Electronic Journal of Qualitative Theory of Differential Equations Proc. 7th Coll. QTDE, 2004, No. 12 1-11; http://www.math.u-szeged.hu/ejqtde/

Oscillation of First Order Neutral Delay Differential Equations

John R. Graef^{∗†}, R. Savithri^‡, E. Thandapani^§

This paper is dedicated to László Hatvani on the occasion of his sixtieth birthday.

Abstract

In this paper, the authors established some new integral conditions for the oscillation of all solutions of nonlinear first order neutral delay differential equations. Examples are inserted to illustrate the results.

This paper is in final form and no version of it will be submitted for publication elsewhere.

∗Research supported in part by the University of Tennessee at Chattanooga Center of Excellence for Computer Applications.

†Department of Mathematics, University of Tennessee at Chattanooga, Chattanooga, TN 37403 ‡Department of Mathematics, Peryiar University, Salem 636011, Tamilnadu, India §Department of Mathematics, Peryiar University, Salem 636011, Tamilnadu, India

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 12, p. 1

1 Introduction

Consider the first order nonlinear neutral delay differential equation

(x(t) + px(t − τ))^′ + q(t)f(x(t − σ)) = 0, (1)

subject to the conditions

(C_1) p ∈ R, τ, and σ are positive constants;

(C_2) q : [t_0, ∞) → R is a continuous function with q(t) > 0;

(C_3) f : R → R is a continuous function with uf(u) > 0 for u ≠ 0, and there is a positive constant M such that f(u)/u^α ⩾ M > 0 where α is a ratio of odd positive integers.

If we let ρ = max {τ, σ} and T ⩾ t_0, then by a solution of equation (1), we mean a continuous function x : [T −ρ, ∞) → R such that x(t)+px(t−τ) is continuously differentiable for t ⩾ T , and x satisfies equation (1) for all t ⩾ T . A solution of equation (1) is said to be oscillatory if it has arbitrarily large zeros and nonoscillatory otherwise.

In [4], Gopalsamy, Lalli, and Zhang considered the linear equation

(x(t) + px(t − τ))^′ + q(t)x(t − σ) = 0, (2)

where −1 < p ⩽ 0 and proved that if

lim inf t→∞ t∫ t−σ q(s)ds > 1 + p,

then all solutions of equation (2) are oscillatory. For additional results on the oscillatory behavior of solutions of the linear equation (2), we refer the reader to the monographs by Bainov and Mishev [2], Erbe, Kong, and Zhang [3], and Györi and Ladas [7] as well as the papers of Agarwal and Saker [1], Pahri [13], Saker and Elabbasy [15], Tanaka [16], and Zhou [19] and the references contained therein.

In [5], Graef et al. considered the nonlinear equation (1) with f nondecreasing, sublinear, and −1 < p ⩽ 0, and they proved that if ∫_∞

t_0

q(t)dt = ∞,

then every solution of equation (1) is oscillatory. They also proved a similar result for equation (1) when f is superlinear and p < −1. Mishra [12] considered equation (1) with −1 < p ⩽ 0, α = 1, and M = 1; he proved that if

lim inf t→∞ t∫ t−σ q(s)ds >

1 + p e , then all solutions of equation (1) oscillate. In [17], Tanaka considered neutral equations of the form (x(t) + h(t)x(t − τ))^′ + q(t)|x(t − σ)|^γ sgn x(t − σ) = 0, (3)

where 0 < γ < 1 and h(t) > 0, and proved that all solutions of (3) are oscillatory provided ∫_∞ min { q(s) 1 + (h(s − σ + τ))^γ , q(s − τ) 1 + (h(s − σ))^γ } ds = ∞.

Li and Saker [10] considered equation (1) with −1 < p ⩽ 0 and lim_{u→0}[u/f(u)] = β > 0; they proved that if

lim inf t→∞ t∫ t−σ q(s)ds > β e(1 + p) , then every solution of equation (1) oscillates.

Additional results on the oscillatory behavior of solutions of the nonlinear equation (1) can be found in the papers of Jaros and Kusano [8], Li and Saker [11], Mishra [12], and Yilmaz and Zafer [14] as well the monographs [2], [3], and [7]. In reviewing the literature, it becomes apparent that most results concerning the oscillation of all solutions of equation (1) are for the cases −1 < p ⩽ 0 or p < −1, and far fewer results are known for the situation in which p is positive. Here we wish to develop sufficient conditions for equation (1) to be oscillatory if p > 1. Sufficient conditions for all solutions of the first order equation (1), and in fact for odd order equations in general, to oscillate if p ≥ 0 are somewhat rare. Known results often take the form that any solution is either oscillatory or converges to zero; see, for example, the paper by Graef et al. [6].

In Section 2, we present some basic lemmas that are needed to prove our main results; in Section 3, we give some new integral conditions for the oscillation of all solutions of equation (1). We include examples to illustrate our main theorems.

2 Some Basic Lemmas

In this section, we establish some lemmas for the case α = 1. These lemmas will be used to prove our main results.

Lemma 1 Assume that σ > τ, p ∈ (1, ∞), α = 1, and

lim sup t→∞ ∫_{t+σ−τ} t q(s)ds > 0. (4)

If x(t) is an eventually positive solution of equation (1), then

lim inf t→∞ z(t − σ + τ) z(t)

< ∞, (5)

where z(t) = x(t) + px(t − τ).

Proof. From our hypotheses, we see that z(t) > 0 eventually, and from equation (1), we have that z(t) is decreasing. Then, px(t − τ) = z(t) − x(t) (6) and z(t + τ) = x(t + τ) + px(t).

Since z(t) is decreasing, we have z(t) > z(t + τ) ≥ px(t), and so from (6) we obtain p^2x(t − τ) ≥ pz(t) − z(t).

Thus, x(t − τ) ≥ p − 1 p^2 z(t), or x(t − σ) ≥ p − 1 p^2 z(t + τ − σ). (7) From (1) and (7), we have

z^′(t) +

M(p − 1)

p^2 q(t)z(t + τ − σ) ⩽ 0, (8)

and by Lemma 1 in [9], we obtain the desired result.

Lemma 2 Assume that σ > τ, p ∈ (1, ∞), and α = 1. If equation (1) has an eventually positive solution, then_{t+σ−τ} ∫ t q(s)ds ⩽ p^2 M(p − 1) (9) for sufficiently large t.

Proof. Proceeding as in the proof of Lemma 1, we again obtain (8). Integrating (8) from t to t + σ − τ and using the decreasing behavior of z(t), we obtain

z(t + σ − τ) + ( M(p − 1)

p^2

∫_{t+σ−τ} t q(s)ds − 1 ) z(t) ⩽ 0. (10)

Since z(t) > 0 eventually, (10) implies

M(p − 1) p^2

t+σ−τ∫

t q(s)ds − 1 ⩽ 0 (11)

for large t, and the desired result (9) follows from (11).

3 Oscillation Results

In this section, we obtain integral conditions for the oscillation of all solutions of equation (1). We first consider the case α = 1.

Theorem 1 Assume that σ > τ, p ∈ (1, ∞), α = 1, and (4) holds. If ∞∫ t_0

q(t) ln eM(p − 1) p^2

t+σ−τ∫

t q(s)ds dt = ∞, (12)

then every solution of equation (1) oscillates.

Proof. For the sake of obtaining a contradiction, assume that there is an eventually positive solution x(t) of equation (1). Then, z(t) is eventually positive and decreasing and satisfies the inequality z^′(t) +

M(p − 1) p^2 q(t)z(t + τ − σ) ⩽ 0. (13)

Let λ(t) = −z^′(t)/z(t); then, λ(t) is continuous and nonnegative, so there exists t_1 ⩾ t_0 with z(t_1) > 0 such that

z(t) = z(t_1) exp − t∫ t_1

λ(s)ds . Moreover, λ(t) satisfies

λ(t) ⩾

M(p − 1)

p^2 q(t) exp t∫ t+τ −σ

λ(s)ds

. (14)

Applying the inequality

e^{rx} ⩾ x + ln(er) r for x > 0 and r > 0,

to (14), we have

λ(t) ⩾

M(p − 1) p^2 q(t) exp

A(t) 1

A(t) t∫ t+τ −σ

λ(s)ds

⩾ M(p − 1) p^2 q(t) 1 A(t) t∫ t+τ −σ

λ(s)ds + ln(eA(t))

A(t)

where we take

A(t) =

M(p − 1) p^2

t+σ−τ∫

t q(s)ds.

It follows that

λ(t)

t+σ−τ∫

t q(s)ds − q(t) t∫ t+τ −σ

λ(s)ds ⩾ q(t) ln eM(p − 1) p^2

t+σ−τ∫

t q(s)ds .

Then, for u > T + σ − τ, we have u∫ T λ(t)

t+σ−τ∫

t q(s)ds dt − u∫ T q(t) t∫ t+τ −σ

λ(s)ds dt

⩾ u∫ T q(t) ln eM(p − 1) p^2

t+σ−τ∫

t q(s)ds dt. (15)

Interchanging the order of integration, we obtain u∫ T q(t) t∫ t+τ −σ

λ(s)dsdt ⩾

u+τ −σ∫

T λ(t)

t+σ−τ∫

t q(s)ds dt. (16)

From (15) and (16), it follows that u∫ u+τ −σ

λ(t)

t+σ−τ∫

t q(s)ds dt ⩾ u∫ T q(t) ln eM(p − 1)

p^2

t+σ−τ∫

t q(s)ds dt. (17)

Using (9) in (17), we have u∫ u+τ −σ

λ(t)dt ⩾

M(p − 1) p^2 u∫ T q(t) ln eM(p − 1) p^2

t+σ−τ∫

t q(s)ds dt

or ln z(u + τ − σ) z(u) ⩾ M(p − 1) p^2 u∫ T q(t) ln eM(p − 1) p^2

t+σ−τ∫

t q(s)ds dt. In view of (12), we must have

lim_{t→∞} z(t + τ − σ) z(t)

= ∞, (18)

which contradicts (5) and completes the proof of the theorem.

Example 1 Consider the neutral differential equation

(x(t) + 2x(t − 1))^′ + 4 e ( 1 + 1 t ) x(t − 2)(1 + x^2(t − 2)) = 0, t ≥ 2. (19)

Here, p = 2, τ = 1, σ = 2, q(t) = (4/e) (1 + 1/t), and M = 1. Clearly, ∞∫ 2 q(t) ln eM(p − 1) p^2 t+1∫ t q(s)ds dt ⩾ 4 e ∞∫ 2 ln ( 1 + ln ( 1 + 1 t )) dt = ∞.

By Theorem 1, every solution of equation (19) oscillates. None of the results given in the references can be applied to equation (19) to yield this conclusion.

In our next theorem, we again consider the case α = 1 and obtain a different type of sufficient condition for the oscillation of solutions of equation (1).

Theorem 2 Assume that σ > τ, p ∈ (1, ∞), α = 1, and there exists a constant k > 0 such that 1 e ⩽ t∫ t−σ+τ

q(s)ds < k. (20)

Then every solution of equation (1) is oscillatory.

Proof. Proceeding as in the proof of Theorem 1, we see that z(t) is eventually positive, decreasing, and satisfies (13). Moreover, the generalized characteristic equation for (13) is given by

λ(t) ⩾

M(p − 1) p^2 q(t) exp t∫ t+τ −σ

λ(s)ds

. (21)

If we let B(t) = exp ( e t∫ t+τ −σ

q(s)ds ) , then we can rewrite this inequality as

B(t)λ(t) ⩾

M(p − 1) p^2

B(t)q(t) exp

B(t)

B(t) t∫ t+τ −σ

λ(s)ds .

Applying the inequality e^{x/r} ⩾ 1 + x r^2 for x > 0 and r > 1,

we obtain

B(t)λ(t) − q(t)

M(p − 1)

p^2 t∫ t+τ −σ

λ(s)ds ⩾ q(t)A(t),

where A(t) =^{M(p−1)}_{p2} B(t). Then, for u > T + σ − τ, u∫ T λ(t)B(t)dt − u∫ T q(t)

M(p − 1) p^2 t∫ t+τ −σ

λ(s)ds dt ⩾ u∫ T q(t)A(t)dt. (22)

Interchanging the order of integration and simplifying, we have u∫ T q(t) t∫ t+τ −σ

λ(s)dsdt ⩾

u+τ −σ∫

T λ(t) t∫ t+τ −σ

q(s)ds dt. (23)

From (22) and (23), it follows that u∫ T λ(t)B(t)dt −

M(p − 1) p^2

u+τ −σ∫

T λ(t) t∫ t+τ −σ

q(s)ds dt ⩾ u∫ T q(t)A(t)dt,

and so_u ∫ T λ(t)B(t)dt + T∫ u+τ −σ

λ(t)B(t)dt ⩾ u∫ T q(t)A(t)dt (24)

since B(t) = exp e t∫ t+τ −σ

q(s)ds ⩾ t∫ t+τ −σ

q(s)ds.

On the other hand, since e ⩽ B(t) < k_1 for some k_1 > 0, (24) implies u∫ u+τ −σ

λ(t)dt ⩾ 1 k_1 u∫ T q(t)A(t)dt.

Since (20) implies that the integral on the right hand side of the above inequality diverges as u → ∞, the remainder of the proof is similar to that of Theorem 1 and so we omit the details. This completes the proof of the theorem. Example 2 Consider the neutral differential equation

(x(t) + 5x(t − 1))^′ + 1 4 x(t − 3)(1 + x^2(t − 3)) = 0, t ⩾ 3. (25)

Here we have τ = 1, σ = 3, q(t) =^1_4 , and M = 1, and we see that^1_e ⩽

∫_t t−2 1 4 ds =^1_2 < k = 1.

Also, ∞∫ t_0

q(t) exp ( e t∫ t−σ+τ

q(s)ds ) = ∞∫ t_0 1 4 e^e2 dt = ∞. The hypotheses of Theorem 2 are satisfied so every solution of (25) is oscillatory.

In our final result, we consider equation (1) with α > 1 since the case 0 < α < 1 has been studied by many other authors. The case α > 1 is considered by Graef et al. [5] for p < −1. Here, we establish oscillation criteria for equation (1) with p ∈ (1, ∞).

Theorem 3 Assume that α > 1, σ > τ, and p ∈ (1, ∞). In addition, assume that there exists a continuously differentiable function ϕ(t) such that

ϕ^′(t) > 0, lim_{t→∞} ϕ(t) = ∞, (26)

lim sup t→∞ ϕ^′(t + τ − σ) ϕ^′(t) < 1 α , (27) and lim inf t→∞ [ M ( p − 1 p^2

)_α

q(t) e^{−ϕ(t)} ϕ^′(t) ] > 0. (28)

Then every solution of equation (1) oscillates.

Proof. Proceeding as in the proof of Theorem 1, we see that z(t) is eventually positive, decreasing, and satisfies the inequality

z^′(t) + M ( p − 1 p^2

)_α q(t)z^α(t + τ − σ) ⩽ 0. (29)

From (26) and (27), we see that

lim sup t→∞ αϕ(t + τ − σ) ϕ(t)

< 1. (30)

Now by (27) and (30), there exist 0 < ℓ < 1, ε > 0, and T ⩾ t_0, such that

(1 + ε)αϕ^′(t + τ − σ) ϕ^′(t)

⩽ ℓ and

(1 + ε)αϕ(t + τ − σ) ϕ(t)

⩽ ℓ (31)

for t ⩾ T . In view of (28), we may choose T_0 > T such that M ( p − 1 p^2

)_α q(t) ⩾ ϕ^′(t)e^{αϕ(t)1+α} (32)

for t ⩾ T_0. Now set p(t) = ϕ^′(t)e^{αϕ(t)1+α} . By Lemma 2 in [18], it suffices to consider the inequality z^′(t) + p(t)z^α(t + τ − σ) ⩽ 0 (33) instead of (29). In order to see that z(t) → 0 as t → ∞, first observe that z(t+τ −σ) ≥ z(t). Hence, z^′(t) + p(t)z^α(t) ≤ z^′(t) + p(t)z^α(t + τ − σ) ≤ 0 and so z^′(t) z^α(t)

≤ −p(t).

Integrating, we have [z^{1−α}(t) − z^{1−α}(T )]/(1 − α) → −∞ as t → ∞. This implies z^{1−α}(t) → +∞ so z(t) → 0. Thus, there exists a T_1 > T_0 such that

0 < z(t) < 1 and z^′(t) ⩽ 0

for t ⩾ T_1. Letting y(t) = − ln z(t) for t ⩾ T_2 = T_1 + σ − τ, we see that y(t) > 0 for t ⩾ T_2 and (33) implies y^′(t) ⩾ p(t)e^{y(t)−αy(t−σ+τ )}

for t ⩾ T_2. The remainder of the proof is similar to the proof of Theorem 1 in [18] and will be omitted.

We conclude this paper with the following example.

Example 3 Consider the neutral differential equation

(x(t) + 2x(t − 1))^′ + e^{3t+e2t} x^3(t − 2) = 0, t ⩾ 2. (34)

Here, p = 2, σ = 2, τ = 1, α = 3, q(t) = e^{3t+e2t} , and M = 1. With ϕ(t) = e^{2t}, all conditions of Theorem 3 are satisfied and so all solutions of (34) are oscillatory.

Acknowledgement. The authors would like to thank the referee for making several good suggestions for improving the presentation of the results in this paper.

References

[1] R. P.Agarwal and S. H. Saker, Oscillation of solutions to neutral delay differential equations with positive and negative coefficients, Int. J. Differ. Equ. Appl. 2 (2001), 449–465.

[2] D. D. Bainov and D. P. Mishev, Oscillation Theory for Neutral Differential Equations with Delay, Adam Hilger, New York, 1991.

[3] L. H. Erbe, Q. Kong, and B. G. Zhang, Oscillation Theory of Functional Differential Equations, Marcel Dekker, New York, 1995.

[4] K. Gopalsamy, B. S. Lalli, and B. G. Zhang, Oscillation of odd order neutral differential equations, Czech. Math. J. 42 (1992), 313–323.

[5] J. R. Graef, M. K. Grammatikopoulos, and P. W. Spikes, Asymptotic and oscillatory behavior of solutions of first order nonlinear neutral delay differential equations, J. Math. Anal. Appl. 155 (1991), 562–571.

[6] J. R. Graef, M. K. Grammatikopoulos, and P. W. Spikes, Asymptotic behavior of nonoscillatory solutions of neutral delay differential equations of arbitrary order, Nonlinear Anal. 21 (1993), 23-42.

[7] I. Györi and G. Ladas, Oscillation Theory of Delay Differential Equations, Clarendon Press, Oxford, 1991.

[8] J. Jaros and T. Kusano, Oscillation properties of first order nonlinear functional differential equations of neutral type, Differential Integral Equations 4 (1991), 425–436.

[9] B. Li, Oscillation of first order delay differential equations, Proc. Amer. Math. Soc. 124 (1996), 3729–3737.

[10] W. T. Li and S. H. Saker, Oscillation of nonlinear neutral delay differential equations with applications, Ann. Polon. Math. 77 (2001), 39–51.

[11] W. T. Li and S. H. Saker, Oscillation of neutral delay nonlinear differential equations, Soochow J. Math., to appear.

[12] B. B. Mishra, On the Qualitative Behavior of Solutions of Neutral Delay Differential Equations, Ph.D. Thesis, Utkal Univ. India, 2001.

[13] N. Parhi, Oscillations of higher order differential equations of neutral type, Czech.

Math. J. 50 (2000), 155–173.

[14] Y. S. Yilmaz and A. Zafer, Bounded oscillation of nonlinear differential equations of arbitrary order, Czech. Math. J. 51 (2001), 185–195.

[15] S. H. Saker and El. M. Elabbasy, Oscillation of first order neutral delay differential equations, Kyungpook Math. J. 41 (2001), 311–321.

[16] S. Tanaka, Oscillatory and nonoscillatory solutions of neutral differential equations, Ann. Polon. Math. 73 (2000), 169–184.

[17] S. Tanaka, Oscillation of solutions of first order neutral differential equations, Hiroshima Math. J. 32 (2002), 79–85.

[18] X. H. Tang, Oscillation for the first order superlinear delay differential equations, J.

London Math. Soc. 65 (2002), 115–122.

[19] Y. Zhou, Oscillation of neutral functional differential equations, Acta Math. Hungar.

86 (2000), 205–212.

(Received August 13, 2003)