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SUBDIRECT SUMS OF DOUBLY DIAGONALLY DOMINANT
MATRICES*
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Abstract. The problem of when the k-subdirect sum of a doubly diagonally dominant matrix
(DDD matrix) is also a DDD matrix is studied. Some sufficient conditions are given. The same
situation is analyzed for diagonally dominant matrices and strictly diagonally dominant matrices.
Additionally, some conditions are also derived when card(S)>card(S1) which was not studied by
Bru, Pedroche and Szyld [Electron. J. Linear Algebra, 15:201-209, 2006]. Examples are given to
illustrate the conditions presented.
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1. Introduction. The concept of k-subdirect sums of square matrices was in-
troduced by Fallat and Johnson [4], where many of their properties were analyzed.
They showed that the subdirect sum of positive definite matrices, or of symmetric M-
matrices, is a positive definite matrix or symmetric M-matrix, respectively. Subdirect
sums of matrices are generalizations of the usual sum of matrices and arise naturally
in several contexts. For example, subdirect sums arise in matrix completion prob-
lems, overlapping subdomains in domain decomposition methods, and global stiffness
matrices in finite elements (see [1, 2, 4]).

In [1], Bru, Pedroche and Szyld have given sufficient conditions such that the
subdirect sum of two nonsingular M-matrices is a nonsingular M-matrix. Also in [3],
they also showed that k-subdirect sum of S-strictly diagonally dominant matrices,
which is a subclass of H-matrices, is an S-strictly diagonally dominant matrix (S-
SDD matrix). Sufficient conditions are also given.

In this paper, we will give sufficient conditions such that the k-subdirect sum
of matrices belongs to the same class. We show this for certain strictly diagonally
dominant (SDD) matrices and for doubly diagonally dominant (DDD) matrices which
were introduced in [5]; see also [6] for further properties and analysis. Furthermore,
we also discuss the conditions such that the subdirect sum of S-SDD matrices is in
the class of S-SDD matrices (for a fixed set S) when card(S)>card(S;) which was
not studied in [3]. Notice, the sets S and Sy appear in section 2.

2. Subdirect sums. Let A and B be two square matrices of order m; and mo,
respectively, and let k& be an integer such that 1 < k <min{mq,ms}. Let A and B be
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partitioned into 2 x 2 blocks as follows:

A11 A12 Bll BlQ
2.1 A= B =
2.1) [ A2 Az ] ’ [ By Ba } ’

where Aoz and By; are square matrices of order k. Following [4], we call the following
square matrix of order N = mq + mso — k,

A A 0
C=| An A+ Bi1 B2
0 By Bao

the k-subdirect sum of A and B and we denote it by C' = A @y, B.
In order to more explicitly express each element of C' in terms of the ones of A
and B, we can write C' as follows,

B Sl Sz S3 7
all DR alp DR a17n1/1 DR O
apr - app + b11 T ap,my + b1,m; —t e bp,N—t
C = : :
Gmq,1 e Gmq,p + bmlft,l v Gmyymg + bmlft,mlft e bmlft,th
0 e bn—t,1 e bN—t,mi—t o bn—gN—t

51:{1a27"'7m1_k}7
(22) ng{ml—k—i—l,ml—kj—l—Z,...,ml},
53={m1+1,m1+2,...,N}.

aijorO, iESl,jeslUSQUS;g,
(23) Cij = Q5 OT Qjj + bi—t,j—t or bi—t,j—h xS SQ, j €S uUSyU S3,
bift,jft or 0, 1€ 83, j€SL1USUSs,

N=mi+mo—Fk, t=m—k, p=t+1.

In general, the subdirect sum of two DDD matrices is not always a DDD matrix.
We show this in the following example.
ExaMPLE 2.1. The matrices

1 1 1 3 -2 -1

|
—_
o
o
—_
—_
o



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 16, pp. 171-182, July 2007
http://math.technion.ac.il/iic/ela

Subdirect Sums of Doubly Diagonally Dominant Matrices 173

are two DDD matrices, but

1 1 1 0
-2 7 -2 -1
-1 -1 6 0
0 1 1 4

C=A¢B=

is not a DDD matrix.

3. Subdirect sums of doubly diagonally dominant matrices. We now
formally introduce some notations and definitions which can be found in [5], [6] and
[9].

Let A= (a;;) € C™™",n>2. Fori=1,2,...,n, we define

n

Ri(A) = Y lagl-

=1

Recall that A is called (row) diagonally dominant if for all i = 1,2,...,n,

If the inequalities in (3.1) hold strictly for all 4, we say that A is strictly diagonally
dominant.
Given any nonempty set of indices S C N = {1,2,...,n}, we denote its comple-

ment in N by S = N\S. We have

Ri(A) = R¥(A) + RY(A), R¥(A)= 3 layl, Yi=1,2,...,n.
J#L,JES

DEFINITION 3.1. The matrix A = (a;;) € C™" is doubly diagonally dominant if
(3.2) |aii||ajj| ZRz(A)R](A), i,j:l,Z,...,n, Z#] .

Furthermore, if the inequality in (3.2) is strict for all distinct 4,5 = 1,2,...,n, we say
A is strictly doubly diagonally dominant.

DEFINITION 3.2. Let the matrix A = (a;;) € C™™,n > 2, and given any
nonempty proper subset S of N. Then A is an S-strictly diagonally dominant matrix
if the following two conditions hold:

1) |asi| > RJ(A) for at least one i € S,
2) (laii| — RY (A))(|aj;| — R (A)) > R (A)RF(A) foralli€ S,j€S.

It was shown in [5] that SDD matrices are contained into DDD matrices. In
addition, if A is doubly diagonally dominant, there exists at most one index iy such
that |a;yi,| < Rio(A). It is easy to show that a doubly diagonally dominant matrix is
not necessary an S-strictly diagonally dominant matrix. We show this in the following
example.

ExAMPLE 3.3. The following matrix:
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1 1 0
A=10 1 1
0 —-0.5 1

is a DDD matrix, but is not an S-SDD matrix for any subset S of {1,2,3}.

We now give the following theorem, which presents sufficient condition such that
C = A @y B is a DDD matrix.

THEOREM 3.4. Let A and B be square matrices of order my and ms partitioned
as in (2.1), respectively, and k be an integer such that 1 < k < min(my, ma) which
defines the sets S1, 52,53 as in (2.2). We assume that A is doubly diagonally dominant
with

R;_+(B)

io (A) < aigio io (A
1€S2US3 |bl_t,l_t|R 0( ) - |a | <R ( )

for some ig, and B is strictly diagonally dominant. If all diagonal entries of Ass and
Bi1 are positive (or all negative), then the k-subdirect sum C' = A @y B is doubly
diagonally dominant.

Proof. Without loss of generality, we can assume a1; < R1(A4) and a;; > R;(A),
i=2,3,...,m1.

Case 1: Vi, [ € S1, j € S1 US2U Ss, using equation (2.3) we obtain

|cij| = laijl, Ri(C) = Ri(A),
since A is doubly diagonally dominant, we obtain
|ciillcu| = lasillan] > Ri(A)Ri(A) = Ri(C)Ri(C).

Case 2: Vi € S1, 1 € Sa, j € 51U Sy U Ss, from equation (2.3), we have the
following relations:

cii| = |ais|, Ri(C) = Ri(A),

Ri(C) = > layl+ X g +biej—el+ > bt

JES1 JES2,j#l JES3
< X agl+ X agl+ X b+ X (bt
JES JES2,j#l JES2,j#1 JES3

= Ri(A) + R_+(B).
Since all diagonal entries of Ao and By; are positive ( or all negative), we obtain
lcu| = |an + bi—ti—¢| = |au| + |bi—t,i—t|-
If : =1, we have

leiillen]l = lan|(law + bi—t,1—+])
= |a11|lau| + la11||bi—¢,i—¢]
> Ri(A)Ri(A) + [brr1-i] | max Ri-(B) R (A)

SyUSy 1b1—t,1—tl
> Ra(A)Ri(A) + [bis1- tllb; :th)‘Rl(A)
= Bi(A)(Ri(A) + Ri—(B))
> Ra(C)Ri(C).
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Ifi=2,...,mp —k, then we can write
|cii||cul |ais|(Jau + bi—t,1—+|)

E J(RI(A) 5 Ria(B))

> Ri(A
> Ri(C)Ri(C).

?

Case 3: Vi € 51, 1 € 53, j € S1US3U S3, we get

|cij| = laij], Ri(C) = Ri(A),

leii| = [bi—t,j—t], Ri(C) = Ri—s(B).
Like the proof of Case 2, let i = 1, we conclude

levillenl = laan|[bi—¢1—¢|
Fi_.(B)
2 lErgQaUXS;; ‘bl—t,l,—t|Rl(A)lbl_t’l_tl

> Ry(A)Z=B) iy, 1| = Ry(C)R(C).

[bi—t,1—¢]

Ifi=2,...,my — k, obviously, the result still holds.
Case 4: Vi € Sy, l € S3, j € S1U S92 U Ss, using equation (2.3), it follows that

|cii| = laii + bi—ti—t| = |aii] + [bit,i—t],

Ri(C) = " |eijl < Ri(A) + Ri_y(B).
i#]
Note that (|a;;| > R;(A)) since A is a DDD matrix and (|b;—¢,i—¢| > Ri—+(B)) since
B is an SDD matrix, thus we can write

= |aii + bi—t,i—¢||ay + bi—¢,1—¢]
> (Ri(A) + Ri—¢(B))(Ri(A) + Ri—¢(B))
> Ri(C)R(C).

|ciilleul

For the rest of cases i € So, [ € S3, j € S;USUS3 and i € S3, [ € Ss,
j € 51U Sy U S3, the proofs are similar to the proofs of the Case 1 and Case 2.

In the case iy € Sy the conclusion still holds and the proofs are similar to the
cases above. Therefore the details of the case are omitted. O

COROLLARY 3.5. Let Ay be a DDD matriz with existing only ig such that

max MR (Al) < |Cl7;0i0| < RiO(A1)7 1 =2,3,..., and let As, As,..., be

11 €S2US3 |all—fw’r1—t| to
SDD matrices. If the diagonals of A; in the overlapping have the same sign pattern,
then C = (A1 @k, A2) Ok, A3 D -+ is a DDD matrix.

REMARK 3.6. Since As, As, ... are SDD we have that their diagonals are nonzero.
Since the overlapping blocks of A; and A; have the same sign pattern, this implies
that overlapping block of A; has its diagonal nonzero.
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THEOREM 3.7. Let A and B be matrices of order my and mso partitioned as in
(2.1), respectively, and k be an integer such that 1 < k < min(my, me), which defines
the sets S1,52, 55 as in (2.2). Let A be diagonally dominant and B be strictly diago-
nally dominant. If all diagonal entries of Aaa and Byy are positive (or all negative),
then the k-subdirect sum C = A @y B is doubly diagonally dominant.

Proof. We only prove the following cases.

Case 1: Vi, 1 € S1, j € S1USz US3 from equation (2.3), we obtain |¢;;| =
laij|, Ri(C) = Ri(A), so

176 Yan Zhu and Ting-Zhu Huang

|ciil|cu| = |asil|au| > Ri(A)Ri(A) = Ri(C)R;(C).

Case 2: Vi € Sy, | € Sa, j € 51U S2 U Ss, using equation (2.3), it follows that

lcit| = |ai + bi—t, 1
Ri(C) =" leizl = > lagl+ > laij +bice el + > [bit,j—tl
i#] JESL i#3,j €S2 JES3
< Ri(A) + Ri—(B).

Then we can write

= |ai; + bi—e,i—t||an + bi—s1—¢
> (Ri(A) + Ri—t(B))(Ri(A) + Ri—+(B))
> R;(C)Ri(C).

|ciil|cul

Finally, Vie Sy, [ €Ss, j e S1US;USs; Vie Sy, 1 €8s, j e S1 U Sy U S3; and
Vi€ S3, 1 €83, j €51USyUSs3; the proofs are similar to the cases above. O

COROLLARY 3.8. Successive k-subdirect sums of the form (A1 @k, Az)Br, Az D+ -
is doubly diagonally dominant if the diagonals of A; in the overlapping have the same
sign pattern, where A; is diagonally dominant and Az, As, ..., are strictly diagonally
dominant.

EXAMPLE 3.9. In this example, A is doubly diagonally dominant with

R;«(B)

max ————=R; (A) > |a;y,| forallig =1,2,3,4,
j€82USs |bj7t,j7t| 10( ) | 7/07/O| 0

and B is strictly diagonally dominant, but the subdirect sum C' is not doubly diago-
nally dominant. Let

1.0 —-03 : —04 —05 20 —04 @ —05 —06
-0.8 16 : 02 —03 —0.6 2.3 -0.8 —0.8

A= ... ,B=| -
—-02 —04 : 12 —04 —-05 —01 : 24 —0.9

| —0.1 —0.9 —0.5 20 | —05 —0.8 -0.2 29
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However,

1.0 -03 -04 -0.5 0 0
-0.8 1.6 0.2 -0.3 0 0
-02 -04 32 -08 —-05 —-0.6
-01 -09 -11 43 -08 —-0.8

0 0 -05 —-01 24 -09
0 0 -05 —-08 —-0.2 29

C=A®B=

is not a DDD matrix, since a1 = 1 < Rif) Ri(A) = % X g ~ 1.15.

ExAMPLE 3.10. Let A be doubly diagonally dominant with

R;_(B) :
— "R (A) < laj, i | f
jensl?uxsg T i (A) < |aiyi,| for some i,

and B be strictly diagonally dominant,

04 : 01 04 1.0 —04 : —04
R oo 02 12 o4
0.2 0.5 —0.2
05 : -1 2 04 —06 : 14

Then

0.4 0.1 0.4 0

02 15 —-06 -04
05 -12 32 -04
0 —-04 —-06 14

C=A®,B=

is a DDD matrix, since a;; = 0.4 = %Rl(fl) = % X % =0.4.

As Bru, Pedroche and Szyld studied the result in section 4 of [3], we continue to
consider A and B to be principal submatrices of a given doubly diagonally dominant
matrix such that they have a common block with all positive (or negative) diagonal
entries. This situation, as well as a more general case outlined in Theorem 3.11 later,

appears in many variants of additive Schwarz preconditioning (see [2, 7, 8]). Let

Hyy Hyp Hiz
(3.3) H= | Hs1 Hi Has
H3y H3zp Hzz

be doubly diagonally dominant with Hso a square matrix of order £ > 1 and let

(34) A e ] p | e ]

Hy  Ha H3> Hss3
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be of order m; x m1 and mo X ms, respectively. The k-subdirect sum of A and B is
thus given by

Hy Hia O

(3.5) C=A®,B=| Hy1 2Hz Has
0 H3z>  Hss

We now have the following theorem which shows that C' is a DDD matrix.

THEOREM 3.11. Let H be a DDD matriz partitioned as in (3.3), and let A and
B be two overlapping principal submatrices given by (3.4). Then the k-subdirect sum
C =A®, B is a DDD matrix.

Proof. For any i € Sq, l € Sa, j € S1U S92 U Ss, from equation (3.5), we have

lcii| = |aii| = |hidl,
R;(C) = R;(A) < R;(H) (if Hy3 = 0, equality holds),
leul = lau| + [bi—t,i—¢| = 2|ay| = 2|hy|, and

Ri(C) = > |yl + > ay +bi—s el + D0 |bi—s,j—l

JES1 JE€S2,j#l JES3
SIY 2 Sl S il

JES1 JE€S2,j#l JES3
<2RZ(H).

Using now that H is doubly diagonally dominant, we can get that

|ciilleu| = laii||2au]
= 2|hg||hul
> 2R;(H)Ri(H)
> Ri(C)Ri(C).

The proofs of other cases are analogous. O
EXAMPLE 3.12. Let the following DDD matrix H be partitioned as

1.0 06 —05 : —0.1
g |07 29 —03 : —05 7

—05 : —0.1 24 R

| 05 : -07 —07 : 23 |
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where principal submatrices A, B are partitioned as

1.0 : 06 —05 29  —-03 : —05
Al T B R

0.7 : 2.9 0.3

—-05 ©  —0.1 24 -0.7 —-07 : 23

The 2-subdirect sum C' = A ®2 B,
1.0 06 -0.5 0
C— 0.7 58 —-0.6 -0.5
-0.5 —-02 48 -09 |’
0 -0.7 -0.7 23
is a DDD matrix, according to Theorem 3.11.
Here, we consider consecutive principal submatrices defined by consecutive indices
of the form {i,i+ 1,i+2,...}.
COROLLARY 3.13. Let H be a DDD matriz with all positive (or negative) diagonal
entries. Let A;,i =1,...,p be consecutive principal submatrices of H of order n; X n;.
Then each of the k;-subdirect sums C;

Ci=0Cio1 @, Aiv1,i=1,...,p—1
is a DDD matriz. In particular,

Cp-1=A1 @y, A2 Bp, -+ B, Ap

is a DDD matriz, where Cy = A1 and k; < min(n;, n;y1).

Here, we discuss the conditions of the subdirect sum of S-strictly diagonally
dominant matrices when card(S) >card(Sh).

THEOREM 3.14. Let A and B be square matrices of order mi and mo parti-
tioned as in (2.1), respectively, and k be an integer such that 1 < k <min(mi, m2),
which defines the sets S1,S2,S3 as in (2.2). Let A be S-strictly diagonally dominant
with card(S)>card(S1), S be a set of indices of the form S = {1,2,...} and B be
strictly diagonally dominant. If all diagonal entries of Ass and By are positive (or
all negative) and

(36) |am-| — Rz(A) > Ri_t(B) — |bi—t,i—t|; fO’I“ alli e SQ, t=mq — k?,

then the k-subdirect sum C' = A @y B is S-strictly diagonally dominant.

Proof. We take Sy = S'US”, ’'NS" = . Let the set S =.5; US’ (condition
card(S)>card(S;)), S = S” U S3, and let i € S’. We first prove the condition 1) of
Definition 3.2 for C to be an S-SDD matrix. Observe that from (2.3) and the fact
that Az and Bi; have positive diagonals (or both negative diagonals), we have

|cii]l = laii + bi—ti—t| = |aii] + [bit,i—t],
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!
RIVS(C) = 2 eal= Y laal+ X laa + bicei—|
1,151 U8 1€5, 1£ileS!

< Y aul+ X |biceiel = RIS (A) + RY(B).
1#£4,1€S,US" 1#£i,1eS’
Therefore we can write

less] — RSYUS(C) > |ag + bierie| — RSVUS(A) — RS ,(B)

= (Jaii| = R"(A)) + (|bimri—e| — RS ,(B))

where we have used that (|a;;| — R 105’ (A)) is positive since A is S-strictly diagonally
dominant. Note that (|b;—¢;—¢| —Rfit (B)) is also positive since B is strictly diagonally
dominant, and thus we can obtain

lcis] — RZ1YS(C) > 0, forallie S

Since S = S; U S’ we have that condition 1) of Definition 3.2 holds.
In order to see that condition 2) holds we first study the case i € S’, j € S”.
Using equation (2.3) we obtain the following relations:

12

REVSHO) = % epl= X ag b + X Ibj—eid]
1#5,1€S"US3 1#£5,1€S" 1€S3
< X lapl+ Yo bt
I#j,leS" 1€S""US3

= RY"(A) + R} (B),

!
RIVV(O) = 5 el = ¥ laal+ ¥ lag+ bt
les1us’ 1€Sy les’

< R§'YS(A) + RY(B),

1’
R V2(O) = 3 eal = 2 Jau+bicgael + 3 [bicra]
1€S7USs 1€5" 1S5

< RS(A) + R (B),
lcjjl = lags +bj—tj—e| = lajz| + [bj—t,j—tl-

Therefore we can write

(Jesi] — BRSS(0))(|ejs) — RS V%(C))

= (Jasi + bi—t,it| — RIS (O))(Jags + bjrj—e| — RS V5(C)).
Now observe that:

(3.7) aii + bi—tie| — BVS(C) 2 Jaii| — REVT(A) + |bimr,ime| — RE,(B),

1"

(3:8) laj; +bj—rji| = Ry V5(C) > |aj;| — B (A) + |bj—ej1| — R} (B),
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and from condition (3.6) we can write the inequality
Jais] = Ri(A) = lau| — (RS (A) + R (4)) > Rime(B) = |bi—t,i¢l-
Therefore

laii] — B9 (A) > RS (A) + Rimo(B) — |bi—s,i—el,
laji| — RS (A) > R§YS'(A) + Rj_o(B) — [bj— ],
Ri_(B) = RY(B) + R (B),

Rj(B) = RZ(B) + R/ (B),
which jointly with (3.7) and (3.8) lead to the inequality
(leal = REUS(C)(Jes| — BT ™5(0)
> (R (A) + R, (B)(R7*% (A) + RY,(B))
> RYU%(C) RV (0).
Therefore condition 2) of Definition 3.2 is fulfilled and the proof for the case

vie S, j €S"” is completed.
For the case Vi € S, j € S3, we have from equation (2.3) that

|cis] = [aii + bi—t,i—t|, |cjj| = [bj—t,j—tl,
1! 1
RIVB(C) = > epl= Y. b = RPF(B),
JALIES" USs JALIESUSs
S uUs’ ’
RIV(C) = > epl= Y Ibjrul=R](B).
leS,us’ leSus’

Note that B is an SDD matrix, then we have

(less| — R{™O% (C:))(|ij| - Rf Us(C))
> (lag| — RV (A) + [bizgie] — R, (B))RS,(B)
> R} Y%(C)RIYS(C).

Therefore condition 2) is fulfilled. Condition 1) also holds, since as before, we have
el = RPS(C) 2 fass + bivinel = BEV5(4) = RE,(B) > 0.

The proof for the rest of cases Vi € S1,7 € S” and Vi € 51,5 € S3 are already
included in the paper of Bru, Pedroche, and Szyld [3]. O

ExAMPLE 3.15. In this example we show a matrix A that is an S-SDD matrix
with card(S)>card(S1), a matrix B that is an SDD matrix, and such that the 3-
subdirect sum C' is an S-SDD matrix. Let



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 16, pp. 171-182, July 2007

http://math.technion.ac.il/iic/ela

182 Yan Zhu and Ting-Zhu Huang
1.0 © —03 —04 —05 20 02 —-03 : —0.1
05 290 —09 | _os
A=109 L6 =04 —07 |.B=| . . o, oo
—-01 : —04 1.3 04
| 01 : —09 —01 20 | | 06 —01 —0.1 : 23

Here we have S1={1}, S2={2,3,4}, S3={5}. It is easy to show that A is an S-SDD
matrix, with S={1,2}, and therefore card(S)>card(S7). Since B is an SDD matrix
and

|a”~| — Rz(A) > Rz,t(B) — |bi7t,i7t|7 fO?“ all i € 52,
witht =m; —k=4—-3=1and S = {3,4,5}, we have that the 3-subdirect sum
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is a {1,2}-SDD matrix, according to Theorem 3.14.
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