Electronic Journal of Qualitative Theory of Differential Equations Spec. Ed. I, 2009 No. 6, 1–16; http://www.math.u-szeged.hu/ejqtde/

ON NONCONTINUABLE SOLUTIONS OF DIFFERENTIAL EQUATIONS WITH DELAY

Miroslav Bartušek

Masaryk University, Faculty of Science, Department of Mathematics and Statistics Kotlářská 2, 611 37 Brno e-mail: bartusek@math.muni.cz

Honoring the Career of John Graef on the Occasion of His Sixty-Seventh Birthday

Abstract

The author considers the n-th order nonlinear differential equation with delays. He presents sufficient conditions for this equation to have (not to have) noncontinuable solutions. The Cauchy problem and a boundary value problem are investigated.

Key words and phrases: noncontinuable solutions, delay, n-th order differential equations.

AMS (MOS) Subject Classifications: 34K10, 34C11

1 Introduction

In the paper we study the problem of continuability of solutions of the n-th order differential equation with delays of the form

y^{(n)} = f ( t, y(τ_0), . . . , y^{(n−1)}(τ_{n−1}) ) (1) where n ≥ 2, f is a continuous function defined on R_+ × R^n, R_+ = [0, ∞), R = (−∞, ∞), τ_i ∈ C^0(R_+) and

τ_i(t) ≤ t for t ∈ R_+ and i = 0, 1, . . . , n − 1 .

We will suppose for the simplicity that inf_{t∈R+} τ_i(t) > −∞ for i = 0, 1, . . . , n − 1. Note,

that C^s(I), s ∈ {0, 1, . . . }, I ⊂ R_+ is the set of continuous functions on I that have continuous derivatives up to the order s.

A special case of equation (1) is the equation without delays,

y^{(n)} = f(t, y, y^′, . . . , y^{(n−1)}) . (2)

EJQTDE Spec. Ed. I, 2009 No. 6

Definition 1.1. Let T ∈ (0, ∞], T_1 ∈ [0, T ), σ_i = inf_{T1≤t<T} τ_i(t) and ϕ_i ∈ C^0[σ_i, T_1] for

i = 0, 1, . . . , n − 1. It is said that a function y is a solution of (1) on [T_1, T ) (with the initial conditions {ϕ_i}^{n−1}_{i=0} ) if y ∈ C^{(n)}[T_1, T ), (1) holds on [T_1, T ), y^{(i)}(t) = ϕ_i(t) on [σ_i, T_1] and y^{(i)} ∈ C^0[σ_i, T ) for i = 0, 1, . . . , n − 1.

We will study solutions on their maximal interval of existence to the right.

Definition 1.2. Let y be defined on [T_1, T ) ⊂ [0, ∞). Then y is called noncontinuable if T < ∞ and sup_{T1≤t<T} |y^{(n−1)}(t)| = ∞ (i.e. if y cannot be defined at t = T ). A solution

y is defined to be continuable if T = ∞.

Definition 1.3. Let y be a noncontinuable solution of (1) on [T_1, T ). y is called oscillatory if there exists a sequence of its zeros tending to T . Otherwise, y is called nonoscillatory.

In the two last decades the existence and properties of noncontinuable solutions are investigated mainly for equation (2). It is important to study the existence/nonexistence of such solutions. Properties and different types of continuable solutions of (2) are studied intensively now; it is necessary to know if solutions are continuable or not. Furthermore, noncontinuable solutions appear e.g. in water flow problems in one space dimension, see e.g. [14] (flood waves, a flow in sewerage systems).

Sometimes, the noncontinuability is very important in a definition of some problems. For example, the limit-circle/limit-point problem for (2) has an old history, see e.g. the monograph [7]. The first mathematicians who studied it for the nonlinear equation (2) (with n = 2) were Spikes and Graef [18, 19, 28].

Definition 1.4. Let α ∈ {−1, 1} and αf(t, x_0, . . . , x_{n−1})x_0 ≥ 0 on R_+ × R^n. Equation (2) is said to be of the nonlinear limit-circle type if for any solution y defined on R_+, ∫_∞ 0 y(t) f(t, y(t), . . . , y^{(n−1)}(t)) dt < ∞

holds. Equation (2) is said to be of the nonlinear limit-point type if there exists a solution y of (2) defined on R_+ such that ∫_∞ 0 y(t) f(t, y(t), . . . , y^{(n−1)}(t)) dt = ∞. (3)

According to Definition 1.4 it is necessary to know if a solution y defined on R_+ and satisfying (3) exists. The following example is very instructive.

Example 1.1. Consider the differential equation

y^{′′} = t^α|y|^λsgn y (4)

with λ > 1 and α ∈ R.

EJQTDE Spec. Ed. I, 2009 No. 6

(i) Then ε > 0 exists such that every solution y of (4) with Cauchy initial conditions |y(0)| ≤ ε, |y^′(0)| ≤ ε is continuable if and only if α < −λ − 1 (see [12]). Hence, if α < −λ − 1 then (4) is of the nonlinear limit-point type.

(ii) If α ≥ −λ − 1, then every solution y of (4) satisfying y(T )y^′(T ) > 0 at some T ∈ R_+ is noncontinuable (see Lemma 5 in [9]) and (4) is of the nonlinear limit-circle type (Theorem 4 in [9]).

The first results for the nonexistence of noncontinuable solutions of (2) (or its special cases) are given by Wintner, see [21] or [25] (n = 2); other results are obtained in [3, 4, 10, 12, 13, 17, 18, 19, 23, 24]. In particular, noncontinuable solutions do not exist if either f is sublinear in neighbourhoods of ±∞ or | |f(t, x_0, . . . , x_{n−1}) | | ≤ r(t) n−1∑ i=0 |x_i| for t ∈ R_+ and |x| large

with r ∈ C^0(R_+) is positive.

Hence, the existence of noncontinuable solutions may be studied mainly for superlinear equations in neighbourhoods of ±∞. The first results for (2) (n = 2) are obtained in [23] and they are generalized e.g. in [15, 17, 24, 25]. The typical assumptions for the existence of a nonoscillatory noncontinuable solution are α ∈ {−1, 1}, i ∈ {0, 1, . . . , n − 1}, λ > 1 and

αf(t, x_0, . . . , x_{n−1}) ≥ r(t)|x_i|^λ

for αx_i > 0, i = 0, . . . , n − 1 large enough and r ∈ C^0(R_+), r > 0.

Note, that noncontinuable oscillatory solutions are studied only in [11], [15] and [16].

The authors of the papers [8, 9, 10, 11, 27] stated sets of Cauchy initial conditions for which solutions are noncontinuable; the results are used mainly for solving the nonlinear limit-circle/limit-point problem.

On the other hand, in [10, 12, 26] a set of initial conditions is described for which solutions are continuable even in the superlinear case.

In the last decade, the problem of the existence of noncontinuable solutions with prescribed asymptotics on the right-hand side point T of the definition interval is studied. More precisely, let T ∈ (0, ∞). In [1, 2, 4, 5, 6], necessary and sufficient conditions for the existence of a solution y satisfying boundary value problem

T ∈ (0, ∞) , l ∈ {−1, 0, 1, . . . , n − 2} ,

C_i ∈ R for i = 0, 1, . . . , l ,

lim_{t→T −} y^{(i)}(t) = C_i for i = 0, 1, . . . , l ,

lim_{t→T −} |y^{(j)}(t)| = ∞ for j = l + 1, . . . , n − 1 (5)

EJQTDE Spec. Ed. I, 2009 No. 6

(for l = −1, C_i and the first equality is missing); the solution y is defined in a left neighbourhood of T . It has to be stressed that the first authors who studied the problem (5) were Jaroš and Kusano [22] (for n = 2).

As concerns equation (1), see the monography [20]. In [12] the continuability of solutions of a functional-differential system is investigated; note that (1) cannot be transformed into this system.

The goal of the paper is to generalize some results given above to equation (1). The following example shows that noncontinuable solutions exist.

Example 1.2. Consider the equation

y^{′′} =

2(λ + 1) (λ − 1)^2

(1 + t)^{2λλ−1} f ( y(τ(t)) )

with λ > 1, f ∈ C^0(R_+), f(x) = x^λ on [0, 1] and τ(t) = t^2 on [0, 1], τ(t) = t for t > 1. Then y(t) = (1 − t)^{− 2λ−1} , t ∈ [0, 1) is the noncontinuable solution of the above given equation.

2 Nonexistence Results

In this section nonexistence results for noncontinuable solutions will be given. The first theorem is very simple but important.

Theorem 2.1. Let τ_i(t) < t on (0, ∞) for i = 0, 1, . . . , n − 1. Then all solutions of (1) are continuable.

Proof. Let, contrarily, y be a noncontinuable solution of (1) defined on [T_1, T ), T > T_1. If we define τ = max_{0≤i<n} τ_i(T ), the assumptions of the theorem yield τ < T . Let

0 < ε < T − T_1 and τ̄ = min_{0≤i<n} min_{t∈J} τ_i(t) with J = [T − ε, T ]. Then τ_i(t) ∈ [τ̄, τ] for i = 0, 1, . . . , n − 1 and t ∈ J, and due to τ < T a constant N exists such that | |y^{(i)}(τ_i(t)) | | ≤ N on [T − ε, T ) for i = 0, 1, . . . , n − 1 . (6)

Note, that y is a solution of the equation z^{(n)} = b(t) with b(t) = f ( t, y(τ_0(t)), . . . , y^{(n−1)}(τ_{n−1}(t)) ) , t ∈ [T − ε, T ). From this and from (6), y can be defined at t = T ;

that contradicts the noncontinuability of y.

The following lemma is very useful.

Lemma 2.1 ([26] Lemma 2.1). Let λ > 1, K > 0, Q be a continuous nonnegative function on R_+, and u be continuous and nonnegative on R_+ satisfying

u(t) ≤ K +

∫_t 0 Q(s) u^λ(s) ds on [0, τ), τ ≤ ∞ .

EJQTDE Spec. Ed. I, 2009 No. 6

If (λ − 1)K^{λ−1} ∞∫ 0 Q(s) ds < 1 then

u(t) ≤ K [ 1 − (λ − 1)K^{λ−1}

∫_t 0 Q(s) ds

]_{1/(1−λ)} , t ∈ [0, τ) .

The next theorem is devoted to the sublinearity of f.

Theorem 2.2. Let r ∈ C^0(R_+), r ≥ 0 on R_+ and let | |f(t, x_0, . . . , x_{n−1}) | | ≤ r(t) [ 1 + n−1∑ i=0 |x_i| ]

on R_+ × R^n. Then every solution y of (1) is continuable.

Proof. Let y be a solution of (1) defined on J^{def}= [0, T ) ⊂ R_+ and let ϕ_i and σ_i,

i = 0, 1, . . . , n − 1, be given by Definition 1.1. If y is defined on [T_1, T ) with T_1 > 0 the

proof is similar. We prove that T = ∞. Let T < ∞ and y be noncontinuable. Then

lim sup

t→T −

u(t) = ∞ (7)

where

u(t) = max

σ_{n−1}≤s≤t | |y^{(n−1)}(s) | | + 1 , t ∈ J . (8)

The Taylor series theorem implies | |y^{(i)}(t) | | ≤ n−2∑ j=i |y^{(j)}(0)|

(j − i)!

t^{j−i} +

∫_t 0 (t − s)^{n−i−2}

(n − i − 2)! | |y^{(n−1)}(s) | | ds

≤ M + M_1u(t) ≤ (M + M_1)u(t)

on J with i = 0, 1, . . . , n − 2, M = max_{0≤i≤n−2}^{n−2} ∑ j=i |y^{(j)}(0)|

(j−i)! T

j−i and M_1 = max_{0≤i≤n−2}^{T n−i−1}_{(n−i−1)!} .

From this and from u ≥ 1, | |y^{(i)}(τ_i(t)) | | ≤ max_{σi≤s≤0} | |ϕ_i(s) | | + (M + M_1)u(t) ≤ M_2u(t)

on J for i = 0, 1, . . . , n − 2 with M_2 = max_{0≤i<n} max_{σi≤s≤0} | |ϕ_i(s) | | + M + M_1 and, hence, | |y^{(i)}(τ_i(t)) | | ≤ (M_2 + 1)u(t) , i = 0, 1, . . . , n − 1 . (9)

Furthermore, (1), (8) and (9) imply | y^{(n−1)}(t) | ≤ | y^{(n−1)}(0) | + ∫_t 0 | f ( s, y(τ_0(s)), . . . , y^{(n−1)}(τ_{n−1}(s)) )| ds ≤ | |y^{(n−1)}(0) | | + ∫_t 0 |r(s)| [ 1 + n−1∑ i=0 | |y^{(i)}(τ_i(s)) | | ] ds ≤ | y^{(n−1)}(0) | + ∫_t 0 Q(s) u(s) ds

EJQTDE Spec. Ed. I, 2009 No. 6

on J with Q(t) = |r(t)| [ 1 + n + M_2n ] . Hence,

u(t) ≤ K +

∫_t 0 Q(s) u(s) ds , t ∈ J (10)

with K = 1 + | |y(n−1)(0) | | + max

σ_{n−1}≤s≤0 | |ϕ_{n−1}(s) | |. Then according to Gronwall’s inequality,

applied to (10), u is bounded on J, and that contradicts (7).

The following theorem describes a set of Cauchy initial conditions whose corresponding solutions are defined on R_+, even in the superlinear case.

Theorem 2.3. Let λ > 1, r ∈ C^0(R_+), r ≥ 0 on R_+, | |f(t, x_0, . . . , x_{n−1}) | | ≤ r(t) n−1∑ i=0 |x_i|^λ (11)

on R_+ × R^n and let ∫_∞ 0 t^{λ(n−1)}r(t) dt < ∞ . (12)

Then there exists ε > 0 such that a solution y of (1) defined in a right neighbourhood of t = 0 with Cauchy initial conditions | |ϕ_i(t) | | ≤ ε on [σ_i0], i = 0, 1, . . . , n − 1 , (13)

is continuable.

Proof. Consider a solution y of (1 with the initial conditions satisfying (13) where ε > 0 is such that (λ − 1)K^{λ−1}

∫_∞ 0 Q(s) ds < 1 (14)

where

Q(t) = (n + 1)^λ r(t) n−1∑ i=0 t^{λ(n−i−1)} (15)

and K = 2ε + ε^λ(n + 1)^λ

∫_∞ 0 r(s) [ n + n−1∑ i=0 n−2∑ j=i s^{λ(j−i)} ] ds . (16)

Note, that according to (12), K < ∞ and ε exist.

We prove that y is defined on R_+. Assume for the sake of contradiction that y is noncontinuable on J^{def}= [0, T ), T < ∞. Then

EJQTDE Spec. Ed. I, 2009 No. 6

lim sup

t→T −

u(t) = ∞ (17)

where u(t) = max

σ_{n−1}≤s≤t | |y^{(n−1)}(s) | | , t ∈ [0, T ) . (18)

The Taylor series theorem and (13) imply | y^{(i)}(t) | ≤ ε n−2∑ j=i t^{j−i} (j − i)! + ∫_t 0 (t − σ)^{n−i−2} (n − i − 2)! | y^{(n−1)}(σ) | dσ (19)

on J for i = 0, 1, . . . , n − 2. Hence (13) and (19) yield | |y^{(i)}(τ_i(t)) | | ≤ max_{σi≤s≤0} |ϕ_i(s)| + max_{0≤s≤t} | |y^{(i)}(s) | | ≤ ε ( 1 + n−2∑ j=i t^{j−i} ) + t^{n−i−1}u(t) (20)

on J for i = 0, 1, . . . , n − 2. If we define

∑_l

i=k = 0 for k > l, (20) is valid for i = n − 1, too.

The following inequality is very useful. If λ > 0, m ∈ {1, 2, . . . } and a_i ∈ (0, ∞) for i = 1, 2, . . . m, then

(a_1 + · · · + a_m)^λ ≤ m^λ(a^λ_1 + · · · + a^λ_m) . (21)

According to (11), (13), (15), (20) and (21) | |y^{(n−1)}(t) | | ≤ | |y^{(n−1)}(0) | | + ∫_t 0 | |y^{(n)}(s) | | ds

≤ ε +

∫_t 0 r(s) n−1∑ i=0 | |y^{(i)}(τ_i(s)) | |^λds

≤ ε +

∫_t 0 r(s) n−1∑ i=0 ( ε + ε n−2∑ j=i s^{j−i} + s^{n−i−1}u(s)

)_λ ds

≤ ε +

∫_t 0 r(s) n−1∑ i=0 (n − i + 1)^λ

× [ ε^λ + ε^λ n−2∑ j=i s^{λ(j−i)} + s^{λ(n−i−1)}u^λ(s) ] ds

≤ K_1 +

∫_t 0 Q(s)u^λ(s) ds

EJQTDE Spec. Ed. I, 2009 No. 6

on J with

K_1 = ε + ε^λ(n + 1)^λ

∫_∞ 0 r(s) [ n + n−1∑ i=0 n−2∑ j=i s^{λ(j−i)} ] .

From this and from (18) u(t) ≤ K +

∫_t 0 Q(s) u^λ(s) ds , t ∈ J . (22) Then (14)–(16) and (22) imply all assumptions of Lemma 2.1 are satisfied (with τ = T ) and u is bounded on J; that contradicts (17).

Remark 2.1. The method of the proof of Theorem 2.3 was used in [12] for a different type of the differential equation.

Next, we look for sufficient conditions under which such solutions do not exist for Equation (1). So we study the nonexistence of noncontinuable solutions of (1) defined in a left neighbourhood of T ∈ (0, ∞) and satisfying either lim_{t→T −} y^{(i)}(t) = ∞ , i = 0, 1, . . . , n − 1 (23) or l ∈ {0, 1, . . . , n − 2}, C_i > 0 for i = 0, 1, . . . , l, lim_{t→T −} y^{(i)}(t) = C_i for i = 0, 1, . . . , l and lim_{t→T −} y^{(j)}(t) = ∞ for j = l + 1, . . . , n − 1 .

(24)

Needed results for equations (2) and z^{(n)} = K(z^{(k)})^λ (25) and a comparison theorem will be given in the following two lemmas. Lemma 2.2. Let T ∈ (0, ∞), k ∈ {0, 1, . . . , n − 1} and K > 0.

(i) If k > 0, λ > 1 +^1_k , then (25) has no solution y satisfying (23). (ii) Let l ∈ {0, 1, . . . , n − 2} and let either l < k and 1 < λ < 1 +^{n−k}_{k−l} or l < k − 1 and λ ≥ 1 +^{n−k}_{k−l−1} . Then (25) has no solution y satisfying (24).

Proof. It follows from Theorem 2 in [4] (Theorems 3.1 and 3.2 in [6] or [3]) in case (i) (case (ii)).

EJQTDE Spec. Ed. I, 2009 No. 6

Lemma 2.3. Let T_1 > 0, K > 0, M ≥ 0, k ∈ {0, 1, . . . , n − 1}, λ > 1 and 0 ≤ f(t, x_0, x_1, . . . , x_{n−1}) ≤ K x^λ_k (26) for t ∈ [0, T_1] and x_i ≥ M, i = 0, 1, . . . , n − 1. Let y be a solution of (1) defined on [0, T ) satisfying Cauchy initial conditions ϕ_i(t) ≥ M, t ∈ [σ_i, 0], i = 0, 1, . . . , n − 1. Let z be a solution of (25) satisfying Cauchy initial conditions z^{(i)}(0) > max_{σi≤t≤0} ϕ_i(t) , i = 0, 1, . . . , n − 1

defined on [0, T_1). Then y^{(i)}(t) ≤ z^{(i)}(t) , t ∈ [0, T_1), i = 0, 1, . . . , n − 1 .

Proof. Note that solutions of Cauchy problems for (25) are unique. Moreover, y^{(i)} and z^{(i)} are nondecreasing on [0, T_1) and so, (26) implies y^{(n)}(t) = f ( t, y(τ_0(t)), . . . , y^{(n−1)}(τ_{n−1}(t)) ) ≤ K ( y^k(τ_k(t))

)_λ ≤ K(y^k(t))^λ , t ∈ [0, T ) .

From this and from theorems on differential inequalities (see [21]) applied on (1) and (25) (transformed into the system) we obtain the result of the lemma. Theorem 2.4. Let T ∈ (0, ∞), λ > 1 and M ≥ 0.

(i) Suppose K > 0, k ∈ {1, . . . , n − 1}, λ > 1 +^1_k , 0 ≤ f(t, x_0, x_1, . . . , x_{n−1}) ≤ K x^λ_k (27) for t ∈ [0, T ] and x_i ≥ M, i = 0, 1, . . . , n − 1. Then there exists no solution y of (1) defined on [0, T ) with Cauchy initial conditions M ≤ ϕ_i(t) , t ∈ [σ_i, 0], i = 0, 1, . . . , n − 1 , (28) satisfying (23).

(ii) Let f(t, x_0, . . . , x_{n−1}) ≤ 0 (29) for t ∈ [0, T ] and x_i ≥ M, i = 0, 1 . . . , n − 1. Then there exists no solution y of (1) defined on [0, T ) with (28) satisfying (23).

Proof. (i) Assume for the sake of contradiction that y be a solution of (1) with (28) and (23). Let us consider (25) with Cauchy initial conditions z^{(i)}(0) > max_{σi≤s≤0} ϕ_i(s) , i = 0, 1, . . . , n − 1 . (30)

EJQTDE Spec. Ed. I, 2009 No. 6

Note, that y^{(i)} and z^{(i)}, i = 0, 1, . . . , n−1, are nonnegative and nondecreasing functions on their definition intervals. As according to (27) f ( t, y(τ_0(t)), . . . , y^{(n−1)}(τ_{n−1}(t)) ) ≤ K ( y^{(k)}(τ_k(t))

)_λ ≤ K ( y^{(k)}(t)

)_λ

on [0, T ), Lemma 2.3 applied on (1) and (25), it follows that z^{(i)}(t) ≥ y^{(i)}(t), i = 0, 1, . . . , n − 1, for all t where y and z are defined. It follows from this and from (23) that T_1 ∈ (0, T ] exists with lim_{t→T1−} z(t) = ∞ and, hence, lim_{t→T1−} z^{(i)}(t) = ∞ for i = 0, 1, . . . , n−1. The contradiction with Lemma 2.2(i) (T = T_1) proves the statement.

(ii) Let y be a noncontinuable solution on [0, T ) with (29), (28) and (23). Then (23) implies lim sup

t→T −

y^{(n)}(t) = ∞ . (31)

Furthermore, (1) and (29) imply y^{(n)} is bounded in a left neighbourhood of T . The contradiction with (31) proves the statement.

Theorem 2.5. Let T ∈ (0, ∞), λ > 1, k ∈ {1, 2, . . . , n − 1}, l ∈ {0, 1, . . . , n − 1}, M ≥ 0, C_i ≥ M for i = 0, 1, . . . , l and let either l ≥ k and λ > 1 +^1_k or

l < k < n − 1 2 and 1 + 1 k < λ < 1 + n − k k (32)

or l < k − 1 and λ ≥ 1 +^{n−k}_{k−l−1} . Suppose

0 ≤ f(t, x_0, x_1, . . . , x_{n−1}) ≤ K x^λ_k (33)

for t ∈ [0, T ] and x_i ≥ M, i = 0, 1, . . . , n − 1. Then there exists no solution y of (1) defined on [0, T ) with Cauchy initial conditions

M ≤ ϕ_i(t) , t ∈ [σ_i, 0], i = 0, 1, . . . , n − 1 (34)

satisfying (24).

Proof. For the sake of contradiction, let y be a solution of (1) with (33) and (24). Let us consider Equation (25) with (30). We prove similarly as in the proof of Theorem 2.4 that z^{(i)}(t) ≥ y^{(i)}(t), i = 0, 1, . . . , n−1, on the intersection of the definition intervals of y and z. Note, that z^{(i)} and y^{(i)} are nonnegative and nondecreasing for i = 0, 1, . . . , n−1. Hence, T_1 ∈ (0, T ] exists such that lim t→T_1−

z^{(j)}(t) = ∞ for j = l + 1, . . . , n − 1 .

As z^{(i)} is nondecreasing on [0, T_1) for i = 0, 1, . . . , n − 1, lim_{t→T −} z^{(i)}(t) = C̄_i, i = 0, 1, . . . , n − 1, with C̄_i ∈ [M, ∞) ∪ {∞}. From this either lim t→T_1−

z^{(i)}(t) = ∞ , i = 0, 1, . . . , n − 1 , (35)

EJQTDE Spec. Ed. I, 2009 No. 6

or l̄ ∈ {0, 1, . . . , l} exists such that lim t→T_1−

z^{(i)}(t) = C̄_i , for i = 0, 1, . . . , l_0 , (36) and lim t→T_1−

z^{(j)}(t) = ∞ , for j = l_0 + 1, l_0 + 2, . . . , n − 1 . (37)

Furthermore, the definition of λ implies k > 0 and λ > 1 +^1_k and according to Lemma 2.1(i) the relation (35) is not valid. Let l_0 exist such that (36) and (37) holds.

Let k > l. We apply Lemma 2.2 (ii) with T = T_1 and l = l_0. Then according to the definition of λ we have either l_0 < k and 1 < λ < 1 +^{n−k}_{k−l0} or l_0 < k − 1 and λ ≥ 1 +^{n−k}_{k−l0−1} . Hence, the assumptions of Lemma 2.2(ii) hold and there exists no solution satisfying (36) and (37). Note, that k <^{n−1}_2 in (32) is necessary for the second assumptions in (32) to be nonempty.

Suppose the last case k ≤ l. Then (1), (33) and (34) imply

y^{(n)}(t) = f ( t, y(τ_0(t)), . . . , y^{(n−1)}(τ_{n−1}(t)) ) ≤ K ( y^{(k)}(τ_k(t))

)_λ ≤ K ( y^{(k)}(t)

)_λ

≤ K C_k < ∞ .

Hence, y^{(n−1)} is bounded on [0, T ) and the contradiction with lim_{t→T −} y^{(n−1)}(t) = ∞ (see (24)) proves the statement in this case.

Remark 2.2. In Theorems 2.4 and 2.5 positive solutions of (1) are studied. Negative solutions satisfying either (23) or (24) with −∞ and C_i < 0 for i = 0, 1, . . . , l, can be studied similarly; it is possible to use the tranformation y = −Y .

Example 1.2 shows that a solution satisfying (23) exists. Similarly, according to the following example, solutions satisfying (24) exist.

Example 2.1. Consider the equation y^{′′} =^1_8 (1 + t)^{3/2}f ( y^′(τ(t)) ) with f ∈ C^0(R_+), f(x) = x^3 on [0,1] and τ(t) = t^2 on [0, 1], τ(t) = t for t > 1. Then y(t) = −4(1 − t)^{1/2} + 5 is noncontinuable on [0, 1), lim_{t→1−} y(t) = 5, lim_{t→1−} y^′(t) = ∞.

3 Existence Theorems

In this section existence results will be derived. We need the following main lemma that investigates properties of the equation

z^{(n)} = K ( z^{(k)}(τ(t))

)_λ (38)

for a special τ.

EJQTDE Spec. Ed. I, 2009 No. 6

Lemma 3.1. Let T > 0, λ > 1, K > 0, K_1 > 0, k ∈ {0, 1, . . . , n − 1} τ̄ ≥ 1 and τ(t) = τ̄t + T (1 − τ̄ ) on (−∞, T ]. If either k = 0 or λ ≠^{n−m}_{k−m} for m = 0, 1, . . . , k − 1, then (38) has a noncontinuable solution

z(t) = M(T − τ(t))^{−s} + K_1(T + t)^{k−1}sgn k (39)

on (−∞, T ) where s =^{n−kλ}_{λ−1} , and

M = τ̄^{n+λ(s+k)λ−1} K^{− 1λ−1}

n−k−1∏

j=0 (n − k λ − 1 + j )_{1/(λ−1)}^{k−1}∏ j=0 (n − kλ λ − 1 + j )_{−1} . Proof. Note, that τ(T ) = T and τ is the delay in (−∞, T ]. The fact that (39) is a solution of (38) can be obtained by the direct computation. This solution is defined if and only if M ∈ R; i.e., if and only if s =^{n−kλ}_{λ−1} /∈ {0, −1, −2, . . . , −k + 1}. This is valid if either k = 0 or λ ≠^{n−m}_{k−m} for m = 0, 1, . . . , k − 1. As

z^{(n−1)}(t) = Mτ̄^{n−1}s(s + 1) . . . (s + n − 2)(T − τ(t))^{−s−n+1}

= C(T − τ(t))^{−s−n+1}

with

C = τ̄^{n+λ(s+k)λ−1 +n−1}K^{− 1λ−1}

n−k−1∏

j=0 (n − k λ − 1 + j )_{1/(λ−1)}^{n−k−2}∏ j=0 (n − k λ − 1 + j ) > 0 ,

it follows that z is noncontinuable on (−∞, T ).

Lemma 3.2. Let 0 ≤ T_1 < T < ∞, K > 0, k ∈ {0, 1, . . . , n − 1}, λ > 1, M ≥ 0, τ ∈ C^0[T_1, T ), τ(t) ≤ τ_k(t) on [T_1, T ]. Let f(t, x_0, . . . , x_{n−1}) ≥ K x^λ_k for t ∈ [T_1, T ] and x_i ≥ M, i = 0, 1, . . . , n − 1. Suppose z is a solution of (38) defined on [T_1, T ) with the initial conditions ϕ̄_i(t) ≥ M, t ∈ [σ̄_i, T_1], i = 0, 1, . . . , n − 1. If y is a solution of (1), defined on [T_1, T ) with the initial conditions ϕ_i(t) > max_{σ̄i≤s≤T1} ϕ̄_i(s), t ∈ [σ_i, T_1], i = 0, 1, . . . , n − 1, then

z^{(i)}(t) ≤ y^{(i)}(t) , t ∈ [T_1, T ), i = 0, 1, . . . , n − 1 .

Here σ_i and σ̄_i are numbers from Definition 1.1, applied on (38) and (1), respectively. Proof. It can be proved by the same way as well known theorems on differential inequalities without delay, see e.g. [21].

The next theorem addresses a boundary value problem and provides sufficient conditions for the existence of noncontinuable solution of (1) in a left neighbourhood of a given number T > 0.

EJQTDE Spec. Ed. I, 2009 No. 6

Theorem 3.1. Let 0 ≤ T_1 < T < ∞, r ∈ C^0([T_1, T ]), k ∈ {0, 1, . . . , n − 1}, M ≥ 0, τ̄ ≥ 1, λ > 1,

t − τ_i(t) > 0 for i = 0, 1, . . . , n − 1 on [T_1, T ) , (40) r(t) > 0 and t − τ_k(t) ≤ (τ̄ − 1)(T − t) on [T_1, T ] , (41) and f(t, x_0, x_1, . . . , x_{n−1}) ≥ r(t) x^λ_k (42)

for T_1 ≤ t ≤ T , x_i ≥ M, i = 0, 1, . . . , n − 1. Then there exists δ > 0 such that every solution of (1) with the initial conditions

ϕ_i(t) > δ for σ_i ≤ t ≤ T_1 , σ_i = min_{T1≤t≤T} τ_i(t) , i = 0, 1, . . . , n − 1, (43)

is defined on [T_1, T ) and it is noncontinuable.

Proof. Let K = min_{T1≤t≤T} r(t) > 0 and τ(t) = τ̄ t+T (1−τ̄ ); hence t−τ(t) = (τ̄ −1)(T −t). Let λ ≠^{n−m}_{k−m} for m = 0, 1, . . . , k − 1 and let z be a solution of (38) given by Lemma 3.1 with K_1 to be such that

z^{(i)}(t) ≥ M for i = 0, 1, . . . , k − 1 and τ(T_1) ≤ t ≤ T_1 .

Then (40) and (41) imply

t > τ_k(t) ≥ τ(t) , t ∈ [T_1, T ) , (44)

z^{(j)} ≥ 0 are nondecreasing on [ τ(T_1), T ) for i = 0, 1, . . . , n − 1, and z is noncontinuable on [T_1, T ). Define δ by δ > max_{0≤j<n} z^{(j)}(T_1) . (45)

Let y be a solution of (1) satisfying (43); due to Theorem 2.1 and (40) it is defined on [T_1, T ). Then Lemma 3.2, (42), (44) and (45) imply y^{(j)}(t) ≥ z^{(j)}(t), t ∈ [T_1, T ) and y is noncontinuable due to z having this property.

Suppose m ∈ {0, 1, . . . , k − 1} exists such that λ =^{n−m}_{k−m} , 0 < ε <^{n−k}_{(k−m)(k−m−1)} and let z_1 be the solution of (38) given by (39) with λ = λ + ε. The condition posed on ε ensures that λ + ε ≠^{n−σ}_{k−σ} for σ = 0, 1, . . . , k − 1, and Lemma 3.2 may be applied. K_1 is given such that z^{(i)}(T_1) > 0 for i ≠ k and z^{(k)}(t) > 0 for τ(T_1) ≤ t ≤ T_1. Then (39) implies z^{(j)}_1 (t) ≥ 0, z^{(j)}_1 is nondecreasing on τ(T_1) ≤ t < T , j = 0, 1, . . . , n − 1, and lim_{t→T −} z^{(k)}_1 (t) = ∞. Let T_0 ∈ [T_1, T ) be such that

z^{(k)}_1 (t) ≥ max(1, M) on [T_0, T ) . (46)

EJQTDE Spec. Ed. I, 2009 No. 6

Let z be a solution of (38), defined on [T_0, T̄ ) ⊂ [T_0, T ) satisfying the initial conditions

ϕ̄_i(t) = δ^{def}= max_{0≤j≤n−1} z^{(j)}_1 (T_0) + 1 , i = 0, 1, . . . , n − 1 , (47)

and t = T_1 for i ≠ k and τ(T_0) ≤ t ≤ T_0 in case i = k. From this, (40), (46), from Lemma 3.2 (applied on (38) and on (38) with λ = λ + ε) and Theorem 2.1, it follows that z^{(i)}_1 (t) ≤ z^{(i)}(t) on [T_0, T ), i = 0, 1, . . . , n − 1. Let y be a solution of (1) defined on [T_1, T ) satisfying (43); note that due to (40) and Theorem 2.1, y is defined on [T_1, T ). Then Lemma 3.2, (42), (44) and (47) imply y^{(j)}(t) ≥ z^{(j)}(t), t ∈ [T_0, T ) and y is noncontinuable as z has this property.

The next theorem solves the problem of existence of noncontinuable solutions for the initial problem.

Theorem 3.2. Let T > 0, τ_k(T ) = T , r ∈ C^0[0, T ], k ∈ {0, 1, . . . , n − 1}, M > 0, 0 ≤ T_1 < T , λ > 1, τ̄ ≥ 1, r(t) > 0 on [0, T ],

0 ≤ t − τ_k(t) ≤ (τ̄ − 1)(T − t) on [T_1, T ]

and (42) holds for T_1 ≤ t ≤ T , x_i ≥ M, i = 0, 1, . . . , n − 1. Then there exists δ > 0 such that every solution y on (1) with the initial conditions

ϕ_i(t) > δ for σ_i ≤ t ≤ 0 , σ_i = inf_{0≤t<∞} τ_i(t) , i = 0, 1, . . . , n − 1 , (48)

is defined only on a finite interval [0, t_0); i.e., y is noncontinuable on [0, t_0) (t_0 depends on y).

Proof. If y is noncontinuable on [0, t_0) ⊂ [0, T ) then the statement is valid. Let y be defined on [0, T ], then we can prove by the same way as in the proof of Theorem 3.1 that y is noncontinuable; it is a contradiction. Note, that, as y^{(i)} is nondecreasing, (48) implies y^{(i)} > δ in a left neighbourhood of T_1 given by the proof of Theorem 3.1. Moreover, assumption (40) is not supposed as we only need to show that t_0 exists. Remark 3.1. Theorem 3.2 is proved in [25] for special case of (1) without delays. Theorem 3.1 extends results given in [4], [6] for (1) without delays. Remark 3.2. Similar results as in Theorems 3.1 and 3.2 can be proved under an assumption f(t, x_0, . . . , x_{n−1}) ≤ −K|x_k|^λ for t ∈ [T_1, T ] and x_i ≤ −M, i = 0, 1, . . . , n − 1. The transformation y = −Y may be used, too.

Corollary 3.1. Consider y^{(n)} = r(t) | |y(τ(t)) | |^λsgny(τ(t)) with λ > 1, τ ∈ C0(R_+).

Let C > 0 and 0 ≤ T_1 < T < ∞ be such that r > 0 and 0 ≤ t − τ(t) ≤ C(T − t) on [T_1, T ]. Then the differential equation has a noncontinuable solution on [0, T ).

Acknowledgement. The research was supported by the Grant No. 201/08/0469 of the Grant Agency of the Czech Republic and by the Ministry of Education of the Czech Republic under the project MSM 0021622409.

EJQTDE Spec. Ed. I, 2009 No. 6

References

[1] M. Bartušek, On existence of singular solutions of n-th order differential equations, Arch. Math. (Brno) 36 (2000), 395-404.

[2] M. Bartušek, J. Osička, On existence of singular solutions, Georgian Math. J. 8 (2001), 669-681.

[3] M. Bartušek, On existence of singular solutions, J. Math. Anal. Appl. 280 (2003), 232-240.

[4] M. Bartušek, On existence of unbounded noncontinuable solutions, Ann. Mat.

Pura Appl. (4) 185 (2006), 93-107.

[5] M. Bartušek, Existence of noncontinuable solutions, EJDE 2007, Conf. 15 (2007), 29-39.

[6] M. Bartušek, On existence of bounded noncontinuable solutions, Math. Nachr., to appear.

[7] M. Bartušek, Z. Došlá and J. R. Graef, The Nonlinear Limit-Point/Limit-Circle Problem, Birkhäuser, Boston, 2004.

[8] M. Bartušek and J. R. Graef, On the limit-point/limit-circle problem for second order nonlinear equations, Nonlinear. Studies 9, No. 1 (2006), 361-369.

[9] M. Bartušek and J. R. Graef, Strong nonlinear limit-point/limit-circle properties for forced Thomas-Fermi equations with p-Laplacian, Panamer. Math. J. 18, No. 1 (2008), 73-88.

[10] M. Bartušek and J. R. Graef, The strong nonlinear limit-point/limit-circle properties for a class of even order equations, Comm. Appl. Nonlinear. Anal. 15, No. 3 (2008), 29-45.

[11] M. Bartušek and J. R. Graef, The strong nonlinear limit-point/limit-circle properties for a class of fourth order equations, Comm. Appl. Anal. 11 (2007), 469-484.

[12] M. Bartušek and M. Medveď, Existence of global solutions for systems of secondorder functional-differential equations with p-Laplacian, EJDE 2008, No. 40 (2008), 1-8.

[13] M. Bartušek and E. Pekárková, On existence of proper solutions of quasilinear second order differential equations, Electron. J. Qual. Theory Differ. Equ. 1 (2007), 1-14.

[14] I. Bartušková, Problems of Computations of Sewerage Systems, PhD thesis, FAST Technical University, Brno 1977 (in Czech).

EJQTDE Spec. Ed. I, 2009 No. 6

[15] T. Chanturia, On existence of singular and unbounded oscillatory solutions of differential equations of Emden-Fowler type, Diff. Uravn. 28 (1992), 1009-1022 (in Russian).

[16] C. V. Coffman and D. F. Ulrich, On the continuation of solutions of a certain non-linear differential equation, Monatsh. Math. B71 (1967), 385-392.

[17] C. V. Coffman and J. S. W. Wong, Oscillation and nonoscillation theorems for second order differential equations, Funkcial. Ekvac. 15 (1972), 119-130.

[18] J. R. Graef and P. W. Spikes, Asymptotic behaviour of solutions of a second order nonlinear differential equation, J. Differential Equations 17 (1975), 461-476.

[19] J. R. Graef and P. W. Spikes, On the nonlinear limit-point/limit-circle problem, Nonlinear Anal. 7 (1983), 851-871.

[20] J. Halle, Theory of Functional Differential Equations, Springer Verlag, New York, Heidelberg, Berlin, 1977.

[21] P. Hartman, Ordinary Differential Equations, New York-London-Sydney, Wiley, 1964.

[22] J. Jaroš and T. Kusano, On black hole solutions of second order differential equations with a singularity in the differential operator, Funkcial. Ekvac. 43 (2000), 491-509.

[23] I. T. Kiguradze, Asymptotic properties of solutions of a nonlinear differential equation of Emden-Fowler type, Izv. Akad. Nauk SSSR, Ser. Math. 29 (1965), 965-986 (in Russian).

[24] I. T. Kiguradze, Remark on oscillatory solutions of u^{′′}+a(t) |u|^nsgn u = 0, Časopis Pěst. Mat. 92 (1967), 343-350.

[25] I. T. Kiguradze and T. Chanturia, Asymptotic Properties of Solutions of Nonautonomous Ordinary Differential Equations, Dordrecht, Kluwer, 1993.

[26] M. Medveď and E. Pekárková, Existence of global solutions for systems of secondorder differential equations with p-Laplacian, EJDE 2007, (2007) 1-9.

[27] J. D. Mirzov, Asymptotic Properties of Solutions of Systems of Nonlinear Nonautonomous Differential Equations, Folia FSN Univ. Masar. Brunen., Math. 14, Masaryk University Brno, 2004.

[28] P. W. Spikes, On the integrability of solutions of perturbed nonlinear differential equations, Proc. Roy. Soc. Edinburgh Sect. A 77 (1977), 309-318.

EJQTDE Spec. Ed. I, 2009 No. 6