Electronic Journal of Qualitative Theory of Differential Equations Proc. 8th Coll. QTDE, 2008, No. 1 1-30; http://www.math.u-szeged.hu/ejqtde/

CONVERGENCE RATES OF THE SOLUTION OF A VOLTERRA–TYPE STOCHASTIC DIFFERENTIAL EQUATIONS TO A NON–EQUILIBRIUM LIMIT

JOHN A. D. APPLEBY

Abstract. This paper concerns the asymptotic behaviour of solutions of functional differential equations with unbounded delay to non–equilibrium limits. The underlying deterministic equation is presumed to be a linear Volterra integro–differential equation whose solution tends to a non–trivial limit. We show when the noise perturbation is bounded by a non–autonomous linear functional with a square integrable noise intensity, solutions tend to a non–equilibrium and non–trivial limit almost surely and in mean– square. Exact almost sure convergence rates to this limit are determined in the case when the decay of the kernel in the drift term is characterised by a class of weight functions.

1. Introduction

This paper studies the asymptotic convergence of the solution of the stochastic functional differential equation

dX(t) = ( AX(t) +

∫_t 0 K(t − s)X(s) ds ) dt + G(t, X_t) dB(t), t > 0,

(1.1a)

X(0) = X_0,

(1.1b) to a non–equilibrium limit. The paper develops recent work in Appleby, Devin and Reynolds [3, 4], which considers convergence to non– equilibrium limits in linear stochastic Volterra equations. The distinction between the works is that in [3, 4], the diffusion coefficient is independent of the solution, and so it is possible to represent the solution explicitly; in this paper, such a representation does not apply. However, we can avail of a variation of constants argument, which enables us to prove that the solution is bounded in mean square. From

1991 Mathematics Subject Classification. 34K20, 34K25, 34K50, 45D05, 60H10, 60H20.

Key words and phrases. Volterra integro–differential equations, Itô–Volterra integro–differential equations, stochastic Volterra integro–differential equations, asymptotic stability, almost sure square integrability, almost sure asymptotic stability, almost sure asymptotic convergence, asymptotic constancy.

This paper is in final form and no version of it is submitted for publication elsewhere. The author was partially funded by an Albert College Fellowship, awarded by Dublin City University’s Research Advisory Panel.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 1 this, it can be inferred that the solution converges to a non–trivial limit in mean square, and from this the almost sure convergence can be deduced. Exact almost sure convergence rates to the non–trivial limit are also determined in this paper; we focus on subexponential, or exponentially weighted subexponential convergence.

The literature on asymptotically constant solutions to deterministic functional differential and Volterra equations is extensive; a recent contribution to this literature, which also gives a nice survey of results is presented in [11]. Motivation from the sciences for studying the phenomenon of asymptotically constant solutions in deterministic and stochastic functional differential or functional difference equations arise for example from the modelling of endemic diseases [14, 3] or in the analysis of inefficient financial markets [8].

In (1.1), the solution X is a n × 1 vector-valued function on [0, ∞), A is a real n×n matrix, K is a continuous and integrable n×n matrixvalued function on [0, ∞), G is a continuous n × d matrix-valued functional on [0, ∞) × C([0, ∞), R^n) and B(t) = {B_1(t), B_2(t), . . . , B_d(t)}, where each component of the Brownian motion B_j (t) are independent. The initial condition X_0 is a deterministic constant vector.

The solution of (1.1) can be written in terms of the solution of the resolvent equation

R^′(t) = AR(t) +

∫_t 0 K(t − s)R(s) ds, t > 0,

(1.2a)

R(0) = I,

(1.2b)

where the matrix–valued function R is known as the resolvent or fundamental solution of (1.2). The representation of solutions of (1.1) in terms of R is given by the variation of constants formula

X(t) = R(t)X_0 +

∫_t 0 R(t − s)G(s, X_s) dB(s), t ≥ 0.

In this paper, it is presumed that R tends to a non–trivial limit, and that the perturbation G obeys a linear bound in the second argument, with the bound on G also satisfying a fading, time–dependent intensity. The presence of this small noise intensity ensures that the solutions of the stochastic equation (1.1), like the deterministic resolvent R, converge to a limit. Once this has been proven, we may use information about the convergence rate of solutions of R to its non–trivial limit, proven in [5], to help determine the convergence rate of solutions to the stochastic equation to the non–trivial limit. Some other papers which consider exponential and non–exponential convergence properties of solutions of stochastic Volterra equations to equilibrium solutions include [2, 16, 17].

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 2

2. Mathematical Preliminaries

We introduce some standard notation. We denote by R the set of real numbers. Let M_{n,d}(R) be the space of n × d matrices with real entries. The transpose of any matrix A is denoted by A^T and the trace of a square matrix A is denoted by tr(A). Further denote by I_n the identity matrix in M_{n,n}(R) and denote by diag(a_1, a_2, ..., a_n) the n × n matrix with the scalar entries a_1, a_2, ..., a_n on the diagonal and 0 elsewhere.

We denote by ⟨x, y⟩ the standard inner product of x and y ∈ R^n. Let ‖ · ‖ denote the Euclidian norm for any vector x ∈ R^n. For A = (a_{ij} ) ∈ M_{n,d}(R) we denote by ‖ · ‖ the norm defined by

‖A‖^2 = n∑ i=1 (_d ∑ j=1 |a_{ij} |

)_2 , and we denote by ‖ · ‖_F the Frobenius norm defined by

‖A‖^2_F = n∑ i=1 d∑ j=1 |a_{ij}|^2 .

Since M_{n,d}(R) is a finite dimensional Banach space the two norms ‖ · ‖ and ‖ · ‖_F are equivalent. Thus we can find universal constants d_1(n, d) ≤ d_2(n, d) such that

d_1‖A‖ ≤ ‖A‖_F ≤ d_2‖A‖, A ∈ M_{n,d}(R).

The absolute value of A = (A_{ij}) in M_n(R) is the matrix |A| given by (|A|)_{ij} = |A_{ij}|. The spectral radius of a matrix A is given by ρ(A) = lim_{n→∞} ‖A^n‖^{1/n}.

If J is an interval in R and V a finite dimensional normed space, we denote by C(J, V ) the family of continuous functions ϕ : J → V . The space of Lebesgue integrable functions ϕ : (0, ∞) → V will be denoted by L^1((0, ∞), V ) and the space of Lebesgue square integrable functions η : (0, ∞) → V will be denoted by L^2((0, ∞), V ). Where V is clear from the context we omit it from the notation.

We denote by C the set of complex numbers; the real part of z in C being denoted by Re z and the imaginary part by Im z. If A : [0, ∞) → M_n(R) then the Laplace transform of A is formally defined to be

Â(z) =

∫_∞ 0 A(t)e^{−zt}dt.

The convolution of F and G is denoted by F ∗ G and defined to be the function given by

(F ∗ G)(t) =

∫_t 0 F (t − s)G(s) ds, t ≥ 0.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 3

The n-dimensional equation given by (1.1) is considered. We assume that the function K : [0, ∞) → M_{n,n}(R) satisfies

K ∈ C([0, ∞), M_{n,n}(R)) ∩ L^1((0, ∞), M_{n,n}(R)),

(2.1) and G : [0, ∞) × C([0, ∞), R^n) → M_{n,d}(R) is continuous functional which is locally Lipschitz continuous with respect to the sup–norm topology, and obeys

(2.2) For every n ∈ N there is K_n > 0 such that ‖G(t, ϕ_t) − G(t, φ_t)‖_F ≤ K_n‖ϕ − φ‖_{[0,t]}, for all ϕ, φ ∈ C([0, ∞), R^n) with ‖ϕ‖_{[0,t]} ∨ ‖φ‖_{[0,t]} ≤ n, where we use the notation

‖ϕ‖_{[0,t]} = sup_{0≤s≤t} ‖ϕ(s)‖ for ϕ ∈ C([0, ∞), R^n) and t ≥ 0,

and let ϕ_t to be the function defined by ϕ_t(θ) = ϕ(t + θ) for θ ∈ [−t, 0]. Moreover, we ask that G also obey

(2.3) ‖G(t, ϕ_t)‖^2_F ≤ Σ^2(t) ( 1 + ‖ϕ(t)‖^2 +

∫_t 0 κ(t − s)‖ϕ(s)‖^2 ds ) , t ≥ 0, ϕ ∈ C([0, ∞), R^n) where the function Σ : [0, ∞) → R satisfies Σ ∈ C([0, ∞), R),

(2.4) and κ obeys (2.5) κ ∈ C([0, ∞), R) ∩ L^1([0, ∞), R).

Due to (2.1) we may define K_1 to be a function K_1 ∈ C([0, ∞), M_{n,n}(R)) such that

K_1(t) =

∫_∞ t K(s) ds, t ≥ 0,

(2.6)

where this function defines the tail of the kernel K. We let (B(t))_{t≥0} denote d-dimensional Brownian motion on a complete probability space (Ω, F^B, P) where the filtration is the natural one F^B(t) = σ{B(s) : 0 ≤ s ≤ t}. We define the function t → X(t; X_0, Σ) to be the unique solution of the initial value problem (1.1). The existence and uniqueness of solutions is covered in [9, Theorem 2E] or [21, Chapter 5] for example. Under the hypothesis (2.1), it is well-known that (1.2) has a unique continuous solution R, which is continuously differentiable. Moreover EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 4 if Σ is continuous then for any deterministic initial condition X_0 there exists a unique a.s. continuous solution to (1.1) given by

X(t; X_0) = R(t)X_0 +

∫_t 0 R(t − s)G(s, X_s) dB(s), t ≥ 0.

(2.7)

We denote E [X^2] by E X^2 except in cases where the meaning may be ambiguous. We now define the notion of convergence in mean square and almost sure convergence.

Definition 2.1. The R^n-valued stochastic process (X(t))_{t≥0} converges in mean square to X_∞ if

lim_{t→∞} E ‖X(t) − X_∞‖^2 = 0,

and we say that the difference between the stochastic process (X(t))_{t≥0} and X_∞ is integrable in the mean square sense if ∫_∞ 0 E ‖X(t) − X_∞‖^2 dt < ∞.

Definition 2.2. If there exists a P-null set Ω_0 such that for every ω /∈ Ω_0 the following holds

lim_{t→∞} X(t, ω) = X_∞(ω),

then we say X converges almost surely to X_∞. Furthermore, if ∫_∞ 0 ‖X(t, ω) − X_∞(ω)‖^2 dt < ∞,

we say that the difference between the stochastic process (X(t))_{t≥0} and X_∞ is square integrable in the almost sure sense.

In this paper we are particularly interested in the case where the random variable X_∞ is nonzero almost surely.

3. Convergence to a Non-Equilibrium Limit

In this section, we consider the convergence of solutions to a non– equilibrium limit without regard to pointwise rates of convergence. Instead, we concentrate on giving conditions on the stochastic intensity (i.e., the functional G) and the Volterra drift such that solutions converge almost surely and in mean–square. The square integrability of the discrepancy between the solution and the limit is also studied. The results obtained in [3] and [4] are special cases of the ones found here, where the functional G in (1.1) is of the special form G(t, φ_t) = Θ(t), t ≥ 0, where Θ ∈ C([0, ∞), M_n(R)) is in the appropriate L^2([0, ∞), M_n(R))–weighted space. EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 5

3.1. Deterministic results and notation. In the deterministic case Krisztin and Terjéki [15] considered the necessary and sufficient conditions for asymptotic convergence of solutions of (1.2) to a nontrivial limit and the integrability of these solutions. Before recalling their main result we define the following notation introduced in [15] and adopted in this paper. We let M = A +

∫_∞ 0 K(s) ds and T be an invertible matrix such that T^{−1}MT has Jordan canonical form. Let e_i = 1 if all the elements of the i^{th} row of T^{−1}MT are zero, and e_i = 0 otherwise. Put P = T diag(e_1, e_2, ..., e_n)T^{−1} and Q = I − P .

Krisztin and Terjéki prove the following result: if K satisfies ∫_∞ 0 t^2‖K(t)‖ dt < ∞,

(3.1)

then the resolvent R of (1.2) satisfies

R − R_∞ ∈ L^1((0, ∞), M_{n,n}(R)),

(3.2)

if and only if

det[zI − A − K̂(z)] ≠ 0 for Re z ≥ 0 and z ≠ 0, and det [ P − M −

∫_∞ 0 ∫_∞ s P K(u)duds ] ≠ 0.

Moreover, they show that the limiting value of R is given by

(3.3) R_∞ = [ P − M +

∫_∞ 0 ∫_∞ s P K(u) du ds

]_{−1} P. Although Krisztin and Terjéki consider the case where R − R_∞ exists in the space of L^1(0, ∞) functions it is more natural to consider the case where R − R_∞ lies in the L^2(0, ∞) space for stochastic equations.

3.2. Convergence to a non–equilibrium stochastic limit. We are now in a position to state the first main result of the paper. It concerns conditions for the a.s. and mean–square convergence of solutions of (1.1) to a non–trivial and a.s. finite limit, without making any request on the speed at which the convergence takes place.

Theorem 3.1. Let K satisfy (2.1) and ∫_∞ 0 t‖K(t)‖ dt < ∞,

(3.4)

Suppose that the functional G obeys (2.2) and (2.3), κ obeys (2.5), and Σ satisfis (2.4) and ∫_∞ 0 Σ^2(t) dt < ∞.

(3.5)

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 6

If the resolvent R of (1.2) satisfies

R − R_∞ ∈ L^2((0, ∞), M_{n,n}(R)),

(3.6)

then there exists a F^B(∞)–measurable and a.s. finite random variable X_∞ such that the solution X of (1.1) satisfies

lim_{t→∞} X(t) = X_∞ a.s.,

where

X_∞ = R_∞ ( X_0 +

∫_∞ 0 G(s, X_s) dB(t) ) a.s..

Moreover,

lim_{t→∞} E[‖X(t) − X_∞‖^2 = 0.

(3.7)

In this theorem the existence of the first moment of K is required rather than the existence of the second moment of K as required by Krisztin and Terjéki. However, the condition (3.6) is required. The condition (3.5) is exactly that required for mean–square convergence in [4], and for almost sure convergence in [3]. In both these papers, the functional G depends only on t, and not on the path of the solution. Moreover, as (3.5) was shown to be necessary for mean–square and almost sure convergence in [3, 4], it is difficult to see how it can readily be relaxed. Furthermore, in [3, 4] the necessity of the condition (3.6) has been established, if solutions of equations with path–independent G are to converge in almost sure and mean–square senses.

The condition (2.3) on G, together with the fact that Σ (3.5), makes Theorem 3.1 reminiscent of a type of Hartman–Wintner theorem, in which the asymptotic behaviour of an unperturbed linear differential equation is preserved when that equation is additively perturbed, and the perturbation can be decomposed into the product of a time– dependent, and (in some sense) rapidly decaying function, and a function which is linearly bounded in the state variable. Indeed the results in this paper suggest that a general Hartman–Wintner theorem should be available for stochastic functional differential equations which are subject to very mild nonlinearities, along the lines investigated in the deterministic case by Pituk in [18].

Sufficient conditions for the square integrability of X − X_∞ in the almost sure sense and in the mean sense are considered in Theorem 3.2. As before the conditions (3.5) and (3.6) are required for convergence; in addition, (3.8) is required for integrability. This last condition has been shown to be necessary to guarantee the mean square integrability of X − X_∞ in [4], for equations with path–independent G. EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 7

Theorem 3.2. Let K satisfy (2.1) and (3.4). Suppose that there exists a constant matrix R_∞ such that the solution R of (1.2) satisfies (3.6). Suppose that the functional G obeys (2.2) and (2.3), κ obeys (2.5) and Σ satisfy (2.4), (3.5) and ∫_∞ 0 tΣ^2(t) dt < ∞.

(3.8)

Then for all initial conditions X_0 there exists an a.s. finite F^B(∞)– measurable random variable X_∞ with E[‖X_∞‖^2] < ∞ such that the unique continuous adapted process X which obeys (1.1) satisfies E‖X(·) − X_∞‖^2 ∈ L^1((0, ∞), R).

(3.9) and X(·) − X_∞ ∈ L^2((0, ∞), R^n) a.s.

(3.10)

4. Exact rates of convergence to the limit In this section, we examine the rate at which X converges almost surely to X_∞, in the case when the most slowly decaying entry of the kernel K in the drift term of (1.1a) is asymptotic to a scalar function in a class of weighted functions, and the noise intensity Σ decays sufficiently quickly.

4.1. A class of weight functions. We make a definition, based on the hypotheses of Theorem 3 of [13].

Definition 4.1. Let μ ∈ R, and γ : [0, ∞) → (0, ∞) be a continuous function. Then we say that γ ∈ U(μ) if

γ̂(μ) =

∫_∞ 0 γ(t)e^{−μt} dt < ∞,

(4.1)

lim_{t→∞}

(γ ∗ γ)(t) γ(t)

= 2γ̂(μ),

(4.2)

lim_{t→∞} γ(t − s) γ(t)

= e^{−μs} uniformly for 0 ≤ s ≤ S, for all S > 0.

(4.3)

We say that a continuously differentiable γ : [0, ∞) → (0, ∞) is in U^1(μ) if it obeys (4.1), (4.2), and

(4.4) lim_{t→∞} γ^′(t) γ(t)

= μ.

It is to be noted that the condition (4.4) implies (4.3), so U^1(μ) ⊂ U(μ).

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 8

If γ is in U(0) it is termed a subexponential function^1. The nomenclature is suggested by the fact that (4.3) with μ = 0 implies that, for every ϵ > 0, γ(t)e^{ϵt} → ∞ as t → ∞. This is proved for example in [6]. As a direct consequence of this fact, it is true that γ ∈ U(μ) obeys

(4.5) lim_{t→∞} γ(t)e^{(ϵ−μ)t} = ∞, for each ϵ > 0.

It is also true that

(4.6) lim_{t→∞} γ(t)e^{−μt} = 0.

It is noted in [7] that the class of subexponential functions includes all positive, continuous, integrable functions which are regularly varying at infinity^2. The properties of U(0) have been extensively studied, for example in [7, 6, 12, 13].

Note that if γ is in U(μ), then γ(t) = e^{μt}δ(t) where δ is a function in U(0). Simple examples of functions in U(μ) are γ(t) = e^{μt}(1 + t)^{−α} for α > 1, γ(t) = e^{μt}e^{−(1+t)α} for 0 < α < 1 and γ(t) = e^{μt}e^{−t/ log(t+2)}. The class U(μ) therefore includes a wide variety of functions exhibiting exponential and slower–than–exponential decay: nor is the slower–than– exponential decay limited to a class of polynomially decaying functions.

If the domain of F contains an interval of the form (T, ∞) and γ is in U(μ), L_γ F denotes lim_{t→∞} F (t)/γ(t), if it exists.

Finally, if γ ∈ U(μ) and for matrix–valued functions F and G the limits L_γ F and L_γ G exist, it follows that L_γ (F ∗ G) also exists, and a formula can be given for that limit. This fact was proved in [5].

Proposition 4.2. Let μ ≤ 0 and γ ∈ U(μ). If F, G : (0, ∞) → M_n(R) are functions for which L_γ F and L_γ G both exist, L_γ (F ∗ G) exists and is given by

(4.7) L_γ (F ∗G) = L_γ F (∫_∞ 0 e^{−μs}G(s) ds ) + (∫_∞ 0 e^{−μs}F (s) ds ) L_γ G.

Corresponding results exist for the weighted limits of convolutions of matrix–valued functions with vector–valued functions. Proposition 4.2 is often applied in this paper.

4.2. Almost sure rate of convergence in weighted spaces. We are now in a position to give our main result, which is a stochastic and finite dimensional generalisation of results given in [6], and, in some

1In [7] the terminology positive subexponential function was used instead of just subexponential function. Because the functions in U(μ) play the role here of weight functions, it is natural that they have strictly positive values.

2γ is regularly varying at infinity if γ(αt)/γ(t) tends to a limit as t → ∞ for all α > 0; for further details see [10].

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 9 sense a stochastic generalisation of results in [5]. Let β > 0 and define e_β(t) = e^{−βt}, t ≥ 0. If (3.1) holds, the function K_2 given by

(4.8) K_2(t) =

∫_∞ t K_1(s) ds =

∫_∞ t ∫_∞ s K(u) du ds, t ≥ 0.

is well–defined and integrable. We also introduce Σ̃^2 by

(4.9) Σ̃^2(t) =

∫_t 0 e^{−2β(t−s)}Σ^2(s) ds · log t, t ≥ 2,

and F by (4.10) F (t) = −e^{−βt}(βQ + QM) + K_1(t) − βQ(e_β ∗ K_1)(t), t ≥ 0. The following is our main result of this section.

Theorem 4.3. Let K satisfy (2.1) and (3.4). Suppose that the functional G obeys (2.2) and (2.3), κ obey (2.5) and Σ satisfy (2.4) and (3.5). Suppose there is a μ ≤ 0 and β > 0 such that β + μ > 0 and F defined by (4.10) obeys

(4.11) ρ (∫_∞ 0 e^{−μs}|F (s)| ds ) < 1.

Suppose that γ ∈ U^1(μ) is such that (4.12) L_γ K_1 and L_γ K_2 exist, where K_1 and K_2 are defined by (2.6) and (4.8). If Σ̃ given by (4.9) obeys

(4.13) L_γΣ̃ = 0, L_γ

∫_∞ · Σ̃(s) ds = 0,

then for all initial conditions X_0 there exists an a.s. finite F^B(∞)– measurable random variable X_∞ with E[X^2_∞] < ∞ such that the unique continuous adapted process X which obeys (1.1) has the property that L_γ (X − X_∞) exists and is a.s. finite. Furthermore

(a) if μ = 0, and R_∞ is given by (3.3), then (4.14)

L_γ (X − X_∞) = R_∞(L_γ K_2)R_∞ ( X_0 +

∫_∞ 0 G(s, X_s) dB(s) ) a.s.;

(b) if μ < 0, and we define R_∞(μ) := ( I + K̂_1(μ) −^1_μ M

)_{−1} , then (4.15) L_γ (X − X_∞) = R_∞(μ)(L_γ K_2)R_∞(μ) ( X_0 +

∫_∞ 0 e^{−μs}G(s, X_s) dB(s) ) , almost surely.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 10

We explain briefly the role of the new conditions in this theorem. The condition (4.11) is sufficient to ensure that R − R_∞ lies in the appropriate exponentially weighted L^1 space. (4.12) characterises the rate of decay of the entries of K. In fact, by considering the limit relations (4.14) or (4.15), it may be seen that it is rate of decay of K_2 defined by (4.8) which determines the rate of convergence of solutions of (1.1) to the limit, under the condition (4.13). This last condition ensures that the noise intensity Σ decays sufficiently quickly relative to the decay rate of the kernel K so that the stochastic perturbation is sufficiently small to ensure that the rate of convergence to the limit is the same as that experienced by the deterministic resolvent R to its non–trivial limit R_∞. The fact that L_γ (R − R_∞) is finite is deduced as part of the proof of Theorem 4.3.

We observe that in the case when G ≡ 0 that the formula in case (a) is exactly that found to apply to the deterministic and scalar Volterra integrodifferential equation studied in [6].

Finally, in the case when G is deterministic and G = G(t), the limit L_γ (X −X_∞) is in general non–zero, almost surely, because L_γ (X −X_∞) is a finite–dimensional Gaussian vector.

In the one–dimensional case, the following corollary is available. Suppose that A ∈ R, K ∈ C([0, ∞); R) ∩ L^1([0, ∞); R) and A + ∫_∞ 0 K(s) ds = 0. In this case Q = 0 and so F (t) = K_1(t). Moreover, R_∞ defined in (3.3) reduces to

R_∞ = 1 1 + ∫_∞ 0 uK(u) du = 1 1 + K̂_1(0) . Theorem 4.4. Let K ∈ C([0, ∞); R) ∩ L^1([0, ∞); R). Suppose that the functional G obeys (2.2) and (2.3) and let Σ ∈ C([0, ∞); R) ∩ L^2([0, ∞); R) and κ ∈ C([, ∞); R) ∩ L^1([0, ∞); R). Suppose there is a μ ≤ 0 such that ∫_∞ 0 e^{−μs}|K_1(s)| ds < 1.

Suppose that γ ∈ U^1(μ) is such that L_γ K_1 and L_γ K_2 exist, where K_1 and K_2 are defined by (2.6) and (4.8). If Σ̃ given by (4.9) obeys

L_γΣ̃ = 0, L_γ

∫_∞ · Σ̃(s) ds = 0,

then for all initial conditions X_0 there exists an a.s. finite F^B(∞)– measurable random variable X_∞ with E[‖X_∞‖^2] < ∞ such that the unique continuous adapted process X which obeys (1.1) has the property EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 11 that L_γ (X − X_∞) exists and is a.s. finite. Furthermore

L_γ (X − X_∞) =

L_γ K_2 (1 + K̂_1(μ))^2 ( X_0 +

∫_∞ 0 e^{−μs}G(s, X_s) dB(s) ) , a.s.

5. Proof of Theorems 3.1 and 3.2

We begin with a Lemma. Let X be the solution of (1.1) and define M = {M(t); F^B(t); 0 ≤ t < ∞} by

(5.1) M(t) =

∫_t 0 G(s, X_s) dB(s), t ≥ 0.

The convergence of M to a finite limit and the rate at which that convergence takes place is crucial in establishing the convergence claimed in Theorems 3.1 and 3.2.

Lemma 5.1. Suppose that K obeys (2.1), (3.4) and that R defined by (1.2) obeys (3.6). Suppose that G obeys (2.2) and (2.3), κ obeys (2.5), and Σ obeys (2.4) and (3.5). If X is the unique continuous adapted process which satisfies (1.1), then (i) ∫_∞ 0 E[‖G(s, X_s)‖^2_F ] ds < ∞;

(ii)

∫_∞ 0 ‖G(s, X_s)‖^2_F ds < ∞, a.s. and there exists an almost surely finite and F^B(∞)–measurable random variable M(∞) such that

(5.2) M(∞) := lim_{t→∞} M(t), a.s.

(iii) There exists x^∗ > 0 such that E[‖X(t)‖^2] ≤ x^∗ for all t ≥ 0. (iv) With M(∞) defined by (5.2), we have E[‖M(∞)−M(t)‖^2] → 0 as t → ∞.

(v) In the case that Σ obeys (3.8) we have ∫_∞ 0 E[‖M(∞)−M(t)‖^2] dt < ∞,

∫_∞ 0 ‖M(∞)−M(t)‖^2 dt < ∞, a.s.

Proof. The proof of part (i) is fundamental. (ii) is an easy consequence of it, and (iii) follows very readily from (i) also. The proofs of (iv) and (v) use part (i).

The key to the proof of (i) is to develop a linear integral inequality for the function t → sup_{0≤s≤t} E[‖X(s)‖^2]. This in turn is based on the fundamental variation of constants formula

X(t) = R(t)X_0 +

∫_t 0 R(t − s)G(s, X_s) dB(s), t ≥ 0.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 12

This result has been rigorously established in [19]. This implies, with C_{ij}(s, t) :=

∑_n

k=1 R_{ik}(t − s)G_{kj}(s, X_s), 0 ≤ s ≤ t, that

X_i(t) = [R(t)X_0]_i + d∑ j=1 ∫_t 0 C_{ij}(s, t) dB_j(s).

Therefore

(5.3) E[‖X(t)‖^2] ≤ 2‖R(t)X_0‖^2 + 2 d∑ i=1 E (_d ∑ j=1 ∫_t 0 C_{ij}(s, t) dB_j(s)

)_2 . Now, as C_{ij}(s, t) is F^B(s)–measurable, we have E (_d ∑ j=1 ∫_t 0 C_{ij} (s, t) dB_j(s)

)_2

= d∑ j=1 ∫_t 0 E[C^2_{ij} (s, t)] ds =

∫_t 0 d∑ j=1 E[C^2_{ij} (s, t)] ds,

and so

C^2_{ij}(s, t) =

(_n ∑ k=1 R_{ik}(t − s)G_{kj}(s, X_s)

)_2 ≤ n n∑ k=1 R^2_{ik}(t − s)G^2_{kj}(s, X_s).

Since R(t) → R_∞ as t → ∞, we have that R_{ik}(t)^2 ≤ R̄^2 for all t ≥ 0. Hence d∑ j=1 C^2_{ij}(s, t) ≤ R̄^2 · n d∑ j=1 n∑ k=1 G^2_{kj}(s, X_s) = R̄^2 · n‖G(s, X_s)‖^2_F .

Therefore, by (2.3), we have d∑ j=1 C^2_{ij}(s, t)

≤ R̄^2 · n‖G(s, X_s)‖^2_F ≤ R̄^2 · nΣ^2(s) ( 1 + ‖X(s)‖^2 + (κ ∗ ‖X‖^2)(s) ) , and so, with x(t) = E[‖X(t)‖^2], we get d∑ j=1 E[C^2_{ij} (s, t)] ≤ R̄^2 · nΣ^2(s) (1 + x(s) + (κ ∗ x)(s)) .

Therefore

∫_t 0 d∑ j=1 E[C^2_{ij}(s, t)] ds ≤ R̄^2n

∫_t 0 Σ^2(s) (1 + x(s) + (κ ∗ x)(s)) ds, EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 13 and so, by returning to (5.3) we obtain

x(t) ≤ 2‖R(t)X_0‖^2 + 2R̄^2nd

∫_t 0 Σ^2(s) (1 + x(s) + (κ ∗ x)(s)) ds.

Using the fact that Σ ∈ L^2([0, ∞), R) and R is bounded, there exists a deterministic c = c(R, X_0, Σ) > 0 such that

x(t) ≤ c + c

∫_t 0 Σ^2(s)x(s) ds + c

∫_t 0 Σ^2(s)

∫_s 0 κ(s − u)x(u) du ds.

Now, define x^∗(s) = sup_{0≤u≤s} x(u). Then, as κ ∈ L^1([0, ∞), R), we get x(t) ≤ c + c

∫_t 0 Σ^2(s)x^∗(s) ds + c

∫_t 0 Σ^2(s)‖κ‖_L1_{[0,∞)}x^∗(s) ds.

Therefore (5.4) x^∗(T ) = sup_{0≤t≤T} x(t) ≤ c + c(1 + ‖κ‖_L1_{[0,∞)})

∫_T 0 Σ^2(s)x^∗(s) ds.

Next, define c^′ = c(1 + ‖κ‖_L1_{[0,∞)}) and x̃(t) = Σ^2(t)x^∗(t), to get x̃(t) ≤ cΣ^2(t) + c^′Σ^2(t)

∫_t 0 x̃(s) ds.

Therefore X̃(t) =

∫_t 0 x̃(s) ds obeys the differential inequality X̃^′(t) ≤ cΣ^2(t) + c^′Σ^2(t)X̃(t), t > 0; X̃(0) = 0, from which we infer

∫_t 0 x̃(s) ds = X̃(t) ≤ ce^{c′ ∫ t0 Σ2(s) ds}

∫_t 0 Σ^2(s)e^{−c′ ∫ s0 Σ2(u) du} ds.

Since Σ ∈ L^2([0, ∞), R), we get

∫_t 0 x̃(s) ds ≤ ce^{c′‖Σ‖L2(0,∞)}

∫_t 0 Σ^2(s) ds ≤ ce^{c′‖Σ‖2L2(0,∞)} ‖Σ‖^2_L2_{(0,∞)}, and so (5.5)

∫_∞ 0 Σ^2(s) sup_{0≤u≤s} E[‖X(u)‖^2] ds =

∫_∞ 0 Σ^2(s)x^∗(s) ds < ∞.

From this, (2.5), (3.5) and (2.3) we see that

∫_∞ 0 E[G^2_{ij} (s, X_s)] ds < ∞ for all i ∈ {1, . . . , n}, j ∈ {1, . . . , d}, which implies (i). The last inequality and Fubini’s theorem implies ∫_∞ 0 G^2_{ij}(s, X_s) ds < ∞ for all i ∈ {1, . . . , n}, j ∈ {1, . . . , d} a.s.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 14 from which (ii) follows by the martingale convergence theorem [20, Proposition IV.1.26].

To prove (iii), note that (5.5) and (5.4) imply

x^∗(T ) ≤ c + c(1 + ‖κ‖_L1_{[0,∞)})

∫_T 0 Σ^2(s)x^∗(s) ds

≤ c + c(1 + ‖κ‖_L1_{[0,∞)})

∫_∞ 0 Σ^2(s)x^∗(s) ds =: x^∗,

as required. Hence for all t ≥ 0, we have E[‖X(t)‖^2] ≤ x^∗(t) ≤ x^∗, as required.

We now turn to the proof of (iv). The proof is standard, but an estimate on E[‖M(∞)−M(t)‖^2] furnished by the argument is of utility in proving stronger convergence results under condition (3.8), so we give the proof of convergence and the estimate. To do this, note that M is a n–dimensional martingale with M_i(t) = ⟨M(t), e_i⟩ given by

M_i(t) = d∑ j=1 ∫_t 0 G_{ij} (s, X_s) dB_j(s).

Let t ≥ 0 be fixed and u > 0. Then

E[(M_i(t + u) − M_i(t))^2] = d∑ j=1 ∫_{t+u} t E[G^2_{ij} (s, X_s)] ds.

Therefore

E[‖M(t + u) − M(t)‖^2] = d∑ i=1 d∑ j=1 ∫_{t+u} t E[G^2_{ij} (s, X_s)] ds =

∫_{t+u} t E[‖G(s, X_s)‖^2_F ] ds.

By Fatou’s lemma, as M(t) → M(∞) as t → ∞ a.s., we have

E[‖M(∞) − M(t)‖^2] ≤ lim inf_{u→∞} E[‖M(t + u) − M(t)‖^2] = ∫_∞ t E[‖G(s, X_s)‖^2_F ] ds.

(5.6)

The required convergence is guaranteed by the fact that E[‖G(·, X_·)‖^2_F ] is integrable.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 15

To prove part (v), we notice that (5.6), (2.3) and the fact that E[‖X(t)‖^2] ≤ x^∗ for all t ≥ 0 together imply

E[‖M(∞) − M(t)‖^2] ≤ ∫_∞ t Σ^2(s) ( 1 + E[‖X(s)‖^2] + (κ ∗ E[‖X(·)‖^2])(s) ) ds ≤ ( 1 + x^∗ + ‖κ‖_L1_{(0,∞)}x^∗

) ∫^∞ t Σ^2(s) ds.

Now, if Σ obeys (3.8), it follows that ∫_∞ 0 E[‖M(∞) − M(t)‖^2] dt < ∞.

Applying Fubini’s theorem gives

∫_∞ 0 ‖M(∞) − M(t)‖^2 dt < ∞ a.s., proving both elements in part (v). □

We next need to know show that R^′ ∈ L^2([0, ∞), M_n(R)).

Lemma 5.2. Suppose that K obeys (2.1) and (3.4) and that R defined by (1.2) obeys (3.6). Then R^′ ∈ L^2([0, ∞), M_n(R)).

Proof. It can be deduced from e.g., [3, Lemma 5.1], that the conditions on R imply that R_∞ obeys (A +

∫_∞ 0 K(s) ds)R_∞ = 0. Since

R^′(t) = A(R(t) − R_∞) + (K ∗ (R − R_∞))(t) + ( A + ∫_t 0 K(s) ds ) R_∞,

it follows that

R^′(t) = A(R(t)−R_∞)+

∫_t 0 K(t−s)(R(s)−R_∞) ds−

∫_∞ t K(s) ds·R_∞.

Since K_1(t) → 0 as t → ∞ and K_1 ∈ L^1([0, ∞), M_n(R)) by (3.4), it follows that the last term on the righthand side is in L^2([0, ∞), M_n(R)). The first term is also in L^2([0, ∞), M_n(R)) on account of (3.6). As for the second term, as K is integrable, by the Cauchy–Schwartz inequality, we get ‖ ‖ ‖ ‖ ∫_t 0 K(t − s)(R(s) − R_∞) ds ‖ ‖ ‖ ‖ 2

2 ≤ c (∫_t 0 ‖K(t − s)‖_2‖R(s) − R_∞‖_2 ds

)_2

≤ c^′

∫_∞ 0 ‖K(s)‖ ds ·

∫_t 0 ‖K(t − s)‖_2‖R(s) − R_∞‖^2 ds.

The right hand side is integrable, since R − R_∞ ∈ L^2([0, ∞), M_n(R)) and K is integrable. Therefore K ∗ (R − R_∞) is in L^2([0, ∞), M_n(R)), and so R^′ ∈ L^2([0, ∞), M_n(R), as needed. □ EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 16

Lemma 5.3. Suppose that K obeys (2.1) and (3.4) and the resolvent R which is defined by (1.2) also obeys (3.6). Suppose further that ∫_∞ 0 E[‖G(s, X_s)‖^2_F ] ds < ∞.

Then U defined by (5.7) U(t) =

∫_t 0 (R(t − s) − R_∞)G(s, X_s) dB(s), t ≥ 0 obeys lim_{t→∞} E[‖U(t)‖^2] = 0, lim_{t→∞} U(t) = 0, a.s.

and ∫_∞ 0 E[‖U(t)‖^2] dt < ∞,

∫_∞ 0 ‖U(t)‖^2 dt < ∞, a.s.

Proof. By Itô’s isometry, there is a constant c_2 > 0 independent of t such that

E[‖U(t)‖^2] ≤ c_2

∫_t 0 ‖R(t − s) − R_∞‖^2E[‖G(s, X_s)‖^2_F ] ds.

Therefore, as E[‖G(·, X_·)‖^2_F ] is integrable, and R(t) − R_∞ → 0 as t → ∞, it follows that (5.8) lim_{t→∞} E[‖U(t)‖^2] = 0. Moreover, as R − R_∞ ∈ L^2([0, ∞), M_n(R)), we have that (5.9)

∫_∞ 0 E[‖U(t)‖^2] dt < ∞.

By Fubini’s theorem, we must also have (5.10)

∫_∞ 0 ‖U(t)‖^2 dt < ∞, a.s.

Due to (5.9) and the continuity and non–negativity of t → E[‖U(t)‖^2], for every μ > 0, there exists an increasing sequence (a_n)_{n≥0} with a_0 = 0, a_n → ∞ as n → ∞, and a_{n+1} − a_n < μ such that (5.11) ∞∑ n=0 E[‖U(a_n)‖^2] < ∞.

This fact was proven in [1, Lemma 3]. The next part of the proof is modelled after the argument used to prove [1, Theorem 4]. We want EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 17 to show that U(t) → 0 as t → ∞. Defining ρ(t) = R(t) − R_∞, we get ρ^′(t) = R^′(t) and

U(t) =

∫_t 0 ρ(t − s)G(s, X_s) dB(s) = ∫_t 0 ( ρ(0) +

∫_{t−s} 0 R^′(u) du ) G(s, X_s) dB(s) = ∫_t 0 ρ(0)G(s, X_s) dB(s) +

∫_t 0 ∫_t s R^′(v − s)G(s, X_s) dv dB(s) = ∫_t 0 ρ(0)G(s, X_s) dB(s) +

∫_t 0 ∫_v 0 R^′(v − s)G(s, X_s) dB(s) dv.

Therefore, for t ∈ [a_n, a_{n+1}]

U(t) = U(a_n) +

∫_t

a_n

ρ(0)G(s, X_s) dB(s) + ∫_t

a_n

∫_v 0 R^′(v − s)G(s, X_s) dB(s) dv.

Taking norms both sides of this equality, using the triangle inequality, the scalar inequality (a + b + c)^2 ≤ 3(a^2 + b^2 + c^2), taking suprema on each side of this inequality, and then taking the expectations of both sides, we get

(5.12) E [ max a_n≤t≤a_{n+1}

‖U(t)‖^2 ] ≤ 3 ( E[‖U(a_n)‖^2] + E [ max a_n≤t≤a_{n+1} ‖ ‖ ‖ ‖ ∫_t

a_n

∫_s 0 R^′(s − u)G(u, X_u) dB(u) ds ‖ ‖ ‖ ‖ 2

2 ]

+ E [ max a_n≤t≤a_{n+1} ‖ ‖ ‖ ∫_t

a_n

ρ(0)G(s, X_s) dB(s) ‖ ‖ ‖ 2

2 ] ) . Let us obtain estimates for the second and third terms on the righthand side of (5.12). For the second term, by applying the Cauchy–Schwartz inequality, and then taking the maximum over [a_n, a_{n+1}], we get

E [ max a_n≤t≤a_{n+1} ‖ ‖ ‖ ‖ ∫_t

a_n

∫_s 0 R^′(s − u)G(u, X_u) dB(u) ds ‖ ‖ ‖ ‖ 2

2 ]

≤ (a_{n+1} − a_n)

∫_{an+1}

a_n E [‖ ‖ ‖ ‖ ∫_s 0 R^′(s − u)G(u, X_u) dB(u) ‖ ‖ ‖ 2

2 ] ds. EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 18

By Itô’s isometry, and the fact that a_{n+1} − a_n < μ, we have

(5.13) ∞∑ n=0 E [ max a_n≤t≤a_{n+1} ‖ ‖ ‖ ∫_t

a_n

∫_s 0 R^′(s − u)G(u, X_u) dB(u) ds ‖ ‖ ‖ 2

2 ]

≤ μ ∫_∞ 0 ∫_s 0 ‖R^′(s − u)‖^2E[‖G(u, X_u)‖^2_F ] du ds.

This quantity on the righthand side is finite, due to the fact that R^′ ∈ L^2([0, ∞), M_n(R)) and E[‖G(·, X_·)‖^2] is integrable.

We now seek an estimate on the third term on the right-hand side of (5.12). Using Doob’s inequality, we obtain E [ max a_n≤t≤a_{n+1} ‖ ‖ ‖ ‖ ∫_t

a_n

ρ(0)G(s, X_s) dB(s) ‖ ‖ ‖ ‖ 2

2 ]

≤ C_2

∫_{an+1}

a_n E [ ‖ρ(0)G(s, X_s)‖^2_F ] ds. Therefore there exists C^′_2 > 0 which is independent of n and the stochastic integrand such that E [ max a_n≤t≤a_{n+1} ‖ ‖ ‖ ∫_t

a_n

ρ(0)G(s, X_s) dB(s) ‖ ‖ ‖ 2

2 ]

≤ C^′_2‖ρ(0)‖^2_F

∫_{an+1}

a_n E [ ‖G(s, X_s)‖^2_F ] ds, and so

(5.14) ∞∑ n=0 E [ max a_n≤t≤a_{n+1} ‖ ‖ ‖ ∫_t

a_n

ρ(0)G(s, X_s) dB(s) ‖ ‖ ‖ 2

2 ]

≤ C^′_2‖ρ(0)‖^2_F

∫_∞ 0 E [ ‖G(s, X_s)‖^2_F ] ds. Using the estimates (5.14), (5.13) and (5.11) in (5.12), we see that ∞∑ n=0 E [ sup a_n≤t≤a_{n+1}

‖U(t)‖^2 ] < ∞.

Note that this also implies

∑_∞ n=0 max_{an≤t≤an+1} ‖U(t)‖^2 < ∞, a.s., and therefore lim_{n→∞} max_{an≤t≤an+1} ‖U(t)‖^2 = 0, a.s. Therefore, as a_n → ∞ as n → ∞, ‖U(t)‖^2 → 0 as t → ∞, a.s. Therefore, by (5.15), it follows that X(t) − X_∞ → 0 as t → ∞, because R^′ ∈ L^2([0, ∞), M_n(R), by Lemma 5.2. □ EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 19

5.1. Proof of Theorem 3.1. By Lemma 5.1 and the martingale convergence theorem, we see that ∫_∞ 0 G(s, X_s) dB(s) := lim_{t→∞}

∫_t 0 G(s, X_s) dB(s) exists and is finite a.s.

Define X_∞ = R_∞(X_0+

∫_∞ 0 G(s, X_s) dB(s)), and note that the definition of M and U gives

(5.15) X(t) − X_∞ = (R(t) − R_∞)X_0 + U(t) − R_∞ (M(∞) − M(t)) .

By part (ii) of Lemma 5.1 and Lemma 5.3, the third and second terms on the righthand side of (5.15) tend to zero as t → ∞ a.s. The first term also tends to zero, so X(t) → X_∞ as t → ∞ a.s. As to the convergence in mean–square, observe by (5.8), and part (iv) of Lemma 5.1, that lim_{t→∞} E [‖X_∞ − X(t)‖^2] = 0.

5.2. Proof of Theorem 3.2. Under the conditions of the theorem, we have that X(t) → X(∞) as t → ∞ a.s. and E[‖X(t) − X(∞)‖^2] → 0 as t → ∞. Now by (3.8), it follows from part (v) of Lemma 5.1 that

∫_∞ 0 E[‖M(∞) − M(t)‖^2] dt < ∞. From Lemma 5.3 we also have ∫_∞ 0 E[‖U(t)‖^2] dt < ∞. Finally, R − R_∞ ∈ L^2([0, ∞), M_n(R)). Therefore from (5.15) it follows that

∫_∞ 0 E[‖X_∞ − X(t)‖^2] dt < ∞, and by Fubini’s theorem, we have

∫_∞ 0 ‖X_∞ − X(t)‖^2 dt < ∞, as required.

6. Proof of Theorem 4.3

Let β > 0 and define e_β(t) = e^{−βt} and F by (4.10). Next, we introduce the process Y by

(6.1) Y (t) = e^{−βt}

∫_t 0 e^{βs}G(s, X_s) dB(s), t ≥ 0

and the process J by (6.2)

J(t) = Qe^{−βt}X_0 − βP

∫_∞ t Y (s) ds + Y (t) +

∫_∞ t F (s) ds · X_∞, t ≥ 0.

Proposition 6.1. Let V = X − X_∞. Then V obeys the integral equation

(6.3) V (t) + (F ∗ V )(t) = J(t), t ≥ 0,

where F and J are as defined in (4.10) and (6.2) above, and the process Y is defined by (6.1).

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 20

Proof. Define Φ(t) = P + e^{−βt}Q, for t ≥ 0. Fix t ≥ 0, then from (1.1), we obtain for any T ≥ 0

∫_T 0 Φ(t − s) dX(s) =

∫_T 0 Φ(t − s)AX(s) ds + ∫_T 0 Φ(t − s)

∫_s 0 K(s − u)X(u) du ds +

∫_T 0 Φ(t − s)G(s, X_s) dB(s).

Integration by parts on the integral on the lefthand side gives Φ(t − T )X(T ) − Φ(t)X_0 =

∫_T 0 Φ(t − s) dX(s) −

∫_T 0 Φ^′(t − s)X(s) ds.

Now, we set T = t and rearrange these identities to obtain (6.4)

Φ(0)X(t) − Φ(t)X_0 +

∫_t 0 Φ^′(t − s)X(s) ds =

∫_t 0 Φ(t − s)AX(s) ds + ∫_t 0 Φ(t − s)

∫_s 0 K(s − u)X(u) du ds +

∫_t 0 Φ(t − s)G(s, X_s) dB(s).

Since Φ(0) = I, by applying Fubini’s theorem to the penultimate term on the righthand side, we arrive at (6.5) X(t) + (F ∗ X)(t) = H(t), t ≥ 0 where H is given by (6.6) H(t) = Φ(t)X_0 +

∫_t 0 Φ(t − s)G(s, X_s) dB(s), and F (t) = Φ^′(t − s) − Φ(t)A −

∫_t 0 Φ(t − s)K(s) ds, t ≥ 0.

Integrating the convolution term in F by parts yields ∫_t 0 Φ(t − s)K(s) ds = −Φ(0)K_1(t) + Φ(t)K_1(0) −

∫_t 0 Φ^′(t − s)K_1(s) ds, and so F may be rewritten to give

F (t) = Φ^′(t) − Φ(t)A + K_1(t) − Φ(t)

∫_∞ 0 K(s) ds + (Φ^′ ∗ K_1)(t).

Therefore F obeys the formula given in (4.10).

If Y is the process defined by (6.1), then Y obeys the stochastic differential equation (6.7) Y (t) = −β

∫_t 0 Y (s) ds +

∫_t 0 G(s, X_s) dB(s) t ≥ 0, EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 21 and because

∫_∞ 0 E[‖G(t, X_t)‖^2_F ] dt < ∞, we have ∫_∞ 0 E[‖Y (t)‖^2] dt < ∞ and hence

∫_∞ 0 ‖Y (t)‖^2 dt < ∞. The technique used to prove Lemma 5.3 enables us to prove that lim_{t→∞} Y (t) = 0 a.s. Therefore, by re– expressing H according to

H(t) = Qe^{−βt}X_0 + P X_0 + P

∫_t 0 G(s, X_s) dB(s) + Q ∫_t 0 e^{−β(t−s)}G(s, X_s) dB(s) = Qe^{−βt}X_0 + P X_0 + P

∫_∞ 0 G(s, X_s) dB(s) − P ∫_∞ t G(s, X_s) dB(s) + QY (t), we see that H(t) → H(∞) as t → ∞ a.s., where H(∞) = P X_0 + P

∫_∞ 0 G(t, X_t) dB(t),

(6.8) Therefore (6.9) H(t) − H(∞) = Qe^{−βt}X_0 − P

∫_∞ t G(s, X_s) dB(s) + QY (t).

Since X(t) → X_∞ as t → ∞ a.s. and F ∈ L^1([0, ∞), M_n(R)) it follows from (6.5) that X_∞ +

∫_∞ 0 F (s) ds · X_∞ = H(∞).

Therefore

X(t) − X_∞ +

∫_t 0 F (t − s)(X(s) − X_∞) ds −

∫_∞ t F (s) dsX_∞ = H(t) − X_∞ −

∫_t 0 F (s) dsX_∞ −

∫_∞ t F (s) dsX_∞, and so , with V = X − X_∞, we get (6.3) where J(t) = H(t) − H(∞) + ∫_∞ t F (s) ds · X_∞. This implies J(t) = Qe^{−βt}X_0 − P

∫_∞ t G(s, X_s) dB(s) + QY (t) +

∫_∞ t F (s) ds · X_∞.

We now write J entirely in terms of Y . By (6.7), and the fact that Y (t) → 0 as t → ∞ a.s. and G(·, X_·) ∈ L^2([0, ∞), M_{n,d}(R) a.s., it EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 22 follows that

0 = −β

∫_∞ 0 Y (s) ds +

∫_∞ 0 G(s, X_s) dB(s).

Combining this with (6.7) gives ∫_∞ t G(s, X_s) dB(s) = β

∫_∞ t Y (s) ds − Y (t),

and so J is given by (6.2), as claimed. □

6.1. Proof of Theorem 4.3. We start by noticing that γ ∈ U(μ) implies that γ(t)e^{(ϵ−μ)t} → ∞ as t → ∞ for any ϵ > 0. Therefore with ϵ = β + μ > 0 we have

lim_{t→∞} e^{−βt} γ(t)

= lim_{t→∞} e^{(ϵ−μ)t} γ(t)e^{βt}e^{(ϵ−μ)t}

= lim_{t→∞} e^{βt} γ(t)e^{βt}e^{(ϵ−μ)t}

= 0.

Hence L_γ e_β = 0.

Next, define Λ = L_γ K_1. If γ ∈ U^1(μ), by L’Hôpital’s rule, we have

lim_{t→∞}

∫_∞ t γ(s) ds γ(t) = − 1 μ . Therefore

lim_{t→∞}

∫_∞ t K_1(s) ds γ(t)

= lim_{t→∞}

∫_∞ t K_1(s) ds ∫_∞ t γ(s) ds · ∫_∞ t γ(s) ds

γ(t) = −1 μ Λ. If μ = 0, suppose Λ ≠ 0. Then L_γ K_2 is not finite, contradicting (4.12). Therefore, if μ = 0, then Λ = 0. Hence for all μ ≤ 0, we have L_γ K_1 = −μL_γ K_2.

Let Y be defined by (6.1). Then for each i = 1, . . . , n, Y_i(t) := ⟨Y (t), e_i⟩ is given by

e^{βt}Y_i(t) = d∑ j=1 ∫_t 0 e^{βs}G_{ij}(s, X_s) dB_j(s) =: Ỹ_i(t), t ≥ 0.

Then Ỹ_i is a local martingale with quadratic variation given by

⟨Ỹ_i⟩(t) =

∫_t 0 e^{2βs} d∑ j=1 G^2_{ij} (s, X_s) ds ≤

∫_t 0 e^{2βs}‖G(s, X_s)‖^2_F ds.

Hence, as X(t) → X_∞ as t → ∞ a.s., and X is continuous, it follows from (2.3) and (2.5) that there is an a.s. finite and F^B(∞)—measurable random variable C > 0 such that

⟨Ỹ_i⟩(t) ≤ C

∫_t 0 e^{2βs}Σ^2(s) ds, t ≥ 0.

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 23

We now consider two possibilities. The first possibility is that ⟨Ỹ_i⟩(t) tends to a finite limit as t → ∞. In this case lim_{t→∞} e^{βt}Y_i(t) exists and is finite. Then L_γ Y_i = 0 and L_γ [

∫_∞ · Y (s) ds] = 0 on the event on which the convergence takes place.

On the other hand, if ⟨Ỹ_i⟩(t) → ∞ as t → ∞, then by the Law of the Iterated Logarithm, for all t ≥ 0 sufficiently large, there exists an a.s. finite and F^B(∞)—measurable random variable C_1 > 0 such that

e^{2βt}Y^2_i (t) = Ỹ^2_i (t) ≤ C_1

∫_t 0 e^{2βs}Σ^2(s) ds log_2 ( e + ∫_t 0 e^{2βs}Σ^2(s) ds ) . If ∫_∞ 0 e^{2βt}Σ^2(t) dt < ∞, once again L_γ Y_i = 0 and L_γ [

∫_∞ · Y (s) ds] = 0. If not, then the fact that Σ ∈ L^2([0, ∞), R) yields the estimate ∫_t 0 e^{2βs}Σ^2(s) ds ≤ e^{2βt}

∫_∞ 0 Σ^2(s) ds, and so log ∫_t 0 e^{2βs}Σ^2(s) ds ≤ 2βt + log

∫_∞ 0 Σ^2(s) ds,

and so, when

∫_∞ 0 e^{2βt}Σ^2(t) dt = ∞, we have

|Y_i(t)|^2 ≤ C_2

∫_t 0 e^{−2β(t−s)}Σ^2(s) ds · log t = C_2Σ̃^2(t).

Hence, if the first part of (4.13) holds, we have L_γ Y_i = 0 and the second part implies (4.13). Therefore we have

(6.10) L_γ Y = 0, L_γ [

∫_∞ · Y (s) ds] = 0, a.s.

Next, by (4.10) and (4.12) and the fact that L_γ e_β = 0, we have L_γ F = −L_γ e_β (βQ + QM) + L_γ K_1 − βQL_γ (e_β ∗ K_1) = ( I − β β + μ Q ) L_γ K_1.

(6.11)

Next, we compute

∫_∞ t F (s) ds as a prelude to evaluating L_γ

∫_∞ · F (s) ds.

By (4.10) ∫_∞ t F (s) ds = − 1 β e^{−βt}(βQ + QM) + K_2(t) − βQ

∫_∞ t (e_β ∗ K_1)(s) ds.

Now ∫_∞ t (e_β ∗ K_1)(s) ds = 1 β (e_β ∗ K_1)(t) + 1 β K_2(t).

Therefore, as L_γ e_β = 0, and (4.12) holds we have

L_γ

∫_∞ · F (s) ds = L_γ K_2 − βQL_γ ( 1 β (e_β ∗ K_1) + 1 β K_2 )

= P L_γ K_2 − QL_γ [e_β ∗ K_1].

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 24

Hence L_γ

∫_∞ · F (s) ds = P L_γ K_2 − Q 1 β + μ

L_γ K_1,

and so

(6.12) L_γ J = L_γ

∫_∞ · F (s) ds · X_∞ = ( P + Q μ β + μ ) L_γ K_2 · X_∞.

Hence, as γ ∈ U(μ), (6.12) and (6.11) and (4.11) all hold, it follows that from (6.3) that L_γ V = L_γ (X − X_∞) exists and is a.s. finite, and is given by L_γ V + [L_γ F ]V̂ (μ) + F̂ (μ)L_γ V = L_γ J.

Hence (I +F̂ (μ))L_γ V = L_γ J −[L_γ F ]V̂ (μ). Since (4.11) holds, it follows that I + F̂ (μ) is invertible, and so (6.13) L_γ (X − X_∞) = (I + F̂ (μ))^{−1} ( L_γ J − [L_γ F ]

∫_∞ 0 (X(s) − X_∞)e^{−μs} ds ) . This establishes the existence of the finite a.s. limit L_γ (X − X_∞).

We now determine formulae for L_γ (X −X_∞) in the cases where μ = 0 and μ < 0. From the formula for F , we can readily compute

(6.14) I + F̂ (μ) = ( I − β β + μ Q ) (I + K̂_1(μ)) − 1 β + μ M. When μ = 0, we have that L_γ K_1 = 0, so L_γ F = 0 and L_γ J simplifies to give L_γ J = P · L_γ K_2 · X_∞. Hence L_γ (X − X_∞) = (I + F̂ (0))^{−1} · P · L_γ K_2 · X_∞.

Now I + F̂ (0) = P (I +

∫_∞ 0 K_1(s) ds) − β^{−1}M =: C_0. The formula for R_∞ implies that ( P − M + P

∫_∞ 0 K_1(s) ds ) R_∞ = P,

and as MR_∞ = 0, we have

(6.15) P ( I + ∫_∞ 0 K_1(s) ds ) R_∞ = P.

Thus

L_γ (X − X_∞) = C^{−1}_0 · P ( I + ∫_∞ 0 K_1(s) ds ) R_∞ · L_γ K_2 · X_∞

= C^{−1}_0 · [C_0 + β^{−1}M]R_∞ · L_γ K_2 · X_∞ = R_∞(L_γ K_2)X_∞, where we have used the fact that MR_∞ = 0 at the last step. This proves part (i).

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 25

As for part (ii), from (6.13), we have

L_γ (X − X_∞)

= (I + F̂ (μ))^{−1} ( I − β μ + β Q ) L_γ K_2 { X_∞ + μ( ^

X − X_∞)(μ) } . Since QM = M, by (6.14), we get ( I − β β + μ Q ) ( I + K̂_1(μ) − 1 μ M ) = I + F̂ (μ).

Due to (4.11), I + F̂ (μ) is invertible, and so

(6.16) (I + F̂ (μ))^{−1} ( I − β β + μ Q ) ( I + K̂_1(μ) − 1 μ M ) = I.

Therefore

L_γ (X − X_∞) = ( I + K̂_1(μ) − 1 μ M )_{−1} L_γ K_2 { X_∞ + μ( ^

X − X_∞)(μ) } . It remains to prove that

X_∞ +

∫_∞ 0 (X(s) − X_∞)μe^{−μs} ds = ( I + K̂_1(μ) − 1 μ M )_{−1} (

X_0 +

∫_∞ 0 e^{−μs}G(s, X_s) dB(s) ) . First, we note from (6.3) that ( ^X − X_∞)(μ) = (I +F̂ (μ))^{−1}Ĵ(μ). Using (6.2), we obtain

(6.17) μĴ(μ) = μ β + μ

QX_0 + (μI + βP ) Ŷ (μ) − βP

∫_∞ 0 Y (s) ds + (∫_∞ 0 F (s) ds − F̂ (μ) ) X_∞.

By (6.14), and as MX_∞ = 0, the last term equals

(6.18) (∫_∞ 0 F (s) ds − F̂ (μ) ) X_∞ = { (I − Q)(I + K̂_1(0)) − ( I − β β + μ Q ) (I + K̂_1(μ)) } X_∞.

Using integration by parts on (6.7) yields

∫_t 0 e^{−μs}Y (s) ds = 1 β + μ

∫_t 0 e^{−μs}G(s, X_s) dB(s) − 1 β + μ e^{−μt}Y (t).

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 26

Since γ ∈ U(μ), we have γ(t)e^{−μt} → 0 as t → ∞. Therefore, as L_γ Y = 0,

e^{−μt}Y (t) =

Y (t) γ(t)

· γ(t)e^{−μt} → 0, as t → ∞.

Moreover L_γ Y = 0 and γ ∈ U(μ) implies that Ŷ (μ) is finite. Therefore we have

Ŷ (μ) = 1 β + μ

∫_∞ 0 e^{−μs}G(s, X_s) dB(s).

Since β

∫_∞ 0 Y (s) ds =

∫_∞ 0 G(s, X_s) dB(s), we have

(6.19) (μI + βP ) Ŷ (μ) − βP

∫_∞ 0 Y (s) ds

= (μI + βP ) 1 β + μ

∫_∞ 0 e^{−μs}G(s, X_s) dB(s) − P

∫_∞ 0 G(s, X_s) dB(s).

Collecting (6.17), (6.18) and (6.19), and using the fact that P = I − Q, we obtain

X_∞ +

∫_∞ 0 (X(s) − X_∞)μe^{−μs} ds = μ β + μ

(I + F̂ (μ))^{−1}QX_0

+ (I + F̂ (μ))^{−1} {( I − β β + μ Q ) ∫_∞ 0 e^{−μs}G(s, X_s) dB(s) − P ∫_∞ 0 G(s, X_s) dB(s) }

+ (I + F̂ (μ))^{−1} { (I − Q)(I + K̂_1(0)) − ( I − β β + μ Q ) (I + K̂_1(μ)) } X_∞ + X_∞.

Using (6.14), we get

I + F̂ (μ) + 1 β + μ M = ( I − β β + μ Q ) (I + K̂_1(μ)).

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 27 and since MX_∞ = 0, we may use the last identity, and the formula for X_∞ to get

(I + F̂ (μ))^{−1} { (I − Q)(I + K̂_1(0)) − ( I − β β + μ Q ) (I + K̂_1(μ)) } X_∞ + X_∞

= (I + F̂ (μ))^{−1}(I − Q)(I + K̂_1(0))X_∞

= (I + F̂ (μ))^{−1}P (I + K̂_1(0))R_∞ ( X_0 +

∫_∞ 0 G(s, X_s) dB(s) )

= (I + F̂ (μ))^{−1}P ( X_0 +

∫_∞ 0 G(s, X_s) dB(s) )

where we have used (6.15) at the last step. Combining this identity with the last expression for X_∞ +

∫_∞ 0 (X(s) − X_∞)μe^{−μs} ds, we get

X_∞ +

∫_∞ 0 (X(s) − X_∞)μe^{−μs} ds = μ β + μ

(I + F̂ (μ))^{−1}QX_0

+ (I + F̂ (μ))^{−1} ( I − β β + μ Q ) ∫_∞ 0 e^{−μs}G(s, X_s) dB(s)

+ (I + F̂ (μ))^{−1}P X_0.

The first and third terms on the righthand side combine to give

(I + F̂ (μ))^{−1} ( I − β β + μ Q ) X_0,

so by (6.16) we have

X_∞ +

∫_∞ 0 (X(s) − X_∞)μe^{−μs} ds = ( I + K̂_1(μ) − 1 μ M )_{−1} ( X_0 +

∫_∞ 0 e^{−μs}G(s, X_s) dB(s) ) , as required to prove part (ii). Acknowledgement The author is pleased to thank David Reynolds and Siobhán Devin for discussions about this problem. He also wishes to thank the organisers of the 8th Colloquium on the Qualitative Theory of Differential Equations for the invitation to present his research at this conference.

References

[1] J. A. D. Appleby. p^{th}-mean integrability and almost sure asymptotic stability of Itô-Volterra equations. J. Integral Equations Appl., 15(4), 321–341, 2003.

[2] J. A. D. Appleby. Almost sure subexponential decay rates of scalar Itô-Volterra equations, Electron. J. Qual. Theory Differ. Equ., Proc. 7th Coll. QTDE, 2004, No.1, 1–32.

[3] J. A. D. Appleby, S. Devin, and D. W. Reynolds. On the asymptotic convergence to a non–equilibrium limit of solutions of linear stochastic Volterra equations. J. Integral Equ. Appl., 2007 (to appear).

[4] J. A. D. Appleby, S. Devin, and D. W. Reynolds. Mean square convergence of solutions of linear stochastic Volterra equations to non–equilibrium limits. Dynam. Con. Disc. Imp. Sys. Ser A Math Anal., 13B, suppl., 515–534, 2006.

[5] J. A. D. Appleby, I. Győri, and D. W. Reynolds. On exact rates of decay of solutions of linear systems of Volterra equations with delay. J. Math. Anal. Appl., 320 (1), 56–77, 2006.

[6] J. A. D. Appleby and D. W. Reynolds. Subexponential solutions of linear integro–differential equations. Proceedings of Dynamic Systems and Applications IV, 488–494, 2004.

[7] J. A. D. Appleby and D. W. Reynolds. Subexponential solutions of linear integro-differential equations and transient renewal equations. Proc. Roy. Soc. Edinburgh Sect. A, 132(3), 521–543, 2002.

[8] J. A. D. Appleby, C. Swords. Asymptotic behaviour of a nonlinear stochastic difference equation modelling an inefficient financial market. Difference Equations and Applications in Kyoto. Adv. Stud. Pure Math., Math. Soc. Japan, Tokyo, 8pp, to appear.

[9] M. A. Berger and V. J. Mizel. Volterra equations with Itô integrals. J. Integral Equ., 2(3):187–245, 1980.

[10] N. H. Bingham, C. M. Goldie, and J. L. Teugels, Regular variation, Encyclopedia of Mathematics and its Applications, vol. 27, Cambridge, 1989.

[11] T. A. Burton. Fixed points and differential equations with asymptotically constant or periodic solutions. E. J. Qualitative Theory of Diff. Equ., (11):1–31, 2004.

[12] V. P. Chistyakov. A theorem on sums of independent positive random variables and its application to branching random processes Theory Probab. Appl., 9, 640–648, 1964.

[13] J. Chover, P. Ney, and S. Wainger. Functions of probability measures. J. Analyse. Math., 26, 255–302, 1972.

[14] K. L. Cooke and J. A. Yorke. Some equations modelling growth processes and gonorrhea processes. Math. Biosciences, (16):75–101, 1973.

[15] T. Krisztin and J. Terjéki. On the rate of convergence of solutions of linear Volterra equations. Boll. Un. Mat. Ital. B, 7(2-B):427–444, 1988.

[16] X. Mao. Stability of stochastic integro–differential equations. Stochastic Anal.

Appl, 18(6):1005–1017, 2000.

[17] X. Mao and M. Riedle. Mean square stability of stochastic Volterra integro– differential equations. System Control Lett, 2004.

[18] M. Pituk. The Hartman–Wintner Theorem for Functional Differential Equations. J. Differ. Equ., 155 (1), 1–16, 1999.

[19] M. Reiß, M. Riedle and O. van Gaans. On Emery’s inequality and a variationof-constants formula. Stoch. Anal. Appl. (to appear).

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 29

[20] D. Revuz and M. Yor. Continuous Martingales and Brownian Motion. Third edition. Springer, New York, 1999.

[21] L. C. G. Rogers and D. Williams. Diffusions, Markov processes, and martingales. Vol. 2. Cambridge Mathematical Library. Cambridge University Press, New York, 2000.

(Received August 31, 2007)

School of Mathematical Sciences, Dublin City University, Dublin 9, Ireland

E-mail address: john.appleby@dcu.ie URL: http://webpages.dcu.ie/~applebyj

EJQTDE, Proc. 8th Coll. QTDE, 2008 No. 1, p. 30