SPECTRUM PRESERVING LOWER TRIANGULAR COMPLETIONS—THE NONNEGATIVE NILPOTENT CASE�

ABRAHAM BERMAN† AND MARK KRUPNIK‡

Abstract. Nonnegative nilpotent lower triangular completions of a nonnegative nilpotent matrix are studied. It is shown that for every natural number between the index of the matrix and its order, there exists a completion that has this number as its index. A similar result is obtained for the rank. However, unlike the case of complex completions of complex matrices, it is proved that for every nonincreasing sequence of nonnegative integers whose sum is n, there exists an n � n nonnegative nilpotent matrix A such that for every nonnegative nilpotent lower triangular completion, B, of A, B 6= A, ind(B) > ind(A).

AMS(MOS) subject classification. 15A21, 15A48

Key words. lower triangular completions, nonnegative matrices, nilpotent matrices, Jordan sequences, index, rank.

1. Introduction. In many problems related to the spectral properties of a matrix, an important role is played by an additive perturbation of some part of the matrix, e.g. the main diagonal, the off-diagonal part, or a strictly triangular part of the matrix.

The perturbed matrices of a given matrix can be considered as completions of a partial matrix, i.e., a matrix in which the entries that may be perturbed are considered as free independent variables. Many completion problems were solved for matrices over different algebraic structures. Properties of nonnegative additive perturbations of nonnegative partially specified matrices are used, for example, in the calculation of risk-free interest rates and some derivative securities of financial markets; see, e.g., [12].

In the present paper we are interested in investigating some properties of nonnegative matrices which preserve nilpotency under strictly lower triangular perturbations.

Since similar problems were solved for matrices with complex elements, we will use the term completion instead of perturbation in order to show that in comparison with the corresponding completion problem for complex matrices (instead of nonnegative matrices) some results still hold, while some are necessarily more limited.

∗ Received by the editors on 14 August 1996. Final manuscript accepted on 27 June 1997. Handling editor: Daniel Hershkowitz.

† Department of Mathematics, Technion - Israel Institute of Technology, Haifa, Israel 32000, (berman@tx.technion.ac.il). Research supported by the Fund for Promotion of Research at the Technion. Part of this work that was done during a visit to the University of Victoria was supported by NSERC grants.

‡ Dept. of Mathematics and Statistics, University of Victoria, Victoria, BC, Canada V8W 3H6. (krupnik@sympatico.ca). Post-doctoral fellowship partially supported by NSERC grants. 9

A triangular completion of a square matrix A is a matrix B = A + T , where T is a strictly lower triangular matrix. Triangular completions were intensively studied in various directions; see, e.g., [1], [7], [8], [9], [10], [19], [23], [24]. One of the directions is the study of triangular completions that preserve the spectrum of a matrix (see, e.g., [14], [15]) and in particular nilpotent completions; see, e.g., [16], [17], [18].

As it was already mentioned, we are interested here in the nonnegative case. Observe that a triangular completion of a complex matrix can be viewed as an additive perturbation with a strictly lower triangular matrix T . For example, if B is a triangular completion of A, namely, B = A + T , then it is clear that A = B + (−T ) is a triangular completion of B. In the nonnegative case the last statement is, of course, not true. Thus nonnegative completions may be defined in two ways:

1. A and T (and of course the completion B = A + T ) are nonnegative. 2. A and B, but not necessary T , are nonnegative.

Let Ã be an upper triangular matrix which has the same entries as A on and above the main diagonal. The set of completions of the second type of A, coincide with the set of completions of the first type of the matrix Ã. In the present paper we only study the case when both A and T are nonnegative, but using the remark above one may also interpret the results in the context of 2.

The structure of the paper is as follows. In Section 2 we give the notation and the necessary preliminaries on matrices and their graphs. In Section 3 we show that some results on triangular nilpotent completions that are known for general matrices, hold in the nonnegative case and some can not be reproved in this case. The paper is concluded with a discussion on the results obtained, and some open questions.

2. Notation and Preliminaries. Let C^{n,n} denote the set of all n by n complex matrices, N^n the subset of nilpotent matrices in C^{n,n}, and N^n_+ the subset of the nonnegative matrices in N^n. For A ∈ C^{n,n} –

The index of A, ind(A), is the smallest integer k, such that rank(A^k ) = rank(A^{k+1}) (it is equal to zero iff A is nonsingular),

NT C(A) denotes the set of nilpotent triangular completions of A, and r(A) denotes the minimum of the ranks of all matrices in NT C(A).

For a nonnegative nilpotent matrix A –

NNT C(A) denotes the set of nonnegative nilpotent triangular completions of A, and

r^+(A) denotes the minimum of the ranks of all matrices in NNT C(A). For a nilpotent matrix A –

J(A) = {J_1, ..., J_s} denotes the Jordan structure of A, i.e. set of sizes of Jordan blocks of A in nonincreasing order. In this case ind(A) is the size of the largest block J_1.

Let Λ = {λ_1, ..., λ_p} and M = {μ_1, ..., μ_q} be two nonincreasing sequences of nonnegative integers. We say that Λ majorizes M if k∑ i=1 λ_i ≥ k∑ i=1 μ_i, 1 ≤ k ≤ min(p, q), and p∑ i=1 λ_i = q∑ i=1 μ_i.

Let A ∈ C^{n,n}. The digraph D(A) corresponding to A is a directed graph with vertices {1, . . ., n} such that there is an arc i → j if and only if a_{i,j} ≠ 0.

A path in D(A) is any ordered sequence of (not necessarily disjoint) vertices {i_1, . . ., i_k} such that there is an arc from i_p to i_{p+1} (p = 1, . . ., k − 1); the number k is called the length of the path {i_1, . . ., i_k}. Every one vertex sequence {i} (with or without an arc from i to itself) will be also called a path (of length one). If there is an arc i_k → i_1 in a path {i_1, . . ., i_k}, then the path is called a cycle; a one vertex path {i} is called a cycle if there is an arc from i to itself.

It is well known (see e.g. [3]), that if D(A) has no paths of length p > 1, then A^p�^1 = 0 and if A is nonnegative, then the converse is also true, i.e. A^p�^1 = 0, p > 1 implies that D(A) has no paths of length p. In particular, if A is nonnegative, nilpotency means that D(A) has no cycles (if cycles exist one can make paths of any length). In this case the index of A is equal to the length of the largest path in D(A); see, e.g., [20].

We call vertex v an initial vertex if there are no arcs in D(A) entering v. It will be called k-initial vertex if the length of the maximal path starting with this vertex equals k. Note that path of maximal length always starts with an initial vertex. A vertex w is called final vertex if there no arcs exiting from w.

There is an extensive literature on the relation between the Jordan structure of a matrix and its graph, see, e.g., [6], [11], [21], [22]. In particular, for nilpotent generic matrices, i.e., matrices whose nonzero entries are algebraically independent, the Jordan structure is completely determined by their digraphs. This can be seen by the following theorem proved in [6], [21].

Theorem 2.1. Let A be a nilpotent generic matrix with digraph D, and let p_k(D) be the maximal number of vertices which can be covered by k disjoint paths. Then J_k (A) = p_k(D) − p_k�_1(D), 1 ≤ k ≤ s, where s is the number of Jordan blocks of A.

3. Results. The following result was conjectured in [18] and proved in [16].

Theorem 3.1. Let J be the Jordan structure of a nilpotent matrix A ∈ C^{n,n}. Then for every nonincreasing sequence K of nonnegative integers, that majorizes J, there exists a matrix B ∈ NT C(A) with Jordan structure K.

Unfortunately, as the following example shows, a result similar to Theorem 3.1 does not hold in the nonnegative case.

Example 3.2. Let

A = 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 .

Then J(A) = {2, 1, 1}. The sequence {2, 2} majorizes J and it is not difficult to check that there exists no A+T ∈ NNT C(A) with J(A+T ) = {2, 2}. This, of course, does not contradict Theorem 3.1, since for the (not nonnegative) matrix

S = 0 0 0 0 0 0 0 0 0 −1 0 0 0 1 0 0 J(A + S) = {2, 2} and A + S ∈ NT C(A). There are, however, two corollaries of Theorem 3.1, which do have analogues in the nonnegative case.

Corollary 3.3. Let A ∈ N^n. Then for every integer r , such that r(A) ≤ r ≤ n − 1 there exists a lower triangular completion B ∈ NT C(A) of rank(B) = r. Corollary 3.4. Let A ∈ N^n, and let m(A) be the minimum of the indices of matrices in NT C(A). Then for every integer m , such that m(A) ≤ m ≤ n there exists a lower triangular completion B ∈ NT C(A) of ind(B) = m. The analogous results for nonnegative matrices are given in the following theorem.

Theorem 3.5. Let A ∈ N^n_+ . Then (a) For every integer m, ind(A) ≤ m ≤ n, there exists B ∈ NNT C(A), such that ind(B) = m.

(b) For every integer r, r^+(A) ≤ r ≤ n − 1, there exists C ∈ NNT C(A), such that rank(C) = r. Proof. (a) First we show that if ind(A) = k < n, then there exists B ∈ NNT C(A), such that ind(B) = k + 1. We use induction on n. If n = 2, the only matrix A with ind(A) < 2 that satisfies the conditions of the theorem

is the zero matrix and in this case B can be chosen as B = ( 0 0 1 0 ) . Thus let

us assume that the theorem is correct for matrices of order less than n. Consider the digraph D(A) of A. We want to show that there are pairs of vertices i_s → j_s, i_s > j_s, so that we can add arcs from i_s to j_s without creating cycles, and thus the length of the largest path increases to k + 1. Let v be the smallest k-initial vertex in D(A). If there exists an initial vertex w, such that w > v, then we add the arc w → v. If no such initial vertex exists, it means, that v is the only k-initial vertex in D(A). In this case we consider A_1 - the principal submatrix of A, obtained by deleting the (zero) column and the row, that correspond to v. Being a principal submatrix of A, the matrix A_1 ∈ N^n�^1_+ and since v is the only k-initial vertex in D(A), then ind(A_1) = k − 1. Thus A_1 satisfies the conditions of the theorem. By the induction hypothesis there exists B_1 ∈ NNT C(A_1), such that ind(B_1) = k. Let T_1 = B_1 − A_1; S = 0 ⊕ T_1 and F = A + S. Observe that F ∈ NNT C(A). Look now at the k-initial vertices in D(B_1). If D(B_1) has a k- initial vertex V , such that v → V is an arc in D(A), then v is a (k + 1)-initial vertex in D(F ) and ind(F ) = k + 1, so taking B = F completes the proof. If there is no arc from v to a k-initial vertex in D(B_1), then D(A) has at least two k-initial vertices, namely v and u – an initial vertex of a maximal (of length k) path in the subdigraph D(B_1). The completion by an arc max(u, v) → min(u, v) yields a matrix B ∈ NNT C(A) with index k + 1. A repeated use of this construction completes the proof of (a).

(b) First we increase, if necessary, entries of A to obtain a matrix A_0 ∈ NNT C(A), of rank r^+(A). Then we construct, using repeatedly the construction in the proof of (a), a sequence of matrices A_0, A_1, ..., A_s, such that A_s ∈ NNT C(A), ind(A_s) = n and each A_i is obtained from A_i�_1 by replacing a zero entry below the main diagonal with a positive number. To show that all the matrices in the sequence are nilpotent, we observe that they are nonnegative and A_i�_1 ≤ A_i. By the Perron-Frobenius Theorem (see, e.g., Corollary 1.5 in [2]), the spectral radius ρ(A_i�_1) ≤ ρ(A_i). Since A_0 and A_s are both nilpotent, ρ(A_0) = ρ(A_s) = 0 so this holds for all matrices in the sequence. We thus obtained a sequence of nonnegative nilpotent matrices, all in NNT C(A). Each A_i is a one-dimensional perturbation of the previous one, so their ranks differ by at most one. The rank of A_0 is r^+(A) and the rank of A_s is n − 1 (ind(B) = n). This implies that every integer r between r^+(A) and n − 1 appears as the rank of one of the matrices A_0, ..., A_s.

Now we return to Example 3.2, and show that the situation in this counterexample is not exceptional.

Theorem 3.6. For every nonincreasing sequence of nonnegative integers J = {J_1, ..., J_s}with ∑_s i=1 J_i = n there exists A ∈ N^n_+ with Jordan structure J(A) = J, such that for every B ∈ NNT C(A), B ≠ A, ind(B) > ind(A). Proof. Denote by M the n × n matrix in the Jordan canonical form with a Jordan structure J. Observe, that the digraph D(M) consists of simple disjoint paths of lengths {J_1, ..., J_s}. Define an integer-valued function f on the vertices of D(M) by the following rules:

1. The value assigned to the endpoints of the paths is 1. 2. If there is an arc v → w in D(M) then f(v) = f(w) + 1.

Now we add arcs to D(M) by connecting all vertices with value s to all vertices with a smaller value for all 2 ≤ s ≤ ind(M). The digraph D obtained in this way has the following properties:

(a) The number of vertices of value s does not exceed the number of vertices of value s − 1; 2 ≤ s ≤ ind(M).

(b) Every path from v to w is contained in a path

v = v_0 → v_1 → ... → v_{f (w)}�_{f (v)} = w, where f(v_i) = f(v_i�_1) − 1.

Since p_k(D) is the maximal number of vertices covered by k disjoint paths in D, it follows from (a) and (b) that p_k = ∑_k i=1 J_k, and so p_i(D) = p_i(D(M)).

Now we construct an upper triangular matrix A from the digraph D. First, we renumerate the vertices of the digraph D such that v > w if f(v) > f(w). Then, we assign algebraically independent numbers to the arcs. By Theorem 2.1, the Jordan structure of A is J. Since A is an upper triangular matrix, adding arcs to its graph is the only type of completion allowed here. The proof is completed by observing that adding of an arc v → w to D(A) either creates a cycle if f(v) ≠ f(w) or increases the length of the maximal path if f(v) = f(w). 4. Discussion. We conclude the paper with some remarks and open problems on nonnegative completions.

It is clear that a triangular completion of a matrix A may have a smaller rank than A does. For this reason it was of interest to characterize the minimum of ranks of all possible completions. This was done in [24]. A spectrum preserving triangular completion of a matrix A may also have a smaller rank than rank(A). The following example shows that there can be a matrix A ∈ N^n_+ and a matrix B ∈ NNT C(A) such that rank(B) < rank(A). Example 4.1. Let

A(k) = 0 1 0 1 0 0 0 0 0 k 0 1 0 0 0 0 . Then for 0 ≤ k < 1, rank(A(1)) < rank(A(k)). Open Question 4.2. What is the minimal rank of a spectrum preserving triangular completion of a given nonnegative matrix A? In particular, what is r^+ for A ∈ N^n_+?

For a discussion of questions concerning minimal ranks of completions of different types, the reader is referred to [4], [5], [13], [19], [25].

In Theorem 3.5 we showed that the index and the rank of a matrix A ∈ N^n_+ can be increased by one. It is not claimed (and it is not true in general) that this can be done by a one-dimensional perturbation.

Example 4.3. Let

A = 0 1 1 1 0 0 0 0 0 0 0 0 0 1 0 0 .

Then the only matrices in NNT C(A) with a greater rank or index are of the form

0 1 1 1 0 0 0 0 0 + 0 0 0 1 + 0 .

It is also not claimed that for any pair (r, i) such that r ≥ r^+, i ≥ ind(A), there exists B ∈ NNT C(A) of rank r and index i, even if the necessary condition r ≥ i − 1 holds. This is shown (for r = 4 and i = 3) by Example 4.5 that relates to the following question.

Open Question 4.4. What are the possible Jordan structures of the nonnegative nilpotent triangular completions of a given nonnegative nilpotent matrix A?

It is tempting to hope that for every nonincreasing sequence of nonnegative integers K, such that K majorizes J(A) and K_1 > ind(A), there exists B ∈ NNT C(A) with a Jordan structure K. However, the following example shows this is not the case.

Example 4.5. Let

A = 0 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 .

Then J(A) = {2, 1, 1, 1, 1, 1} and there is no nonnegative nilpotent completion with Jordan sequence {3, 3}.

Acknowledgments. We are grateful to Dr. Naomi Shaked-Monderer for Example 4.5 and to the referees for helpful remarks and suggestions.

REFERENCES

[1] J. A. Ball, I. Gohberg, L. Rodman, and T. Shalom, On the eigenvalues of matrices with given upper triangular part, Integral Equations and Operator Theory, 13:488–497, 1990.

[2] A. Berman and R. G. Plemmons, Nonnegative Matrices in the Mathematical Sciences, Academic Press, New York, 1979; Classics in Applied Mathematics, SIAM, Philadelphia, 1994.

[3] R. A. Brualdi and H. J. Ryser, Combinatorial Matrix Theory, Cambridge University Press, Cambrdge and New York, 1991.

[4] N. Cohen and J. Dancis, Maximal rank Hermitian completions of partially specified Hermitian matrices, Linear Algebra and its Applications, 244:265–276, 1996.

[5] N. Cohen, C. R. Johnson, L. Rodman, and H. J. Woerdeman, Ranks of completions of partial matrices, Operator Theory: Advances and Applications, 40:165–185, 1989.

16 Abraham Berman and Mark Krupnik

[6] E. R. Gansner, Acyclic digraphs, Young tableaux and nilpotent matrices, SIAM Journal on Algebraic and Discrete Methods, 2:429–440, 1981.

[7] I. Gohberg, L. Rodman, T. Shalom, and H. Woerdeman, Bounds for eigenvalues and singular values of completions of partial triangular matrices, Linear and Multilinear Algebra, 33:233–250, 1993.

[8] I. Gohberg and S. Rubinstein, A classification of upper equivalent matrices: the generic case, Integral Equations and Operator Theory, 14:533–544, 1991.

[9] L. Gurvits, L. Rodman, and T. Shalom, Controllability and completion of partial upper triangular matrices over rings, Linear Algebra and its Applications, 172:135–149, 1992.

[10] L. Gurvits, L. Rodman, and T. Shalom, Controllability by completions of partial upper triangular matrices, Mathematics of Control, Signals and Systems, 6:30–40, 1993).

[11] D. Hershkowitz, The relation between the Jordan structure of a matrix and its graph, Linear Algebra and its Applications, 184:55–69, 1993.

[12] J. Hull, Options, Futures, and Other Derivative Securities, Prentice Hall, Englewood Cliffs, N.J., 1993.

[13] C. R. Johnson and G. L. Whitney, Minimum rank completions, Linear and Multilinear Algebra, 28:271–273, 1991 .

[14] M. Krupnik, Geometrical multiplicities of strictly lower triangular completions of matrices, Linear Algebra and its Applications, 219 (1994).

[15] M. Krupnik, Jordan structure of upper equivalent matrices, Linear Algebra and its Applications, to appear.

[16] M. Krupnik and A. Leibman, Jordan structures of strictly lower triangle completions of nilpotent matrices, Integral Equations and Operator Theory, 23:459–471, 1995.

[17] M. Krupnik and L. Rodman, Completions of partial Jordan and Hessenberg matrices, Linear Algebra and its Applications, 212/213:267–287, 1994 .

[18] L. Rodman and T. Shalom, Jordan form of completions of partial upper triangular matrices, Linear Algebra and its Applications, 168:221–249, 1992.

[19] L. Rodman and H. J. Woerdeman, Perturbations, singular values and ranks of partial triangular matrices, Linear and Multilinear Algebra, 33:233–250, 1993 .

[20] U. G. Rothblum, Algebraic eigenspaces of nonnegative matrices, Linear Algebra and its Applications, 12:281–292, 1975.

[21] M. E. Saks, Some sequences associated with combinatorial structures, Discrete Mathematics, 59:135–166, 1986.

[22] H. Schneider, The influence of the marked reduced graph of a nonnegative matrix on the Jordan form and on related properties: A survey, Linear Algebra and its Applications, 84:161–189, 1986.

[23] F. C. Silva, Matrices with prescribed lower triangular part, Linear Algebra and its Applications, 182:27–34,1993.

[24] H. J. Woerdeman, The lower order of lower triangular operators and minimal rank extensions, Integral Equations and Operator Theory, 10:859–879, 1987.

[25] H. J. Woerdeman, Minimal rank completions of partial banded matrices, Linear and Multilinear Algebra, 36:59–68, 1993.