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PROPERTIES OF A COVARIANCE MATRIX WITH AN
APPLICATION TO D-OPTIMAL DESIGN*

ZEWEN ZHUT, DANIEL C. COSTER', AND LEROY B. BEASLEY'

Abstract. In this paper, a covariance matrix of circulant correlation, R, is studied. A pattern of
entries in R~! independent of the value p of the correlation coefficient is proved based on a recursive
relation among the entries of R~1. The D-optimal design for simple linear regression with circulantly
correlated observations on [a, b] (a < b) is obtained if even observations are taken and the correlation
coefficient is between 0 and 0.5.
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1. Introduction. D-optimal experimental designs for polynomial regressions on
the interval [—1, 1] with uncorrelated observations have been developed; see [4], [9].
However, in the presence of correlations among the observations within each block
of the design, these known designs for uncorrelated observations may be inefficient.
Atkin and Cheng [1] obtained D-optimal designs for linear and quadratic polynomial
regression with a balanced, completely symmetric correlation structure involving a
single correlation parameter, p. From the results they obtained, we see that D-
optimal design in this setting did not always match the known D-optimal designs with
uncorrelated observations. Similarly, Kiefer and Wynn [7] studied block designs with
a nearest neighbor correlation structure. Properties of the covariance or correlation
matrices impacted the optimal designs. In this paper, we consider another correlation
structure, that of observations circulantly correlated with the common correlation,
and we derive a specific algebraic structure for the inverse of the correlation matrix,
which leads to D-optimal simple linear regression design for the observations with the
specified correlation structure.

In a statistical linear regression problem with observations y1,ys, ..., y, at points
Z1,%2,...,ZTy, which are in a compact region, the statistical model is

y; = BTE(E;) + ¢,

where the €;’s are random errors and the variances and covariances among the obser-
vations or the random errors are assumed to be

o2 ifi=j,
(1.1) cov(yi, yj) =4 o’p ifli—jl=1or|i—jl=n-1,
0 otherwise,
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i.e., the observations are correlated circulantly. The covariance matrix of the obser-
vations will be 02 R, where matrix R is defined as

1 p O 0 p
p 1 p 0 0
0 p 1 0 0
(1.2) R =
oo o0 --- 1 p
L p 0O 0 - p 1]

In regression design and analysis, the covariance matrix of the observations plays a
vital role, forming part of information matrix, M = X7 R~'X, where

— —

X = [f(X1), £(X2) ..., £(X,0)]

is the design matrix.

This paper derives D-optimal simple linear regression designs with circulant blocks
and a correlation structure given by (1.2). Specifically, we show that, in contrast to
the uncorrelated case, D-optimality depends not only on the values of the support
points, but also on the order of these points. More significantly, the result is shown to
hold for any correlation p, 0 < p < 0.5, for even block size, and is thus not constrained
by nor dependent upon the value of p itself. The generality of this D-optimality is
a consequence of the pattern of signs of the entries of R~!. Section 2 contains some
properties of circulant matrices and a recursive relation among the entries of R7!.
The critical result detailing the signs of these entries, for —0.5 < p < 0.5, is presented
in Section 3. Section 4 provides the derivation of the values and order of the support
points of a D-optimal design, and examples are given.

2. Preliminary properties. Denote a circulant matrix

C1 Ca C3 -+ Cp—1 Cn
Cn Ci €2 -+ Cp—2 Cp-1
Cph—1 Cp C1 ++° Cp-3 Cp-1
C =
L C2 C3 Cy R Cp, C1 1
by
C =cir(ci,ca,¢3,...,¢n).

Obviously, R is a circulant symmetric matrix. So is R~ if the inverse of R exists. If
the correlation coefficient p is restricted to (—0.5, 0.5), which is the interval we are
interested in, the inverse will exist. We denote it by

-1 .
R™" = cir(vi,v2,v3,...,0),
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where vy, vs, ..., v, are the entries of the first row. For the entries of the first row of
R~1, the following relations (2.1), (2.2), and (2.3) hold.

(21) Vi = Un—i+2,
where i = 1+ [(5)],...,m;

1—’01
2p

(2.2) = ;

and for 2 <4 <1+ |(3)],

_ V(i—1) + PUG-2)

2.3 v; =
(2.3) P
Define matrix L to be
(1 p O 0 0]
p 1 p 0 0
0 p 1 0 0
L =

000 --- 1 p
100 0 -+ p 1]

Assume that D,, is the determinant of L with dimension n x n. L is a Jacobi matrix.
From [5], we can find the following relation for the determinants of L matrices,

(2.4) D, =D,_1 — p*Dy_o,

where D,,_1 and D,,_, denotes the determinants of L’s with dimensions (n—1)x (n—1)
and (n — 2) x (n — 2), respectively. By matrix operations we find that

(2.5) det R= D, 1 —2p*D,_o —2(—1)"p"
and
Dn—l
2.6 =
(2:6) v det R

If we apply the relations (2.2), (2.3), (2.4), (2.5), and (2.6) for different correlation
coefficients, p, and block size n. We obtain the first 1+ [ ] entries of the first row of
R~!. Examples are shown in Table 2.1.

From Table 2.1 the following patterns about these entries emerge.

(1) for positive p between 0 to 0.5, the odd entries are positive , the even entries
are negative.

(2) for negative p between —0.5 to 0, all the entries are positive.

These patterns depend only on the sign of p. They do not depend on the specific
value of p and the number of the observations.
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TABLE 2.1
The first (14 |5 ]) entries of the first row of R!

n(# observations) | p (corr. coef.) | v11, v12,. .., V114 |2 ) (entries)
4 0.4 1.8889, -1.1111, 0.8889
4 -0.4 1.8889, 1.1111111, 0.8889
5 0.4 1.5657, -0.7071, 0.2020
5 -0.4 1.7742,0.9677, 0.6452
7 -0.2 1.0911, 0.2278, 0.0480 , 0.0120
7 0.2 1.0911,-0.2276, 0.0471, -0.0078
8 0.2 1.0911, -0.2277, 0.0476, -0.0104, 0.0041
8 0.2 1.0911, 0.2277, 0.0476, 0.0104, 0.0041

THEOREM 2.1. Assume that a matriz S is invertible and all its row sums equal
o, then its inverse, S~1, has all row sums equal to 1/o.

Proof. Assume that vector I is a vector with all elements 1. ST = o1 since S
has row sums of 0. So S~1ST = ¢S~1, that is, ST = %I, which establishes the
theorem. O

Applying Theorem 2.1 to matrix R, we have the following result.

COROLLARY 2.2. The sum of each row or each column of matriz R~ is 1/1 + 2p.

3. Proof of Pattern in R~!. From [11] or [3] we can conclude that the eigen-
values A;’s, 7 =0,1,..., n—1, of R are given by

9
Aj = 1+2pcos(ﬂ).
n

Further we can represent the entries of R™! in terms of \;’s as follows
1 n—1
_ = —27ijk/ny—1
v = - Z; e )\j ,
=

where v;,’s are the entries of the first row of R~! and 4 is the imaginary unit. How-
ever, these existing expressions do not lend themselves to derivation of the D-optimal
design(s), in part because the D-criterion function becomes a weighted average of all
the eigenvalues, and neither the values nor the order of the support points are evident
from this weighted average. In particular, it is not clear whether optimality depends
on p. Instead, what matters is the pattern of signs of the entries of R~!. This pattern
is derived here, using the recursive relations shown in section 2.

The relation (2.4) for the determinants of L and the relation (2.3) for the en-
tries of R~ are two homogeneous second order difference equations. For the general
homogeneous second order difference equation, we have the following result from [10].

LEMMA 3.1 (Quinney). For a homogeneous second order difference equation of
the form

Yn+1 + aYn + byn—1 =0,
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where n € N, its auzxiliary equation
r+ar+b=0

has solutions r1, ro. Then the general solution form of the homogeneous second order
difference equation is

yn = Arl + Brf, ifry #re
Yn = (A‘i’nB)T"f, if 7 =To.

We can use Lemma 3.1 to derive an explicit representation of the entries of the
inverse of R.
LEMMA 3.2. The determinant of the matriz L with dimension n X n is

14+ /1 — 4p2 1—+/1—4p2
D»,L:A(fp)n-i-B(ip)”,

2

where

_ 2 _ _ 2
P Y N v e

2/1— 4p? 2¢/1 — 4p?

Proof. The auxiliary equation for the homogeneous second order difference equa-
tion (2.4) is

r—r+p>=0

Its solutions are

1—/1—4p°

and r9 = 5

1

141 —4p?
="

Now, (2.4) has initial values D; = 1 and Dy = 1 — p%. Applying Lemma 3.1, we have

A(1+\/1—4p2)+B(1—s/1—4p2
2

=1
2 ) ’

1+ /1—4p2 1—/1—4p2
A(f)2 +B(————)?=1-p

2 -

Solving the above system for A and B and applying Lemma 3.1, the proof is com-
plete. O
THEOREM 3.3. The first 1 + | 2| entries of the first row of R™' are given by
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where

A= —(1 —|—1}11)\/ 1-— 4[)2 - (1 - 4p2)’U11 -1
4p\/1 = 4p2 ’
7(14’1}11) 174p2+(174p2)’011+1

4p\/1 — 4p? ’

B=

andi=1,...,[5]+ 1.

We can use the same reasoning and procedure as we used in Lemma 3.2 to prove
Theorem 3.3. Based on the analytic forms of the entries of R~!, we have the following
theorem.

THEOREM 3.4. Assume that vi, v2, ..., vz |y1) are the first | 5] +1 entries of
the first row of R~'. Then
(1) if 0 < p < 0.5, the odd entries are nonnegative, the even entries are non-positive;
(2) if —=0.5 < p < 0, all the entries are nonnegative.

Proof. To simplify the notation, we define

—1+4/1—4p?

2p

—1—/T—4p2

d =
) an 72 2p

1=

Y

which are the solutions of the auxiliary equation of (2.3). By (2.5), we have

,],.’il _ 7”3 r;zfl o 7”;71
————=— and D, o= ——=—"o,

V1 — 4p? V1 — 4p?

where r1 and 79 are the solutions of the auxiliary equation of (2.4), which are defined
in Lemma 3.2. Thus,

D, =

n n 2(,.n—1 n—1
— 18 =2p°(r{ =1y

detR = 1
V1 —4p2

L a1y = o 4 —2(-1)7p

and

ri—ry
- Dy _ \/1—4p?
17 detR 4l —2(=1)npn

Since v1 = —r2/p and v2 = —r1/p, by Theorem 3.3

= e T ¢ (b TR
1 2r —2(=1)"p"  (-1)""'
T2 /1- 4 [TEL +rg =21 pit
—2ry —2(=1)"p" (-1)""! rim1]
ol —2(=1)npn pim1 L

(3.1) = Clry = (=1)"p")ry "+ (=r + (=1)" ")
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where C' = (=1)""1/\/1 = 4p?(r} + 15 —2(=1)"p")p" P and 1 <@ < | %] + 1. So for
0<p<05 C<O0ifiiseven, C > 0ifiis odd; for —0.5 < p <0, C > 0. If
A= [(r} = (=1)"p™)rs ™t 4 (=r5 + (=1)"p™)ri ™! is nonnegative, the theorem will be
established.

For n even,

(32) A= (07— )+ (o )

Since o < |p| < 1y for 0 < |p| < 0.5, 77 > p" and r§ < p". Thus, in (3.2), A is
nonnegative for 0 < |p| < 0.5.
For n odd,

(33) A= [+ (o — )

For —0.5 < p <0, —p™ > 0. Applying ro < |p| < r1 for 0 < |p| < 0.5, we find that A
is nonnegative for —0.5 < p < 0. But for 0 < p < 0.5, (3.3) can be represented as

A= [0+ p")r T+ (=g — oY
_ T?*(Zfl)pQ(i—m + pnréq _ T;zf(zfl)p2(i—1) _ p”rlfl

_ p2(i—1)7ﬂ§i71)[r?*2(i*1) _pn—Q(i—l)]
(3.4) +p2(i_1)r§z‘71)[_T;z%(ifl) +pn—2(i—1)]

since r172 = p2. In (3.4), A is nonnegative.
Therefore, A is nonnegative for 0 < |p| < 0.5, and the theorem is proved. O

4. D-optimal design with circulantly correlated observations. In this
section, the properties developed in the above sections is applied to the D-optimal
regression design. In linear regression with correlated observations, the order of the
regression points affects the statistical performances [12]. Exact design is considered
here. An exact design &, with a size n is a sequence of n trails x1,xs,...,x, for
support points or treatment levels/combination. The D-optimality criterion is defined
by the criterion function

P[M(&)] = —log [det M (£)].

If a design £p minimizes this criterion function, the design £p is called a D-optimal
design. Equivalently, we can maximize the determinant of the information matrix
M(€). The D-optimality is related to the volume of the confidence ellipsoid when
the estimates are normally distributed [8]. The volume of the confidence ellipsoid is
minimized by a D-optimal design.

THEOREM 4.1. Consider the linear regression model

d
y; = Po + Zﬂilﬂz‘j +¢€5,
i=1

where X; = [1, z15, T2j, ...,, zg;]T € Q, 7 = 1,2,...,n, Q is a compact region
in R4TYand y; is the observation at point X;. If correlations among errors €’s are
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defined in (1.1), then all circulant permutations of { X1, Xa, ..., X, } produce the same
information matriz.
Proof. Define € = [e1, €2, ..., €,]T. Then covle] = R; and define the matrix

X:[X1;X27"-77X7‘L]7

which is the transpose of the design matrix. The information matrix for this regression
is M = XR™'XT. Any circulant permutation of {X1, Xo,..., X, }, e.g.,

{Xn—mt1s Xn—mt2y -y Xny X1, Xoy oo o, X }

can be obtained by XP™, where the matrix P = ¢ir(0, 1,0, ..., 0). By any cir-
culant permutation of the regression points , the information matrix will be M, =
XPmR-YXP™)T. Since R~ = PmR-Y(P™)T,

M, = (XP™R Y XP™)T =X(P"RYP™XT =XR'X" =M. O

In simple linear regression on [—1,1] with uncorrelated observations, the
D-optimal design can be achieved by taking 50% of observations at 1 and —1, re-
spectively, in any order. For example, if there are 10 observations taken, then five
observations are taken at 1, and 5 observations is taken at —1, and D-optimality
is achieved. But for regression with correlated observations, the optimal design is
related with the order to take the regression points and it is possible to achieved
D-optimal design with different regression point set [12]. We obtain the following
result about D-optimality for simple linear regression on [—1,1] with circulantly cor-
related observations.

THEOREM 4.2. Consider the simple linear regression model

y; = Bo + Prxj + €5,

where j =1, ..., ,n and z; € [-1, 1]. Assume that the correlations among y;’s are
defined by (1.1) and that n is even, i.e., an even number of observations is taken, and
0 < p <0.5. Then one of the circulant permutations of

{1,-1,1,-1,...,1, -1}

n

is a D-optimal design for this simple linear regression problem.
Proof. Let

1= 1, 1,..., 1) and &= [z, 20,...,2,]7.
The information matrix of this simple linear regression is

- - ITR™'1T 1TR'%
AT p— —
(4.1) M=[1, "R, 7] = TR TRz
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The determinant of M is
det M = 1TR'TZF'R 17 — ITR'%)?
=f'ATR MR Yz - ' (VIR Y7
(4.2) =#'ATR MR- R1ITR Yz
By Corollary 2.2, (4.2) is simplified to

n—1

n
4.3 det M = FTRTE — i
(43) ¢ 112" T 1+2p ;x

It is easy to see that det M is a quadratic form of the regression points 1,2, ...,y
and that it is always nonnegative. So it is a convex function of the regression points
X1, T2, ..., Ty; see [2]. It follows that the maximum value of det M exists and it occurs
at vertices of the hypercube [—1, 1]”. So we have to take 1’s or —1’s as regression
support points to produce the D-optimal design.

We will re-index the entries of R~!. Assume that

(4.4) R'= cir(vo, V1, <.y Un—1)-
Consider
n—1 n—1
#"R7'E = v Z T + U1 Z 22,2 ((i+1)  (mod n))
i=0 i=0
n—1
+v2 Z 22T ((i42) (mod n)) T T V(1) Z 22T ((i+2-1) (mod n))
i=0
21
(4.5) +v(z) Z 222 ((i+2) (mod n)) -
i=0

We can represent (4.5) as

n—1
fTR_lf = nvg + Ul[Z(l‘i + Z((i+1) (mod n)))2 — 271}
=0
n—1

+U2[Z(Ii t Z((i+2) (mod n)))2 —2n]+ ...

n—1
o) (@ + T(+2-1) (mod )’ — 27
i=0
n_g
(4.6) Jrv(%)[z (Ti + T((i42) (mod )’ = nl.

i=0

In the determinant of the information matrix, M, equation (4.3), we can max-

n—1 2

)

imize the determinant det M by minimizing (> ., «;)* and maximizing FTR'%
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simultaneously. Take one of the circulant permutations consisting of —1 and 1, for
instance, 1,—1,1,—1,...,1,—1 as regression support points {xo, 1, ..., &, }. It is
obvious that (37" #;)? is minimized since n is even.

In (4.6), consider one term, the j-th term: v; [Z?;OI(:& +T((i1) (mod n)))> —2n].
If j is an odd number, v; < 0 by Theorem 3.4, and (i+j) (mod n) is odd if i is even;
(i+j) (mod n)isevenifiisodd. So (z; +Z((i1+j) (modn)))® =0 and the j-th term
is minimized under this arrangement. If j is an even number, v; > 0 by Theorem 3.4,
and (i + j) (mod n) is even if ¢ is even; (i + j) (mod n) is odd if ¢ is odd. So
(T + T((i45)  (mod n)))Q = 4 and the j-th term is maximized under this arrangement.
Therefore (4.6) is maximized under this arrangement and det M is maximized. By
Theorem 4.1, the proof is now complete. O

The following is a symbolic example to illustrate Theorem 4.2.

EXAMPLE 4.3. Assume that n = 6 and R~! consists of V5 > 0, V1 < 0, V3 > 0,
V5 < 0 in the following way

Vo i Vo V3 V2 W)
iVo i Vo V3 V3
Vo i, o i V2 13
Vs Vo i Vo Vi V3
Voo Vs Vo i Vo Wi
Vi Vo V3 Vo Vi W

Further assume that the regression support points are xg, x1, 2, 3, T4 and x5. So
the determinant of information matrix for simple linear regression is

5

6 1

det M = TR\ — xi)? .
1+2p (1+2p)2(iz=; )

In #T R~'%, the terms with Vi as the coefficient are
2(xox1 + T122 + T2xs + T3T4 + Tals + T5To),
which can be written as

5
Z2xi$(i+1)( (mod 6)) -
=0

We have the similar representations for the terms with the coefficients V5 and Vs, so

5 5
det M = Vo Z zii+ V1 Z 22T (i41)( (mod 6))
1=0

1+2p i=0

5 2
+Va Z 22T (i42)( (mod 6)) T V3 Z 22T (i43)(  (mod 6)))
i=0 i=0

IR SRR Y
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When g =1,21 = -1, 2o =1, 23 = —1, 24 = 1 and x5 = —1, det M is maximized.

From the analysis in this section, we know that the analytic D-optimal design
for simple linear regression on interval [—1, 1]. A natural question to ask is what the
D-optimal design is on a general bounded interval [a, b], where a < b. In such general
cases, 0 may not be a valid regression support point, or the interval may not be sym-
metric about 0. The following propositions will show that the D-optimal design with
circulant correlated observations is invariant under scaling and shift transformations.

PROPOSITION 4.4. Define f(x1, za, ..., x,) = det M, where 1, xa, ..., T, are
regression support points and M is the information matriz defined in (4.1). Then f
18 invariant under the shift transformation z = T + df, where d is a constant and
T =[21, 22, ..., x,])7. That is

flxr, zo, ... @) = f(z1+d, 20+ d, ..., x, +d).

Proof. From (4.2) we know that

n
noopo . 1 2
e = R T (1+925)2 .
f(x1, 2oy ...\ ) 1+2px T (1+2p)2(;$1)
n .
4. SThg @R
(4.7) e

so that

for+d oo td, oy +d) = 5 f2p(f+ dD)TR™Y(&@ + dI) — (T + d)TR™'T)?

=< f2p (@ R™'7 + 247" R + d*1"R™'T — [(z7 R7'1)?
+2dZT RITTRMT + d?(1TR711)?)
== +”2p (FTR'F+2d7" R + d?17R'1 — [(ZTR™'1T)?
(4.8) +1 f2p(2dfTR—1f + 1T R1T)]
- - +”2pr1%—15— (#T R~'T)2.

The equality (4.8) is obtained by the fact that TR = %2,;' Therefore
flxr, o, ..., xn) = f(r1+d, 22+ d, ..., 2, +d). This completes the proof. O
PROPOSITION 4.5. Let the same setting as Proposition 4.4 hold. Consider the
scaling transformation Z = AZ. If f(x1, za, ..., x,) has mazimum value at Ty, then
f(z1, 22, ..., 2n) has mazimum value at Zo = A\Zy.
Proof. From (4.2) we have that

f(z1, 22, ooy 2n) = f(Ax1, Axay ..y Axyp)

n ST =11y = T p—17)2
= - 1
1 +2p)\x R\ — (A" R™'1)
(4.9) = N2 _F Rz (ZTR™'T)

14+ 2p
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From (4.9), we can see that f(z1, 22, ..., 2n) = Mf(z1, 22, ..., Tn). If
f(z1, xa, ..., x,) has maximum value at Zp, then f(z1, 22, ..., 2z,,) has maximum
value at Zp = AT and the maximum value of f(z1, 22, ..., 2z,) is A% times the maxi-
mum value of f(z1, z2, ..., x,). O

ExaMPLE 4.6. Kerr and Churchill [6] describe a biological experiment using
a circulant block structure. They refer to this as a “loop” design and discuss its
statistical application and efficiency under certain conditions, although they do not
assume a common correlation of p between adjacent observations in a block. However,
if such a correlation structure were to be assumed, which would be reasonable if
“leakage” or “contamination” existed between adjacent experimental units because
of small or modest spatial separation, and for a simple linear regression model, then
Theorem 4.2 would apply, and a D-optimal design would be available.

REFERENCES

[1] J.E. Atkins and C.-S. Cheng. Optimal Regression Designs In The Presence of Random Block
Effects. Journal of Statistical Planning Inference, 77:321-335, 1999.
[2] E. Chong and S. Zak. An Introduction to Optimization. Wiley, New York, 1996.
[3] P.J. Davis. Circulant Matrices. Second Edition, Chelsea, New York, 1994.
[4] G. Elfving. Optimum Allocation in Linear Regression Theory. Annals of Mathematical Statis-
tics, 23:255-262, 1952.
[5] R.A. Horn and C.R. Johnson. Matriz Analysis. Cambridge University Press, Cambridge, 1985.
[6] M.K. Kerr and G.A. Churchill. Experimental Design for Gene Expression Microarrays. Bio-
statistics, 2:183-201, 2001.
[7] J. Kiefer and H.P. Wynn. Optimum Balanced Block and Latin Square Designs for Correlated
Observations. Annals of Statistics, 9:737-757, 1981.
[8] A. Pdzman. Foundations of Optimum Ezperimental Design. D. Reidel, Boston, 1986.
[9] F. Pukelsheim. Optimal Design of Ezperiments. Wiley, New York, 1993.
[10] D. Quinney. An Introduction to the Numerical Solution of Differential Equations. Revised
Edition, Wiley, New York, 1987.
[11] C.R. Rao and M.B. Rao. Matriz Algebra and its Applications to Statistics and Econometrics.
World Scientific, Singapore, 1998.
[12] Z. Zhu. Optimal Experiment Designs with Correlated Observations. Ph.D. dissertation, Math-
ematical and Statistical Department, Utah State University, 2003.



