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MINIMAL DISTORTION PROBLEMS FOR CLASSES
OF UNITARY MATRICES*

VLADIMIR BOLOTNIKOVT, CHI-KWONG LI, AND LEIBA RODMANT

Abstract. Given two chains of subspaces in C™, the set of those unitary matrices is studied
that map the subspaces in the first chain onto the corresponding subspaces in the second chain, and
minimize the value |U — I,,|| for various unitarily invariant norms || - || on €"*™. In particular, a
formula for the minimum value ||U — I, || is given, and the set of all the unitary matrices in the set
attaining the minimum is described, for the Frobenius norm. For other unitarily invariant norms,
the results are obtained if the subspaces have special structure. Several related matrix minimization
problems are also considered.
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1. Introduction. Let
1.1) {0} CM; CMyC... CM; CC" and {0} CA; CA, C... CA, CC™
(L) {0} GMLEMz G .o SMe GO and {0} CM AR G GG

be two chains of nonzero proper subspaces in C", the complex vector space of n-
component column vectors, with

(1.2) dim M; = dim N; = rj, i=1,...,L
It is easily seen that there exists a unitary matrix U on C" such that
(1.3) UM; =N, ji=1,...,L

In this paper we consider the problem of minimizing the deviation of U from the
identity transformation, i.e., minimizing of the value ||[U — I,,|| on the set of unitary
transformations satisfying (1.3), for unitarily invariant norms | - || on C€"*", the
complex vector space of n x n matrices. Recall that a norm || - || on C™*" is called
unitarily invariant if the equality ||[UAV|| = || A]| holds for every A € C™*™ and every
choice of unitary matrices U € C™*™, V € C"*".

PROBLEM 1.1. Given two chains (1.1) of subspaces in C™ and given a unitarily
invariant norm || - || on C"*", compute the value

(1.4) min{|[U—-1I| : U is wunitary and UM,; =N; for j=1,...,(},

find a unitary matric Uy for which the minimum in (1.4) is attained, and describe
the set of all such matrices Uy, .
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Let 1,...,z,, and y1, ..., yr, be two orthonormal sets of vectors in C" such that
Span{zy,..., 2z, } = M; and Span{yi,...,yr} =N;, j=1,...,L

Here and elsewhere in the paper we denote by Span{zi,...,zn,} the subspace
spanned by the vectors z1,. .., zy,. Clearly, a unitary matrix U satisfies (1.3) if and
only if U maps Span{z,, ,{1,...,2;} onto Span{y,,_,y1,...,Yr}, for j =1,...,4
(we set rg = 0).

In fact, by the above observation, we can formulate Problem 1.1 entirely in matrix
language as follows. Let X and Y be unitary matrices with columns x4, ...,z, and
Y1, - - -, Yn, respectively, i.e., the last n — ry columns of X (respectively, Y') span the
orthogonal complement of M, (respectively, Ny). Then clearly the unitary matrix
U = Y X* satisfies (1.3). Furthermore, it is easy to show that a unitary U satisfies
(1.3) if and only if U = YV X*, where

(1.5) V=Vi® - 0Vi® Vi,

where V; are (r; — rj—1) X (r; — rj—1) unitary matrices for j = 1,...,¢,¢ + 1 with
ro = 0 and ryy1 = n. Let S be the set of unitary matrices in block form as V' above.
Then Problem 1.1 can be restated as finding

(1.6)  min |[YVX* — | = min |[Y*(YVX*)X = Y*X| = min [[Y*X — V||
ves veS veS

and characterizing the matrices V' € S for which the minimum is attained.

A particular case (corresponding to £ = 1) of Problem 1.1 appears in guidance
control; see [3], where a complete solution of this particular case for real matrices and
the Frobenius norm is given. More generally, several cases of Problem 1.1, and of
closely related problems have been studied in the literature; see, e.g., [5], [6, Section
4]. In turn, Problem 1.1 belongs to a large class of extremal problems in matrix
analysis, many of which have been studied extensively in connection with numerical
algorithms (see, e.g., [10], [7], and references there), statistics (see Chapter 10 in [13]),
semidefinite programming, etc.

Besides the introduction, the paper consists of three sections. In Section 2, we
present some preliminary results on unitarily invariant norms. The main result here,
Theorem 2.3, characterizes the minimizers of the distance between a given positive
semidefinite matrix and the unitary group, for strictly increasing Schur convex uni-
tarily invariant norms. We address Problem 1.1 in its matrix formulation in Section
3. We show (cf. Theorem 3.1) that if there exist U,V € S such that UAV is a block
matrix with some nice properties, then one can easily determine V € S satisfying
(1.6), and the corresponding optimal value |[YVX* — I||. When ¢ = 1, the most con-
venient approach is to reduce YV X* to its CS-decomposition, i.e., finding XY € S
so that

(1.7) YVX* =

oo
o ol o
SNMo oo

-5
0
C
0
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where C and S are k x k nonnegative diagonal matrices satisfying C? + S? = I,
and p+ q+ 2k = n. If £ > 2, we generally do not have the nice canonical form.
Nevertheless, we can still study Problem 1.1 in the operator context with the help
of the CS decomposition as shown in Section 4. Here, for the Frobenius norm, we
describe completely the minimizers of the distortion problem 1.1 in terms of the CS
decomposition of the matrices X and Y (Theorem 4.2); for unitarily invariant norms
that are not scalar multiples of the Frobenius norm, we have a less complete result
(Theorem 4.5).

Although we formulate and prove our results for complex vector spaces and ma-
trices only, the results and their proofs remain valid also in the context of real vector
spaces and matrices.

We denote by o1(A) > --- > 0,(A) the singular values of a matrix A € C"*".
Unitarily invariant norms || - [|¢ on C"*" are associated with symmetric gauge func-
tions ¢ in a standard fashion, so that

[Alle = ¢ (01(A), 02(A), ..., 0n(A))

for every A € C"*"; see, e.g., [13], [9] for background and basic results on this
association. The size n will be fixed throughout the paper, and the unitarily invariant
norms are considered on the algebra C"*" of n x n complex matrices. The Schatten
p-norms are

1/p
oo

14l = | S (0;(4)? | ., 1<p<oo,  [Al=01(A) (the operator norm).

j=1
The Schatten 2-norm is known as the Frobenius norm:

1/2
n

[All2 = { > laisl? ;

i,5=1

where a; ; are the entries of A. If X € C"*" is Hermitian, A(X) = (A (X), ..., \(X))
denote the vector of eigenvalues of X, where Ay (X) > -+ > )\, (X). A stands for the
transpose of a matrix A. The block diagonal matrix with diagonal blocks Ay,..., 4,
(in that order) is denoted diag(Ai,...,A4p), or A1 & As & ... ® A,. We use the
notation X(A) = diag(o1(A4),...,0,(A)) for the n x n diagonal matrix with the
singular values of A (in the non-increasing order) on the main diagonal. Denote by
{E11, E12, ..., En,} the standard basis for C"*".

2. Unitarily invariant norms. In this section we present some results on uni-
tarily invariant norms that are needed for solution of Problem 1.1. A unitarily invari-
ant norm || - || is a called a Q-norm if there is a unitarily invariant norm || - ||¢, which
is called the associated norm of || - ||, such that ||A[|?> = ||A*A||s for every A € C™*".
For example, the Schatten p-norm || - ||, is a @-norm if and only if 2 < p < oo because
| Al|2 = [|A* Al|,/2; we refer to [4, Chapter 4] for more information on @-norms.
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A unitarily invariant norm || - ||¢ is called strictly conver if the unit ball with
respect to that norm is strictly convex: If A # B satisfy

[Alle = [ Blle = 1,
then
[tA+(1-t)Blle <1 for0<t<1.

For example, a Schatten p-norm is strictly convex if and only if 1 < p < co. We need
the following property of strictly convex norms:

PROPOSITION 2.1. Let || - |le be a wunitarily invariant norm which is strictly
convez. If A,B € C"*" are such that

(2.1) [|A]| < ||B|| for every unitarily invariant norm,

and ||Alle = ||Bl|e, then 0;(A) =0;(B) forj=1,2,...

We use the well-known fact that (2.1) holds if and only if ||Al|xx < || Bl &,k
k=1,2,..., where || - ||k denotes the k-th Ky Fan norm, i.e., the sum of k largest
singular values of A.

Proof of Proposition 2.1. Let D; = diag(o1(4),...,0n(A)) and Dy =
diag(o1(B),...,on(B)). Since ||Al|lxx < || Bk for all k = 1,...,n, [16, Corollary
5])

m
D, = Z t;U; P,Dy P},
i=1

where for i = 1,...,m, U; is a diagonal unitary matrix, P; is a permutation matrix,
t; > 0, such that t; + --- 4+ t,,, = 1. But then,

[Alle = [ Dille <Y ti||U:PiD2P} o = || Bllo.
=1

By the strict convexity, all U;P,DsP} are equal, and hence must be equal to D;.
Thus, D1 = D as asserted. 0O

In connection with Proposition 2.1 note that there exist non-strictly convex uni-
tarily invariant norms that have the property described in Proposition 2.1, as the
following example shows:

EXAMPLE 2.2. Define

n n j

Alle = (n—j+Doy(A) = Y ai(4), AeC™
Jj=1 j=11i=1
If |A|| < ||B|| for every unitarily invariant norm || - || and if ||Al|. = || Bll¢, then we
have
k

k
oj(4) <> 0i(B), k=12,...,n,
1 j=1

j=
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and
n 7 n J
>_oilA) =3 > oiB
j=11i=1 j=11i=1

which imply

k k
ZO’j(A)ZZUj(B), k=1,2,...,n,
j=1 j=1

ie., 0j(A) =0;(B), for j =1,2,...,n. On the other hand, |- ||. is not strictly convex;
for example,

lrI + sE|le = 7| Illc + s||Eville  for every r,s > 0.

In the sequel we use the property of strictly convex norms that is described in
Proposition 2.1. By the result in [13, Chapter 3, A6-A8], it follows that the symmetric
gauge function ¢ that corresponds to the unitarily invariant norm | - ||¢ on C"*" is
strictly Schur conver and strictly increasing if and only if for every pair of n X n
matrices A and B such that | Al < ||B]|| for every unitarily invariant norm || - || and
lAlle = ||B|lo, we actually have o;(A) = o;(B) for j = 1,2,---. For simplicity, we
call such a unitarily invariant norm strictly increasing Schur convex.

THEOREM 2.3. Let || ||o be a strictly increasing Schur convex unitarily invariant
norm on C"*™. Then, for a given positive semidefinite P, we have |P — I|jo <
|P—Ulle for every unitary U; the equality |P — I||le = ||P — Ul||le holds if and only
if the unitary U is such that Uz = x for every x € Range P.

The result of Theorem 2.3 is known for positive definite P [8]; see [2] for gener-
alizations to infinite dimensional operators, with Schatten p-norms.

The proof of Theorem 2.3 is based on the following lemma.

LEMMA 2.4. Let P € C"*" be positive semidefinite. Then a unitary matriz U
has the property that P — U has singular values |o1(P) — 1],...,|on(P) — 1| if and
only if Ux = x for every x € Range P.

Proof. The result is obviously true for P = 0,,x,. Assume that P # 0 and
prove the statement by induction. The statement is clear when n = 1. Suppose
the result is true for matrices of sizes up to n — 1 with n > 1. For X € C™*", let

X = { )?* )0( ] ,and let C = P — U. Then P and C have eigenvalues +0;(P) and
tlo;(P)—1| (j =1,...,n), respectively. Now, we have

C=P+(-0).

Note that (i) o1(C) = o1(P) — 1, or (ii) 01(C) = 1 — 0, (P). Thus, M(C) = \(P) +
As(—U) with

_J@,2n) if (i) holds,
(r,s) = { (n+1,n) if (i) holds.
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By [12, Theorem 3.1], there is a unit vector & € C*" such that

Ci=\(C)E, Pz=M\(P)Z, and —UZ = \,(-0)z.

If (i) holds, then the eigenvectors of P corresponding to \.(P) = oy (P) are of the

form % { i } for some unit eigenvector = € €™ of A\;(P). Since C& = A\ (C)# and

Uz = \,(U)Z, if X is a unitary matrix with z as the first column, then
X*CX:[Ul(C)]@Cl, )(*1:))(:[0'1(1:))]691:)17 X*UXZ[l]@Ul

If (i) holds, then the eigenvectors of P corresponding to A.(P) = —o,(P) is of the

form % [ _xx } for some unit eigenvector z € €™ of A, (P). Since C# = \(C)Z and

Ui = As(U)Z, if X is a unitary matrix with z as the first column, then
X CX =[1(C)®C1, X*PX=[-0,(P)® P, XUX=[-1@U.

In both cases, one can then apply induction assumption on the matrices C; = P —U;
to get the conclusion. O

Proof of Theorem 2.3. Suppose P is positive semidefinite. Then for any unitary
U, we have (see [8])

(lon(P) = 1], |on(P) = 1) <uw o(P = V),

where o(P — U) is the vector of singular values of P — U, and <, is the weak
majorization relation (see, e.g., [13] for this relation and its properties). It follows
that

1P =1Ille = ¢(lor(P) = 1],...,|on(P) = 1]) < ¢(c(P = U)) = [|[P = Ulla.

Since ¢ is strictly increasing Schur convex, the equality holds if and only if P — U
has singular values |o1(P) —1|,...,|o,(P) — 1|. Now, the result follows from Lemma
2.4. 0O

If we omit the hypothesis that || - | is strictly increasing Schur convex in The-
orem 2.3, then the result of that theorem is no longer valid. However, omitting the
hypothesis of strict increasing Schur convexity of || - ||¢ and simultaneously omitting
“and only if” will produce a correct statement. In other words, the set of best ap-
proximants may only become larger if || - || is not assumed to be strictly increasing
Schur convex. The proof of this statement is easily obtained using a continuity argu-
ment and the fact that the set of strictly increasing Schur convex symmetric gauge
functions is dense in the set of all symmetric gauge functions.

Note that there can be a much larger set of minimizers if the unitarily in-
variant norm is not strictly Schur convex and strictly increasing. For example, if
P =diag(3,1,...,1) then 2 = ||P — I||oc = ||P — Ul|oo for any unitary U = [1] & U;.

Next, we mention several simple optimization results which are used later.
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LEMMA 2.5. Let A € C"*" have singular values o1(A) > 02(A) > ... > 0,(A) >
0 and let

A=PU=VSAW (P>0, UU*=VV* =1,),

where W = V*U, be its polar and singular values decompositions. Then, for every
unitarily invariant norm,

(2.2 omin = AX]| = 1~ 2(4)] = 11 ~ P
and the minimum is attained for X = U* = W*V*. Moreover, if || - || is strictly

increasing Schur convez, then
[ In — AX|| = [[In — P|

for a unitary matriz X if and only if Xx = U*x for every x € Range A.

Proof. For every unitary matrix X, it follows that X(AX) = ¥(A) and therefore,
by the inequality ||A — B > [|Z(A) — 2(B)|| (see, e. g., [11, Theorem 7.4.51]), we
have

[1n = AX|| > |1 = 2(AX)[| = |[In — Z(A)].-
The equality is attained for X = W*V*  since the norm is unitarily invariant. The

second equality in (2.2) follows because P = U*¥(A)U for some unitary U. For the
second part of the lemma, observe that

I —AX||=|I—-PUX| =|X*U"—P| and RangeA = Range P,

and apply Theorem 2.3. O
LEMMA 2.6. For every matriz A € C**", for every pair of orthogonal projections

P,Q € C"*" and for every unitarily invariant norm || - || on C™*",

Al = [[PAQ]|
Moreover, if || - || is the Frobenius norm, then |A|l2 > ||PAQ)||2, unless (I — P)A +
PA(I - Q) =0.

Proof. Let U,V € C**" be unitary such that U*PU = I, ® 0,,_, and V*QV =
Is ®0,,_s. Then one readily checks that

[All = lUAV ]| 2 [[(Ir © 0n—r ) UAV*(Is & On—s)|| = | PAQ.

The second assertion is clear from the above calculation. O
LEMMA 2.7. Let Ay and Bs be two families of n X m and n X k matrices,
respectively. If

min [[A¢fl2 = [[Ag [l and - min{|By[ls = [|Bsol2,
then
min | [, Billl2 = |4, Bulllo

Proof. By the definition of the Frobenius norm || [A;, Bs] |13 = || A3 + || Bsl|3,
which implies immediately the desired result. O
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3. Results in the matrix formulation. In this section, we describe solutions
of the problem (1.6) for Q-norms and the Frobenius norm. We let A = Y X* in (1.6),
and let ¢ = ¢+1 in the following discussion. Also, we continue to use S = S(r1,...,7q)
to represent the set of unitary matrices of the form

U=Ui¢---aU,, U0@---0U, € C77"7,

Note that
min [|[A—U||= min [[VAW —=TU|
ves UV,Wes
for any unitarily invariant norm || - ||. Thus, we can always replace A by VAW with

V., W € S to determine the minimum norm, and U is a minimizer for

min |4 —U||
UesS

if and only if VOW is a minimizer for

min |[VAW —U|.
UesS

We first present the following result on @Q-norms.

THEOREM 3.1. Let || - || be a Q-norm, i.e., there is a unitarily invariant norm
| - lo such that |A||* = ||A*Alle for every A € C"*", and let A be an n x n unitary
matriz. Suppose there exist

with VAW = [A; ;]{ ;_, such that the matrices A;; € Clrimri=)Ximrica) gre positive
semidefinite for i =1,...,q, and A; j = —(A;,)* fori# j. Then

VAW —I|| = |[A—= V*W*| < |A—U||  foraliUE€S.

Moreover, U =U, @ - ® Uq € S satisfies the equality

(3.1) [A=Ul=[A=VWw

for some Q-norm || - || whose associate norm is strictly increasing Schur convez if and
only if

(3.2) VjUjom =g for every z € Range 4;;, j=1,...,q

As mentioned in the introduction (cf. formula (1.7)), the hypothesis on the existence
of V.€ S and W € S with the indicated properties is always satisfied when ¢ = 2.

Proof of Theorem 3.1. Without loss of generality, we may assume that V =
W = I, otherwise, we may replace A by VAW. Also, we may assume that A;; are
diagonal, and thus A = A; +iAs, where A; = diag (¢4, ...,t,) and Ay are Hermitian.
Let U=Uy®---® U, €S. Then

(A—U)"(A-U)=2I— (A"U+UA) and (A—I)"(A—1I)=2I—(A+A").
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We claim that
(3.3) Zaj((A -D*(A-1)< Zaj((A —U)*"(A-U)), m=1,...,n,

or equivalently, that
n
NA+A) =Y NAU+UA), m=1,....n

n
J=m Jj=m

Suppose U = X +iY so that X and Y are Hermitian. Then the vector of diagonal
entries of the matrix A*U+U™* A equals to that of A; X+X A, i.e., to2(dit1,...,dyts),
where d; ...,d, are the diagonal entries of X and satisfy |d;| < 1 for all j. For a
fixed r, let 1 <i; < --- <4, <n be the indices so that ¢;,,...,t;. are the r smallest
diagonal entries of A;. Set

r
(34) P = ZEiJriJ'
j=1

Since |d;;| < 1, we see that (the first inequality below follows by the interlacing
properties of eigenvalues of a Hermitian matrix and of its principal submatrix, whereas
the last equality is valid since the matrix A + A* is diagonal)

> (AU +U*A) < trace (P(A*X + X*A)P)
k=n—r+1

=2 diti, <2 t;; =trace(P(A+ A )P)= > M(A+A"),
i=1 i=1

k=n—r+1

which proves (3.3). We obtain that ||(A—I)*(A—1)|| < |[(A—-U)*(A—-"U)| for every
unitarily invariant norm || - ||. Consequently, ||[A — I|| < ||A — U] for every Q-norm

Now, suppose U € S and
JA- 1] =A-0]

for some @Q-norm || - || whose associate norm || - || is strictly increasing Schur convex.
Thus,
I(A=D*(A=D = (A-0)(A-0)]

and thus the singular values of (A—I)*(A—I) coincide with those of (A—U)*(A—T).
Therefore,

N(A+ A" = \(A T +UA),  j=1,2,...n
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Using the notation introduced in the first part of the proof, we have

n

n
th = trace A; = trace (ATX + X*A;) = Zdjtj-
=1 =t

Therefore, d; = 1 for every j for which ¢; > 0. This condition is easily seen to be
equivalent to (3.2). O

We give explicit formulas for the Schatten norms for 2 x 2 real matrices A of the
form described in Theorem 3.1.

LEMMA 3.2. Let a > 0, b be real numbers such that a2+ b2=1. Then

a—t —=b |l a=1 —=b
b a—r - b a—1
P
=2Y/P\/2"2a, 2<p< oo,
where the minimum 1is taken over the set of (ordered) pairs {t,r}, t,r € C, such that

[t| = |r| = 1. Moreover, if a > 0, the minimum in (3.5) is achieved only fort =r =1,
whereas if a = 0 and p > 2, the minimum in (3.5) is achieved precisely for those pairs

{t,r} (It| = |r| = 1) for whicht =T. Ifa =0 and p = 2, then { _1t :i ]
constant value 2.

Proof. A calculation shows that the singular values of the matrix

=2

(3.5) min

p

has
2

b a—r

are \/2 —aRet — aRer £ ,/q, where ¢ = (aRet — aRer)? + b?|t — 7|*. So we have to
prove that

(3.6) (2—aRet —aRer + /q)?/? 4+ (2 — aRet — aRer — \/q)P/? > 2(2 — 2a)P/?

if p> 2 and [t| = |r| = 1. Treating v = /g as an independent variable, we need only
to prove that

(3.7) (2—aRet —aRer + u)?’? + (2 — aRet — aRer — u)P/? > 2(2 — 2a)P/?

forp>2,|t| =|r| =1, and 0 < u < 2 —aRer — aRet. The inequality (3.7) is valid
for u = 0, and the derivative with respect to u of the left hand side of (3.7) is positive
for u > 0 (here the hypothesis p > 2 is used). Thus, (3.7) is proved. An examination
of the proof of (3.5) shows that the equality in (3.7) is achieved only in the situations
indicated in Lemma 3.2. O

Lemma 3.2 (applied with a = 0) shows in particular, that the condition (3.2) is
generally not sufficient to guarantee the equality in (3.1).

The result of Lemma 3.2 fails for 1 < p < 2. More precisely:
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LEMMA 3.3. Let 1 < p < 2. Then

-t -1
=
where the minimum is taken over the set of pairs {t,r}, t,r € C, such that |t| =
|r| = 1. Moreover, the minimum in (3.8) is achieved precisely for those pairs {t,r}
for which t = —T.

The proof is elementary and relies on the explicit formulas for the singular values
of the matrix [ _1t :7{ ] obtained in the proof of Lemma 3.2.

In particular, Lemma 3.3 shows that Theorem 3.1 is generally false for unitarily
invariant norms that are not Q-norms.

For the Frobenius norm, we have the following general result.

THEOREM 3.4. Let A be an nXn unitary matriz partitioned as a gx q block matrix
A=A, ]} =), where A;; € CUrimri=)x o) Cand let W =Wy @---@W, € S (as
defined in the paragraph following the statement of Problem 1.1), be such that A; ;W
s positive semidefinite. Then

(3.8) min = 2P

p

q q
(3.9) 2n — Z trace(Ay W) = 2n — Ztrace\/AiiAZi =|A-W|3

j=1 j=1
and

|A—Wl2 < |JA=TU|2 for allU € S.

Moreover, U =U, @ --- ® U, € S satisfies the equality
(3.10) |A =Wl =[|A=Ull2
if and only if

(3.11) UjW;x =z for every z € Range A;;W;, j=1,...,¢q

Proof. The proof of the first part follows the same pattern as the proof of Theorem
3.1, except that (3.3) needs to be proven only for m = n, and therefore we take P = I
in (3.4).

For the second part, in view of Theorem 3.1, we need only to show that if (3.10)
holds for some unitary matrices U = U; @ --- @ U, € S, then (3.11) holds. To this
end notice that

1A= U3 = (Ary = 01) @ ... @ (Agyg = U3 + D 14117
ik

q
=3 145 = Till3 + > 14,113,
J=1

i#k
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and therefore, the proof reduces to showing that, for a fixed j, |A;; — Ujll2 =
|A;; — Wj|l2 as soon as the unitary matrix Uj has the property that U}fo =z
for every x € Range A; ;W . But every such unitary matrix U;W;" decomposes into
the orthogonal sum U; W) = X; & Y; with respect to the orthogonal decomposition
C" 7" = Range A4;; W & Ker Aj;Wr, and the equality [|4;; ~Ujll2 = | Aj 5 — Will2
is obvious. O

The result of Theorem 3.4 does not hold for all Q-norms, as the following example
(produced by Matlab) shows.

EXAMPLE 3.5. Let

0.4104 —0.5789 — 0.2985¢ —0.5773 4 0.2722:
Q= | —0.1678 4+ 0.7165¢ 0.2186 —0.0369 + 0.6397:
—0.5337+ 0.0721¢ —0.5740 — 0.4455: 0.4266

The matrix @ is unitary (up to Matlab precision), and @ — I has singular values
1.9328, 0.3665, 0.1367. On the other hand, let

1 0 0
E=10 -0.9999 + 0.01502 0
0 0 0.4749 — 0.8800z

Then F is unitary (up to Matlab precision), and the singular values of @ — E are
1.6706, 1.5250, 0.3076. Thus, [|Q — I|lec > [|Q — E|se-

4. Cosine-sine decomposition approach. In this section we treat Problem
1.1 in the operator form, using the cosine-sine decompositions as the main tools.
Although in principle the operator formulation of Problem 1.1 is equivalent to the
matrix formulation which was dealt with in Section 3, the cosine-sine decompositions
allow us to obtain the main result in a more detailed geometric form (using canonical
angles between subspaces).

We recall these decompositions of partitioned unitary matrices.

THEOREM 4.1. Let X, Y € C™*" be two isometric matrices: X*X =Y*Y = 1I,.
1. If 2r < n, then there exist unitary matrices @ € C**" and V., W € C"™*" such that

T I, r T
(4.1) QXW = r 0 |, QYV = r A,
n—2r 0 n—2r 0
where
(4.2) I = diag (v1,...,%) and A =diag (01,...,0,)
satisfy
(43) 0<y <... <, 0 >...>06,.>0, i+ =1, j=1,...,m

2. If2r > n, then Q, V and W € C"™" can be chosen so that

n—r I, O n—r I' 0
(44) QXW = 2r—n 0 Iy |, QYV = 2r—n 0 Iop_yp |,
n—r 0 0 n—r A 0
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where

(4.5) I =diag (v1,.-.yYn-r) oand A =diag (61,...,0n—r)
satisfy

(4.6) 0SS S Ynepy 01220, 20, 7 +6 =1,

j=1...,n—r.

The proof (see, e.g., [15]) relies on the CS (cosine-sine) decomposition of a parti-
tioned unitary matrix which in turn, was introduced in [6] and [14]. See also [10] and
[7], where the CS decomposition is used in the context of numerical algorithms and
geometry of subspaces. Since ; and J; satisfy 'yj2 + (5?- = 1, they can be regarded as
cosines and sines of certain angles 6;: v; = cosfj, §; = sin6;, which are called the
canonical angles between subspaces M = Range X, and N/ = Range Yy; see, e.g., [1].
Note also the equalities

r o

47 XY =WIV" (2r<n) and XY =W [ 0 I
2r—mn

] V* (2r > n),

which follow from (4.1) and (4.4), respectively, and present in fact the singular value
decomposition of the matrix X*Y.

Consider the chains of subspaces (1.1) satisfying (1.2) It is clear from (1.1) and
(1.2) that

O=rg<ri<mr<---<rp=r<n.

Let x1,...,2y, and y1,...,yr, be two orthonormal sets of vectors in C" such that

{x:l?"'?x"’j} and {yla"'vyrj}

form bases of M and N, respectively. Let

Xj = [mTj—i-l x?"j+2 e 1‘7-]._*_1} and

Y}: [yTj-‘rl Yrj+2 - yT‘H-J ) jzoa"'vea
be the n x (rj4+1 — r;) matrices with orthonormal columns which span the subspaces
M1 & M; and N1 © Nj, respectively. Then a unitary matrix U satisfies (1.3) if
and only if
(4.8) UX; =Y,D; for some unitary matrix D; € Crarr=ra)x(rima=ri) 5 —q 4.

Introducing the matrices

(4.9) X=[X;1 Xs ... X)) and Y=[V1 Y ... Vi,
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we rewrite (4.8) as
(4.10) UX =YD for D =diag(Ds,...,Dy).

The set of all unitary matrices U satisfying (4.10) we denote by &. We formulate first
our result for the Frobenius norm.

THEOREM 4.2. Let X, Y € C"*" be two isometric matrices of the form (4.9)
with CS decompositions (4.1) — (4.3) (for 2r < n) or (4.4) — (4.7) (for 2r > n) with
unitary matrices Q, V and W. Let

(4.11) XYy =PZ; (P20, Z;Z,=Z/Zj=1,, )

be the polar decompositions of matrices X;Y;. Then

¢
(4.12) Irjneuz}{ |U — I,,||2 = 47 — 2trace (\/X*YY*X) -2 Ztrace (1 /X;Y}Yj*Xj) .
i=1

Moreover, a matrix Ui, € U is a minimizer for the unitary distortion problem, i.e.,
it satisfies

IIJnEHLl{ HU - In”2 = ||Umin - In||2

if and only if it is of the form

I'T -AR 0
(4.13) Unin=Q* | AT TR 0 0,
0 0 In—2r
if 2r <n and
I o —-A
(414) Upin = Q* 0 I, 0 |: g OR :| Qv
A 0 r

if 2r > n, where R is an arbitrary v x r (if 2r <n) or (n —r) X (n—17r) (if 2r > n)
unitary matrixz such that

(4.15) Rx =z for every x € Rangel

and T is an r X r matriz of the form

(4.16) T = V*diag (D1,..., D)W,

where D; € 1=} 1) gre arbitrary unitary matrices such that

(4.17) Djx = Zjx for every x € Range P}, j=1,...¢
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It is interesting to compare this result and Theorem 3.4, in which XY, = A;;
for 1 <4,j <{=g—1. The formula (4.12) is the same as (3.9) because

n — trace |/ X Y Y Xy = 2r — trace (\/X*YY*X)
is just the dimension of the space spanned by the columns of X and Y.
We establish two lemmas to prove Theorem 4.2.

LEMMA 4.3. LetT and A be positive semidefinite matrices such that T2 +A? =1,
and let T € C™*" be a unitary matriz. Then the matriz

(oo
V_[AT UQ]'

is unitary if and only if Uy = —AR and Uy = I'R for some unitary matriz R € C"*".

Proof. The “if” part is clear. For the “only if” part, observe that

r A T S
W:[—A I‘} and WVZ[OR]
are unitary, and hence S = 0. It follows that
. | I'T -AR
T

as asserted. O

LEMMA 4.4. Under the hypotheses and notation of Theorem 4.2, let D denote
the set of all block diagonal unitary matrices D = diag (D1, ..., Dy) with the blocks
D; e ot =)} (rie1=m3) for i =1,... 0. Then

(4.18) |2 = XY Dllo = min [|1, = X*Y D,

(i.e., D minimizes the value of ||I, — X*Y D||2 over the set D) if and only if the blocks
D; satisfy conditions (4.17).
Proof. In view of the block decompositions (4.9) and (4.10) of X, Y and D,

L
b,j=1"

(4.19) I, — X*YD = [5;1

Ti+1 =T

— X;Y;D;]
where d;; is the Kronecker symbol. Decomposing the last matrix as
(420) I, — X*YD =[A((Dy), ..., Au(Dy)],  Aj(Dy) e Crlo=r)

we conclude by Lemma 2.7 that the minimum on the right hand side of (4.18) is
attained for a unitary matrix D = diag (D1, ..., D) if and only if its blocks D;’s are
minimizers for

(4.21) [A4;(Dj)llz = min [|[4;(D;)l2  (G=1,...,0).

Dj unitary
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Comparing (4.20) and (4.19) and taking into account that the Frobenius norm is
unitarily invariant, we get

[ X{Y;D; ] XY
~X; YD, X7
1A4;(Dj)llz = ||| 1—X;Y;D; = || Dj —XjY;
— XY, D, —XjnY;
-xpyo; Ll I -x

Only the j-th block in the latter expression depends on D; and therefore, again by
Lemma 2.7, the extremal matrix D; in (4.21) has to satisfy

1D} = X;Y 2= | min D] = X;¥llo = min (1~ X;¥;D;])

j unita; j unitary
Making use of the polar decompositions (4.11), we obtain
I = X7Y;Djll2 = I = P;Z;Djllz = | D} Z7 — Pilla = [P — Z; Dj|2

and by Theorem 2.3, we conclude that D; minimizes the value of ||[I — X7Y;D;l[2 if
and only if Z;D;x = x for every vector x € Range P;. It follows now by Lemma 2.7,
that D = diag (Dy, ..., Dy) satisfies (4.18) if and only if

ZiDjx =x for every x € Range Pj, j=1,...,4.

Since Z;’s are unitary, the latter conditions are equivalent to (4.17). O
Proof of Theorem 4.2. We begin with the case 2r < n. Making use of represen-
tations (4.1) we rewrite (4.10) as

(4.22) QUQQXW =QYVV*DW
and get, in view of (4.1),

I. r
(4.23) QUQ*| 0 | =| A |T, where T =V*diag(D1,...,Dy)W.
0 0

We regard T as a function of unitary matrices D1, ..., Dy, with V and W fixed. Thus,
QUQ™* necessarily has the form

't U Uss
QUQ" = | AT Uz Uss
0 Us2 Uss
Since we are minimizing the value of ||U — I, = ||QUQ* — I||2, upon applying

I, 0O

0 o | we conclude that

Lemma 2.6 to the matrices A = QUQ* — I,, and P = [
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the minimal value of ||U — I||2 is attained only for unitary matrices U of the form

'’ U2 O
U=Q" | AT Ux 0 Q.
0 0 In—27"

By Lemma 4.3, Ujo = —AR and Uy = I'R for some unitary matrix R € C"™*" and
thus,

I'T —-AR O
(4.24) U=Q*| AT TR 0 Q,
0 0 In72r

which provides the representation formula (4.13) for minimizers. It remains to show
that U of the form (4.24) is a minimizer if and only if the matrices T and R are
subjects to (4.15)—(4.17). Since the norm is unitarily invariant and since @, T and R
are unitary, it follows by (4.24), that

I'T-—1 —AR
4.2 i U-1,2= i "
(425)  , min NU—Iallo= ) mig { AT m_ﬂ .
= min r-1 -4
" Di,..DeR A r—Rr* ||,
By Lemma 2.7, it remains to find separately unitary matrices D1, ..., Dy, and R which

minimize the values of ||[I' — T[], and |I' — R*|,. By Theorem 2.3,

ID-Ro= min [T - R

2= mi
R unitary

if and only if R*x = z for every vector x € RangeT'. Since R is unitary, this condition
is equivalent to (4.15). On the other hand, in view of (4.23) and the first relation in
(4.7) and since the norm is unitarily invariant,

(4.26) IT—=T*2 = ||Ir —T'T||2 = ||[I, —TV*DW||2

= ||I, = WI'V*D||s = I, — X*Y D|a.

and by Lemma 4.4, a matrix T of the form (4.16) minimizes ||I' — T*||2 if and only if
the matrices D; are subject to (4.17).

We turn now to the case 2r > n. Making use of representation (4.4) and of
equality (4.22), we get, in view of (4.10),

I,—, O r 0
QUQE* | 0 Ipp | =| 0 Ip_p | T, where T =V*diag(Ds,...,D¢)W.
0 0 A 0

(4.27)
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Thus, QU™ necessarily has the form

I 0 Uis

A0 Uss e

By Lemma 4.3, U3 = —AR and Usz = I'R for some unitary matrix R € on—r)x(n=r)
and thus,

r o Alrr o
(4.28) U=Q" | 0 Iy, 0 {0 R}Q,
A 0 r

which leads to the representation formula (4.14). As in the case 2r < n, we have to
minimize

r 0 o —A

(4.29) U -1, = 0 Ipp—pn 0

A 0 I'—R* |||,

or equivalently (by Lemma 2.7), to minimize

Il — R*||]2 and H[ 0 I, } -T

2

by the appropriate choice of T' (of the form (4.27), where Dy, ..., D; are unitary) and
unitary R. As in the case 2r < n, for U of the form (4.28) to be a minimizer, R has
to satisfy (4.15). Furthermore, in view of (4.27) and the second relation in (4.7),

o [ 8], -5 8 ]

0 IQrfn 0 IQT’*n

2 2

r o "
- Ir_|:0 IQr—n:|VDW

2

= [[I = X*Y'Dlly,
2

r o )
- IT—W[O IQM]VD

and by Lemma 4.4, a matrix T of the form (4.16) minimizes ||[I" — T*||2 if and only if
the matrices D; are satisfy (4.17).

Finally, to compute explicitly the minimal value of |U — I||2, where U € U, we
chose a special minimizer corresponding to

. I?"; lf QT'STL o __ s * * _ * 70
R{In—r7 i o D° =diag(Z7,...,Z;) and T =V*D°W.

Let 0 <y <72 < ... <%, be the singular values of the matrix X*Y (i.e., v; are the
cosines of canonical angles between subspaces M; and N;), let matrices T" and A be
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defined by (4.2), (4.3) (for 2r < n) or by (4.5), (4.7) (for 2r > n) and let (4.7) be the
polar decomposition of the matrix X*Y. Then for 2r < n, we get from (4.26) and
(4.27)

(4.31)

min U = 7,3

= |0 =T[5 + 213 + T — R*||3

= |1, = X*YD°|3 + 2| A3 + |1 = L|I3

= trace { (I, — (D°)*Y*X)(I, — X*YD°) + 2A* + (I — I,)*}

= trace {2], — X*YD° — (D°)*Y*X + (D°)*Y*XX*YD° + 2A% + T — 2T'} .
Since D°, V and W are unitary, it follows from (4.7) that

trace {(D°)*Y*XX*Y D°} = trace {(D°)*VITW*WTVD°} = traceI'?,

and since I' is positive semidefinite, we have also

trace’ = trace VX*YY*X.

Furthermore, in view of (4.11),

¢ ¢ ¢
trace (X*Y D°) = Ztrace (XJ*YJZ]*) = Ztracer = Ztrace (, /XJ’-*YJ-Y]-*X]») .
j=1 j=1 i=1
Substituting the three last equalities into (4.32) and taking into account that I'? 4
A? = [, we get (4.12). If 2r > n, then we get from (4.29) and (4.31)

' o
— 2:
v-ni=1]g 9

= |l = X*YD°|3 + 2| All3 + T = L I3

]—Wﬁ+%N3HP—W@

and using the preceding arguments we come again to (4.12). O

Recall that the positive semidefinite square root v/A of a positive semidefinite
matrix A is a real analytic function of the real and imaginary parts of the entries
of A, provided that the rank of A remains constant; this follows from the functional
calculus formula

x/Z:i/ (AI—A)*ld)\—k/\/X()\I—A)*ld)\.
|A|=¢ T

21

Here ¢ > 0 is such that that the positive semidefinite matrix A has no nonzero
eigenvalues inside the circle |A| = ¢, and T is a suitable contour that surrounds the
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nonzero part of the spectrum of A. Using the analyticity of the square root, one
obtains from (4.12) that minyey |U — |3 is a real analytic function of the real and
imaginary parts of the components of the vectors z; and y;, as long as the numbers
¢, r1,...,r¢ and the ranks of the matrices X7V, j = 1,...,¢, and of X*Y are kept
constant.

For norms other than scalar multiples of the Frobenius norm, the proof of The-
orem 4.2 breaks down. The reason is that Lemma 2.7 is valid only for unitarily
invariant norms that are scalar multiples of the Frobenius norm. Indeed, let || - ||
be such a unitarily invariant norm, and Let ¢ be the corresponding symmetric gauge
function on IR'}, the convex cone of real vectors with n nonnegative components.
We may assume that ¢(1,0,...,0) = 1 by a suitable normalization. By assumption,
¢ # la, where la(z1,...,2,) = /23 + ... + 22, x; > 0 is the symmetric gauge func-
tion corresponding to the Frobenius norm. Then there exists 1 < k < n such that
¢(x) = lz(x) for all x € R} with at most k nonzero entries, but ¢(y) # l2(y), for
a certain y = (y1,...,Yr+1,0,...,0) € R} with y; > --- > yg41 > 0. Consider the
family F} of n x n matrices with exactly k nonzero singular values y1, . .., yx, and the
family F» of n x n matrices with the only nonzero singular value yi+1. We see that
Ao = y1E11 + - - + yp B is a minimizer of || - ||¢ in F1, and By = Y41 FEk+1, k41 and
By = yr+1E11 are are both minimizers of || - ||¢ in Fy. But then

I[40 Bollle = ¢(y1,---,yk+1,0,...,0) # la(y1,- ., Yk+1,0,...,0)

:12(\/3/%+y;2§+1792;~~,yk;07~~70)
:¢(\/y%+y]2g+17y27"'7yk70a'"70)

=l[40 Bollls-

So, [Ag Bo] and [Ag Bg] cannot be both minimizers of || - || in the set of n x 2n
matrices {[A B]: A€ Fi,B € F»}.

In view of the observation made in the preceding paragraph, we need an additional
hypothesis to deal with norms other than scalar multiples of the Frobenius norm. For
@-norms we have the following result (recall that I/ is the set of all unitary matrices
U satisfying (4.10)).

THEOREM 4.5. Let X, Y € C"*" be two isometric matrices of the form (4.9)
with CS decompositions (4.1) — (4.3) (for 2r < n) or (4.4) — (4.7) (for 2r > n) with
unitary matrices Q, V and W. Assume further that the matriz VW™ is block diagonal:
VW* = diag (Wh, ..., W), where Wj isr; xrj, j=1,...,L. Then for any Q-norm,

. r—1I -=-A
g to-ni=|| "7 5|

The proof proceeds similarly to that of Theorem 4.2. We omit the details. It is
worth noting that the above theorem can be viewed as a special case of Theorem 3.1
when there exist V., W € § so that up to a permutation VAW is of the form

r -A
|: A T :|@12ma
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(using the notation of Theorem 3.1). One can translate the conclusion on the mini-
mizers in Theorem 3.1 as well.
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