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Abstract. Rodman and Shalom [Linear Algebra and 1ts Applications, 168:221-249, 1992] con-
jecture the following statement: Let A be a lower irreducible partial upper triangular n X n matrix

over F such that trace(4) = 0. Let ny > na > -+ > np > 1 be a set of p positive integers such that
P

E n; = n. There exists a nilpotent completion A, of A whose Jordan form consists of p blocks of
=1
sizes n; X ny, i = 1,2,...,p if and only if 7(4*) < E (ni — k), k=1,2,...,m.
ing >k
In this paper this conjecture is solved in two cases: when the minimal rank of A is 2, and for
matrices of size 5 X 5.
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1. Introduction. We consider n X n matrices A = [a;;] over an infinite field
F. A matrix is said to be a partial matriz if some of its entries are given elements
from the field [F, while the rest of them can be arbitrarily chosen and treated as free
independent variables. If those last elements are fixed, the resultant matrix is called
a completion A, of the matrix A. The completion problems consist of finding all the
completions of a given partial matrix with prescribed properties. We are interested in
partial upper triangular matrices, namely, partial matrices A = [a;;] where a;;, i < j,
are the given elements. For this kind of matrices some completion problems have been
studied. For example, problems related to the rank of the matrix can be found in [9],
to eigenvalues in [1, 9], to Jordan form in [2, 7, 8, 9] and to controllability of linear
systems in [3, 4].

Let A be a partial matrix. We denote by r(A) the minimal rank of all possible
completions of A, that is, r(A) = ming, rank(A.;) where the minimum is taken over
the set of all the ranks of possible completions of A. Moreover, for any positive integer
k, we denote r(A*) = miny, rank((A.)*), where the minimum is taken over the set
of all the ranks of the kth power of possible completions of A.

We recall that a matrix A is lower similar to a matrix B (we denote A ~ B)
if there exists a lower triangular matrix S such that A = SBS~!. In addition, a
matrix A of size n x n is said to be lower irreducible if all its k x (n — k) submatrices
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[aij]f;1 jn:k-l—l are nonzero for k =1,2,...,n— 1.

Given two nonincreasing sequences of nonnegative integers {k;}}_; and {q;}/_,,
we say that {k; }'_, majorizes {q;}/_,, denoted {k;}_; = {q;}i—, if

s s P r
ZkZZZQZa 521,2,"'apa and ZkZ:ZQZ
i=1 i=1 i=1 i=1

Rodman and Shalom give in [9] the following completion problem,

CONJECTURE: Let A be a lower irreducible partial upper triangular n X n matriz over
F such that trace(A) = 0. Let nqy > ny > -+ > ny > 1 be a set of p positive integers
such that Y %_, n; = n. There exists a nilpotent completion A, of A whose Jordan
form consists of p blocks of sizes n; x n;, i = 1,2,...,p if and only if

(1) r(AMY < Y (ni—k), k=12, n.

i >k

Note that the right hand side of (1) is the rank of A* provided that A. is a
nilpotent completion of A with the described Jordan form. The necessity of (1) is
therefore evident.

Rodman and Shalom prove the above conjecture when r(A) = 1 (see [9], Theorem
3.2) or in general for matrices of size n < 4 (see [9], Theorem 3.3). In [5] we prove
that this conjecture is not true in general for matrices with minimal rank equal to
three and for matrices of size n x n, n > 6.

In this paper we prove that this conjecture is true in two remaining cases: when
r(A) = 2, and for matrices of size 5 x 5.

Let Ag be the completion obtained by replacing the unspecified elements by zero.
We denote by J,(A) the ¢ x ¢ Jordan block with eigenvalue A. The block diagonal
matrix with diagonal blocks A;1,..., A; is denoted by A; & --- & A;. Finally, given
a matrix A = [a;;] let a;; represent the corresponding nonzero entries of any similar
matrix obtained.

2. The main result. We prove the conjecture of Rodman and Shalom for ma-
trices with minimal rank equal to two.

THEOREM 2.1. Let A be an nxn lower irreducible partial upper triangular matriz
such that trace(A) = 0 and r(A) = 2. Letng > no > -+ > np > 1 be a set of p

posttive integers such that Zle n; =n. If

(2) r(AM)Y < Y (ni—k), k=12, n,
i >k

then there exists a nilpotent completion A. of A whose Jordan form consists of p
blocks of sizesn; x n;, 1 =1,2,...,p.

Proof. By lower similarity we can transform the matrix A into a partial upper
triangular matrix A; which has only two nonzero rows. Since A is lower irreducible,
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one of this rows is the first one. We assume that the other one is the jth row. Then
the matrix Ay has the following structure:

arp G2 - aij—1 A1 A1541 0 Glp—1  Qln
0 0 0 0 0 0
0 0 0 0 0
A= ajj @i+ o Gjn-1 Gjn
0 0 0
0 0
L 0 -

Since the matrix A; is lower irreducible its nth column has a nonzero entry. We can
distinguish the following cases:

(a) a1, £ 0.

By lower similarity we cancel the (j,n)th entry and all the entries in the first row,
except the (1,1)th entry. Since the matrix 4; is lower similar to the matrix A, its
minimal rank is equal to two, and then the jth row has a nonzero entry. Let us assume
that:

(al) aj;, j <t < n, is the first nonzero entry beginning from the right.

By lower similarity we can cancel all the entries in this row, except the element a;;.
We obtain the matrix

aj; 0 - 0 - 0 e ap, ]
0O --- 0 --- 0 0
a it 0
ho= o
0O -.-- 0
L 0
Then:
(al.1) If @11 = a;; = 0, it is easy to prove that 7(43) = 0. The Jordan form of the
completion Aa, consists of n —2 blocks of size g1 = ¢2 = 2andgs = = ¢qn_2=1.

Therefore, 7(A) = r(Az) = rank(As,) = 2 and r(A4%) = r(A3) = rank(A3 ) = 0.
If the sequence {n;}/_, satisfies condition (2), then it majorizes the sequence {q;}7=2.
By performing the permutation

(1,n,2,3,...,j—1,jtj+1,. . t—1t+1,. .. n—1)

of rows and columns in the matrix A, and by applying the algorithm of [6] to the new
matrix (see Appendix, Part I) we obtain a completion of the matrix A; such that its
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Jordan form consists of p blocks of size n;, ¢ = 1,2, ..., p. This completion guarantees
the existence of one completion of the matrix A with the desired characteristics.

(al.2) If a;; # 0, we can transform, by lower similarity, the matrix A, into the
following matrix

0 0 e a1] e alt e aln T
0 0 - 0 0
0 0 Ain
As = . ’
0o --- 0
L 0 |

This matrix satisfies that r(As) = 2 and r(A4%) = 1. The Jordan form of the
completion Ag, consists of n — 2 blocks of size g1 = 3,¢2 = -+ = gp_2 = L.
Therefore, 7(A) = r(As) = rank(As,) = 2, r(A?) = r(A3) = rank(A43 ) = 1 and
r(A3) = r(A43) = rank(43 ) = 0.

If the sequence {n;}/_, satisfies condition (2), then it majorizes the sequence {q;}7=2.
By applying the method given in Appendix, Part II, we obtain a completion of the
matrix As, such that its Segre characteristic is {n; }}_; .

(a2) a;; is the only nonzero entry in the jth row.
By lower similarity we can transform the matrix A; into

0 0 PR a1] PR aln
0 0 0
A2 - 0 a]'n
L 0 -

It is easily proved that the Jordan form of the completion As, consists of n — 2 blocks
of size g = 3 and g = -+ = g,—2 = 1, and that if the sequence {n;}}_, satisfies
condition (2), then it majorizes the sequence {g;}'";%. By performing the permutation
(1,4,n,2,3,...,n — 1) of rows and columns in the matrix As, and by applying the
algorithm of [6] (see Appendix, Part I) we obtain a completion of the matrix Az such
that its Segre characteristic is the sequence {n;}!_.

(b) a1, = 0 and aj, # 0.
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By lower similarity we transform the matrix A; into

_all 0 .. a1] 0 .. alt .. 0
0O - 0 0 - 0 - 0
aj; 0 -+ 0 Ajn
Ay = 0O -« 0 --- 0 ’
0 --- 0
L 0 ]

where ap; 1s the first nonzero entry in the first row, starting from the right. Now, we
can distinguish the following subcases.

(bl) a1 = aj; = 0.

If a;; = 0 the Jordan form of the completion A, consists of n — 2 blocks of size
¢1 = ¢q»=2and g3 = -+ = ¢o_» = 1. Again, if the sequence {n;}!_, satisfies
(2), then it majorizes the sequence {qi}?z_lz and we obtain the desired completion by
applying the algorithm of [6] to the matrix obtained performing the permutation

(1,6,2,3,....j—1,4nj+1,.. t—1t+1,....n— 1)

of rows and columns in the matrix A; (see Appendix, Part I).

If a1; # 0 we apply the method given in (al.2), to the matrix A,.
(b2) a11 # 0 and a;; # 0.

If a1; = 0 we transform, by lower similarity, the matrix A, into

[0 0 - ay - ay - 0
0O -« 0 -+ 0 - 0
AS: 0 .. a]t .. a]n
0 .. atn
L 0 ]

We prove easily that the Jordan form of the completion Ag, consists of n — 3 blocks
of size ¢ = 4 and ¢2 = --- = ¢,—3 = 1, and again that if the sequence {n;}_,
satisfies (2), then it majorizes the sequence {¢;}'=. By performing the permutation
(1,4,t,n,2,3,...,n— 1) of rows and columns in the matrix Az, and by applying the
algorithm of [6] to this new matrix (see Appendix, Part T) we achieve the desired
completion.

If a1; # 0, by applying lower similarity to the matrix A3 we obtain a new matrix as

in the case (b1l) with a1; # 0. O
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The next theorem proves that the above conjecture is true for matrices of size
9 X 5.

THEOREM 2.2. Let A be a lower irreducible partial upper triangular matriz of
size b x b such that trace(A) = 0. Let ny > ny > --- > n, > 1 be a set of p positive
integers such that Y b_ n; = 5. If

r(AM)Y < Y (ni—k), k=12, n,
i >k
then there exists a nilpotent completion A. of A whose Jordan form consists of p
blocks of sizesn; x n;, 1 =1,2,...,p.

Proof. Rodman and Shalom proved this theorem for #(A) = 1 in [9]. As we have
seen in Theorem 2.1, this result is also true when r(A4) = 2. If r(A4) = 4 the result
follows by applying Theorem 2.1 of [9]. Therefore, we can assume that r(A4) = 3.

If r(A%) > 0 and r(A4%) = 0, the only possible Jordan form for some nilpotent
completion of A is J5(0). The existence of this completion is guaranteed by Rodman
and Shalom in [9].

If r(A%) > 0 and r(A*) = 0, there are two possible Jordan forms for some nilpotent
completion of A, J4(0) & J1(0) and J5(0). The last one exists by Theorem 2.1 of [9].
The existence of the first one is assured by the initial conditions about minimal rank
for A3 and A*.

Now, assume that 7(A?) > 0 and r(43) = 0. There are three possible Jordan
forms for some nilpotent completion of A, J3(0) & J2(0), J4(0) & J1(0) and J5(0).
Again, the last one exists by Theorem 2.1 of [9]. The first structure exists as well
because otherwise the minimal rank of A3 cannot be zero. Therefore, we can assure
that r(A?) = 1. Next we prove the existence of a nilpotent completion of the matrix
A such that its Segre characteristic is {4, 1}.

Let us assume that A., is a completion of A such that its Segre characteristic is
{3,2}. Then, we distinguish the following cases:

(a) If the three first rows of A, are linear independent, this matrix is lower similar
to

ACDN €31 €32 a33 | @34 435 =

0 0 0

Since rank(A2 ) = 1 and rank(A2 ) = 0 we can find the following cases:

(al) A; #0, A7 #0 and A3 = 0.

In this case there exists a nonsingular matrix 77 such that TlAlTl_l = J3(0). There-
fore,

010&1[)1
o0l [ A A ][I0t 0 00 1yas b
0 I 0 0 0 | = |20 Olas bs ),
00 0[0 0
00 0[0 0
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where agz # 0 or b3 # 0, because rank(A4,,) = 3. But from the last expression we can
assure that Ja, = J4(0) @ J1(0), which is a contradiction.

(a2) Ay # 0 and A? = 0.

In this case there exists a nonsingular matrix 77 such that TlAlTl_l = J2(0) @ J1(0).
Therefore,

0 1 0 ay bl
_ 0 0 0 b
01 A A Tllo—ooozzbz
0 I 0 0 0 I|~ CEELC RN
0 0 0jl0 O
0 0 0jl0 O
where
rank[a2 bz]:?.
as b3
Next, consider the partial matrix
ay1; a1z a3 | @14 ais
B C21 Q22 Q23 | d24 U325
A= c31 c¢c32 as3|ass ass
0 0 0 0 0
51 Tsz Tz | Tsa O
Then,
0 1 0 ay bl
0 0 0 a b
~ -1 2 2
[7(;1 ?]A[Tb 9]: 0 0 0 |as bs |,
0 0 0 0 0
51 T2 Tsz | Tsa O
with

rank[ a2 by ] = 2.
az b3

If b2 # 0 we take 54 = 1 and Zs; = &2 = Zs3 = 0. The Jordan form of the matrix
obtained is J4(0) @ J1(0). This matrix allows us to achieve a completion of the initial
matrix A.

If by = 0 we take Z5s = 1 and Z51 = Z53 = 54 = 0. The Jordan form of the matrix
obtained is J4(0) & J1(0). Again, this matrix allows us to get a completion of the
initial matrix A.

(b) If the independent rows of A., are the first one, the second one and the fourth
one, this matrix is lower similar to

a1 @12 a1z a4 dis
C21  d22 a3 0424 0425

Agy~] 0 0 0 0 0

C41 C42 C43 Q44 Q45

0 0 0 0 0
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By performing the permutation (1,2,4,3,5) of rows and columns in 4., and by ap-
plying the above method, we obtain the desired completion.

(¢) Finally, if the independent rows of A,  are the first one, the third one and the
fourth one, this matrix is lower similar to

a1 @12 a1z a4 dis
0 0 0 0 0
Aco ~ €31 C32 a33 asz4 0ass

C41 C42 C43 Q44 Q45

0 0 0 0 0

Similarly, by performing the permutation (1, 3,4, 2, 5) of rows and columns in 4., and
by applying the method given in (a) we achieve the desired completion. O

3. Appendix. Part I: Let Y be a matrix of size n x m such that its m-diagonal

Sums are si, g, ...8m. 1t is well known, see [10], that the matrix
Jm O . . [ Jm O
v o is lower similar to L J ,
where
0 O 0 ]
0 O 0
L= N :
0 0 ... 0
51 S9 e Sm

The matrix L is said to be the lower concentrated form of the matrix Y.

In the same way, if ¢1, ¢s, ..., ¢, are the n-diagonal sums the matrix
Im O is lower similar to Im O
Y J, ¢ T |’
where
C1 0 0
C2 0 0
C= )
¢, O 0

The matrix C' 1s called left concentrated form of the matrix Y.
In general given a matrix

. O . 0 o0
Yoo Ju, - O O
A= : : : :
Yp-u1 Ypo12 oo Jn,o, O

Yor o Yp2o oo Yip1 Ja,
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by lower similarity we can transform A into the matrix

Jna 0] 0] 0]
Cha Jna 0] 0]
A= : : S
Cpo1r Cpoiz oo Jpy,n, O
Cpl CpZ Cpp—l an
where
A0 0
(i5)
c 0 ... 0
= 21
e 0

fore>j,i=2,3,...,pand j = 1,2,...,p— 1, and Cj;_1 is the left concentrated
form of the matrix Yj;_q, for i = 2,3,...,p . We call the matrix A block reduction to
the first column of the matrix A.

The algorithm given in [6] is designed to work on a partial block upper triangular
matrices, that is, matrices with the following structure

In, @] @] @]
X1 Jny o @] @]
A=| : S
Xp—11n Xpo1g oo o,y O
Xp1 Xp2 o Xppo1 Jn,
where the matrix X;; has all its elements unknown, for ¢ > j, ¢ = 2,3,...,p and
j=12 ... p—1
Now consider the following partial block matrix
Dy Eis - B By
Bay Dy o Eoy q Eop
My=| S
Bp_11 Bp_i2 - Dy Ep_qp
Bpl Bp? Bpp—l Dp
where
-Fore=1,2,...,p
0 afy afy M ai
r 0 ay] -oah o db
D — r =z 0 aggl_l agr?,
xr =z x 0 a%l)_lm
BEA xr - 0 dnisn
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and rank(D;;) = n; — 1.

-Fori>j,¢=23,...,pand j =1,2,...,p— 1, the matrix B;; has at least its first
column formed by unspecified elements, being the rest of its elements unspecified or
zero.

-Fori<yj,e=1,2,...,p—1and j = 2,3,...,p, the elements of block F;; can be
unknown or equal to zero.

It is easy to see that the Segre characteristic of the completion My, is {ni,na,...,n,}.
Let {m;}3_, be a sequence such that {n;};_; < {m;}i_,. We obtain a completion of
the matrix M; such that its Segre characteristic is {m; }]’?:1 by applying the following
process:

(a) Replace by zeros all the unspecified elements of M, except the elements in the
first column of blocks B;;, fori > j,4=2,3,...,pand j =1,2,...,p — 1. Therefore
we obtain:

Dy, O 0 0] 0
Boy Dy, O 0] O
M, = | Bsi Bsx Ds, 0 0
Bpl Bp? BP?’ Bpp—l Dpu

(b) By admissible similarity, the matrix M, is transformed into the matrix

Jo, O O 0
So1 Ja, O 0
0

Ms =T " M,T = Ss1 Ssa Jp, - ’

Spl SpZ SpS e Jn

where the matrix S;;, for ¢ > j, ¢ =2,3,...,pand j = 1,2,...,p— 1, has its first
column formed by unknown elements, and the other entries equal to zero.

(c) Apply the Algorithm given in [6] to the matrix A in order to obtain a completion
A, such that its Segre characteristic is {m; }_,.

(d) Obtain the block reduction to the first column of A, and call ficl the matrix
obtained.

The matrjx ficl is also a completion of M3. Since the matrix 7" is an admissible
similarity, TA,, T~ is a completion of Ms and therefore of M; with the desired
characteristic.
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ExaMPLE 3.1. Consider the partial block matrix

O R RO|IBRONN O
8 R8O KO BT O R
RO RO|IROIOC 8 8
O R R RNOIOC 8RO
RO KOO 8RR &8 8
ian B B e B en ) [en B an i [an B an B @
— AN RO RO &8 R
— O R RO RBRIR 8O
SRR R R R IR &K

M, =

The Segre characteristic of the matrix My, is {4,2,3}. We want to find a completion

My, of My such that its Segre characteristic is the sequence {5,4}.

Firstly we consider the following matrix

2

1

0 010 0 O
0 010 0 O
0 010 0 O

1

1

1
00 0 0)J0 0j0 0 O
z 0 0 0|0 2|10 0 O

0 0 2
0 0 0

z 0 0 0|0 0|0 0 O

z 0 0 Ojz 0|0

z 0 0 Ojz 0|0 0 2
z 0 0 Ojz 0|0 0 O

My =

0
0
0
0

~1
1/2

0

0
0
0
0

0

/210 0

010 O

0

0
~1/2 |0
1/2 0

0
0
0

~1/2
1/2

o O OO

010

By using the admissible similarity

we transform M- into the matrix

OO oo oo O
OO OO0 O OO
OO oD OO oo o
OO O OoO|IH OO OO
OO OO OCO|IR 8 &
OO A1 OO0 O OO
O — OO0 O OO
— O O OO O Ooo
OO O O|IR R|IR B R
L
(l
=
=
=

M3 =



ELA

114 Cristina Jordan, Juan R. Torregrosa, and Ana M. Urbano

By applying the Algorithm given in [6] to

[ 0 o0
A= Xo1 Jo O
X311 X3z J3

where X371, X351 and X3o have all their elements unspecified, we obtain fic, which
Segre characteristic is {5,4}. By doing its block reduction to the first column we
obtain

01 0 0[]0 0[]0 0 0
001 0[0 0[0 00
00 0 1[0 0[{0 0 0
00 0 0[0 0[0 00
A, = 1 00 0[/0 1]0 0 0
00 0 0[0 0[0 00
00 00[0 0[O0 1 O
00001 0[{0 01
| -1 0 0 0/0 0|0 0 0 |
The matrix
[0 1 1 10 0]0 0 0]
0 0 2 1[0 0[]0 0 0
0 0 0 1[0 0[]0 0 0
0 0 0 0[0 0[]0 0 0
M, =TA, T '= I 00 0[0 2[0 0 0
0 0 0 0[0 0[]0 0 0
0 00 O0[0 0[]0 1 2
1 00 0|1 0[0 0 2
| —1/2 0 0 0|0 0|0 0 0 |

is a completion of M; with the desired characteristic.

Part II: Consider the following lower irreducible partial upper triangular matrix,

_0 0 e a1] e alt e aln
O -« 0 -+ 0 - 0
A 0 0 ajn
0O ... 0
L 0

This matrix satisfies that r(A4) = 2, r(A?) = 1 and r(A3) = 0. The Jordan form of
the completion Ay consists of n —2 blocks of size g =3 and ¢; = 1,:=2,3,... ., n—2.
Therefore, r(A) = rank(A4g) = 2, r(A?) = rank(A2) = 1 and r(A3) = rank(43) = 0.
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If the sequence {n;}!_, satisfies condition (2) then it majorizes the sequence
{qi ?:_12. We are going to obtain a completion A, of the matrix A whose Segre
characteristic is {n; }}_;.

By performing the permutation (1,4,n,2,...,5—1,7+1,...,n—1) of rows and
columns in A, we obtain

A Ag
A =
! [A21 Azz]’
where
0 ay; aig 0O --- 0 0 ay - 0
Allz * 0 Gjn , AIZI * .- % 0 .. 0 oo 0 ,
* % 0 ¥ ... k% ¥ e ok

Asaq is a matrix of size (n—3) x 3 whose first column is formed by unspecified elements
and As 1s a partial upper triangular matrix whose known elements are equal to zero.
Next, consider the matrix

n All z‘hz
A =
! [ Ay Asg ] ’

where Ajs is like Ays with a;; = 0. The structure of A; allows us to apply the
algorithm given in [6] and to obtain a completion

. A 0
A = ©
te [ Ay, Az, ] ’

whose Segre characteristic is {n; }!_,. We can distinguish two cases:
(a) The row ¢ + 1 is zero.
Then the matrix

A1y, Arz
A — 0 0 ,
te [ Ay, Az,
1s a completion of A s}milar to fllc.
(b) The row ¢t + 1 of A;_ has an 1.
In this case, consider the matrix
A Ap ]
Ay = ,
’ [ Asi. Ass,

where ;111 1s like Aqq butiits entry (3,2) is equal to 0. We are going to find a
completion A, similar to Ay,.
If the 1 of Ay_ is in position (# 4+ 1, 1), the matrix A,_ is

Ay, Ap ]
Ay = c o |,
2e [ Asy,  Ass,



ELA

116 Cristina Jordan, Juan R. Torregrosa, and Ana M. Urbano
where
0 aj A1p

A, = o« 0 aj, |, with o= —at/ai;.

If the 1 of A;_ is in position (¢ + 1, h), with 3 < h < j + 1, the matrix A, is

¢ Asy,  Ass,
where
0 -+ 0 0 - ay --- 0
Apg. =0 -« 0 -~ 0 - 0|,
O --- 0 0 -~ 0 --- 0
with o = —aq:/as; in position (2, k).

Finally, if the 1 is in position (¢ 4+ 1, h), with j +1 < h <, by elementary transfor-
mations we obtain a completion A, similar to A;_.

ExaMPLE 3.2. Consider the partial upper triangular matrix

EE S I S S S )
* % % X X X OO
* % % K X OO
* % % X OO OO
* ¥ ¥ OO O OO
* ¥ OO O OO
*¥ OO oo o oo

OO OO O = O

We are going to find a completion of A such that its Segre characteristic is {7, 1}.
First, by performing the permutation (1,3,8,2,4,5,6,7) we obtain the matrix

* % ¥ ¥ K |¥ ¥ O
* % % ¥ O O
* % ¥ ¥ Ol¥ ¥ O
* % ¥ OO OO
* ¥ OO O OO

* OO OO O
OO OO O OO0

OO OO OO ==

By applying the algorithm of [6] to the matrix A; we obtain the following matrix
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whose Segre characteristic is {7, 1}

0

OO R OoOIoC oo
OO R OO oo
O R OO oo oo

OO O o oo o o
OO O o oo o o

OO OO oo O =
OO OO OO =

a
OO OO RO o

Since there is an 1 in the row 7, consider the matrix

01 1]0 0 0 1 0
+ 0 1|+« 0 0 0 O
£ 0 0+ % *x * =
Ay = 1 0 00 O 0 O O
00 0|1 0 0 00
00 0|0 1 0 00
00 0|0 0O 1 00
L0 0 0|0 0 0 0 0 |

By applying the elementary transformations C7 — C2 — (7, C6 — C3+ C2 — C6
and C5+ C3— C2 — Cb (where C'i is the column ¢ of Az), and by its corresponding
transformations by rows, we obtain the matrix

01 1| 0 00 10
00 1|=1 00 0 0
00 0/ 1 -1 00 0
4y = | L OO0 0000
=100 0] 1 0000
000/ 0 1000
000/ 0 0100
00 0] 0 000 0]

This matrix is a completion of As, similar to A;_. By performing the permutation
(1,4,2,5,6,7,8,3) of rows and columns in the matrix A we obtain a completion A,
of the matrix A whose Segre characteristic is {7, 1}.
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