Chern
and Simons 74, Meyerhoff 86]. Note that the complement
of L is a hyperbolic manifold with cusps.

The statement of this conjecture will be given more
properly in the last section.

2. PRELIMINARIES

First, we will briefly review the colored Jones polyno-
mials of links following [Kirby and Melvin 91]. It is
obtained from the quantum group U,(sl(2,C)) and its
N-dimensional irreducible representation.

Let L be an oriented link. We consider a (1, 1)-tangle
presentation of L, obtained by cutting a component of
the link. We assume that all crossing and local extreme
points are as in Figure 1. We can calculate the N-colored
Jones polynomial Jp(N) evaluated at the N-th root of
unity for L in the following way. We start with a labeling
of the edges of the (1, 1)-tangle presentation with labels
{0,1,..., N —1}. Here we label the two edges containing
the end points of the tangle by 0. Following the labeling,

SRS

FIGURE 1. Crossings and local extrema in a link diagram.

2i1 2i+1
s -S

we associate a positive (respectively, negative) crossing
with the element R}/, (respectively, RE), a maximal point
N labeled by i with the element —s~2*~!, and a minimal

point U labeled by i with the element —s**! with s =

exp (mz/v__l

Here szl and szl are given by

) as in Figure 1.

Ry =
mm(Nz_l_z’])(; s (N —14n—j)
Bnfhi=n (N =1 — j)!(n)!

x 20— T =) —n(i—j)— 25

n=0

Dl _
Rkl -
min(N—1-—35,7)

(G+n) (N —1+n—1)! .
> 5l~i—"5k~j+"J(j)!(N—l—z’)!(n)! =1

n=0

—2(i— M52 (G- 252 ) —n(i—j)+ 2

X 8

with (n)! = (s —s71)(s2 —s72) - (s" —s7 ™).

After multiplying all elements associated with the crit-
ical points, we sum over all indices, ignoring framings of
links.

We calculate the colored Jones polynomial of the
Whitehead link as an example. We can label each edge in
the following way, noting Kronecker’s deltas in R;jl and
R

We have to rotate a crossing where edges go up. In
that case, we use U and/or N to calculate the invariant.

FIGURE 2. Labeling of the Whitehead link.



0<i,j,k<N—1

Murakami et al.: Kashaev’s Conjecture and the Chern-Simons Invariants of Knots and Links

429

In(63) =

0<k,l,m
k+l+m<N-1

» (N=1-D(N-1-m)!l+m+Ek)I(N-1)I(1—-s2N=2)...

Z (—1)k+l5 (l+k)(l2+k+1) _ (m+k)(;ﬂ+k+1) 4 k(k;l) +2(m—l)(k+1)+N(m—l+k)

(1 _ S—2N—2k)

(N—1-1—-m—kI(N—1—1— k)N —1—m—k)0)(m)(k)!

FIGURE 3. Calculation of Jx(63).

Then we calculate the formula
In(L) =

>y (@)i(@)i{(@)N—1-#}

—k(i+j+1)
{(Q)k}Z(Q)N—l—i(Q)N—l—j(Q)i—k(Q)j—kq o

u,j2k

(2-1)

where ¢ = s = exp <%) Here (z), = (1 —2)(1 —
22) - (1 —2F).

Next, the Chern—Simons invariant of a link is defined.
Let A be the set of all SO(3)-connections of the trivial
SO(3)-bundle of a closed three-manifold M and cs: A —
R the Chern—Simons functional defined by

cs(A)

~8n2

TY(A/\dA—i—%A/\A/\A).

The Chern—Simons invariant of the connection A is then
defined to be the integral

csyr(A) / cs(A) e R/Z,

s(M)
where the integral is over a section s of the SO(3)-bundle
(i.e., an orthonormal frame field on M) [Chern and Si-
mons 74]. If M is hyperbolic, we define cs(M) to be the
Chern—Simons invariant of the connection defined by the
hyperbolic metric.

The definition of the Chern—Simons invariant for hy-
perbolic three-manifolds with cusps is due to R. Meyer-
hoff [Meyerhoff 86]. It is defined modulo 1/2 by using
a special singular frame field which is linear near the
cusps. See [Meyerhoff 86] for details. See [Coulson et al.
00] to examine how it is computed by SnapPea [Weeks
02]. Throughout this paper, we use another normaliza-
tion CS(M) = —2m% cs(M) so that vol(M)++/—1CS(M)
is a natural complexification of the hyperbolic volume
vol(M) (see [Neumann and Zagier 85, Yoshida 85]).

3. KNOT 63

Let us calculate the colored Jones polynomial of the knot
63 using the labeling as in Figure 4.

)

Putting k& = ny +ny and using the formula in [Murakami
and Murakami 01]

]jz__;(—l)isﬂi HE GRS R

with « = k, i =nq, and 8 = —k — 1 — 2N, we calculate
Jn(63) as shown in Figure 3.

The colored Jones polynomial of the knot 63 is given
by

(D kt14m ? - —1)(k+1
Io) =Y [t )y (g) g
,”zm;O (@)i(q)m T
k+l+m<N -1
(3-2)
We review the technique in [Kashaev 97]. For a

complex number p and a positive real number v with
|Rep| < m+ 7, we define

el [T
Py o sinh(7z) sinh(yz) z

5,(p)

Here Re denotes the real part. This function has two

properties:
(a) (1+exp(v=1p)) Sy(p+7) = S,(p — 7).
() 8,0) ~ exp (3mrLiz (~exp(v=Tp) ) (7 =0),
0
m+np
m 1+k 0
I+m+k m+1,
]+171
0 /
m+
I+n,
0

FIGURE 4. Labeling of 63.
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where . * Jog(1 — )
LIQ(Z) = —A Tdu
We put
Sr-m S, (=)
fv(p)_ S»y(p) ) f’Y(p)_ S»Y(?T—’)/)
so that

@k = (=7 +2k+1)), (@r = fr(—7+ (2k+1)7).

Following Kashaev’s analysis, we rewrite the for-
mula (3-2) as a multiple integral with appropriately cho-
sen contours. (Note that there is considerable doubt as
to the contours.) By using the property (b), it can be
asymptotically approximated by

///exp

with v = 7/N. Here z, u, and v correspond to ¢*, ¢,
and ¢!, respectively, and

V63 z,u,v) dz du dv

1
Vs. = Li — Liy [ — Li
65 (2, U, ) is(zuv) — Liy (zuv) + Lis(2v)

1 1
— L12 (—) — ng(u) + ng (—)
zZu u
. (1 U
— Lis(v) + Liy <—> —log zlog —.
v v

Then there exists a stationary point
(z0,u0,v0) = (0.204323 — 0.978904+/—1,1.60838 -+
0.5587524/—1,0.554788 + 0.192734+/—1) of Vg, with

Im Vg, (20, uo, vo) < 0, argzo + argug + argvg < 2,

and we have

— Im Vg, (20, ug, vo) = 5.693021. . .,
Re V63(Z(),UO,’I)0) =0.

From values of vol(63) and CS(63) given by SnapPea, we
see that the equation

\/—_1 exp V01(63) + \/—_108(63)

Vi, (20, u0,v0) = o

exp
holds up to digits shown above.

4. KNOT 89

We label the edges of the (1, 1)-tangle presentation of the
knot 89 as in Figure 5.

m2+k2
m1+k1

FIGURE 5. Labeling of 8.

We obtain the following formula of the colored Jones
polynomial of the knot 89, where we put [ = mq + mo +
k1 + ko and use the formula (3-1

In(89) = >

0<l,m1,mz2,n1,m2<N—1
mi+ni,ma+na<l
my+mo <l

((j)l—nl (q)l—nz
(q)l—ml—nl (q)l—mg—ng

(m2—m1)(l—=m1—mz2)+(n2—n1)(l—n1—n2)+mz2—mi+nz—ni

X q )

):
(@Di=m1 (0)1(@)1-m, ?
(@D m1 (@ mz (D (@ns

X

which can be asymptotically approximated by

/- /exp

where z, y, z, u, and v correspond to ¢~
and ¢™2 respectively, and

ng z,y, z,u,v) dz dy dz du dv,

Logm, g™, g™,

V89(x7ya Z,U,U)

1 1
Ty rz

~ Lis(zu) + Lis (x—lv> ~ Lis(z) + Lis (%) ~Tis(y)

+ Lis (i) — Liy(2) + Lis (%) — Lis(u) + Lis (%)
— Liy(v) + Lis (1) + Liz(zzv) — Li (m_;u>

—log = log(a:zv) log ¢ log(zyu).
v
Thus, we have

— Im Vg, (0, %0, 20, U0, vo) = 7.5881802.. .,

Re ‘/89 (x07y03 ZO)“O)”O) =0
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for
o = 0.7366011609 — 0.6763273835v/ —1,
yo = 0.4472176075 — 0.1647027124+/—1,
zo = 1.968989044 — 0.7251455025v/ —1,
ug = 0.3859112582 — 0.0202712198+v/—1,
vo = 2.584139126 — 0.1357401508+/—1
satisfying

Im‘/ég(x())yO)ZOaanvO) < 07
arg xg + arg yog + arg ug < 2,
arg xg + arg zg + argvg < 27,

argxo + argug + argvg < 2.

It follows from the calculation by SnapPea that

2y
D V01(89) + v -1 08(89)
2y

exp %9(x07y03207u071}0)

i

up to digits shown above.

5. KNOT 83

In this section, we discuss a relation between the asymp-
totic behavior of the colored Jones polynomial and the
Chern—Simons invariant for the knot 859. We label each
edge in the diagram of the knot in Figure 6.

FIGURE 6. Labeling of 8.
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The N-colored Jones polynomial of the knot 85 is
given by

- {(@i(9r(@m}

q
JI<k<iti<it (D12 (@ r—1(D)i— k(D jrm—i—1(q)i—j (@ r—j

<i
0<4,j,k,[,m<N—1

X qk+m+im+km—il’ (5_1)

which can be rewritten in the integral

/- /exp

with

ng (z,y,2z,u,v) dxdy dz du dv

1
Vayo (2,9, 2,u,v) = —2Lis(x) + 2Liy <§) + 2Liy(2)

1 1 1
i (2) o (1) (2)
u x zy
— Lip (E> — Lig(zu) + Lis(zzu)
Yy
1
—|—L12( >—|—logxlogu
TYUV
2

+ log zlogv — log zlog v + %

Here z, v, z, u, and v correspond to ¢~ %, ¢7, ¢*, ¢!
q™, respectively.

Stationary points are solutions to partial differential
equations,

aV820 _ aVBQO _ aVBzo _ 8V820 _ aV820
or Oy 0z  Ou  Ov

, and

=0.

From these equations, we have the following system of
algebraic equations:

(1—2)? (1 - x;ﬂy) uw = (1 - xiy) (1 — zzu),
(-5 (5= (-3) (-5),

(1—2)2(1 - zzu)v = (1 — 2u) (1-5),

Y R (S )
(1) o (121

Using MAPLE V, we get a stationary point
(20, Yo, 20, Uo, Vo) Wwhich satisfies the conditions

1
arg — < arg zp,

1 1
arg zg < arg — + arg —
Uo Zo Uo
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from the range in the summation in (5-1), and
Im V820 (1‘0, Yo, 20, U0, UO) < 07

where Im denotes the imaginary part. Note that the

range of (5-1) can be read as
1 1 1
arg — < argz < arg — + arg —,
U x U
1 1 1
arg — + arg — + arg — < argv,
x Y U
1 1
0 <arg— +arg—,
€ )
1 1
0 < arg —,argz, arg —, argv < 2.
x U

To put it concretely,

zo = 2.878599677 + 2.657408013v/—1,

Yo = 0,

20 = —0.4425377456 — 0.4544788919+/—1,
up = 0.3542198353 — 0.02180673815y/—1,
vo = 0.1458832937 — 0.3399257634/— 1.

Then we obtain
— Im Vi, (20, Yo, 20, U0, vo) = 4.1249032.... .,

2
_ Re V820 (.’L‘(),yo, anUOaUO) + 7
2m2

= 0.1033634. ...

Applying values of vol(820) and CS(829) given by Snap-
Pea [Weeks 02], we see that the following equation holds
up to digits shown above.

2y
— ex V01(820) + v -1 CS(SQQ)
= p 2,}/ .
Note that CS(8s) is defined modulo 72.

exp V30 (%0, Y0, 20, Uo, Vo)

6. WHITEHEAD LINK

For the final example, we calculate the limit of the colored
Jones polynomial of the Whitehead link given by (2-1),
which can be changed to the formula

Z {(@):i(9);} g~ (N-1IN/2

0<ijheN_1 (D)%(@)i-1(@)j—r
k<i,j

In(L) =

This can be asymptotically approximated by

///exp

VL (z,y,2) dedydz,

where

Vi(z,y,2) = —2Liy (l) — 2Li (l) — 4Lis(2)
T Yy

+L12( ) +Lis (y)+7r

and z, y, and z correspond to ¢’, ¢, and ¢* respectively.

(00,00, 1++/—1), we

For a stationary point (zo, yo, 20) =
obtain

—Im VL(Z‘Q, Yo, Z()) = 3.663862. .. ;

~ ReVi(zo, Y0, 20)

92 = —0.1250000....
T

Since these values agree with SnapPea, the equation

vol(L) ++/—1CS(L)
2y

exp ~—V,(20, Yo, 20) = exp

holds up to digits shown above.

7. TOPOLOGICAL CHERN-SIMONS INVARIANT
AND SOME EXAMPLES

We propose a topological definition of the Chern—Simons
invariant for links.
For a link L, if there exists the limit

In+1(L)
27 Im hm log ———
L 8 TN (D)

then we denote it by CStop (L) and call it the topological
Chern—Simons invariant of L.

mod 72,

Let us give some numerical examples.

For the knot 5,5, we list
(N, 2mlog(Jn+1(52)/JIn(52))) by
1.

values of
in Table

some
Pari-Gp

By fitting the above data to quadratic functions on
1/N, we can obtain the limit value

2.82813 — 3.02414v -1

of 2mlog(Jn4+1(52)/JIn(52)) as N — oo numerically,
which agrees with the value

2.8281220 — 3.02412837v/—1

by SnapPea. We display our data graphically in Figures
7 and 8, which help us to see the limit.
Similarly, for the Whitehead link L, we illustrate our
numerical check in Table 2, Figure 9, and Figure 10.
Fitting, we get the numerical limit value 3.66386 +
2.46742+/—1 of 2mwlog(Jn11(L)/JIn(L)) as N — oo,
which agrees with our result in Section 6.
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(40, 3.058223721261842722613885956 — 3.022924613281720287391974968+/—1)
(50, 3.013081508530188353573854822 — 3.023340368517507069134855780+/—1)
(60, 2.982744318753580696821772299 — 3.023574042878935429645720640/—1)
(70,2.960955404961739170749114151 — 3.023717381786374852930574631/—1)
(80, 2.944548269170450112446966301 — 3.0238115749684722877186117114/—1)
(100, 2.921483906108228993018469212 — 3.023923719027833555669502480+/—1)
(120, 2.906046421388666000282542398 — 3.0239853749303072344439866321/—1)
(150, 2.890559881907537128372001511 — 3.024036295143969179028770901+/—1)
(200, 2.875024234226941620327156350 — 3.0240762665585453408524106311/—1)
(250, 2.865679250969538531562099056 — 3.024094905811349375139149331/—1)

TABLE 1.

(40, 3.892920359101811097809525583 + 2.457483997330866045812504703+/—1)
(50, 3.848161466402914225154530180 + 2.461039474018016569869745301+/—1)
(60, 3.818029013349499312708236153 + 2.462976748675980254703390855+/—1)
(70, 3.796362501209537691078944556 + 2.464147191795881614582476451/—1)
(80, 3.780034327560022195082015385 + 2.464907923404764622274395868/—1)
(100, 3.757062258985477857247991239 + 2.465803785962819679236327339/—1)
(120, 3.741674608179023673159144258 + 2.466291085896660260688606142+/—1)

(150, 3.726228649726558590507828429 + 2.466690204011030007962113880+/—1)

TABLE 2. (N, 2w log(Jn+1(L)/Jn(L))) for the Whitehead link L

-3.023
-3.0232
-3.0234
-3.0236
-3.0238

-3.024

0.005

FIGURE 7.

Dots

N = 40,50, 60,70, 80,100, 120, 150, 200, 250. The origin
corresponds to (0,2.82).

indicate

0.01 0.015 0.02 0.025 0.005 0.01 0.015
FIGURE 8.

corresponds to (0, —3.0242).

0.

02

0.02t

(1/N, 27 Relog(Jn+1(52)/Jn(52))) for Dots indicate (1/N, 2w Imlog(Jn+1(52)/Jn(52))) for
N = 40,50,60,70,80, 100, 120, 150, 200, 250. The origin
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0.005 0.01

FIGURE 9.

Dots indicate (1/N, 27 Relog(Jn+1(L)/JIn(L))) for N =
40, 50, 60, 70, 80, 100, 120, 150. The origin corresponds to
(0,3.66).

0.015 0.02 0.025

0.005 0.01  0.015 0.02  0.025

2.466
2.464
2.462

2.46

2.458

FIGURE 10.
Dots indicate (1/N, 27 Imlog(Jn+1(L)/JIn(L))) for N =
40, 50, 60, 70, 80, 100, 120, 150. The origin corresponds to
(0,2.4674).

8. CONCLUSION

We have shown the following by direct calculation.
Observation 8.1. Let L be one of the hyperbolic knots 63,
89, and 850, or the Whitehead link. Following Kashaev’s

way, we approximate the colored Jones polynomial Jy (L)
of L asymptotically by

/-~-/exp N\2/7T__1VL(x)dx.

Then there exists a stationary point x¢ of V7, such that
the formula

V-1

exp

Vi (x0) = exp %(vom) +VIICS(L)

holds up to 6 digits.

Conjecture 8.2. (Complexification of Kashaev’s conjec-

ture.) Let L be a hyperbolic link. Then, it holds that
1 L
vol(L) = 27 lim log [(L)n]
N—o0

with vol(L) the hyperbolic volume of the complement of
L. Moreover, there exists the topological Chern—Simons
invariant CStop(L) of L

In1(L)
In(L)

and CStop(L) equals to CS(L) modulo 72. Here CS(L)
is the Chern—Simons invariant of L [Chern and Simons
74, Meyerhoff 86]. Note that the complement of L is a
hyperbolic manifold with cusps.

CS7op(L) = 2mIm hm log mod 72,

We note that Observation 8.1 also holds for the knots
41, 53 and 67 by calculating Kashaev’s examples in
[Kashaev 97] using MAPLE V and SnapPea.

Therefore we conclude that the complexified Kashaev
conjecture is true, up to several digits, up to choices of
contours when we change summations into integrals, and
up to choices of saddle (stationary) points when we ap-
proximate integrals by the saddle point method, for the
six hyperbolic knots above and for the Whitehead link.

Note that if the complexified Kashaev conjecture is
true then the topological Chern—Simons invariant of a hy-
perbolic link coincides with its Chern—Simons invariant
associated with the hyperbolic metric. Moreover if the
volume conjecture is true then the colored Jones poly-
nomial would give both the simplicial volume and the
topological Chern—Simons invariant for any knot.
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The EKG or electrocardiogram sequence is defined by a(1) =
1, a(2) = 2 and, for n > 3, a(n) is the smallest natural
number not already in the sequence with the property that
ged{a(n — 1),a(n)} > 1. In spite of its erratic local behavior,
which when plotted resembles an electrocardiogram, its global
behavior appears quite regular. We conjecture that almost all
a(n) satisfy the asymptotic formula a(n) = n(1+1/(3logn))+
o(n/logn) as n — oo; and that the exceptional values a(n) = p
and a(n) = 3p, for p a prime, produce the spikes in the EKG
sequence. We prove that {a(n) : n > 1} is a permutation of
the natural numbers and that cin < a(n) < can for constants
c1,c2. There remains a large gap between what is conjectured
and what is proved.

1. INTRODUCTION

Consider the sequence defined by a(l) = 1, a(2) = 2
and, for n > 3, a(n) is the smallest natural number
not in {a(k) : 1 < k < n — 1} with the property that
ged{a(n — 1),a(n)} > 2. This sequence might be called
a greedy gcd sequence, but because of its striking ap-
pearance when plotted, we will name it the EKG (or
electrocardiogram) sequence—see Figures 1, 2. It was ap-
parently first discovered by Jonathan Ayres [Ayres 01]
and appears as sequence A064413 in [Sloane 01]. The
first 30 terms are

12 4 6 3 9 12 8 10 5
15 18 14 7 21 24 16 20 22 11
33 27 30 25 35 28 26 13 39 36

Although the local behavior is erratic, plots of the first
1000 or 10000 terms show considerable regularity (see
Figures 3 and 4 in Section 4).

The EKG sequence has a simple recursive definition,
vet seems surprisingly difficult to analyze. Its defini-
tion combines both additive and multiplicative aspects
of the integers, and the greedy property of its definition
produces a complicated dependence on the earlier terms
of the sequence. Indeed, it is not immediately obvious
whether it contains all positive integers, but we show

© A K Peters, Ltd.
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FIGURE 1. Plot of a(1) to a(100), with successive points joined by lines.
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FIGURE 2. Terms 800 to 1000, with successive points joined by lines.

this is the case—the EKG sequence is a permutation of
the positive integers.

In comparing Figures 1 and 3, one is reminded of the
contrast between the irregular plot of 7(z) (the number
of primes < z) for x < 100 and the very smooth plot
for z < 50000 as shown in Don Zagier’s lecture on “The
first 50 million prime numbers” [Zagier 77]. This is not
a coincidence, as we will see, because (experimentally)
the spikes in the EKG sequence are associated with the
primes arranged in increasing order. However, the spac-
ings between spikes are not the same as the spacings be-
tween consecutive primes.

Although the EKG sequence itself seems only to have
been proposed recently, in the early 1980s Erdés, Freud,
and Hegyvari [Erdés et al. 83] studied properties of in-
teger permutations with restrictions placed on allowed
values of greatest common divisors of consecutive terms.

In Section 2 we derive a number of basic properties
of the EKG sequence, and prove that it is a permuta-
tion of the natural numbers N. An efficient algorithm for
computing the sequence is given in Section 3. Using this
algorithm we computed 107 terms; this led us to conjec-
tured asymptotic formulae given in Section 4. We give
a heuristic argument why these formulae may be true,



but it seems likely they will be very hard to prove. We
are able to rigorously extablish linear upper and lower
bounds on the EKG sequence, namely ﬁn <a(n) <14n
(Sections 5 and 6); the proofs use sieving ideas. Section 7
discusses experimental results concerning the cycle struc-
ture of the associated permutation of N. The final section
discusses generalizations to other sorts of integer permu-
tations resulting from greedy constructions with restric-
tions on ged’s of consecutive terms.

2. THE SEQUENCE IS A PERMUTATION

We begin with some general remarks about the sequence.

For n > 2, let ¢ = ged{a(n — 1),a(n)}. For some
prime p dividing a(n —1), a(n) is the smallest multiple of
p not yet seen (otherwise, the smaller multiple of p would
be a better candidate for a(n)). We call such primes p
the controlling primes for a(n). There may be more than
one, and their product divides g.

For any prime p and n > 2, let B,(n) be the smallest
multiple of p that is not in {a(1),...,a(n — 1)}. For
example, the sequence {Ba(n) : n > 2} begins 2, 4, 6, 8,
8, 8, 8,10, 14, .... Clearly

B,(n) < By(n+1) < pn (2-1)
for all p,n > 2. Then we have a(1) =1,
a(n) = min{B,(n) : p divides a(n — 1)} , (2-2)

for n > 2, which provides an alternative definition of the
sequence.

Lemma 2.1. Let p be a prime > 2 that divides some term
of the sequence. If p first divides a(n) then a(n) = ¢p
where q is the smallest prime diwiding a(n — 1), q is less
than p, a(n + 1) = p, and either a(n) or a(n + 2) is
equal to 2p. The new primes that divide the terms of the
sequence appear in increasing order.

Proof: Let a(n) be the first term divisible by p. The
numbers pg where ¢ is a prime dividing a(n — 1) are all
candidates for a(n), and so a(n) = pq where ¢ is the
smallest such prime. Also p must be the smallest prime
that has not appeared as a divisor of {a(1),...,a(n—1)}
(for if p" were a smaller such prime, then p’q would be
a better candidate for a(n)).
that divide the terms of the sequence must appear in

In particular, the primes

increasing order, and ¢ < p. Then p is a candidate for
a(n + 1), and is less than By(n + 1) > B,(n) = pg, so
a(n + 1) = p. Finally, either a(n) = 2p or else 2p is the
winning candidate for a(n + 2) d
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Lemma 2.2. The primes that appear in the sequence occur
in increasing order.

Proof: This follows from Lemma 2.1, since the first time

p divides a term of the sequence the next term is p itself.
O

Lemma 2.3. If infinitely many multiples of a prime p
appear in the sequence, then all multiples of p appear.

Proof: We argue by contradiction, and let kp be the first
multiple of p that is missed. Choose ng so that a(n) > kp
for all n > ng. Since infinitely many multiples of p occur,
there exists n > ng with a(n) = Ip for some I. But now
we must have a(n + 1) = kp, because ged{a(n), kp} > p
is allowed, and all smaller possible values which are ever
going to appear in the sequence have already appeared.
This is a contradiction. |

Lemma 2.4. If all multiples of a prime p appear in the
sequence, then all positive integers appear.

Proof: Again we argue by contradiction and let k& > 2
be the first integer that is missed. Since infinitely many
multiples of & occur among all the multiples of p, we
get a contradiction just as in Lemma 2.3. Namely, there
exists for n > ng a value a(n) = kip for some [, and
ged{a(n),k} > k is allowed, and all smaller possible val-
ues have already been used. Thus a(n + 1) = k, a con-
tradiction. |

Theorem 2.5. {a(n) :
natural numbers.

n > 0} is a permutation of the

Proof: No number can appear twice, by construction, so
it suffices to show that every number appears. Suppose
only finitely many different primes divide the terms of
the sequence. Then one of them would appear infinitely
many times, and Lemmas 2.3 and 2.4 would imply that
all integers occur, which is a contradiction.

Therefore, infinitely many different primes p divide
the terms of the sequence. Then by Lemma 2.1 infinitely
many even numbers 2p occur, by Lemma 2.3, all even
numbers occur, and by Lemma 2.4, all positive integers
occur. |

Remark 2.6. As will be discussed in Section 8, the prin-
ciple of this proof generalizes to a wide variety of other
integer sequences defined by restrictions on the ged’s of
consecutive terms.
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3. NUMERICAL INVESTIGATIONS

To compute the EKG sequence, it is better not to use
the original definition, but to use (2-2) and to store the
current values of B, (n) for primes p. An efficient way to
arrange the computation is to maintain four tables:

hit(m) = 0 if m has not yet appeared, otherwise 1;

gap(m) = current value of B,,(n) if m is a prime,
otherwise m;

small(m) = smallest prime factor of m;

quot(m) = largest factor of m not divisible by small(m).

Combining these tables in a C' “struct” minimizes mem-
ory access.

Suppose we wish to compute the sequence until a(n)
reaches or exceeds N. The first step is to precompute
small(m) and quot(m) for m < N. Since it is only
necessary to consider primes < VN, this takes about
Y, <vwN/p = O(Nloglog N) steps.

In the main loop, let a(n) be the current value. Set
k =a(n), B= N and repeat until k reaches 1:

p = small(k),
B = min{B,gap(p)},
k= quot(k).

Then we set a(n+1) = B, hit(B) = 1, and update gap(q)
for primes ¢ dividing B.

We have not analyzed the complexity of the main
loop in detail, but it also appears to take roughly
O(Nloglog N) steps, comparable to and not much
greater than the number of steps needed for the precom-
putation part of the calculation. The program computed
107 terms of the sequence in less than a minute. For
example, a(10954982) = 11184814.

4. A CONJECTURED ASYMPTOTIC FORMULA

The results from the experimental data suggest that
whenever a prime p occurs in the sequence, it is preceded
by 2p and (consequently) followed by 3p. Although it is
theoretically possible that some other multiple of p oc-
curs before p, for example, we might have seen ..., 3p, p,
2p, . .., this does not happen in the first 107 terms.

Conjecture 4.1. Whenever a prime p occurs in the se-
quence, it is immediately preceded by 2p (and hence fol-
lowed by 3p).

The numerical results also strongly suggest that the
terms of the sequence fall close to three lines (see
Figures 3 and 4).

e if a(n) = m and m is neither a prime nor three times
a prime, then a(n) ~ n;

e if a(n) = p, p prime, then a(n) ~ n/2;
e if a(n) = 3p, p prime, then a(n) ~ 3n/2.

This was also observed by Ayres [Ayres 01]. In fact, if we
smooth the sequence by replacing every term a(n) = p or
3p, p prime > 2, by a(n) = 2p, the terms of the sequence
lie close to a single line (see Figure 5).

A plausible but nonrigorous argument suggests a more
precise conjecture.

Conjecture 4.2. Let f(n) ~ g(n) mean that the ratio of
the two sides approaches 1 as n — oo.
(i) If a(n) =m, m # p or 3p for p prime, then

1

a(n) ~n (1 + 310gn> ; (4-1)

(i) If a(n) = p, p prime, then

1 1

a(n) ~ o (1 + 3logn) ; (4-2)
(i41) If a(n) = 3p, p prime, then
3 1

~ — 1 . 4_
a(n) 2n( +310gn) (4-3)

To see why this conjecture might be true, consider a
term a(n) = m of the smoothed sequence. Examination
of Figure 5 suggests that the smoothed sequence has hit
all the numbers from 1 to m at least once (the numbers
occur a little out of order, but never by much). However,
we have smoothed away the numbers p and 3p that are
< m, while picking up the primes p and 3p for 2p < m.
Therefore one expects

nwm—w(m)—w(%)—f—%r(%),

where 7(z) = number of primes < . Then (4-1) follows
at once from the asymptotic formula w(z) ~ z/logz.
Equations (4-2) and (4-3) are based on (4-1) and the
observations made at the beginning of this section.
Although we are unable to prove this conjecture, it is
an excellent fit to the data.
If we try to write

(4-4)

1 c
* <logn>2) @

then the values of ¢ do not appear to converge to a sin-
gle value (see Figure 6), although ¢ is very often close

a(n) =n (1 + (4-5)

3logn
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FIGURE 3. The first 1000 terms (represented by dots), successive points not joined.
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FIGURE 4. The first 10000 terms (represented by dots), successive points not joined.

to 0.11. It seems conceivable that ¢ might converge in
distribution to a limiting distribution. Using two terms
of the asymptotic expansion of 7(z) would give

1 c

* <logn>2) ®)

where ¢/ =4/9 + (log3)/3 —log2 = 0.1175... .

Conjectures 4.1 and 4.2 predict that the k-th prime
pr will occur in the pattern a(n) = 2pg, a(n + 1) = py,
a(n 4 2) = 3py, where

a(n) ~n (1 + (4-6)

3logn

2pg

n~——.
1+ 3log(2pk)

These conjectures may be hard to settle, because the
permutation a(n) encodes an intricate interaction be-
tween additive and multiplicative properties of integers,
which by the “greedy” property of the definition depends
on all the earlier terms of the sequence.

In the next two sections we establish linear upper and
lower bounds for the sequence, namely

The numerical evidence supports the following conjec-
tural bounds.
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FIGURE 5. The sequence smoothed by replacing a(n) = p or 3p, p prime > 2, by a(n) = 2p.
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FIGURE 6. Values of ¢ in (4-5) for n near 107.

Conjecture 4.3. The sequence a(n) satisfies a(n) > £n,

with equality if and only if n = 28, and a(n) < £n, with
equality if and only if n =17.

For large n the asymptotic lower and upper bounds
would be n/2 and 3n/2, by Conjecture 4.2.

5. A LINEAR UPPER BOUND

Theorem 5.1. a(n) < 14n, forn > 1.

Remark 5.2. The proof is by contradiction. The basic
idea of the proof uses the fact that the function values
{a(k) : 1 < k < n} have a sandpile-like structure, in
which each element can be built only at the top of a
ladder of all smaller multiples of a controlling prime p
dividing it. To reach a number at height exceeding 14n
via a ladder of multiples of a controlling prime p, one
repeatedly falls off this ladder while building it, at various
smaller multiples kp of p of size between 2n and 14n
(see property (P4) below). To get back on this ladder,
one must use ladders of other controlling primes g which



reach to some currently omitted multiple of p at the top
of their ladder.
ladders is shown to be large using a combinatorial sieve
argument (compare [Hooley 76], pp. 4-5); a contradiction
results by showing that the sandpile contains more than
n elements.

The total number of elements in such

We begin with a preliminary lemma.

Lemma 5.3. If a(n) is divisible by a prime p, then p < n.
Ifp#2,p<n.

Proof: The result is true if p = 2 or n < 3, so we may
assume p > 3 and n > 4. We may also assume a(n) is the
first term divisible by p. By Lemma 2.1, a(n — 1) = pq
where ¢ is the controlling prime for a(n). Then pg =
a(n) = By(n) < q(n— 1) by (2-1). 0

Proof of Theorem 5.1: We argue by contradiction, and
let n be the smallest number such that a(n) > 14n. By
direct verification, we know n is large (in fact, n > 107,
although we will not use that in the proof). Let p be the
smallest controlling prime for a(n), say a(n) = lp > 14n,
so !l > 15. Also a(n) = B,(n), so from (2-1) and Lemma
53,17 <p<n.
Let I” = [1/2] > 8, and consider the “window”
W={Up,(I"+1)p,...,(Il—1)p}.

Since p is a controlling prime for a(n), every element of W
has already appeared in the sequence: a(t) € W implies
t <n—1. Call a(t) € W an entry point if a(t — 1) € W,
an ezxit point if a(t + 1) ¢ W. The following properties
hold:

(P1) The number of entry points is equal to the number
of exit points.

(P2) At most one entry point a(t) has p as a controlling
prime. This can only happen if a(t — 1) = (I' — 1)p,
a(t) = U'p, for some t <n — 1.
(P3) At most one exit point a(t) has p as a controlling
prime for a(t + 1). This happens just if a(n — 1) € W.
Furthermore, if this is not the case, then a(n — 1) = ip
with ¢ < I’, and hence there is no entry point with p as a
controlling prime.
(P4) Let a(t) = ap € W, a € [I',1-1]. If o is a multiple of
a prime ¢ < 7, then a(t) is an exit point. (For a(t+1) <
By(t+1) <7t <7(n—-1) <Up.)

For a set of primes P, let Dp(a,b) denote the number
of integers a < ¢ < b such that ¢ is a multiple of some
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element of P. Let

0 =Dpssnl',l—1).

By (P4), the number of exit points is at least 6, while if
there exists an entry point controlled by p, then there are,
in fact, at least § + 1 exit points. By (P1), we conclude
that the number of entry points not controlled by p is at
least 6.

Let S = {q1,q2,...} (with ¢ < g2 < ---) denote the
set of controlling primes for entry points not controlled
by p. Note that 2,3,5,7,p are not in S (by the same
argument as in (P4)), and |S| < 7(l — 1) — 4. Then

0 = Dpssnl,l-1)
< number of entry points not controlled by p
< Ds(l';1—1)
- Z [l - l’-‘
- q
qeS
1
< (1-U=-1)) =+1Sl. (5-1)
qeS
Setting ¢ = - s %, we have
0—7m(l—1)+4
¢ = —E ) +4. (5-2)

[5] -1
The right-hand side of (5-2) is a function of the single
variable [, and is > 2/9 for all I > 15, with equality if and

only if I is 20 or 21. (This is easily verified by computer
for small [, say [ < 1000, and analytically for larger [.)

In other words,
>,
i1 qi

@II\D

Define k by
k—1

D

—_

(5-3)

©Il\3

S
— o 4
and let 8" = {q1,...,qx} C S. Note that g, > 17, since
1/1141/13+41/17 > 2/9, but no proper subset of {1/11,
1/13, 1/17} has this property.
Every multiple of any element g € S that is < I’p must
have already occurred in the sequence, by definition. We
obtain a contradiction by showing that there are more

than n different multiples of elements of S that are < I'p.
By inclusion-exclusion. we have

P

Ds(1,I'p) > Ds/(1,1'p) >
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To bound the first term in (5-4), observe that for ¢; € S
there is a multiple of ¢;p in W, so

4<14n<lp

LNETENTA

li

ol s,

L i |

li li

| L 8ty

L 49i | 9 q

U'p 8 & U'p

Lo 2 £
Z qi - 9Z i

i=1 = - i=1

1

i<icy<k 19

i=1 1=1
k—1
1 1
(8 2 1/2\* 1 2
>lpy—-——= -] —=-=
= 9 9 2\9 349
L2229 1603
1377 1377~ "
which is the desired contradiction. O

6. A LINEAR LOWER BOUND

In this section we show:

Theorem 6.1. a(n) > [sn], forn > 1.

Remark 6.2. The proof is a modification of that of The-
orem 2.5. It aims to show that if some number less than
n/260 is missed in {a(k) : 1 < k < n}, then there are
at least n/65 numbers in this set that are even numbers,
and Lemma 6.4 below provides the mechanism to get a
contradiction. The method of Theorem 2.5 seems inher-
ently weaker when used for a lower bound, so we have not

attempted to streamline the proof. It would certainly be
possible to reduce the constant 260, but not to anything
close to 14.

We begin with three lemmas.

Lemma 6.3. For a prime p, if a(n) = kp for some k, then
a(j) =k for some j <n+ 1.

Proof: We argue by induction on k. The result is true
for k =1 since a(1) = 1.

Let ¢ be a controlling prime for a(n), so gla(n—1) and
qla(n) = kp.

Case (1): ¢ # p. Then q|k, say k = mgq, a(n) =
mgqp. Hence all multiples iq with ¢ < mp have already
appeared, and in particular a(j) = mq = k for some
J<n.

Case (ii): ¢ = p. All multiples ip with i < k have
already occurred. By the induction hypothesis, ¢ has
occurred for all ¢ < k. If k has occurred, then a(j) = k
with j < n, and otherwise a(n + 1) = k. O

Lemma 6.4. If at least 4k even numbers occur in
{a(1),...,a(n)}, then all numbers {1,...,k} occur in

{a(1),...,a(n+1)}.

Proof: In view of Lemma 6.3 (taking p = 2), it is enough
to show that {2,4,...,2k} are in {a(1),...,a(n)}.
Suppose not, and let 2m be the largest even number

< 2k not in {a(1),...,a(n)}. Every even number a(i) >
2m with ¢ < n will be followed by a(i+1) < 2k (since 2m
is always available). But in {a(1),...,a(n)} we have at

least 4k even numbers, and so at least 2k even numbers
> 2k. Therefore in {a(1),...,a(n + 1)}, we see all the
numbers from 1 to 2k, including 2m, a contradiction. [

Lemma 6.5. If a(n) = p, a prime, then all numbers
{1,...,p— 1} occur in {a(1),...,a(n — 1)}.

Proof: By Lemma 2.1, a(n—1) = gp, q prime, g < p; so g,
2q, ..., (p—1)q have already appeared in {a(1),...,a(n—
2)}. The result now follows by Lemma 6.3. |

Proof of Theorem 6.1: By direct verification, we may as-
sume n > 2602. Let m = [n/260], and suppose, seeking
a contradiction, that a(n) < m. Note that the lower
bound on n implies that n/m > 259.

We will show that at least 4m even numbers have oc-
curred in {a(1),...,a(n—2)}, which gives a contradiction



by Lemma 6.4. No primes greater than m can occur in
this interval, or we get a contradiction by Lemma 6.5.

Some number > n must occur among {a(1),...,a(n—
1)}, since there are n — 1 numbers and a(n) < m is miss-
ing. Suppose a(j) > n, with controlling prime p < m,
say a(j) = lp, and 7 < n — 1. Since Ip > n, I > 260.
Let R < m be the smallest missing number among
{a(1),...,a(n — 1)}. Then I < R, for if I > R, then
we have seen Rp at time j — 1, and by Lemma 6.3 we
have seen R by time j, a contradiction. Therefore, I < m
and so p > n/l > 259. Both [ and p are in the range
[260, m].

We consider the “window”

I C—

and define “entry” and “exit” point as in the proof of
Theorem 5.1.

There are at least |31/4| multiples of p in W, and
at least |31/8] — 1 of them are even.
multiple of p is an exit point (from Lemma 6.4). There
must therefore be at least [31/8] — 2 entry points which
are not controlled by p. Let S = {q1,¢q2,...} (with ¢1 <
g2 < -+ < 1) be the set of controlling primes for these
entry points. Then

b (|1] 1) = 1 -2

Any such even

As in (5-1), (5-2), we get
1 & -2-n(
I PN
= 4 - 4]
which is > 43/214 for [ > 260. We define k by
TR
“qi 214 T g

1=

Every multiple of any element ¢ € S that is < [Ip/4]
must have already occurred in {a(1),...,a(n —2)}. Of
these, at least |lp/8q| are even. Therefore the number
of distinct even numbers in the range 1,...,|lp/4] that

have occurred is at least
k

Ylal- 2 lma

2
i>1 1<i<j<k 4i4;

where X = Ip/4. Proceeding as in the proof of Theorem
5.1, and using g1 > 2, we find that this is at least 4.024m.
This exceeds 4m and provides the desired contradiction.

O
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7. CYCLE STRUCTURES

Since the sequence is a permutation of N, it is also natural
to investigate the cycle structure. The experimental evi-
dence suggests that there are infinitely many finite cycles
and infinitely many infinite cycles. It seems very likely
to be hard to prove either of these observations, or even
to prove that there is at least one infinite cycle.

The first few finite cycles start at the points
1,2,3,8,40, 64,121, 149, 359, 2879, 5563, 28571, 251677,
and have lengths
1,1,6,1,1,1,2,12,11,25,8,22,11,

respectively. There is also a large number of apparently
infinite cycles, of which the first two are

-.229310,117833, .. .,22,27, 26,28, 13, 14, 7, 12, 18, 20,
11,15,21, ...,636551, 652766, . .

and

., 502008, 257519, . . ., 248, 253,131, 138, 73, 82, 129,
201,212, ..., 645906, 662330, . . .

with minimal representatives 7 and 73, respectively. The
first 15 of these apparently distinct cycles have not coa-
lesced in the first 700000 terms of the sequence. However,
although it seems unlikely, it is theoretically possible that
they could coalesce at some later point. It would be nice
to know more!

8. GENERALIZATIONS

The EKG sequence can be generalized in various ways,
while retaining the basic construction of a greedy se-
quence with a condition on gcd’s of consecutive terms.
For fixed M > 2, let b(n) = n for 1 < n < M, and
for n > M + 1, let b(n) be the smallest natural num-
ber not already in the sequence with the property that
ged{b(n—1),b(n)} > M. The proof of Theorem 2.5 easily
extends to show that (b(n) : n > 1) is also a permutation
of N. For the cases M = 3,4,5, see sequences A064417,
A064418, A064418 in [Sloane 01].

The first 1000 terms for the case M = 3 are shown in
Figure 7. This sequence appears to behave in a similar
way to the EKG sequence: the spikes in the sequence
are associated with the primes, occurring in the order
3p, p,2p,4p. All points of the sequence seem to lie near
lines of slope 1/3,2/3,1 and 4/3.
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FIGURE 7. Plot of b(1) to b(1000) for the case M = 3.

More generally, we can allow an arbitrary finite prefix
at the beginning of such sequences. Consider a sequence
¢(n) with the generating rule that ged{c(n —1),c(n)} >
M, for n > N, but with a finite prefix ¢(n) = a, : 1 <
n < N, such that all terms a,, are distinct natural num-
bers, and that the prefix includes values a(n) = k for of
1 < k < M. With a little work, the proof of Theorem
2.5 can be modified to apply to these sequences as well
to show they are permutations.

If we use the greedy ged rule with M = 2, starting with
an arbitrary finite prefix, one obtains an infinite number
of different EKG-like permutations. Many of these se-
quences, perhaps all, eventually coalesce with the original
EKG sequence. In any case, the qualitative properties of
the resulting permutations appear similar to the EKG se-
quence: the primes provably appear in consecutive order
(excluding those in the prefix terms); the general plot of
the permutations remains similar to Figure 3.

It appears that linear upper and lower bounds hold
for all the permutations c(n) of these types. Very
likely such bounds can be established rigorously in any

particular case using methods similar to those used in
proving Theorems 5.1 and 6.1.
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