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EIGENVALUES AND EIGENVECTORS OF TRIDIAGONAL
MATRICES*

SAID KOUACHIT

Abstract. This paper is continuation of previous work by the present author, where explicit
formulas for the eigenvalues associated with several tridiagonal matrices were given. In this paper
the associated eigenvectors are calculated explicitly. As a consequence, a result obtained by Wen-
Chyuan Yueh and independently by S. Kouachi, concerning the eigenvalues and in particular the
corresponding eigenvectors of tridiagonal matrices, is generalized. Expressions for the eigenvectors
are obtained that differ completely from those obtained by Yueh. The techniques used herein are
based on theory of recurrent sequences. The entries situated on each of the secondary diagonals are
not necessary equal as was the case considered by Yueh.
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1. Introduction. The subject of this paper is diagonalization of tridiagonal
matrices. We generalize a result obtained in [5] concerning the eigenvalues and the
corresponding eigenvectors of several tridiagonal matrices. We consider tridiagonal
matrices of the form

—a+b g 0 0 0
aq b Co 0 0
0 a2 b
An = . . . ) (1)
0 0 IR " 0
: . . . . Cn—1
0 0 Ap—1 754’1)

where {a; };.:11 and {c; }?;11 are two finite subsequences of the sequences {a; }]Oil and
{¢; }(;il of the field of complex numbers C, respectively, and «, § and b are complex

numbers. We suppose that

[ &, ifjisodd .
43¢ = { d3, if j is even J=12 (2)

where d | and dy are complex numbers. We mention that matrices of the form (1)
are of circulant type in the special case when @ = = a3 = a2 = ... = 0 and all
the entries on the subdiagonal are equal. They are of Toeplitz type in the special
case when a = = 0 and all the entries on the subdiagonal are equal and those
on the superdiagonal are also equal (see U. Grenander and G. Szego [4]). When the
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entries on the principal diagonal are not equal, the calculi of the eigenvalues and the
corresponding eigenvectors becomes very delicate (see S. Kouachi [6]).

Whena; =as=...=c1=co=..=1,b=—-2and a = § = 0, the eigenvalues of A,
has been constructed by J. F. Elliott [2] and R. T. Gregory and D. Carney [3] to be

A = —2+ 2cos

k
T k=1,2,...n
n+1

When a; =as=...=c¢ci; =cpo=..=1,b=—-2anda=1and 3 =0or 8 =1, the
eigenvalues has been reported to be

k
Ak =—2—|—2005—7r7 k=1,2,...n,
n

and

A = —2+ 2cos k=1,2,...,n,

2k
2n 4+ 1’
respectively without proof.
W. Yueh[1] has generalized the results of J. F. Elliott [2] and R. T. Gregory and D.
Carney [3] to the case when ay =as =...=a, ¢y =ca =..=cand a =0, 8 = \/ac
ora=0, 3=—yacora=—-3=/ac
a = = \/ac or « = 3 = — /ac. He has calculated, in this case, the eigenvalues and
their corresponding eigenvectors

A = b+ 2v/accosOy, k=1,..,n,

2%—1 2%—1 -1 .
where 0;, = Qikfl, (anﬂ)w, ( kgn )m Ex and %, k =1,..,n respectively.

In S. Kouachi[5], we have generalized the results of W. Yueh [1] to more general
matrices of the form (1) for any complex constants satisfying condition

ajej =d*, j=1,2,..,

where d is a complex number. We have proved that the eigenvalues remain the same as

in the case when the a;’s and the ¢;’s are equal but the components of the eigenvector
u®) (o) associated to the eigenvalue Ay, which we denote by u§-k) (0), 5=1,.,n,are

of the form

(k) dsin(n — j + 1)8 — Bsin(n — j)0k
1

(k) = (—d 1-j
uy (0) = (=) ag, g,y u dsinnfy, — Bsin(n — 1)y

) j = 1)"'7”’

where 0, is given by formula
d*sin (n+1) 0y —d(a+ B)sinndy, +afBsin(n —1)0, =0, k=1,....n.

Recently in S. Kouachi [6], we generalized the above results concerning the eigenvalues
of tridiagonal matrices (1) satisfying condition (2), but we were unable to calculate
the corresponding eigenvectors, in view of the complexity of their expressions. The
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matrices studied by J. F. Elliott [2] and R. T. Gregory and D. Carney [3] are special
cases of those considered by W. Yueh[1] which are, at their tour, special cases with
regard to those that we have studied in S. Kouachi [5]. All the conditions imposed
in the above papers are very restrictive and the techniques used are complicated and
are not (in general) applicable to tridiagonal matrices considered in this paper even
tough for small n. For example, our techniques are applicable for all the 7 x 7 matrices

5-4v2 9 0 0 0 0 0
6 5 8 0 0 0 0
0 4 5 -3 0 0 0
A7 = 0 0 —18 5 54+iV7 0 0
0 0 0 5—iV7 5 —27i 0
0 0 0 0 2i 5 —1
0 0 0 0 0 -32 5-3v6
and
5—4v2 54i 0 0 0 0 0
—i 5 —16 0 0 0 0
0 -2 5 6i 0 0 0
AL = 0 0 —-9% 5 —8+v2 0 0 ,
0 0 0 2iV2 5 —18i 0
0 0 0 0 3 5 24 2i
0 0 0 0 0 8-8 5-3V6

and guarantee that they possess the same eigenvalues and in addition they give their
exact expressions (formulas (15) lower) since condition (2) is satisfied:

A, A =5+ \/(WE)Q - (4\/5)2 +2(3v6) (4v2) cos (2_”)

7

A2, As 51\/(3¢6)2+ (4\/5)2”(3@) (13) cos <47r>7

T

As, Ag =5+ \/(3\/6)2 n (4\/5)2 42 (3\/6) (4\/5) cos <677T>
Ar=5— (3\/6+4x/5),

whereas the recent techniques are restricted to the limited case when the entries on
the subdiagonal are equal and those on the superdiagonal are also equal and the direct
calculus give the following characteristic polynomial

P(A) =\ + (4\/5 +3V6 — 35) A® 4 (24\/§ —120v/2 — 90v/6 + 267) A+
(684\/5 — 600V/3 + 447v/6 + 2075) A (6320\/5 1 1872v/3 + 6060v/6 — 23 893) A4

(31 920V/3 — 47124V/2 — 33891v6 — 24 105) A2
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+ (369 185 — 98 568v/3 — 114 090/6 — 44 760\/5) A

+ (365 828v/2 — 239 160v/3 + 142833v/6 + 80 825)

for which the roots are very difficult to calculate (degree of P > 5).

If o is a mapping (not necessary a permutation) from the set of the integers from
1 to (n — 1) into the set of the integers different of zero N*, we denote by A, (o) the
n X n matrix

—a+b ¢, 0 O 0
g, b ¢, O 0
0 Gy, b
= (1.1)
: : S . Cop s
0 e e 0 ap,, —B+Db

and by A,, (o) = |A,, (0) — A\,,| its characteristic polynomial. If o = i, where i is the
identity, then A, (i) and its characteristic polynomial A,, (i) will be denoted by A,
and A, respectively. Our aim is to establish the eigenvalues and the corresponding
eigenvectors of the matrices A4, (o).

2. The Eigenvalue Problem. Throughout this section we suppose dids # 0.In
the case when @ = 3 = 0, the matrix A, (¢) and its characteristic polynomial will
be denoted respectively by A% (o) and AY (¢) and in the general case they will be
denoted by A, and A,. We put

Y2 =d? + d? + 2dydy cos b, (3)
where
Y=b-\ (3.1)

In S. Kouachi [6], we have proved the following result

THEOREM 2.1. When d1ds # 0, the eigenvalues of the class of matrices A, (o) on
the form (1.1) are independent of the entries (a;, ¢;, i = 1,..,n—1) and of the mapping
o provided that condition (2) is satisfied and their characteristic determinants are
given by

An _ (dldQ)nL_l dida (Y —a—p) sin(erl)S?;re(aBYfad?fﬁdg)sinmt9, (4@)

when n =2m + 1 is odd and

d
1 dids sin(m+1)9+[a,@+d§7(a+ﬁ)Y] sin m9+a,3d—1 sin(m—1)60
A" = (d1d2) sin 6 2 ’ (41))

when n = 2m is even.
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Proof. When oo = 8 = 0, formulas (4.a) and (4.b) become, respectively

0o _ m,sin(m+1)0
Ap = (dide)" Y — ———— (4.a.0)
when n = 2m + 1 is odd and
. day .
sin(m + 1)0 + 7 sin mo
Ag = (dydp)™ 1 , (4.b.0)

sin 6
when n = 2m is even. Since the right hand sides of formulas (4.a.0) and (4.b.0) are
independent of o, then to prove that the characteristic polynomial of AY (o), which
we denote by A% is also, it suffices to prove them for o = i. Expanding A in terms
of it’s last column and using (2) and (3), we get
A =YAY | —d3A° ,n=3 .., (4.a.1)

n—1
when n = 2m + 1 is odd and

AV =YAY | @AY, n=3, .., (4.b.1)

n—1

when n = 2m is even. Then by writing the expressions of AY for n = 2m + 1, 2m
and 2m — 1 respectively, multiplying A9, = and A, _; by Y and d? respectively and
adding the three resulting equations term to term, we get

Agm-{-l = (Y2 - d% - dg) Agm—l - d?dgAgm—?ﬂ (48”2)

We will prove by induction in m that formula (4.a.0) is true.
If n =2m+ 1 is odd, for m = 0 and m = 1 formula (4.a.0) is satisfied. Suppose that
it is satisfied for all integers < m, then from (4.a.2) and using (3), we get

m 2sinmfcosf —sin(m — 1) 0

A1 =Y (dido)

sin 6
Using the well known trigonometric formula
2sin7 cos ¢ = sin (1 + ¢) +sin (n — ), ()

for n = mé and ¢ = 6, we deduce formula (4.a.0).
When n = 2m is even, applying formula (4.a.1) for n = 2m + 1, we get

AO _ Angrl + d%A8m71
2m Y .

By direct application of (4.a.0) two times, for n = 2m + 1 and n = 2m — 1, to the
right hand side of the last expression, we deduce (4.b.0).

If we suppose that @ #% 0 or 8 # 0, then expanding A, in terms of the first
and last columns and using the linear property of the determinants with regard to its
columns, we get
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Y ¢ O 0
an Y .
Bu=AY—alEL |- BIEL | +aB| o . . o |,
: . . Cn—2
0 0 Anp_—2 Y

where El | and E2_; are the (n — 1) square matrices of the form (1)

Y ¢ O 0
a; Y
E. =1 o 0 ,i=1,2
Cn+4i—3
0  apti-s Y

Since all the entries a;’s on the subdiagonal and ¢;’s on the superdiagonal satisfy
condition (2), then using formulas (4.a.0) and (4.b.0) and taking in the account the
order of the entries a;’s and ¢;’s, we deduce the general formulas (4.a) and (4.b). O
Before proceeding further, let us deduce from formula (4.b) a proposition for the
matrix B,, (¢) which is obtained from A,, (¢) by interchanging the numbers « and (3.
PROPOSITION 2.2. When n is even, the eigenvalues of B, (o) are the same as
A, (o).
Let us see what formula (4) says and what it does not say. It says that if a;, c

=
R
1,..,m — 1 are other constants satisfying condition (2) and

—a+b ¢ 0 0 0

a b ¢y 0 0
.

0 0 IR . 0

L

0 i e 0 a, , —B+0D

then the matrices A,, Aln and A, (o) possess the same characteristic polynomial and
hence the same eigenvalues. Therefore we have this immediate consequence of formula
(4)

COROLLARY 2.3. The class of matrices Ay, (o), where o is a mapping from the
set of the integers from 1 to (n — 1) into N* are similar provided that all the entries
on the subdiagonal and on the superdiagonal satisfy condition (2).

The components of the eigenvector u(¥) (0), k=1,...,n associated to the eigen-

(k)

value A\, kK = 1,...,n , which we denote by ujk , 7 =1,..,n , are solutions of the
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linear system of equations

(—a+&)ul® +coul? =0

ao, 08" + Gul + cg,uf” =0, (5)

i

g, ul (=B € )u) =0,

where £, =Y is given by formula (3) and 6y, k=1,...,n are solutions of
didy (&, — a — B)sin (m + 1) 0 + (aBE, — adi — Bd3) sinmb), = 0, (6.2)
when n = 2m + 1 is odd and

dida sin(m + 1)0y, + [af + dj — (o + B) &, ] sinmb), + aﬁ% sin(m — 1)0;, =0, (6.b)
2

when n = 2m is even.

Since these n equations are linearly dependent, then by eliminating the first equa-
tion we obtain the following system of (n—1) equations and (n—1) unknowns, written
in a matrix form as

é‘k Coy 0 0 uék) _ao'lugk)
. . . *)
(2:2 fk T T . Uz 0
0o 0 : = : (7
: T T : Copq k
0 . 0 an,, (—B+E&) ulh 0

The determinant of this system is given by formulas (4) for & = 0 and n replaced by
n — 1 and equal to

m—1 didasin(m + 1), + [d? — BE,] sin mby,

Ay = (didy) e L B
when n = 2m + 1 is odd and
. di .
A ey (&, — B) sinmby, — ﬂd—2 sin(m — 1)0 )
n—1 172 sin 6, ’
when n = 2m is even, for all k =1,...,n.
ugk) (0)%, i, k=1,..,n, (9)
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where
&L Coy 0 —aalugk) 0 0
G, & 0 0
0 Coj_s : :
(k) | 0 0 aq,_ 13 0 0
Fj (O’) = ) ) ) 2 k )
Uo;_, 0 Co;
0 &k 0
: : - : ao,41 - Cony
0 0 0 ag, _, (—B+&)

j=2,...,n, k=1,..,n. By permuting the j — 2 first columns with the (j — 1)-th
one and using the properties of the determinants, we get

AW (o
u§-k) (0) = (=1)"72 37(), j=2,..,m, (10)
An—l

where Ag“ (o) is the determinant of the matrix

®) (5
CJ('k) (o) = ( Tji(l)( ) S(k)q (o) ) )

where
faglu(lk) & oy 0 - 0
0 Goy
k 0
15 () = O
0 T T ey,
: 0 0o . &
0 e 0 ag,
is the supertriangular matrix of order 7 — 1 with diagonal (faglugk), Agys oy Gy )
and
£ Cospr 0 e 0
_— . . . .
(k) -
Snfj (U) - 0 0 5
Co'n—l

0 0 an, (—Br&)
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is a tridiagonal matrix of order n — j belonging to the class of the form (1.1) and
satisfying condition (2). Thus

k k k
[ ()] = [T ()] |52, )] (11)
= fagl...agjflu(k)A;k)], j=2,.,nand k=1,...,n,

where Agi) ; (0) is given by formulas (4) for « = 0 and n — 1 replaced by n — j

,1 dyds sin( ;j +1)9k+(d?7ﬁ§k) sin %9

" (did) T or “,when j is odd,
An—j - j—1 +1 1
n—j— _ i (= J 0 2 gin(n= J 0
(dida) 2 Sl = :mkekﬂd ) " when j is even,
(12.a)
when n is odd and
. dy
n—j—1 (£x—8) sin("’g’l)ek_ﬁd Sm(u)gk
(dide) 2 Y ,when j is odd,

*)) _
A" =

(dyd )%_1 dyds sin( 57 +1)0x+(d3 ¢, ) sin "5 0
142 sin O

, when j is even,
(12.b)
when n is even, for all j = 2,...,n and k = 1,...,n. Using formulas (9)-(12), we get

ug-k) (o) = (—1)"" Ug, -0, ugk) An_j j=2,.,nand k=1,...,n. (13)

didy sin( 25 J+1)6k+(d2 ﬁﬁk)smTGk
clldgsn'l("Jrl)Ok-i-(d2 56&)511}(”21) b

,when j is odd,

(6, —B) sin(“=4+1)0), — 2&MLL%k .
Vdids drdn s (250§ (4 e, ) sin( 252 )65 when 7 is even,

(13.a)
when n is odd and

, dy |
(&, —B) sin(*=4=+)0x 7/86[_2 sin("=4=4)6s

,when j is odd,

dy
(€, —B) sin %Gk—ﬂd—2

sin(4—1)0%

1 didasin(Z5L+1)0k+(d3— B¢, ) sin "5 0y
Vdida

, when j is even,

L
——sin(5 —1)0%

(§,—B) sin 50, —f3 ds

(13.b)
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forall j=2,..,nand k=1,...,n, when n is even, where

(o) = (—\/dldg)lij Ugylg, 1y J = 2,51, (1)

&, =Y and 0, are given respectively by (3) and formulas (6).

3. Special Cases. From now on, we put

py (@) = (~Vai) "y (@), = 1, ®

where p; (o) is given by (f).
3.1. Case when n is odd. If a« = 3 = 0, we have
THEOREM 3.1. If a = = 0,the eigenvalues A\ (o), k = 1,...,n of the class of

matrices Ay, (o) on the form (1.1)are independent of the entries (a;, ¢;, i=1,..,n—1)
and of o provided that condition (2) is satisfied and they are given by

b+ \/d% +d3 + 2d1dy cos Ok, k=1,...,m,

AN =19 b—/d?+d}+2didycosl, k=m+1,..,2m, (14)

b, k=n.

t
The corresponding eigenvectors u®) (o) = (ugk) (o), ...7u£lk) (U)) ,k=1,..,n—1 are
given by
dyids sin(%j +1)0) + d3 sin %j@k, when is j odd,

u” (0) = p; (0) | (14.)
Vdida (b — Ai) sin(2=1)0y, when is j even,

and

n—j
Uoy O, o (—d3) ? ,when j is odd,
u§k) (0) = ! (14.b)

0, when j is even,

j=1,..n, where p; (c) is given by (1) and

2k —
n—+7r1’ k=1,....,m,
Ok =
Q(kim)ﬂ—, k:m+1,-~,2m'

n+1

Proof, We take a,, = ap = 1. The eigenvalues Ay, k = 1,...,2m are trivial
consequence of (4) by putting (m + 1)0 = kr, k = 1,...,m and using (3). The
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eigenvalue A, is a consequence of (4) and (3.1) by putting Y = 0. Formula (14.a) is
a trivial consequence of (13.a) by taking 8 = 0 and choosing

n—1 1 -1
ng) = (—\/ d1d2) |:d1d2 Sin(n + )ek + d? Sin (nT) 9k:| 9 k = 1) ey — 1.

2

Concerning the n—th eigenvector, we solve directly system (7) and choose
n-t
WM = (~d2) .o

If a =dy and § = d; or 8 = —d; and a = —ds, then using the trigonometric

formula (*) for n = (22%H)¢, and ¢ = %, formula (6.a) becomes

2 1
(mT—F)Hk COS% =0, (6.a.1)

(§ £ (d1 + dz)) sin

then we get

THEOREM 3.2. Ifa=dsy and B =d; or B = —dy and o = —da,the eigenvalues
M (o), k=1,....,n of the class of matrices A, (c) on the form (1.1)are independent
of the entries (a;, ¢;, i =1,.,n—1) and of o provided that condition (2) is satisfied
and they are given by

b+ /d? +d2 +2dydacos Oy, k=1,...,m,

M =1 b—/d} +d3+2didacosO;, k=m+1,...,2m, (15)
b—(a+0), k=n.
¢
The corresponding eigenvectors u®) (o) = (ugk) (U),...,u%k) (a)) , kE=1,.,n are
given by
dy sin("F2 + 1), + [dy — b+ ] sin 2520y, j is odd,
—4/ 3—? [(dy — b+ \g) sin(2=1)0k + do sin(";éﬂ)ek}j is even,

(15.0)
k=1,.n—1 and

1, when j is odd,

,/g—f, when j is even,

7=1,..,n, when a = dy and f =d; and

u{™ (o) = p; (o)

dasin("52 + 1)0y, + [dy + b — Ai]sin 2520y, j is odd,
k
ul? (o) = p; (0)

g—f [(di+b— i) sin( =210y, + da sin( 2= )0k is even,
(15.)
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k=1,.n—1 and

1, when j is odd,

j—f, when j is even,

J=1,.,n, when f = —dy and o = —da, j = 1,..,n, where p; (o) is given by (1)
and

2kr =1, ..., m,

n
01, =
2(k—m)m

, k=m+1,..,2m

Proof. Formula (15) is a simple consequence of (6.a.1). Using (13.a), the expres-
sions (15.a) and (15.b) are trivial by choosing

u(lk) = (f\/dldg)n_l doy sin(n
if & = dy and § = dy and
) = (- \/d1d2>n_1 ds sin(”

when 8 = —d; and o = —dy.The last eigenvector is obtained by choosing

n—1
ugn) (0) = (—\/ d1d2> Aoy Q- O

When a = ds and = —d; or @« = —ds and 3 = d;, then using the trigonometric

)9k+[d1b+)\k]sm<n2 )ok :

)9k+[d1+b)\k]sm< B )Gk,

formula
2 cosnsin ¢ = sin(n + ¢) — sin(n — (), (**)
for n = (2%E1)¢,, and ¢ = %, formula (4.a) becomes
(€4 % (do — dy)) cos (QmT“)e)k m%k — 0, (6.0.2)

then we get

THEOREM 3.3. Ifa = —dy and f = dy or § = —d; and o = da,the eigenvalues
A (0), k=1,..,n of the class of matrices A, (c) on the form (1.1)are independent
of the entries (a;, ¢;, i =1,..,n—1) and of o provided that condition (2) is satisfied
and they are given by

b+ \/d% —l—d% + 2dydycosby, k=1,....m

Ak = b—\/d%—l—d%—i—ledgcosHk, k=m+1,...,2m, (16)

b—(a+p0), k=n.
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S (k) *®) ()"
The corresponding eigenvectors u'®) (o) = (ul (0), .y tn (U)) , E=1,.,n are

given by (15.a) and

- (=1)2 ,when j is odd, :
u:’ (o) = p. (o i+2 =L
i (@) =p;(0) [da (—1)"5 | when j is even,

when o = —dg and B =d; and (15.b) and

(—1)% , when j is odd,

us; (o) =p;(oc
3 () ,0]() %(_1)%7whenjiseven,

when 3 = —dy and o = da,where p; (0) is given by (1) and

(2k—1)m _
9k{ == k=1,..,m,

Qlmm) N p g

Proof. Formula (16) is trivial by solving (6.a.2). Concerning the eigenvectors,
following the same reasoning as in the case when o = dy and 8 = d; or 8 = —d; and
a = —dy and since we use formula (13.a) to find the components of the eigenvectors
which depend only of 3, we deduce the same results. The last eigenvector is obtained
by passage to the limit in formula (13.a) when 6 tends to 7 and choosing the first
component as in the previous case. [0

3.2. Case when n is even. If a3 = d3, then using (*) for n = mf and ¢ = 0y,
formula (6.b) becomes

[2d1d3 cos O + aff + d3 — (a+ B) &) sinmby = 0.
Using (3), we get
[&; — (a+ B) &, + di — dF] sinmby, =0, (6.b.1)
which gives
sinm@, =0
and
& —(a+ /)€ +d5—di =0, (3:2)

then we get
THEOREM 3.4. If ab = d3 ,the eigenvalues N\, (o), k = 1,...,n of the class of
matrices Ay, (o) on the form (1.1)are independent of the entries (a;, ¢;, i =1,..,n—1)
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and of o provided that condition (2) is satisfied and they are given by

b+ \/d? +d3+2didycosO, k=1,...m—1,

b—\/d? +d2 +2dydzcos by, k=m,....2m — 2,

Ak . (a+ ) +1/(a— B)* + 4d? (17)

9 ) :nf]-a

(a+B) —\/(a— B)* + 4d?
2 b)

b+

=nNn.

t
The corresponding eigenvectors u®) (o) = (ugk) (o), ey ul® (0)) yk=1,..,n—2 are
given by

(b — A — B) sin(2=L=1)0,, — 52—; sin(2=L=1)0y, j is odd,
\/ﬁ [dyd sin(252 +1)0), + (d3 — B(b— ) sin ”%jt?k} , jeven

(17.a)
where p; (o) , j=1,...,n is given by (1) and

2k _
“n k/’ = 1,...,m— 17

Or =
2(k—m+1)7 k

n =m,...,2m— 2.

The eigenvectors u»~V) (o) and u'™ (o) associated respectively with the eigenvalues
An—1 and A, are given by formula (13.b), where 0 is given by (3), (3.1) and (3.2).

Proof. Formula (17) is a consequence of (6.b.1). The eigenvectors are a conse-
quence of formula (13.b) by choosing

d
(b—Ax — () sin 50y — Bd—l sin(§ — 1)fy, when j is odd,
2

d
(b—Ax — () sin 50 — ﬂd—; sin(§ — 1)0x, when j is even.
When a = —f = +dy, then, using (**), formula (6.b) gives

2d1ds cosmf = 0, (6.b.2)

then we have
THEOREM 3.5. If @ = —f = +da,the eigenvalues A\ (o), k = 1,...,n of the
class of matrices A, (o) on the form (1.1)are independent of the entries (a;, ¢;, i =
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1,..,n—1) and of o provided that condition (2) is satisfied and they are given by

b+ /d? +d2 +2didacos Oy, k=1,...,m,
Py (18)
b—/d? +d3+2didacosOy, k=m+1,...n,

¢
The corresponding eigenvectors u® (o) = (ugk) (0),...,u7(1k) (a)) , k=1,.,n are
given by

(b — A — do) sin(2=L=1)0), — dy sin(2=L=2)0y, j is odd,

) (o) = p; (o) | |
didasin("52 + 1)0;, + [d3 — da (b — Ai)] sin 25204, j is even,
(18.0)
when o = —fF = —ds and

" (b — A + do) sin(2=L=1)0), + dy sin(2=L=2)0y, j is odd,
P (0) = p, () | |
didy sin(“52 + 1)0; + [d% +da(b— )\k)} sin *52 0y, j is even,

(18.h)
when o = —f3 =dy where p; (o) , j=1,....,n is given by (1) and
M7 E=1,...m,
O =
Wv k=m+1,..,n.

Proof. Formula (18) is a consequence of (6.b.2).The eigenvectors are a conse-
quence of formula (13.b) by choosing

S (b—Ax —dz)sin 560y, — dy sin(§ — 1)fy, when j =21 41
ng) = (7\/ d1d2)

\/ d1d2 [(b — )\k — dg)Sin%Gk — d1 sin(% — 1)91& ,Whenj = 2]
when aa = —f = —ds

S (b— Ak +dz)sin §0y + dy sin(§ — 1)0y, when j = 21 41
ng) = (7\/ d1d2)

v/ dids [(b — Ak +d2)sin 50y + dy sin(5 — 1)019} ,when j = 21
when aa = —0 =dy. O

4. Case when didy = 0. In this case, we have proved in S. Kouachi [6], the
following.

PROPOSITION 4.1. When dids = 0,the eigenvalues A\ (), k = 1,....,n of the
class of matrices A, (o) on the form (1.1) are independent of the entries (a;, ¢;, i =
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1,..,n—1) and of o provided that condition (2) is satisfied and their characteristic
polynomials are given by

G dg)%’1 (€ — ) (&% — B¢ — dB) , when n is odd;
A, = (19.a)

(& - d%)gi1 (€% — (a+ B) &+ aB) , when n is even,

when di =0 and

(&2 - d%)%71 (&= B) (€* — a& — d?) , when n is odd;
A, = (19.b)

(52 — d%)%_2 (52 —aé — d%) (52 — B¢ — d%) , when n is even,

when dy =0, where £ =Y s given by (3)

An immediate consequence of this proposition is

PROPOSITION 4.2. If dids = 0,the eigenvalues A\, (o), k = 1,...,n of the class of
matrices Ay, (o) on the form (1.1)are independent of the entries (a;, ¢;, i =1,..,n—1)
and of o provided that condition (2) is satisfied:
1) When a = 8 =0, they are reduced to three eigenvalues

{b+tds, b}
when di = 0 or when n is odd and dy =0
{bxd;, b}
and only two eigenvalues
{b+di}

when n is even and do = 0.
2) When a#0 or 8 # 0, they are reduced to five eigenvalues

1 1
:{ b+dy, b—a, b—§ﬁi§\/52+4d§}

when n is odd and di = 0, five also

11
{bidl,bﬂ, biai?/a2+4d§}

when n is odd and dy = 0, four
{b+ds,b—a, b—(}

when n is even and d; = 0 and siz eigenvalues

1 1 1 1
N _ 2 2 _ = - 2 2
{bidl,b 2ai2\/a +4d2, b 25i2\/5 +4d1}
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when n s even and do = 0.

t
8) All the corresponding eigenvectors u*) (o) = (ugk) (o), ...,u%k) (U)) ,k=1,..,n

are are simple and given by
3.1)When Ay is simple

n—j

[(b )’ dg} , when j is odd,
,n s odd,

n—j—1

[(b — ) - d%} ’

(b— Ag), when j is even,
k
uf () = v; (o)

1+n—j

[(b ) d%} , when j is odd,

_ ,M 1S even,
{(b — ) - d%] ’ (b— Ag), when j is even,
(20.a)
when di =0 and
(b= ) [(b ) dﬂ 7 when j is odd,
,n 1S odd,
n—j—lJrl
[(b — ) = dﬂ , when j is even,
k
i (o) = v (o)
(b — M) {(b ) dﬂ , when j is odd,
,M 1S even,
n—j
[(b — o)’ = dﬂ , when j is even,
(20.5)

when dy =0, j=2,...,n and k=1, ..., n,where

vj (o)

3.2) When Ay is multiple, then all the components are zero except the last four ones
at most and which we calculate directly.

Proof. The expressions of the eigenvalues are trivial by annulling the correspond-

ing characteristic determinants. Following the same reasoning as the case didy # 0,
by solving system (7), we get the expressions of the eigenvectors by formulas (13)

(1" gy, G =2,

AR
uEk) (0) = (=1)"""v; (0) u(lk) % ,j=2.,nand k=1,..,n,
Anfl
where [[ .]] denote the reduced fraction.
m—2 .
" (& —d3)" " (& — d3) (€ — B, — d3) ,when n = 2m + 1 is odd,
An—l =

2

(& - d%)m_ & — 0B) (fi — d3) ,when n = 2m is even,
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when d; = 0 and

(fi — d%)m_1 ({i — ﬁf)k ,when n = 2m + 1 is odd,

Ank—l =
(& - d%)m_Q &, (€ — BE, — d?) ,when n = 2m is even,
when dy = 0.
(€2 - dg)’%j—2 (& — d3) (&% — B&x — d3) , when j is odd,
n is odd,
i1

o @-a) 1 & (&8 — BE), — d3) , when j is even

n=j n—j—1_

(gi _ d%) 7 1 (&, —B) (fi - d%) , when j is odd,
‘ n is even,
(fi — d%)TJ_1 (fi — [¢;,) , when j is even,
when d; = 0 and
(6 —d2)™ " (€} ~ BE,) . when j is odd,
n is odd;
n—j—1 _

0 (& —dt) = (6~ B) (€ — ), when j is even
A L=

n—j —j—1

(gi o d%)Tl 1 gk (5% _ ﬁgk — d%) , when j is odd,
. n is even,
(’fi . d%)T—Q (fi —d3?) (& — B&, — d?), when j is even

when dy = 0. Then, when d; = 0, we have

(5% — dg)% , when j is odd,
_ n is odd,
® o (fi — d%)T &), when j is even
u (0) = (-1)" v, (0) ,
(& —d3) * , when j is odd,
‘ n is even.
({i — d%)T &, when j is even,

j=2,...,nand k =1,...,n. By putting j = n, calculating ugk) according to u%k) (o)

and choosing

u%k) (0) = agy o, 15
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we get (20.a).
Following the same reasoning as in the case when d; = 0, we deduce (20.b). O
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