Electronic Journal of Qualitative Theory of Differential Equations Proc. 7th Coll. QTDE, 2004, No. 7 1-21; http://www.math.u-szeged.hu/ejqtde/

OSCILLATION AND SPECTRAL PROPERTIES OF SELF-ADJOINT EVEN ORDER DIFFERENTIAL OPERATORS WITH MIDDLE TERMS

ONDŘEJ DOŠLÝ

Abstract. Oscillation and spectral properties of even order self-adjoint differential operators of the form

L(y) := 1 w(t) n∑ k=0 (−1)^k ( r_k(t)y^{(k)}

)_{(k)} , r_n(t) > 0 , w(t) > 0,

are investigated. A particular attention is devoted to the fourth order operators with a middle term, for which new (non)oscillation criteria are derived. Some open problems and perspectives of further research are discussed.

Dedicated to Professor László Hatvani on the occasion of his 60th birthday.

1. Introduction and preliminaries

In this contribution we deal with oscillation and spectral properties of the even order (formally) self-adjoint differential operator

(1) L(y) := 1 w(t) n∑ k=0 (−1)^k ( r_k(t)y^{(k)}

)_{(k)} , t ∈ [T, ∞)

where r_0, . . . , r_n, w are continuous functions and r_n(t) > 0, w(t) > 0 for t ∈ [T, ∞). Note that one can investigate differential operator L under weaker assumptions (the so-called minimal integrability assumptions) that the functions r_0, . . . , r_{n−1},^1_{rn} and w are integrable on intervals [T, b) for every b > T . However, the continuity assumption is sufficiently general for our purpose.

First we recall some basic concepts of the oscillation theory of the self-adjoint equation L(y) = 0, i.e. of the equation (2) n∑ k=0 (−1)^k ( r_k(t)y^{(k)}

)_{(k)}

= 0.

1991 Mathematics Subject Classification. 34C10.

Key words and phrases. Self-adjoint differential equation, oscillation and nonoscillation criteria, variational method, conditional oscillation.

Research supported by the grant 201/01/0079 of the Czech Grant Agency This paper is in final form and no version of it will be submitted for publication elsewhere.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 1

The substitution

(3) x = y y^′ . . y^{(n−1)}

, u =

∑_n

k=1(−1)^{k−1}(r_ky^{(k)})^{(k−1)} . . −(r_ny^{(n)})^′ + r_{n−1}y^{(n−1)} r_ny^{(n)}

transforms equation (2) into the linear Hamiltonian system

(4) x^′ = Ax + B(t)u, u^′ = C(t)x − A^T u

with

B(t) = diag { 0, . . . , 0, 1 r_n } , C(t) = diag {r_0, . . . , r_{n−1}} and A_{i,j} = { 1, j = i + 1, i = 1, . . . , n − 1, 0 elsewhere.

In this case we say that the solution (x, u) of (4) is generated by the solution y of (2). Moreover, if y_1, . . . , y_n are solutions of (2) and the columns of the matrix solution (X, U) of (4) are generated by the solutions y_1, . . . , y_n, we say that the solution (X, U) is generated by the solutions y_1, . . . , y_n.

Recall that two different points t_1, t_2 are said to be conjugate relative to system (4) if there exists a nontrivial solution (x, u) of this system such that x(t_1) = 0 = x(t_2). Consequently, by the above mentioned relationship between (2) and (4), these points are conjugate relative to (2) if there exists a nontrivial solution y of this equation such that y^{(i)}(t_1) = 0 = y^{(i)}(t_2), i = 0, 1, . . . , n − 1. System (4) (and hence also equation (2)) is said to be oscillatory if for every T ∈ R there exists a pair of points t_1, t_2 ∈ [T, ∞) which are conjugate relative to (4) (relative to (2)), in the opposite case (4) (or (2)) is said to be nonoscillatory. The equation L(y) = y, i.e. the equation (5) n∑ k=0 (−1)^k ( r_k(t)y^{(k)}

)_{(k)} = w(t)y

is said to be conditionally oscillatory if there exists λ_0 > 0 such that the equation (6) n∑ k=0 (−1)^k ( r_k(t)y^{(k)}

)_{(k)} = λw(t)y

is oscillatory for λ > λ_0 and nonoscillatory for λ < λ_0. If (6) is oscillatory (nonoscillatory) for every λ > 0, then equation (6) or (5) is said to be strongly oscillatory (strongly nonoscillatory).

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 2

A conjoined basis (X, U) of (4) (i.e. a matrix solution of this system with n × n matrices X, U satisfying X^T (t)U(t) = U^T (t)X(t) and rank (X^T , U^T )^T = n) is said to be the principal solution of (4) if X(t) is nonsingular for large t and for any other conjoined basis (X̄, Ū) such that the (constant) matrix X̄^T U − Ū^T X is nonsingular, lim_{t→∞} X̄^{−1}(t)X(t) = 0 holds. The last limit equals zero if and only if

(7) lim_{t→∞} (∫_t X^{−1}(s)B(s)X^{T −1}(s) ds

)_{−1} = 0,

see [22]. A principal solution of (4) is determined uniquely up to a right multiple by a constant nonsingular n×n matrix. If (X, U) is the principal solution, any conjoined basis (X̄, Ū) such that the matrix X^T Ū −U^T X̄ is nonsingular is said to be a nonprincipal solution of (4). Solutions y_1, . . . , y_n of (2) are said to form the principal (nonprincipal) system of solutions if the solution (X, U) of the associated linear Hamiltonian system generated by y_1, . . . , y_n is a principal (nonprincipal) solution. Note that if (2) possesses a fundamental system of positive solutions y_1, . . . , y_{2n} satisfying y_i = o(y_{i+1}) as t → ∞, i = 1, . . . , 2n − 1, (the so-called ordered system of solutions), then the “small” solutions y_1, . . . , y_n form the principal system of solutions of (2).

Our differential operator (1) is singular since t ∈ [T, ∞), i.e. t = ∞ is a possible singularity in the sense that the functions r_0, . . . , r_{n−1},^1_{rn} , w may fail to be integrable on the whole interval [T, ∞). On the other hand, the left endpoint t = T is supposed to be regular, i.e., given any x_0, u_0 ∈ R^n, the associated linear Hamiltonian system (4) has a unique solution given by the initial condition x(a) = x_0, u(a) = u_0. The spectral properties of the operator L are investigated in the Hilbert space H = { y : ∫_∞ T w(t)|y(t)|^2 < ∞ } . The maximal differential operator L_{max} generated by the differential expression L (i.e. L_{max}(y) = L(y)) is the operator with the domain

D(L_{max}) = {y : [a, ∞) → R : x_k, u_k ∈ AC[T, ∞), k = 1, . . . , n, and L(y) ∈ H},

where x = (x_1, . . . , x_n)^T , u = (u_1, . . . , u_n)^T are related to y by (3) and AC denotes the class of absolutely continuous functions. The minimal operator L_{min} is defined as the adjoint operator to the maximal operator, i.e., L_{min} := (L_{max})^∗. The domain of every self-adjoint extension L̂ of the minimal operator L_{min} satisfies

D(L_{min}) ⊂ D(L̂) ⊂ D(L_{max})

It is known that all self-adjoint extensions of the minimal operator have the same essential spectrum, see [20, 21, 24].

In this paper we focus our attention to the following spectral property of the operator L.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 3

Definition 1. Operator L is said to have property BD if every self-adjoint extension of L_{min} has spectrum discrete and bounded below.

The link between oscillatory and spectral properties of the operator L is the following statement.

Proposition 1. Operator L has property BD if and only if the equation L(y) = λy is strongly nonoscillatory.

The paper is organized as follows. In the next section we recall some general statements of oscillation theory of self-adjoint equations (2). In Section 3 we present known results concerning oscillation and spectral properties of one and two-term differential operators. Section 4 contains new results – oscillation and nonoscillation criteria for fourth order differential equations with middle terms. The last section is devoted to remarks on the results of the paper and to the formulation of some open problems.

2. Oscillation theory of self-adjoint equations

Our oscillation results are based on the following variational principle. Lemma 1. ([15]) Equation (2) is nonoscillatory if and only if there exists T ∈ R such that

F(y; T, ∞) :=

∫_∞ T [_n ∑ k=0 r_k(t)(y^{(k)}(t))^2 ] dt > 0

for any nontrivial y ∈ W^{n,2}(T, ∞) with compact support in (T, ∞).

In nonoscillation criteria, the following Wirtninger inequality is frequently used. Lemma 2. ([15]) Let y ∈ W^{1,2}(T, ∞) have compact support in (T, ∞) and let M be a positive differentiable function such that M^′(t) ≠ 0 for t ∈ [T, ∞). Then ∫_∞ T |M^′(t)|y^2 dt < 4

∫_∞ T M^2(t) |M^′(t)| y^{′2} dt.

We will need also a statement concerning factorization of disconjugate differential operators.

Lemma 3. ([2]) Suppose that equation (2) possesses a system of positive solutions y_1, . . . , y_{2n} satisfying y_i = o(y_{i+1}), i = 1, . . . , 2n − 1, as t → ∞. Then the operator L given by (1) admits the factorization for large t

L(y) = 1 a_0(t) ( 1 a_1(t) ( . . .

r_n(t) a^2_n(t) ( 1 a_{n−1}(t)

. . . 1 a_1(t) ( y a_0(t)

)_′ . . . )′ . . .

)_′)_′ , EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 4 where

a_0 = y_1, a_1 = ( y_2 y_1

)_′

, a_i =

W (y_1, . . . , y_{i+1})W (y_1, . . . , y_{i−1}) W^2(y_1, . . . , y_i)

, i = 1, . . . , n − 1

and a_n = (a_0 · · · a_{n−1})^{−1}, W (·) being the Wronskian of the functions in brackets.

Oscillation criteria presented in this paper are based on the following general statement. This statement concerns oscillation of the equation

(8) L(y) = M(y),

where the operator M is given by

M(y) = m∑ k=0 (−1)^k ( r̃_k(t)y^{(k)}

)_{(k)}

with m ∈ {1, . . . , n − 1} and r̃_j (t) ≥ 0 for large t. Equation (8) is viewed as a perturbation of (nonoscilatory) equation (2). The next proposition says, roughly speaking, that (8) is oscillatory if the functions r̃_j are sufficiently positive, in a certain sense. The proof of the next proposition can be found in [3, 4].

Proposition 2. Suppose that (2) is nonoscillatory and y_1, . . . , y_n is the principal system of solutions of this equation. Equation (8) is oscillatory if there exists c = (c_1, . . . , c_n) ∈ R^n such that one of the following conditions holds:

(i) We have

∫_∞ [ m∑ k=0 r̃_k(t)(h^{(k)}(t))^2 ] dt = ∞, h := c_1y_1 + · · · + c_ny_n

(ii) The previous integral is convergent and

(9) lim sup_{t→∞}

∫_∞ t [∑_m k=0 r̃_k(t)(h^{(k)}(s))^2 ] ds c^T (∫_t X^{−1}(s)B(s)X^{T −1}(s) ds

)_{−1} c > 1,

where (X, U) is the solution of the linear Hamiltonian system associated with (2) generated by y_1, . . . , y_n.

3. One and two-term differential operators

A typical method of the investigation of the spectral properties of the operator L consists in assuming (this assumption is satisfied in many applications) that one of the terms in L, say (−1)^j ( r_j (t)y^{(j)}

)_{(j)}

for some j ∈ {1, . . . , n}, is dominant, in a EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 5 certain sense, and then the operator L is viewed as a perturbation of the one-term operator

L_j(y) =

(−1)^j w(t) ( r_j(t)y^{(j)}

)_{(j)} . This approach has been used, e.g., in the papers [11, 16]. For this reason, we turn first our attention to one-term differential operators. We consider the differential operator of the form

(10) l(y) :=

(−1)^n w(t) ( r(t)y^{(n)}

)_{(n)}

and the associated equation (11) (−1)^n(r(t)y^{(n)})^{(n)} = w(t)y.

Basic results concerning property BD of one term differential operators are based on the following statement, usually referred to as the reciprocity principle, the proof can be found e.g. in [1].

Proposition 3. Equation (11) is nonoscillatory if and only if the so-called reciprocal equation (related to (11) by the substitution z = r(t)y^{(n)})

(12) (−1)^n ( z^{(n)} w(t)

)_{(n)} = 1 r(t) z is nonoscillatory.

Now we present two oscillation criteria for equation (11) in case r(t) = t^α, i.e. we consider the equation

(13) (−1)^n ( t^αy^{(n)}

)_{(n)}

= w(t)y, where α is a real constant.

Theorem 1. ([6, 17]) Let α ∉ {1, 3, . . . , 2n − 1}, α < 2n − 1,

∫_∞ w(t) dt < ∞,

(14) M := lim sup_{t→∞} t^{2n−1−α}

∫_∞ t w(s) ds and (15) γ̂_{n,α} :=

∏_{2n−1}

k=0 (2n − 1 − 2k − α)^2 4^n(2n − 1 − α) . If M < γ̂_{n,α} then (13) is nonoscillatory and if M > γ̂_{n,α} the this equation is oscillatory.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 6

Theorem 2. ([6, 13]) Let α ∈ {1, 3, . . . , 2n − 1},

∫_∞

w(t)t^{2n−1−α}dt < ∞,

(16) K := lim sup_{t→∞} lg t

∫_∞ t w(s)s^{2n−1−α} ds and (17) ρ_{n,α} :=

[n!(n − m − 1)]^2 4 , m :=

2n − 1 − α 2 . If K < ρ_{n,α} then (13) is nonoscillatory and if K > ρ_{n,α} then this equation is oscillatory.

Note that the oscillation parts of the previous theorem were proved in [13, 17] under the stronger assumption M > (2n − 1 − α)[(n − 1)!]^2 for α ∉ {1, 3, . . . , 2n − 1} and K > 4ρ_{n,α} if α ∈ {1, 3, . . . , 2n − 1}. In the form presented in Theorems 1, 2 (with the improved value of the oscillation constant) these criteria were proved in the recent paper [6].

Consider now the differential operator (18) l̃(y) = (−1)^nt^α ( r(t)y^{(n)}

)_{(n)} , The reciprocal equation of the equation l̃(y) = y is the equation

(−1)^n ( t^αz^{(n)}

)_{(n)} = 1 r(t) z. Applying the previous oscillation and nonoscillation criteria to this equation we get the following necessary and sufficient condition for property BD of l̃. For α = 0 this is the classical condition of Tkachenko [15] (sufficiency) and of Lewis [18] (necessity). For α ∉ {1, 3, . . . , 2n − 1}, α < 2n − 1, this condition is formulated in [17]. The case α ∈ {1, 3, . . . , 2n − 1} is treated in [13].

Theorem 3. Operator l̃ has property BD if and only if

(i) α ∉ {1, 3, . . . , 2n − 1} and

lim_{t→∞} t^{2n−1−α}

∫_∞ t ds r(s)

= 0,

(ii) α ∈ {1, 3, . . . , 2n − 1} and

lim_{t→∞} lg t

∫_∞ t s^{2n−1−α} r(s) ds = 0.

Observe that if M = γ_{n,α} in (14) resp. K = ρ_{n,α} in (16), Theorems 1 and 2 do not apply. A typical example of a function w for which this happens is

w(t) = γ_{n,α} t^{2n−α}

, γ_{n,α} := (2n − 1 − α)γ̂_{n,α}, α ∉ {1, 3, . . . , 2n − 1}, EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 7 with γ̂_{n,α} given by (15), resp.

w(t) = ρ_{n,α} t^{2n−α} lg^2 t

, α ∈ {1, 3, . . . , 2n − 1}.

This fact was a motivation for the research of the papers [5, 9, 10] where the equations

(19) (−1)^n ( t^αy^{(n)}

)_n − γ_{n,α} t^{2n−α} y = w(t)y, α ∉ {1, 3, . . . , 2n − 1}, and (20) (−1)^n ( t^αy^{(n)}

)_n − ρ_{n,α} t^{2n−α} lg^2 t y = w(t)y, α ∈ {1, 3, . . . , 2n − 1},

were investigated. In the next criteria equations (19) and (20) are viewed as a perturbation of the equations

(21) (−1)^n ( t^αy^{(n)}

)_n − γ_{n,α} t^{2n−α} y = 0, α ∉ {1, 3, . . . , 2n − 1}, and (22) (−1)^n ( t^αy^{(n)}

)_n − ρ_{n,α} t^{2n−α} lg^2 t y = 0, α ∈ {1, 3, . . . , 2n − 1}.

In the easier case α ∉ {1, 3, . . . , 2n − 1} we have obtained the following result. Theorem 4. ([6, 8, 9]) Let α ∉ {1, 3, . . . , 2n − 1},

M̃ := lim sup t→∞ lg t

∫_∞ t w(s)s^{2n−1−α} ds and (23) γ̃_{n,α} :=

∏_{n−1}

k=0 (2n − 1 − α − 2k)^2 4^n

[_{n−1} ∑ k=0 1 (2n − 1 − α − 2k)^2 ] . If M̃ < γ̃_{n,α} then (19) is nonoscillatory and if M̃ > γ̃_{n,α} then this equation is oscillatory.

Note that similarly to the case treated in Theorem 1, the oscillation part of the previous theorem was proved in [5, 9] under the stronger assumption M̃ > 4γ̃_{n,α} and this assumption is weakened to the form as presented in Theorem 4 in [8] using the method introduced in [6].

In the more difficult case α ∈ {1, 3, . . . , 2n − 1} we have not been able to find a “unifying” limit which “separates” oscillatory and nonoscillatory equations, but we proved the following result.

Theorem 5. Let α ∈ {1, 3, . . . , 2n − 1}. EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 8

(i) If

(24)

∫_∞ w(t)s^{2n−1−α} lg s ds = ∞,

then (20) is oscillatory.

(ii) If the second order equation

(25) (t lg t u^′)^′ + w(t)t^{2n−1−α} lg t

4ρ_{n,α} u = 0

is nonoscillatory, then (20) is also nonoscillatory. In particular, (20) is nonoscillatory provided

lim_{t→∞} lg(lg t)

∫_∞ t w(s)s^{2n−1−α} lg s ds < ρ_{n,α}.

The case when we consider two-term differential operators can be regarded as a model of the situation when not only one term is dominant in the differential operator L given by (1), but two terms are dominant. One term is again a term (−1)^j ( r_j(t)y^{(j)}

)_{(j)} for some j ∈ {1, 2, . . . , n} and the second one is the term r_0(t)y.

This leads then to differential equations of the form (−1)^j (r_j(t)y^{(j)})^{(j)} + r_0(t)y = w(t)y and equations (19) and (20) are just of this form.

Theorems 4 and 5 give the following conditions for property BD of the operators

(26) L̃(y) := 1 w(t) [ (−1)^n ( t^αy^{(n)}

)_n − γ_{n,α} t^{2n−α} y ] , α ∉ {1, 3, . . . , 2n − 1}, and (27) L̂(y) := 1 w(t) [ (−1)^n ( t^αy^{(n)}

)_n − ρ_{n,α} t^{2n−α} lg^2 t y ] , α ∈ {1, 3, . . . , 2n − 1}.

The result given in the next theorem is new, it is not given in the above mentioned references [9, 10]. However, as we will see, this statement follows easily from Theorems 4 and 5.

Theorem 6. Let the differential operators L̃ and L̂ be given by (26), (27), respectively.

(i) Let α ∉ {1, 3, . . . , 2n − 1}, then L̃ has property BD if and only if

(28) lim_{t→∞} lg t

∫_∞ t w(s)s^{2n−1−α} ds = 0.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 9

(ii) Let α ∈ {1, 3, . . . , 2n − 1}. If L̂ has property BD then (29)

∫_∞ w(t)t^{2n−1−α} lg t dt < ∞.

Conversely, if (30) lim_{t→∞} lg(lg t)

∫_∞ t w(s)s^{2n−1−α} lg s ds = 0.

then L̂ has property BD.

Proof. (i) Let α ∉ {1, 3, . . . , 2n − 1}. Note that if

∫_∞ w(t)t^{2n−1−α} dt = ∞, then the equation L̃(y) = y is (strongly) oscillatory by Proposition 2 since the function y = t^{2n−1−α}2 is contained in the principal system of solution of the equation L̃(y) = 0. Hence, L̃ cannot have property BD by Proposition 1.

Suppose now that L̃ has property BD and the limit (28) is not zero, i.e. lim sup t→∞ lg t

∫_∞ t w(s)s^{2n−1−α} ds = ε > 0.

Hence, for λ >^{γ̃n,α}_ε we have lim sup t→∞ lg t

∫_∞ t λw(s)s^{2n−1−α} ds > γ̃_{n,α} and thus equation (19) with λw(t) instead of w(t) is oscillatory. This means that this equation is not strongly nonoscillatory and this contradicts to Proposition 1. Conversely, suppose that (28) holds. Then for every λ > 0 lim_{t→∞} lg t

∫_∞ t λw(s)s^{2n−1−α} ds = 0 < γ̃_{n,α}.

Hence, (19) is strongly nonoscillatory by Theorem 5 and L̃ has property BD by Proposition 1.

(ii) Let α ∈ {1, 3, . . . , 2n − 1}. If L̂ has property BD and the integral in (29) is divergent, i.e., ∫_∞ w(t)t^{2n−1−α} lg t dt = ∞, then the equation L̂(y) = y is oscillatory by Theorem 5, a contradiction with Proposition 1. Conversely, if (30) holds, we have lim_{t→∞} lg(lg t)

∫_∞ t λw(s)s^{2n−1−α} lg s ds = 0 < ρ_{n,α} EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 10 which means that the second order equation

(t lg t u^′)^′ + λw(t)t^{2n−1−α} lg t 4ρ_{n,α} u = 0

is nonoscillatory for every λ > 0.

Hence, by Theorem 5, the equation L̂(y) = λy has the same property and hence the operator L̂ has property BD by Proposition 1. □

4. Fourth order operators with a middle term

In this section we present new oscillation and nonoscillation criteria for the fourth order differential equation

(31) y^{(iv)} − (q(t)y^′)^′ + p(t)y = 0

where this equation is viewed as a perturbation of the Euler differential equation

(32) L_{ν,γ} (y) := y^{(iv)} − ν ( y^′ t^2

)_′ − γ t^4 y = 0.

We follow essentially the same idea as in the papers [7, 8, 14], where two-term differential operators are investigated. Our ultimate aim is to study general threeterm differential operators and equations

(33) L(y) := (−1)^n ( r(t)y^{(n)}

)_{(n)} + (−1)^m ( q(t)y^{(m)}

)_{(m)} + p(t)y = 0

with m ∈ {1, . . . , n − 1}. Similarly to [7, 14], we “test” first the situation in the most simple case of the fourth order equation in order to see where are the main problems. Then, solving these problems in this simple case, we are going to “attack” the general three-term equation (33). This idea is applied in the case of two-term operators in [8].

We start with an elementary statement concerning the fourth order Euler equation (32).

Lemma 4. Let ν ≥ −^5_2 . Equation (32) is nonoscillatory if and only if

(34) ν + 1 4 − 4 9 γ ≥ 0.

If ν =^4_9 γ −^1_4 then this equation possesses a fundamental system of solutions

(35) y_1 = t^{32 −ñu}, y_2 = t^{32} , y_3 = t^{32} lg t, y_4 = t^{32 +ν̃} , EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 11 where ν̃ :=

√_5 2 + ν. Moreover, the differential operator L_{ν,γ} admits Polya’s factorization

(36) L_{ν,γ} (y) = 1 t^32 { t^{1+ν̃} [ t^{1−2ν̃} ( t^{1+ν̃} ( y t^32

)_′)_′]′}^′ , and we have ∫_∞ T [ y^{′′2} + ν y^{′2} t^2 − γ y^2 t^4 ] dt =

∫_∞ T t^{1−2ν̃} {[ t^{1+ν̃} ( y t^32

)_′]′}2 dt for every y ∈ W^{2,2}(T, ∞) with compact support in (T, ∞).

Proof. We will prove that (32) is nonoscillatory for ν, γ satisfying (34); oscillation of (32) if this inequality is violated will be proved later as a consequence of a more general result.

By the Wirtinger inequality given in Lemma 2, ∫_∞ T y^{′′2} dt + ν

∫_∞ T y^{′2} t^2 dt − γ

∫_∞ T y^2 t^4 dt > ( ν + 1 4 ) ∫_∞ T y^{′2} t^2 dt − γ

∫_∞ T y^2 t^4 dt > [ 9 4 ( ν + 1 4 ) − γ ] ∫_∞ T y^2 t^4 dt. Hence, (32) is nonoscillatory by Lemma 1 if (34) holds.

Now suppose that equality in (34) holds, i.e.,

(37) ν + 1 4 − 4 9 γ = 0.

We look for a solution of (32) in the form y(t) = t^λ. Substituting into (32) we obtain λ(λ − 1)(λ − 2)(λ − 3) − νλ(λ − 3) − γ = 0.

The substitution μ = λ −^3_2 converts the last equation into the equation ( μ^2 − 9 4 ) ( μ^2 − 1 4 ) − ν ( μ^2 − 9 4 ) − γ = 0.

If (37) holds, this equation has the roots μ_{1,2} = 0 and μ_{3,4} = ± √ ν +^5_2 = ±ν̃, and this means that (35) is really a fundamental system of solutions of (32).

In order to prove the factorization formula (36), it suffices to apply Lemma 3 with y_1 = t^32 and y_2 = t^32^{−ν̃} . Finally, multiplying (36) by y, integrating the obtained equation from T to ∞, and using integration by parts, we get the last formula stated in Lemma 4. □ EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 12

Next, we study oscillation and nonoscillation of the equation L_{μ,γ} (y) = p(t)y in the critical case (37).

Theorem 7. Suppose that (37) holds and p(t) ≥ 0 for large t.

(i) If the second order equation

(38) (tu^′)^′ + t^3p(t) ν̃^2 u = 0

is nonoscillatory, then the equation

(39) y^{(iv)} − ν ( y^′ t^2

)_′ − γ t^4 y = p(t)y

is also nonoscillatory. In particular, (39) is nonoscillatory provided p(t) ≥

ν̃^2 4t^4 lg^2 t for large t and

(40) lim_{t→∞} lg(lg t)

∫_∞ t [ p(s) − ν̃^2 4s^4 lg^2 s ] s^3 lg s ds < ν̃^2 4 .

(ii) If

(41)

∫_∞ [ p(t) − ν̃^2 4t^4 lg^2 t ] t^3 lg t dt = ∞,

then (39) is oscillatory.

Proof. We skip details of the proof since it is similar to that of [7, Theorem 1], where the case ν = 0, γ =^9_{16} is investigated. To prove the nonoscillation part (i), we use Lemma 4 and the Wirtinger inequality of Lemma 2. According to Lemma 1, it suffices to find T ∈ R such that

(42)

∫_∞ T [ y^{′′2} + ν y^{′2} t^2 − γ y^2 t^4 ] dt −

∫_∞ T p(t)y^2 dt > 0 EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 13 for every nontrivial y ∈ W^{2,2}(T, ∞) with compact support in (T, ∞). We have by Lemma 4 ∫_∞ T [ y^{′′2} + ν y^{′2} t^2 − γ y^2 t^4 ] dt −

∫_∞ T p(t)y^2 dt

= ∫_∞ T t^{1−2ν̃} {[ t^{1+ν̃} ( y t^32

)_′]_′}2 dt −

∫_∞ T p(t)y^2 dt

≥ ν̃^2

∫_∞ T t [( y t^32

)_′]2

dt −

∫_∞ T t^3p(t) ( y t^32

)_2 dt = ν̃^2

∫_∞ T [ tu^{′2} − t^3p(t) ν̃^2 u^2 ] dt, where u =^y_{t 32} . Since the second order equation (38) is nonoscillatory, the last integral is positive for every u ∈ W^{1,2}(T, ∞) with compact support in (T, ∞) if T is sufficiently large. Hence, (42) holds which means that (39) is nonoscillatory. To prove the sufficiency of (40) for the nonoscillation of (38) we rewrite this equation into the form

(tu^′)^′ + 1 4t lg^2 t u + [ t^3p(t) ν̃^2 − 1 4t lg^2 t ] u. The transformation u = √ lg t v transforms the last equation into the equation (see, e.g., [23])

(43) (t lg t v^′)^′ + [ p(t) − ν̃^2 4t^4 lg^2 ] t^3 lg t ν̃^2 v = 0.

By the classical Hille nonoscillation criterion, the equation (r(t)x^′)^′ + c(t)x = 0 with c(t) ≥ 0,

∫_∞ c(t) dt < ∞ and

∫_∞ r^{−1}(t) dt = ∞ is nonoscillatory if

(44) lim_{t→∞} (∫_t r^{−1}(s) ds ) (∫_∞ t c(s) ds ) < 1 4 . Now, applying Hille’s nonoscillation criterion to (43) gives just (40).

In the proof of (ii), let T ∈ R be arbitrary and t_3 > t_2 > t_1 > t_0 > T (these values will be specified later). Denote h(t) = t^32 √ lg t, let f ∈ C^2[t_0, t_1] be any function satisfying f(t_0) = 0 = f^′(t_0), f(t_1) = h(t_1), f^′(t_1) = h^′(t_1), and let g be the solution of equation (32) satisfying (45) g(t_2) = h(t_2), g^′(t_2) = h^′(t_2), g(t_3) = 0 = g^′(t_3). EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 14

Define the function y ∈ W^{2,2}(T, ∞) with compact support in (T, ∞) as follows:

y(t) =

0, t ≤ t_0, f(t), t_0 ≤ t ≤ t_1, h(t), t_1 ≤ t ≤ t_2, g(t), t_2 ≤ t ≤ t_3, 0, t ≥ t_3.

and denote

K :=

∫_{t1}

t_0 [ f^{′′2} − ν t^2 f^{′2} − ( γ t^4

+ p(t) ) f^2 ] dt. By a direct computation, we have

∫_{t2}

t_1 ( h^{′′2} + ν h^{′2} t^2 − γ t^4 h^2 ) dt = 3 2 (ν + 1) lg t_2 +

5 + 2ν 8 ∫_{t2}

t_1 dt t lg t

+ K̃ + o ( lg^{−1} t_2 ) ,

as t_2 → ∞, where K̃ is a real constant.

Computing the integral

F(g; t_2, t_3) :=

∫_{t3}

t_2 [ g^{′′2} + νt^{−2}g^{′2} − γt^{−4}g^2 ] dt,

denote by

(_x u ) the solution of the linear Hamiltonian system (further LHS) associated with (32) generated by the solution g, and let h̃ =

(_h

h^′ ) . Then,

F(g; t_2, t_3) =

∫_{t3}

t_2 [ u^T B(t)u + x^T C(t)x ] dt = ∫_{t3}

t_2 [ u^T (x^′ − Ax) + x^T C(t)x ] dt = u^T x | |^{t3}_{t2} +

∫_{t3}

t_2

x^T [ −u^′ − A^T u + C(t)x ] dt = −u^T (t_2)x(t_2).

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 15

Let (X, U) be the principal solution of the LHS associated with (32), i.e., this solution is generated by y_1 = t^32^{−ν̃} , y_2 = t^32 . Then we have

x(t) = X(t)

∫_{t3} t X^{−1}BX^{T −1} ds

(∫_{t3}

t_2

X^{−1}BX^{T −1} ds

)_{−1} X^{−1}(t_2)h̃(t_2),

u(t) = [ U(t)

∫_{t3} t X^{−1}BX^{T −1} ds − X^{T −1}(t) ] (∫_{t3} t_2

X^{−1}BX^{T −1} ds

)_{−1} X^{−1}(t_2)h̃(t_2),

(see e.g. [2] or [7]) and hence

−u^T (t_2)x(t_2) = h̃^T (t_2)X^{T −1}(t_2)

(∫_{t3}

t_2

X^{−1}BX^{T −1} ds

)_{−1} X^{−1}(t_2)h̃(t_2)

− h̃^T (t_2)U(t_2)X^{−1}(t_2)h̃(t_2).

Since (X, U) is the principal solution, the first term on the right-hand side of the last expression tends to zero as t_3 → ∞ (t_2 being fixed). Concerning the second term, by a direct computation similar to that in [7],

h̃^T (t_2)U(t_2)X^{−1}(t_2)h̃(t_2) = 3 2 (ν + 1) lg t_2 + K̂ + o(1)

as t_2 → ∞, where K̂ is a positive real constant.

Summarizing the above computations

F(y; t_0, t_3) ≤ K + 3 2 (ν + 1) lg t_2 +

5 + 2ν 8 ∫_{t2}

t_1 dt t lg t

+ K̃ + o(1) −

∫_{t2}

t_1

q(t)t^3 lg t dt

+ h̃^T (t_2)X^{T −1}(t_2)

(∫_{t3}

t_2

X^{−1}BX^{T −1} ds

)_{−1} X^{−1}(t_2)h̃(t_2) − [ 3 2 (ν + 1) lg t_2 + K̂ + o(1) ] . Now, let t_2 > t_1 be such that the following conditions are satisfied: (a) ∫_{t2}

t_1 ( q(t) −^{5+2ν̃}_{8t4 lg2 t} ) t^3 lg t dt > K + K̃ + 1, (b) the sum of all terms o(1) (as t_2 → ∞) is less than 1.

Let t_3 > t_2 be such that

h̃(t_2)X^{T −1}(t_2)

(∫_{t3}

t_2

X^{−1}BX^{T −1} ds

)_{−1} X^{−1}(t_2)h̃(t_2) < K̂.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 16

For t_2, t_3 chosen in this way we have F(y; T, ∞) ≤ K − (K + K̃ + 1) + K̃ − K̂ + K̂ + 1 ≤ 0.

Therefore, equation (39) is oscillatory by Lemma 1. □ Substituting p(t) =^λ_{t4 lg2 t} in the previous statement we have the folowing statement.

Corollary 1. The equation

y^{(iv)} − ν ( y^′ t^2

)_′ − γ t^4 y = λ t^4 lg^2 t y with^9_4 ( ν +^1_4 ) − γ = 0 is nonoscillatory if and only if λ ≤^{ν̃2}_4 =^{2ν+5}_8 .

The next corollary completes the proof of Lemma 4. Corollary 2. If^9_4 ( ν +^1_4 ) − γ < 0 then (32) is oscillatory.

Proof. Let ε > 0 be such that^9_4 ( ν +^1_4 ) − (γ − ε) = 0 and denote γ̃ = γ − ε. Then (32) can be written in the form L_{ν,γ̃} (y) = ε t^4 y. The function p(t) = εt^{−4} obviously satisfies (41), so (32) is oscillatory. □ Now we will deal with the equation

(46) y^{(iv)} − ν ( y^′ t^2

)_′ − γ t^4 y = −(q(t)y^′)^′

which will be viewed again as a perturbation of (32). Theorem 8. Suppose that (37) holds.

(i) If ν̃^2 − t^2q(t) > 0 for large t and the second order equation

(47) [ t ( 1 − t^2q(t) ν̃^2 ) u^′

]_′ − 3 2ν̃^2 t^{32} ( q(t) √ t )_′

u = 0

is nonoscillatory, then (46) is also nonoscillatory. In particular, (46) is nonoscillatory if

∫_∞

t^{−1}(ν̃^2 − t^2q(t))^{−1} dt = ∞, (q(t) √ t)^′ ≤ 0 for large t, and

(48) lim_{t→∞} (∫_t s^{−1}(ν̃^2 − s^2q(s))^{−1} ds ) (∫_∞ t s^{32} | |(q(s)√s)′ | | ) < ν̃^2 6 . (ii) If q(t) ≥ 0 for large t and

(49) lim sup_{t→∞} lg t

∫_∞ t q(s)s ds >

4ν̃^2 9 then (47) is oscillatory.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 17

Proof. (i) To prove nonoscillation of (46) we will use again Lemmas 1, 2 and the factorization of the operator L_{ν,γ} given in Lemma 4. We have ∫_∞ T [ y^{′′2} + ν y^{′2} t^2 − γ y^2 t^4 ] dt −

∫_∞ T q(t)y^{′2} dt

= ∫_∞ T t^{1−2ν̃} {[ t^{1+ν̃} ( y t^32

)_′]_′}2 dt −

∫_∞ T q(t)y^{′2} dt

≥ ν̃^2

∫_∞ T t [( y t^32

)_′]_2 − ∫_∞ T q(t)y^{′2} dt

= ν̃^2

∫_∞ T {[ t ( 1 − t^2q(t)

ν̃^2 )] u^{′2} + 1 ν̃^2 [ 3t^32 2 ( q(t) √ t )_′ ] u^2 } dt, (50)

where u = t^{− 3}2 y and we have used the identity ∫_∞ T q(t)y^{′2} dt =

∫_∞ T [ t^3q(t)u^{′2} − 3 2 t^{32} ( q(t) √ t )_′ u^2 ] dt which holds for every y ∈ W^{1,2}(T, ∞) with compact support in (T, ∞). Since the equation (47) is nonoscillatory, the integral (50) is positive by Lemma 1 and this implies, again by Lemma 1, that (46) is nonoscillatory as well.

(ii) We use Proposition 2, part (ii) with L = L_{ν,γ} , M(y) = −(q(t)y^′)^′ and c = e_2 = (0, 1)^T . Let y_1 = t^32^{−ν̃} , y_2 = t^32 and

X(t) = ( y_1 y_2 y^′_1 y^′_2 ) , U(t) = ( −y^{′′′}_1 + ν^{y′1}_{t2} −y^{′′′}_2 + ν^{y′2}_{t2} y^{′′}_1 y^{′′}_2 ) . Then

(_X U ) is the principal solution of LHS associated with (32) and by a direct computation, we have

c^T (∫_t X^{−1}BX^{T −1} ds

)_{−1} c = (∫_t X^{−1}BX^{T −1} ds

)_{−1} 2,2 = ν̃^2 lg t

(1 + o(1))

as t → ∞. Hence (9) becomes

lim sup t→∞ 9 4 ∫_∞ t q(s)s ds

ν̃^2 lg t

> 1,

and this inequality is equivalent to (49). □

Corollary 3. Let q(t) =^β_{t2 lg2 t} . Then (46) is oscillatory for β >^{4ν̃2}_9 and it is nonoscillatory for β <^{ν̃2}_9 .

5. Remarks and Comments

(i) The last Corollary reveals a typical phenomenon in the application of the variational principle in the oscillation theory of even order self-adjoint differential equations. Using Theorem 8, we are not able to decide the oscillatory nature of (46) with q(t) =^β_{t2 lg2 t} if β is between^{ν̃2}_9 and^{4ν̃2}_9 . We already mentioned this phenomenon in Section 3, e.g., equation (13) with α ∈ {1, 3, . . . , 2n − 1} was originally proved (using a variational principle) to be nonoscillatory if the upper limit K given by (16) is less than ρ_{n,α}/4 and oscillatory if K > ρ_{n,α}, i.e., oscillation constant is four-times bigger than the nonoscillation constant. In [6] we developed a method which enables us to remove this gap and to prove that the “right” oscillation constant equals the nonoscillation one (compare Theorem 4 and the comment below this theorem). However, this method does not apply (at least, not directly) to the perturbation in a middle term and it is a subject of the present investigation how to modify this method to be applicable also to this case. We conjecture that (46) is oscillatory if the upper limit in (49) is >^{ν̃2}_9 , i.e., that the oscillation constant is actually four times less than stated in Theorem 8.

(ii) As we have already mentioned before, our ultimate goal is to study perturbations in middle terms of general self-adjoint, even order, differential equations and operators. Here we study fourth order equations in order to “recognize” the main difficulties. Concerning a higher order extension of our results, consider the 2n-th order Euler-type self-adjoint equation

(51) L_ν (y) := (−1)^n ( t^αy^{(n)}

)_{(n)} + n−1∑ k=0 (−1)^kν_k ( y^{(k)} t^{2n−α−2k}

)_{(k)} = 0

with α ∉ {1, 3, . . . , 2n−1}, where ν_0, . . . , v_{n−1} are real constants. Based on the results of the of the previous section, we conjecture that there exists a “critical hyperplane”

(52) α_0ν_0 + · · · + α_{n−1}ν_{n−1} = β,

where α_0, . . . , α_{n−1}, β are real constants, such that (51) is nonoscillatory for ν = (ν_0, . . . , n_{n−1}) situated “above” this hyperplane (i.e. ≥ holds in (52) instead of equality) and oscillatory in the opposite case. Then, similarly to the fourth order case, one may investigate the equation of the form

L_ν (y) = (−1)^m ( q(t)y^{(m)}

)_{(m)} , m ∈ {0, . . . , n − 1}

as a perturbation of (51).

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 19

(iii) It is known ([10, 13], compare also Theorem 2) that if α ∈ {1, 3, . . . , 2n − 1}, the equation

(−1)^n ( t^αy^{(n)}

)_{(n)} = λ t^{2n−α} y is no longer conditionally oscillatory (in fact, it is strongly oscillatory, in contrast to the case α ∉ {1, 3, . . . , 2n − 1}), and to get a conditionally oscillatory equation we need to consider the equation

(53) (−1)^n ( t^αy^{(n)}

)_{(n)} = λ t^{2n−α} lg^2 t y. Now, let us look for an equation with middle terms which is a natural extension of (53). We conjecture (again based on the computations for fourth order equations) that such an extension is the equation

L̂_ν (y) = (−1)^α (t^αy^{(n)})^{(n)} +^{n−1} ∑ k=μ+1

(−1)^kν_k ( y^{(k)} t^{2n−α−2k}

)_{(k)} (54)

+ μ∑ k=0 (−1)^kν_k ( y^{(k)} t^{2n−α−2k} lg^2 t

)_{(k)} = 0,

where μ =^{2n−1−α}_2 . We also conjecture that one can find a “critical hyperplane” of the form (52) for this equation as well, and that this hyperplane “separates” oscillatory and nonoscillatory equations (54). Having proved such a result, similarly to the previous remark and also to Theorem 5, we can investigate oscillation of the equation

L̂_ν (y) = (−1)^m (q(t)y^{(m)})^{(m)} , m ∈ {0, . . . , n − 1},

with ν = (ν_0, . . . , ν_{n−1}) on the critical hyperplane, viewed as a perturbation of (54).

References

[1] C. D. Ahlbrandt, Equivalent boundary value problems for self-adjoint differential systems, J.

Differential Equations, 9 (1971), 420-435.

[2] W. A. Coppel, Disconjugacy, Lectures Notes in Math., No. 220, Springer Verlag, Berlin-Hei-delberg 1971.

[3] O. Došlý, Oscillation criteria and the discreteness of the spectrum of self-adjoint, even order, differential operators, Proc. Roy. Soc. Edinburgh 119A (1991), 219–232.

[4] O. Došlý, Oscillation criteria for self-adjoint linear differential equations, Math. Nachr. 166 (1994), 141-153.

[5] O. Došlý, Oscillation and spectral properties of a class of singular self-adjoint differential operators, Math. Nachr. 188 (1997), 49-68.

[6] O. Došlý, Constants in oscillation theory of higher order Sturm-Liouville differential equations, Electron. J. Differ. Equ. 2002 (2002), No. 34, pp.1-12.

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 20

[7] O. Došlý, Oscillatory properties of fourth order Sturm-Liouville differential equations, Acta Univ. Palacki. Olomouc., Fac. Rer. Nat. Mathematica 41 (2002), 49-59.

[8] O. Došlý, S. Fišnarová, Oscillation and nonoscillation of even order self-adjoint differential equations, Electron. J. Differential Equations 2003, No. 115, 21 pp. (electronic).

[9] O. Došlý, J. Osička, Oscillation and nonoscillation of higher order self-adjoint differential equations, Czech. Math. J. 52 (127) (2002), 833-849.

[10] O. Došlý, J. Osička, Oscillatory properties of higher order Sturm-Liouville differential equations, Studies Univ. Žilina, Math,. Ser. 15 (2002), 25-40.

[11] W. D. Evans, M. K. Kwong, A. Zettl, Lower bounds for spectrum of ordinary differential operators, J. Differential Equations 48 (1983), 123-155.

[12] F. Fiedler, Oscillation criteria for a class of 2n-order ordinary differential operators, J. Differential Equations, 42 (1982), 155-188.

[13] F. Fiedler, Oscillation criteria for a class of 2n-order ordinary differential equations, Math.

Nachr. 131 (1987), 205-218.

[14] S. Fišnarová, Oscillatory properties of fourth order self-adjoint differential equations, to appear in Arch. Math.

[15] I. M. Glazman, Direct Methods of Qualitative Analysis of Singular Differential Operators, Davey, Jerusalem 1965.

[16] D. B. Hinton, R. T. Lewis, Discrete spectra criteria for singular differential operators with middle terms, Math. Proc. Cambridge Philos. Soc. 77 (1975), 337-347.

[17] D. B. Hinton, R. T. Lewis, Singular differential operators with spectra discrete and bounded below, Proc. Roy. Soc. Edinburgh 84A (1979), 117-134.

[18] R. T. Lewis, The discreteness of the spectrum of self-adjoint, even order, differential operators, Proc. Amer. Math. Soc. 42 (1974), 480-482.

[19] E. Müller-Pfeiffer, Spectral Theory of Ordinary Differential Operators, Chelsea, 1981. [20] E. Müller-Pfeiffer, An oscillation theorem for self-adjoint differential equations, Math.

Nachr. 108 (1982), 79-92.

[21] M. A. Naimark, Linear Differential Operators, Part II, Ungar, New York, 1968. [22] W. T. Reid, Sturmian Theory for Ordinary Differential Equations, Springer Verlag, New York- Heidelberg-Berlin 1980.

[23] C. A. Swanson, Comparison and Oscillation Theory of Linear Differential Equations, Acad.

Press, New York-London, 1968.

[24] J. Weidmann, Spectral Theory of Ordinary Differential Operators, Lectures Notes in Math.

No. 1258, Springer Verlag, Berlin - Heidelberg 1987.

(Received September 29, 2003)

Department of Mathematics, Masaryk University, Janáčkovo nám. 2a, CZ-662 95 Brno.

E-mail address: dosly@math.muni.cz

EJQTDE, Proc. 7th Coll. QTDE, 2004 No. 7, p. 21