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FURTHER RESULTS ON THE CRAIG-SAKAMOTO EQUATION*

JOHN MAROULAST

Abstract. In this paper, necessary and sufficient conditions are stated for the Craig-Sakamoto
equation det(I — sA — tB) = det(I — sA)det(I — tB) to hold for all scalars s, t € C. Moreover,
spectral properties for matrices A and B that satisfy this equation are investigated.
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1. Introduction. Let M, (C) be the set of n x n matrices with elements in C.
For A and B € M, (C), the equation

(1.1) det(I — sA —tB) = det(I — sA)det(I — tB)

for all scalars s, t € C is known as the Craig-Sakamoto (CS) equation. Matrices A
and B satisfying (1.1) are said to have the CS property. The CS equation is encoun-
tered in multivariate statisticts [1] and has drawn the interest of several researchers.
Specifically, O. Taussky proved in [6] that the CS equation is equivalent to AB = O
when A, B are normal matrices. Several proofs of this result in [1] are known, most
recently by Olkin in [5] and by Li in [2]. Moreover, Matsuura in [4] refined Olkin’s
method using another type of determinantal result. The present author, together
with M. Tsatsomeros and P. Psarrakos investigated in [3] the CS equation for gen-
eral matrices and in relation to the eigenspaces of A, B and sA + tB. Being more
specific, if o(X) denotes the spectrum for a matrix X, mx(A) the algebraic multi-
plicity of A € 0(X), and Ex(A) = Nul ((X — AI)*), where p = indx(X) is the size
of the largest Jordan block associated with A in the Jordan canonical form of X, the
following three propositions were shown in [3]:

PROPOSITION 1.1. For n xn matrices A and B, the following statements are
equivalent:

I. The CS equation holds.
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II.  For every s,t € C, o(sA®tB) = o ((sA+tB)® O,), where O, denotes
the n X n zero matrizx.

III. o(sA+tB) = {su;+tv; : p € 0(A), v; € 0(B)}, where the pairing of
eigenvalues requires either u; =0 or v; = 0.

PROPOSITION 1.2. Let nxn matrices A, B satisfy the Craig-Sakamoto equation.
Then,

1. ma(0) +mp(0) > n.
II. If A is nonsingular, then B must be nilpotent.
IIT.  If X\ =0 is a semisimple eigenvalue of A and B, then rank(A)+rank(B) < n.

PROPOSITION 1.3. Let A =0 be a semisimple eigenvalue of n x n matrices A
and B such that BE4(0) C E4(0). Then the following are equivalent.

I. The CS equation holds.
II. C" = E4(0)+ Ep(0).
III. AB=0.

The remaining results in [3] are based on the basic assumption that A =0 is a
semisimple eigenvalue of A and B. Relaxing this restriction, we shall attempt here
to investigate the CS equation by focusing on the factorization of the two variable
polynomial f(s, t) = det(I — sA —tB).

In section 2, considering the determinants in (1.1), new necessary and sufficient
conditions for CS to hold are stated. The first criterion refers to the coefficients of
the polynomials in (1.1). The second criterion refers to certain determinants defined
via the rows of A and B. In section 3, the main result is related to the algebraic
multiplicity of the eigenvalue A =0 of A and B and sufficient conditions such that
ma(0) + mp(0) = n are presented

2. Criteria for CS property. In this section we consider the polynomial in
two variables

n

(2.1) fs,t) =det(I —sA—tB) = > myy st
p,g=0
pP+qg<n
. T T
By denotingz=[1 s s* -+ "] andy=[1 t > --- "] ,(2.1)can

be written as
f(S,t) = {ETMy,

where M = [mPQ]Z g0 isan (n+ 1) x (n+ 1) matrix, with mgo = 1.
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ProOPOSITION 2.1. Let A, B € M,(C). The CS equation holds for the pair of
matrices A and B if and only if rankM = 1.

Proof. Let A and B have the CS property. Then the equation (1.1) can be
formulated as

(2.2) ' My =zTably,
where
I’ I’

a:[]- p—1 -+ Qo P b:[]. bn,1 bo

and a;, b; are the coefficients of the characteristic polynomials

detON[ — A) = X" +a, 1 A" P 4. +ag, det(N —B) = A" +b, N+ .. +bo.

Hence, by (2.2), for all distinct s1, S2, ..., 8,41 and all distinct ¢y, to, ..., thy1 We
have that
(2.3) VI (M —ab") W =0,
where

1 ... 1 1 ... 1

1t Snl t1 o tap

V=1 . . , W=
st Sp41 L S

By (2.3), due to the invertibility of V' and W, we have that M = ab”, i.e., rankM =
1.

Conversely, if rankM = 1, then M = k{T, where the vectors k, £ € C"+1,
Therefore,

f(s,t) =a My = 2Tk 0Ty = k(s)L(t),

where k(s) and £(t) are polynomials. Since, f(0,0) =1 = k(0)¢(0), and

det(I — sA) = f(s,0)

) k(s)f(O),
det(I — tB) = f(0,¢)

k(0)e(t),

we have

F(5,8) = k(s)0(0)k(0)L(t) = det(I — sA) det(I — tB). 0
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ExAMPLE 2.2. Consider the matrices

0 0 0 0 ~ 0
A=10 1—-v 1 , B=|1/y 0 0
0 0 1—v 0 0 0
We have
f(s,t) =det(I —sA—tB) =1+2(y—1)s+ (v — 1)%s> =2 + (1 — y)t’s
1 0 1 0
20y—1) 0 1—~ 0
T
1=z o0 o ol?
0 0 0 0
and

det(I — sA) = (1+ (v —1)s)*, det(I —tB) =1—t2.
By Proposition 2.1 we recognize that A, B have the CS property if and only if v = 1.

In the following we denote by C' ( Zil"“’i" ) the determinant of order p+ ¢ (<
j17"'7j11

n) defined by the 41,...,4, rowsof A and ji,...,j, rowsof B; allindices are assume

to be in increasing order. For example, when i1 < iy < j1 <i3 < -+ < g < -+ < ip,

then

Qiyiy Qigig Qiygy Qigig 0 Qigg, 00 Qiqdy,
Qigiy  Qigiy  Qiggy  Qigig 0 Qiggy 0 Qigiy
bj1i1 bj1i2 bjljl bjl’is e bjqu U bjl’ip

Qigiy  Qigiy  Qigjy  Qigig

quil qui2 qujq

azpzl azpzz azpzp

Recall that the coefficient of A”~# in the characteristic polynomial det(A —sA—
tB) is equal to (—1)” times the sum of all principal minors of order p of sA + tB.
Using the multilinearity of the determinant, we can thus deduce that for p = p + ¢,
this coefficient is

+
(2.4) (_1)p+q Z det [s a;,i, +1 biﬂh]?hil =
1<iy<ig <o Kipgg<n
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— + + p+q
= (1) E s” qd@t[aiein]z,h:1
1<y <ip<-<ippq<n

p+q ) ) ) )
_|_S;U+q*1 t Z C < Qig ey i1 ik 1y iptq
b.
k=1

1k

p+q ) ) ) ) ) )

+Sp+q—2 t2 2 : C( all,m,Zk—l,11«+1,~~7ZT—1JT+1,~~~7Zp+q )
L Di i

T =

)

k#T1
et tPradet [bizih]?J}rLil)'

Hence, we have established that for A = 1, the coefficient m,, of the monomial s?t?
in (2.1) is given by

p+q a )
— (—1)Pte Y P
Mg = (1) > > o,
1<i1<ia<...<iprg<n  ki,....kg=1 ke thg

(2.5) = (~1)P*e 3 c< By ip ) . meo = 1.

1< ity 1o Jg S0 o da

Note that in (2.5) the summands are constructed for all ordered subsets of p+ ¢
indices of i’s and j’s from {1,---,n}, corresponding to p rows of A and ¢ rows of
B, respectively.

For example, for n x n matrices A and B the coefficients of t, st, s> and st
are, respectively, equal to

mor=— Y C(bj)=—(bir+boa+--+bup)=—trB
1<j<n
S Z of @) _ i det | % %9 | 4 gt bii  bij
nT L by | bji by aji @
1<i<j<n ..
%)=
1<y
mw= Y Clay)= 3 der|
1<i,j<n L Aji  Ajj
- Z7.7 - 1
1<
and

< <
Qi Gij Gk Qi Gij Gk bii by b
= — det aj;  Qjj Ak + det bji  bj; bk + det aj;  Qjj Qg

bri  brj  brk Gki Gkj Okk Gki Gkj Okk
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Hence, the matrix M defined in (2.1) looks like

=2 C(ai)

> C(aiy i)

Cirge(

(—1)"detA 0

censltn—1

bj

)
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Z C(bjlyjz)

_ZC< )

(CEVARED DICI I

corze(,

a;

J1s-dn—1

)

a; >
J1,J2

(—1)"detB |

The indicated zero entries in M correspond to the coefficients of monomials of f(s,t)

with degree > n+1. These terms are not present in det(I—sA—tB), since by (2.5) the
order of the corresponding determinant is greater than n. The above formulation of

M provides a way of finding rankM without computing det(I —sA —tB) explicitly.

Therefore, using the criterion in Proposition 2.1, we induce the following necessary

and sufficient conditions.
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PROPOSITION 2.3. The n X n matrices A and B have the CS property if and
only if

ZC(ail,...,ip) ZC(bjl,...,jq ZC< i, ’j > when p+q<n,

]17~~~: q

(2.6)
and ZC(ail,,,,,Z-p) ZC(bjlyqu) =0 when p+q>n.

EXAMPLE 2.4. Let A in (1.1) be a nilpotent matrix. Then,

ZC(ai) = ZC(G@j) =...=detA=0

and by Proposition 2.3,

ZC< >—O ;o pg=1,2,...,n—1.
117 »Jaq

1
In this case, M = | 0 [1 bp_1 -+ by bo}.
0

We conclude this section with some remarks:

(1) Note that Proposition 2.3 gives an answer to the following problem:
For a given n x n matriz A identify the set

CS(A)={B : A and B have the CS property};
see [3, Theorem 2.1]) and the discussion therein of matrix pairs with Property L.

(2) If a(s) = det(I — sA) and b(t) = det(I — ¢tB), the higher order derivatives of
these polynomials at the origin are

_am =Y Cla,..q,), —b<q> =Y Clj....;s,)

and
1 aerqfOO ZC a“, i .
p: Q' BCErZ Jhm,jq
Thus, considering Taylor series expansions for the polynomials in (1.1) and since

0P+ £(0,0)

®(0)pD(0) =
a?(0)b™(0) = — =5y

, for p+qg<n,

a® (0) b(Q)(O) =0, for p+gq>n,

we observe that the equations in (2.6) arise once more.
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3. Spectral results. In this section we will first obtain a result on the CS
property using basic polynomial theory. Recall that, by Proposition 1.2 II, the CS
equation holds only when at least one of the matrices A or B is singular.

Definition. The pair of matrices A, B € M,(C) is called r-complementary
in rows if the matrix N(iy, @9, ---,ir) € M,(C) obtained from A by substituting

T TOWS @iy, Qiy, --.,0;. Of A by the corresponding rows b;,, bi,, ...,b;. of B, is

r

nonsingular.

Note that when A, B are r-complementary and ImA N ImB # (), then n —r <
rank(B).
To illustrate the above definition, the pair of matrices

00 0 100
A=|0 1 1|, B=|0 0 1
00 1 00 0

is 1-complementary in rows but not 2-complementary in rows, since detN(1) =

b1 1 0 0 by 1 0 0
det | aa | =10 1 1| #0 and detN(1,2) =det| b | =0 0 1| =0.
as 0 0 1 as 0 0 1

The pair A, B, where

o O =
S = O

isneither 1 nor 2—complementary in rows, on behalf of the fact that rank [ g ] =3.
Clearly, the 3rd row of A or A can not be substituted.

PROPOSITION 3.1. Let the pair of nxn singular matrices A, B be [n—mp(0)]-
complementary in rows and suppose that the number

(3.1) 0= Z detN (i, i2, .. ., in—mp(0))
115 —m 5 (0)
is monzero; the sum is taken over all possible combinations i1, ...,in—mpy) of N —

mp(0) of the indices 1,2,...,n. If A and B satisfy the CS equation, then

ma(0) +mp(0) = n.
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Proof. Let rankB = b(< n). Then A =0 is an eigenvalue of B with algebraic
multiplicity mp(0) =m > n — b. Denote

B(t) = det(tI — B) =t + S1t" t + - + Bumt™,

where 3y = (—1)*_ By, the summation being over all k x k principal minors By, of
B. Then

det(tB — 1) = (=1)"t"det(t 'I — B)

The polynomial B(t) =1+4+081t+ 4 Bn_mt™ ™ has precisely n—m nonzero roots,
say t1,to, ,tn—m, since B(0) =1 # 0. Moreover, by multilinearity of determinants
as functions of the rows, we have

det(sA+tB—1)=

Sai11 Sai2 N SQ1n
Sa21 Sa22 N SQ2n
= det
Sn1 San?2 N SAnn
I tb11 -1 tblz . tb1n Sai11 . SQ1n
Sa21 Sa922 . Sa2n
tdet| o det
. . SUn—1,1 . SUn—1,n
SUn1 SAn2 ... SQnn tbn1 coe thppo1 —1
_ [ thin—1 tb e thin ]
th11 — 1 tbio ... thin = 12 in
Sa21 Sa22 N Sa2n
tb thoo —1 ... tb
2 2 o thsy  thsy thss —1 ... thay,
sa L. SA3n
+det 31 3 + det Sa41 .. SQan
SAn1 SAn2 .. SQnn
SQn1 cee SGnn |
thi1 — 1 tbi2 S thin
tbo1 thos — 1 ... tbon
+ o det
tbn1 tbno ceo thpm —1

(3.2) = (detA)s™ + f1(t)s" * + -+ fu1(t)s + det(tB — 1),
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where
fi(t) = detd;, with A; = tb.il ce by —1 e tb.m
[ . .
| am Unn |

Note that 121\1 arises from A when the i—row of A is substituted by the i—row of
tB —I. Also, in (3.2),

ai1 T A1n
th;y -+ thy; —1 cee thin
fg(t) = Z det/lij where Aij = ;
b f,bjl cee f,bjj -1 .- tbjn
| Gn1 - Unn |

ie.,, Aj; is obtained from A, substituting rows ¢ and j by the corresponding rows
of tB — I. The summation in f5(¢) is taken over all pairs of distinct indices 4,j in
{1,2,...,n}. Hence, by (3.2), the CS equation

(—1)"det(sA+tB —I)=det(sA—1I)det(tB —1I), Vs, t
and for t = tq, ta, -+, tn_m, We obtain
(detA)s™ + fi(t:)s" 4+ fu1(t)s =0, ¥V s, i=1,2,...,n—m.
Consequently,
(3.3) detA=0, fi(t;)=folt;)=--+= foo1(t;) =0, forall i=1,2,....,n—m.

Due to the pair A, B being [n — mp(0)]-complementary and the leading coefficient
of polynomial f,,_,,(t) being the nonzero 6, we have that deg(fn—m(t)) =n—m.
Moreover deg(fx(t)) <m—m, for k=1,2,...,n—m— 1, and due to (3.3) we have

fit) = folt) =+ = fuem—1(t) =0, V t.

Recalling that Ay denotes a typical k x k principal submatrix of A, since fi(t) =0,
we clearly have that

f1(0) = detA, 1 =0.
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Similarly, since f2(t) =0, -+, frn—m-1(t) =0 for all ¢, it follows, respectively, that

f200) = detAn 5 =0, -+, fom-1(0) = detAny 1 =0.
Consequently,
SAN) = det(A\I — A) = A" — £ 1 (ON"F + fru o(0)N"2 4 4 (=1)"detA
(3-4) =" - fn—l(o)/\n_l + fn—Z(O))‘n_Q +o (_1)mfn—m(0)/\n_m-

In (34), fn—m(0) # 0, since (—=1)""™¢,, = Ot1te -+ tp—m. Thus, A = 0 is an
eigenvalue of A with algebraic multiplicity n — mpg(0), whereby we conclude

ma(0) +mp(0) = n. O

COROLLARY 3.2. Let the pair of nxn singular and [n—mp(0)]-complementary
matrices A, B have the CS property. If the number 6 in (3.1) is nonzero, the fol-
lowing hold:

I. If X =0 is a semisimple eigenvalue of A and B, then rankA+ rankB = n.
II. If A=0 is a semisimple eigenvalue of A, then rankA = mpg(0).

Proof. I.  Clearly Proposition 3.1 holds and since
n —rankA < ma(0) =n —mp(0),
we have rankA+rankB > mp(0)+r > n. Hence, by Proposition 1.2 ITI, we obtain
rankA + rankB = n.

II. By the assumption and Proposition 3.1, rankA = n —ma(0) = mp(0). O

To close this section, we present a property of the generalized eigenspaces of the
nonzero eigenvalues of A and B.

PROPOSITION 3.3. Let zero be a semisimple eigenvalue of the n X n matrices
A and B and assume that E4(0) + Eg(0) = C™. If for some X\ € a(A)\{0} (or
€ o(B)\{0} ) we have that E4(\) C Ep(0) (resp., Ep(n) C Ea(0) ), then

I. A, B have the CS property.
1I. EA(/\) = EI—sA—tB(l - 8)\) and EB(M) = EI—sA—tB(l - t,u).

Proof. 1. Since E4()\) C Eg(0), for every w = wy; + we € C", where w;
belongs to the direct sum @@, Ea()), wz € E4(0), we have BAw = BA(w; +ws) =
BAw; = 0. Thus, BA = 0 and consequently AER(0) C Ep(0). The assumption
E4(0)+ Ep(0) = C™, as well as Proposition 1.3, lead to the statement I.
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II. Let A € 0(A)\{0} and z, € E4(\) be a generalized eigenvector of A of order
k, i.e., (A— AI)*z; = 0. By assumption, 3 € E(0), and thus

(I —sA—tB)xy = (I —sA)xy =z — s( Axg + Tp—1)

=(1—sANzk — sTp_1.

Hence, for the whole Jordan chain z1, ..., zg,..., ; of A, we have
(I-sA—tB)[ 1 ... z; |=
1—sA -5
0 1—s\ —s (@)
(3.5) = [ 1 T, } )
1—sA -5
0 0 1—sA

TXT

Moreover, by clause III in Proposition 1.1, sA and tu € o(sA+tB). The equivalence
of the CS equation and C" = E4(0) + Ep(0) in Proposition 1.3 and the assumption
Ea()\) C Ep(0), lead to Ep(p) € E4(0). Hence, if yo € Ep(n) is a generalized
eigenvector of order ¢, then y, € E4(0) and

(I —sA—tB)ys= (I —tB)ye = ye — t(p1ye + ye—1)
= (1 —tpu)ye —tye—1.

Thus, for the whole Jordan chain yi,..., ye,..., Yo of u, we obtain
(I-sA—tB)[y1 ... yo | =
1—ty  —t
0 11—ty -t 0]
36)  =[wn Yo | ' ' .
1—tu —t
0 0 1—tp

oXo
The equaions in II for any s, ¢t are now implied by (3.5) and (3.6), respectively. O

REMARK 3.4. For z € E4(0)(Ep(0), we have (I —sA —tB)z = z, Vs, t.
Therefore, by the above proposition, the Jordan canonical forms of I —sA —tB and
of the matrix

1—s\a —s 0]
F:IU® 178AA

AA#0 —s
O 1—sA\a
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1-— t,U,B —t O
D 1—tup -
np#0 - —t
O 1—tus

are similar.

Note that the order v of the submatrix I, of F coincides with the number of
linear independent eigenvectors corresponding to the eigenvalue A =1 of I—sA—tB.
These eigenvectors belong to Ep(0)\Ea()), FEa(0)\Egp(y), and E4(0)()Eg(0),
and v is equal to

v=n— (rankA+rankB) =n — | dim U Es(\) +dim U Ep(w)
A0 H#0
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