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SPECIAL FORMS OF GENERALIZED INVERSES OF ROW BLOCK
MATRICES*
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Abstract.
Given a row block matrix [ A, B], this paper investigates the relations between the generalized

A
B-
and B~. The first step of the investigation is to establish a formula for the minimal rank of the

difference [A, B]™ — {A7

inverse [A, B]~ and the column block matrix } consisting of two generalized inverses A~

B- }, the second step is to find a necessary and sufficient condition for
A-

B-
of matrices are taken into account.

[A, B]” = { } to hold by letting the minimal rank be zero. Seven types of generalized inverses
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1. Introduction. Let C™*™ denote the set of all m x n matrices over the field of
complex numbers. The symbols A*, r(A) and Z(A) stand for the conjugate transpose,
the rank, the range (column space) and the kernel of a matrix A € C"™*™ respectively;
[A, B] denotes a row block matrix consisting of A and B.

For a matrix A € C™*™, the Moore-Penrose inverse of A, denoted by Af, is the
unique matrix X € C"*™ satisfying the four Penrose equations

(i) AXA=A4,

(i) XAX =X,

(i) (AX)* = AX,

(iv) (XA)*=XA.
For simplicity, let B4 = I,,, — AAT and F4 = I,, — AT A. Moreover, a matrix X is called
an {i,...,j}-inverse of A, denoted by Al7) if it satisfies the i, ..., jth equations.
The collection of all {i,...,j}-inverses of A is denoted by {A(7)}. In particular,
{1}-inverse of A is often denoted by A~. The seven frequently used generalized
inverses of A are AN, A2 A(1.3) - A(1L4) - 4(1,2.3) - 4(1.2.4) apnd AL34) which have
been studied by many authors; see, e.g., [1, 2, 5, 11]. The general expressions of the
seven generalized inverses of A can be written as

(1.1) A” =AM L FAV + WEy,,
ALY = (AT 4 FuV)A(AT + WEA),
A3 — At 4 FaV,
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(1.4) AGY = AT L WE,,
(1.5) A28 — At L PV AAT
(1.6) AL — AT L ATAWE,,
(1.7) AL3Y = AT L FAVEa,

where the two matrices V' and W are arbitrary; see [1]. Obviously,

{A(1’3’4)} C {A(l,g)} c {A_}, {A(1,3,4)} C {A(174)} C {A‘},
{A(Lz,g)} C {A(LQ)} C{A}, {A(1,2,4)} C {A(Lz)} c{A},

{A(1,2,3)} C {A(l,g)} c {4}, {A(1,2,4)} C {A(174)} c{A}.

One of the main studies in the theory of generalized inverses is to find general-
ized inverses of block matrices and their properties. For the simplest block matrix
M = [A, B], where A € C™*" and B € C™**_ there have been many results on
its generalized inverses. For example, the Moore-Penrose inverse of [ A, B]! can be
represented as

_ [A*(AA* + BB*)t

which is derived from the equality Mt = M*(MM*)t. Another representation of
[A, B]" in Mihalyffy [4] is

(4, B]f = (I, + TT*)~'( At — ATBSt)
’ T T, +TT*) (AT — ATBST) + ST |
where S = E4B and T = A'BFs. Moreover, it can easily be verified by definition
that
(A—BB~A)~(I,, — BB™) _
{[ B~ —B-A(A— BB~ A (I, — BB-) | [ < A BI™}
A= —A"B(B—-—AAB) (I, — AA™) _
H (B — AA=B)~(I,, — AA") <Al4, B
(EBA)T (1,2,4) At — ATB(EAB)T (1,2,4)
[BT—BTA(EBA)T €{[4, B] |3 (EAB)! e {[A, B] }

hold true.
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It has been shown that the rank of matrix provides a powerful tool for charac-
terizing various equalities for generalized inverses of matrices. For example, Tian [9]
established the following three equalities:

(1.9) r<[A,B][A,B][gT][A B]) = r[A, B]+ 2r(A*B) — r(A) — r(B),

(1.10) r([A, B]f - {g”) — r[AA*B, BB*A|,
(1.11) r([A, B]T{gigm) — r(A) +r(B) — (A, B).

T
Let the right-hand side of (1.9) be zero, we see that [gT] € {[4, B] "} if and only

if r[A, B] = r(A) + r(B) — 2r(A*B). However, the inequality [ A, B] > r(A4) +
r(B) — r(A*B) always holds. Hence r[ A, B] =r(A) + r(B) — 2r(A*B) is equivalent
T
to A*B = 0. Let the right-hand side of (1.10) be zero, we see that [A, B]f = [gT]
if and only if A*B = 0. Let the right-hand side of (1.11) be zero, we see that

; (EgA)t] . . .
[A, B]" = (BB if and only if r[A, B] = r(A) + r(B). Motivated by these
A
results, we shall establish a variety of new rank formulas for the difference
o Ald)
(#5-0) _
[A, Bt [Bu,m,j)} :

and then use the formulas to characterize the corresponding matrix equalities for
generalized inverses.

Some useful rank formulas for partitioned matrices due to Marsaglia and Styan
[3] are given in the following lemma.

LEMMA 1.1. Let A€ C™*" B e C™*F C € C™" and D € C**F. Then

(1.12) r[A, Bl =r(A) +r[(IL, — AA7)B]=r(B)+r[(I, — BB~ )A],

(1.13) r{ g] = r(A) +r[O(L, — A=A)] = +(C) + [ A(I, — C~C)],

(1.14) {g lg] r(B) + (C) +1[(Ln — BB )A(L, — C~C)].
If #(B) C #Z(A) and Z(C*) C Z(A*), then
(1.15) [ 4 g} — r(A) + (D — CA'B).

Applying (1.15) and A*(A*AA*)TA* = AT (see Zlobec [12]) to a general Schur
complement D — C AT B gives the following rank formula:
A*AA* A*B

(1.16) r(D—-CA'B)=r { CA* D ] —r(A).



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 13, pp. 249-261, November 2005
www.math.technion.ac.il/iic/ela

252 Y. Tian

This formula can be used to find the rank of any matrix expression involving the
Moore-Penrose inverse. In fact, the equalities in (1.9), (1.10) and (1.11) are derived
from (1.16).

Because generalized inverse of a matrix is not necessarily unique, the rank of a
matrix expression involving generalized inverses of matrices may vary with respect
to the choice of the generalized inverses. Suppose f(Ay,...,A,) and g(By,...,B,)
are two expressions consisting of generalized inverses of matrices. Then there are
Al,..., Ay, By, ..., By such that f(A,...,A)) =g(By,...,B;) if and only if

B min [ f(AL, . A)) —9(Br, . B ) =0.
AT ..., Ay BT ,...B;

One of the simplest matrix expressions involving a generalized inverse is the Schur
complement D — CA~B. In Tian [10] a group of formulas for the extremal ranks
of the Schur complement D — C A7) B with respect to A7) are derived. The

following lemma presents some special cases of these formulas.
LEMMA 1.2. Let A € C™*™ and G € C"*™. Then

(1.17) rﬂinr( G)=r(A—-AGA),
(1.18) min r( A2 @) =max{r(A— AGA), r(G) +r(A) —r(GA) — r(AG) },
(1.19) min r(AL3) — @) =r(A*AG — A*),
(1.20) min r(AY — @) = r(GAA* — A*),
A* A*
. (1,2,3) _ * A% .
(1.21)Ar(?121}s)r(A G)=r(A"AG A)Jrr{G] T[AG],
(1.22) min, r(AR2H Q) =r(GAA* — A" ) +r[ A%, G| —r[A*, GA],
(1.23) min_ r(AL3Y _ @) = r(A*AG — A*) + 7(GAA* — A*) —r(A — AGA),
A(1,3,4

A*AA* A

(1.24) r(AT - @) = r{ e G ] —r(A).

Let the right-hand sides of (1.17)—(1.24) be zero, we can obtain necessary and
sufficient conditions for G € {A~}, {AG2)} {AT3) LAGDY L4023 L0241
{A03NY and G = AT to hold. If A and G in (1.17)-(1.24) are taken as matrix
products, matrix sums and partitioned matrices, then many valuable results can be
derived from the corresponding rank formulas.

Some other rank formulas used in the context are given below:

(1.25) %DT(A_BXC):r[A,BHr[é}—r{é ﬂ

where A € C™*" B € C™** and C € C'*"; see Tian [8]. In particular,

(1.26) rr}}nr(AfBX):r[A,B]fr(A):'r(BfAATB).
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The formula for minimal rank of A — B1 X107 — B2 X3Cs is

A
(1.27) min ’I“(A - B1 X071 — BQXQCQ) =r|C; | + ’I“[A7 By, Bg] + max{ r1, T9 },
X11X2 CQ
where
A BlofA B B G
1= - - 1 )
Cy 0 Cy 0 0 0 |
ner[d B4 B B LG o,
2 = - - 1 )
ci 0 ci 0 0 0 |
see Tian [6]. The following is also given [6]:
. _ A B A
(1.28) IBLHT(CA B)—?“|:C 0} _T[C] —r[A, B]+r(A).

2. Main results. We first establish a set of rank formulas for the difference

[A, B](Z,,,,,]) — |:BT

i
THEOREM 2.1. Let A € C™*" B € C™** and let M = [A, B], G = [A } i

Bt

Then

(2.1) minr(M~ —G) =r(M) + 2r(A"B) —r(4) - r(B),
(2.2) min r(M®? —G) =r(M) +2r(A*B) — r(A) — r(B),
(2.3) min r(M M3 — G =r(M)+2r(A*B) — r(A) — r(B),
(2.4) min r(M(l 4 — @) =r[AA*B, BB*A],

(2.5) Mr(r}lz)nm 7“(M(1 G)=r(M)+2r(A*B) —r(A) —r(B),
(2.6) min r(M®2 — Q) =r[AA*B, BB*A],

M(1,2,4)

(2.7) M%§£4)T(M<134> G)=r[AA*B, BB*A],

(2.8) r(M'— @) =r[AA*B, BB*A].

Hence

(2.9) Ge{M }&M =Ge A*B=
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Proof. Applying (1.17) to the difference M~ — G gives

(2.10) rﬁi}lr(M*fG):r(MfMGM),

where
M —MGM =M — (AA" + BB" )M = —[BBTA, AATB].
It is shown in [9] that
(2.11) r[BBTA, AATB] =r[ A, B]+ 2r(A*B) — r(A) — r(B).
Substituting (2.11) into (2.10) yields (2.1). Applying (1.18) to M2 — G gives

Azrgr;) r(MI? —G) =max{r(M — MGM), 7(G) 4+ r(M) —r(GM) —r(MG)}.

It is easy to verify that

1@ =r| o | =, @ =o(| 5|14, B1) = o)

r(MG) =r(AA" + BBT) = [ AAT, BBT]| = r(M).
Hence,

min (M3 —G)=r(M - MGM ) =minr(M~ —G).
M(1,2) M-

Applying (1.19) to M3 — G gives

min (M3 —G) =r(M*MG — M*),
M(1,3)

where

M*MG_M*:[A +ABB}_[A }:{ABB

B* + B AAT| T | B B*AAT] =[BB'A, AA'B]".

Hence, (2.3) follows from (2.11). From (1.20)

min 7( M —G) =r(GMM* — M*),
M(1,4)
AtBB*

where GMM* — M* = {BTAA*

} . Hence

= r[AA*B, BB*A],

T * * *
T(GMM*M*)T|:A BB ] T[A BB }

BfAA* B*AA*

establishing (2.4). Equalities (2.5)—(2.7) can be shown by (1.21)—(1.23), and details
are omitted. Eq.(2.8) is (1.10). O
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AG,5) '
B(i,m,]‘):| are given below.

THEOREM 2.2. Let A € C™ ™ and B € C™** and let M = [A, B]. Then

A set of rank formulas for the difference [ A4, B]T — [

(2.12) min_ r(MT - {g ) = 2r(A) + 2r(B) — 2r(M),
(2.13) o gug(l ) T(MT giz; ) = )+ 2r(B) —2r(M),
(2.14) m B(H)r<MT ;‘22 ) — r[BB*A, AA*B),

(2.15) o B(M)T<MT 2212 ) — 20 (A) + 2r(B) — 2r(M),
(2.16) Augg{l’ig(lg,g)?’(MT ;‘ﬁw) ) r[BB*A, AA*B],
(2.17) A(ngl’ig(l,zmr(MT _gﬁzi) ) = 2r(A) 4 2r(B) — 2r(M),
I (MT - 2222) — r[BB*A, AA*B].
Hence,

(a) There are A= (A2, AL29) gnd B= (B2 BU2A)Y sych that

A- A(1,2) A(1’2’4)
=[] (=[50 ] 20 = [ s ])

=r(A) +r(B), i.e., Z(A) N Z(B) = {0}.
(1,23) - A3 gnd B3 (B1:23) BUL3A)Y sych that

A13) A(1,2,3) = A(1,3,4)
B(1,3) B1.23) | = | gp(1.3.4)
if and only if A*B =0

Proof. From (1.1)

A~ At + FuVi + WL E
T _ gt AVl 1404
M {B—] M [BTJFFBVQ+W2EB

- MT . AT . FA 0 ‘/1 o WIEA
- Bt 0 Fp||Ve WoEp |’
where Vi, Wy, Vo and Wy are arbitrary. From (1.26)
At Fya 01V W1LE
. t | Fa 1| 1E4
ey (o= [] =[5 5[] - [wi])

A1 s (- [51]- [WE2)))

if and only if r(M)
(b) There are A3 (Al

(2.19)
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T T
ol AT B ATAW1EA
B B"BWyEp
At AtA 0
_ T
(=[] - [ e | 0 ).

T T
Let N = {A ], P = [A A} and P, = { 0 } Then applying (1.27) gives

Bf 0 BB
(2.21) min r(M" — N — P,W,Ea — P,W,Ep)
1, 2
Mf—N
:T[MTfN, Py, P+ E4 + max{ry, ra},
Ep
where
S 3
Mi-N P MY{—-N P P, M N B
r=r E 0 - E 0 0 —r Ea 01,
B B I Ep O_
= -
M —N P, M —N P P M'—-N P,
ro =7 —-r —r Ey 0
E4 0 Ea 0 0
L EB O_

Substituting (1.8) into the eight partitioned matrices in (2.21) and simplifying by

(1.12), (1.13) and (1.14) give us the following results:

Mt —N
r[MY— N, P, P,]=r(A) +7(B), r E4 =m+r(4)+r(B)—r(M),
Ep
[MT—-N P M —N P P
7“_ Ex 0]—771—i—2r(A)—7“(M)7 r[ Ep 0 0 =m+r(A),
[MT—-N P i
r E4 0|=m+r(4), r M'—-N B =m+2r(B) — r(M),
E4 0
| Ez 0
- Mt —N P
T 2
P MNP BBy, vl Ba 0| =mtr(B).
Ea 0 0
- E4 0

The details are quite tedious, and therefore are omitted here. Substituting these eight

results into (2.21) and then (2.21) into (2.20) yields (2.12). From (1.3)

A(1’3) AT + FAV flJr Fy 0 V
T_ — T_ L - T_ _ 1

where V; and V5, are arbitrary. Applying (1.26) to this expression gives

o[ AJED ALY ol )
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=r(M"— N)
— ¢[BB*A, AA*B] (by (1.10)),

as required for (2.14). From (1.4)

A4 At + W E
t_ - Mt _ 124

—Mion— | WiE4 — 0 W1Eg,
0 Iy

where W7 and W5 are arbitrary. Applying (1.26) to (2.23) and simplifying by (1.12),
(1.13) and (1.14) yield (2.15). The details are omitted here. Observe that

. i AL3) ) ; A(1,2,3) ;
A M e )< iy MM puas | ) < TN
B(1.3) B(1,2,3)

and

. i A1,3) ) ; A1,3,4) ;
A M pas | ) < i TAMT S | paas | ) <r(MT=N),
B(1,3) B(1.3,4)

Applying (1.10) and (2.14) to these two inequalities gives (2.16) and (2.18). From
(1.6)

A(1.2.4) At + AV AW E
. I 1E4
(2.24) M [3(1,2,4)} = [BT T BTBWQEB:|

ATA 0
=M'-N - [ 0 }W1EA {BTB]W2EB;

where Wy and Wj are arbitrary. Applying (1.27) to (2.24) and simplifying by (1.12),
(1.13) and (1.14) yield (2.17). Also note that

A- A(1,2) A2,
. t . T : T
R T I e G Pt ) R S G et

B(1.2) B(1,2,4)

Applying (2.12) and (2.17) to this gives (2.13). O

(i) | ACD
Some rank formulas for [ A, B]\"7) — Blird)

THEOREM 2.3. Let A € C™ ™ and B € C™** and let M = [A, B]. Then

] are given below.

(2.25) min T(M— - [g_D — +(A) +r(B) — r(M),



Electronic Journal of Linear Algebra ISSN 1081-3810
A publication of the International Linear Algebra Society
Volume 13, pp. 249-261, November 2005
www.math.technion.ac.il/iic/ela

258 Y. Tian

. A3 ] *
(2.26) . 151(1112) s r(M(1a3) _ [B<1’3> ) =r(M) +2r(A*B) —r(A) — r(B),

A4 T
. (1,4) _ _
(2.27) M, 213}2), b r(M {B(l"l) ) =r7r(A) +r(B) —r(M),

2.28 i a2 _ [ASZIN oA B) — r(A) — (B
22y B | ) =T+ 2(4B) = ()~ 1 (),
A(1,23) p1,2,3) _

Hence,
(a) The following statements are equivalent:

(i) There are A~ and B~ such that {g_ e{M~}.
A4 T
(ii) There are A4 and B4 such that B | € {MODY,
(i) Z2(A)N%(B) = {0}. ) )
(b) The following statements are equivalent:
C A(13)
(i) There are AY3) and BY3) such that 2(1’3) e (M3},
C [AM23)
(ii) There are A23) and BL23) such that {2(172’3)] e {M®:23)1,
At
(iii) Mt = Bt
(iv) A*B =0.

Proof. From (1.17)

sl [ {f o),

Expanding the difference on the right-hand side of (2.29) yields

A

M-M [B ] M =[BB~A, AA"B]=[BB'A, AA'B] + [BW,EgA, AW,E,B],

where W7 and Wy are two arbitrary matrices. Applying (1.27) to the right-hand side
and simplifying by (1.12), (1.13) and (1.14) give us

: A~
(2.30) A{I{lgf r(M - M [B } M)
= min 7( [BBTA, AATB| + [ BViEpA, AW,EAB])
=r(A) +r(B) —r(M).

Combining (2.29) and (2.30) results in (2.25). Eqgs.(2.26), (2.27) and (2.28) can be
shown by (1.19), (1.20), (1.21) and (1.27). The details are omitted here. O
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To find
(1,2) (1,2,4)
min T(M(LQ)_ |:A(12):|>7 mln T(M(172’4)_ [A(124):|>7
M(1:2) B A(L2.4) B2
A1) a2 AL24) p(1.24)
A(1’3’4)
. (1,3,4) _
T Gl Pt}

A13.4) B(1.3.4)

a formula for the minimal rank of A + B1XC1 + B2X2C5 + B3 X3(C3 with respect
to X1, Xo and X3 is needed. However, such a formula has not been established at
present; see [7].

In addition to [é—

for some matrices X and Y.
THEOREM 2.4. Let A € C™" B € C™*k X ¢ CH>*™m Y € C"™™, and let
M =1[A, B]. Then

pon wur(ar- a4 ]ar) (o 1] 3]0

=r[A, B]+r(A*B) —r(A) — r(B).

} , [A, B] may have generalized inverses like [1;1(_ ] or {B}/_ ]

Hence the following statement are equivalent:

:
(a) There is X such that [1;1(} e{M}.

(b) There is Y such that [; e{M}.

(c) r[A, Bl =r(A) +r(B) —r(A*B).
Proof. Applying (1.25) and simplifying by elementary block matrix operations

give us
. Af
m)%nr(M—M [X}M)
:n}}nr([o, B— AA'B] - BX[A, B))

— AAf — AAf
:r[B—AATB,B]—i—r[O B AAB}_ [o B-AA'B B

A B A B 0
r[AATB,BHrH g}r{g 2 jg]

=r[AA'B, B] — r(B)

=r[AA'B, (I, — AA")B] —r(B)

=r(AA'B) +r[(I,, — AAT)B] —r(B)

=r[A, B]+r(A*B) —r(A) — r(B).
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Equality
n}}nr(M M {éﬂ]M) — r[A, B] +r(A*B) — r(A) — r(B)

can be shown similarly. The equivalence of (a), (b) and (c) follows from (2.31). O
THEOREM 2.5. Let A € C™*" B ¢ C™*k X ¢ Ck*™ Y € C™™, and let

= [A, B]. Then
o oo a4 Tar) < (0 Jar) <o

Hence,

(a) There are A~ and X such that {/}X] e {M~}.

(b) There are Y and B~ and such that [ Y_ e {M~}.

B
Proof. Applying (1.25) and simplifying by elementary block matrix operations
give us
(2.33) minr( M- |2 |
X X

:nﬁnr([o, B — AAB| - BX[A, B])

_r[B—AA—B,B]H[O BAAB}_ [o B-AA"B B

A B A B 0

[AA™B, B] —r(B)

[AA™B, (I, — AA™ )B] —r(B)
(AA™B) +r[(In, — AA™ )B] —r(B)
(AA™B)+r[A, B] —r(A) —r(B).
Also from (1.28)

= N A |

rﬂ{nr(AA*B) =r(A)+r(B) —r[A, B].

Combining this with (2.33) leads to

min T(M—M|:A ]M) =0.
A X X
The second equality in (2.32) can be shown similarly. O

Minimal rank formulas for column block matrices can be written out by symmetry.
They are left for the reader. Some other topics on minimal ranks of generalized
inverses of row block matrices can also be considered, for instance, to find the minimal
ranks of

()
(EpA)tid) o =
-)] and [Aq, ..., Ap](”""J) - ,

(4,0) _ )
[A7 B] |:(EAB)(Z,,] ’ )
prw]
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and then to use the minimal ranks to characterize the corresponding matrix equalities.
For 2 x 2 partitioned matrices, it is of interest to establish minimal rank formulas
for the differences

A g1l Asend)  Olisesd) A4 B9 AGssd) i)
c 0 | BGsd) 0 ’ C D T | BGnd)  pGoend) |

It is expected that the rank formulas obtained can be used to characterize the corre-
sponding equalities for generalized inverses of 2 x 2 partitioned matrices.
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