Stable subharmonic solutions and asymptotic behavior in reaction-diffusion equations^∗

P. Poláčik Institute of Applied Mathematics, Comenius University, Mlynská dolina, 842 48 Bratislava, Slovakia and E. Yanagida Graduate School of Mathematical Sciences, University of Tokyo, Meguro-ku, Tokyo 153-8914, Japan

Abstract

Time-periodic reaction-diffusion equations can be discussed in the context of discrete-time strongly monotone dynamical systems. It follows from the general theory that typical trajectories approach stable periodic solutions. Among these periodic solutions, there are some that have the same period as the equation, but, possibly, there might be others with larger minimal periods (these are called subharmonic solutions). The problem of existence of stable subharmonic solutions is therefore of fundamental importance in the study of the behavior of solutions. We address this problem for two classes of reaction diffusion equations under Neumann boundary conditions. Namely, we consider spatially inhomogeneous equations, which can have stable subharmonic solutions on any domain, and spatially homogeneous

∗This paper is in the final form and no version of it will submitted for publication elsewhere

EJQTDE, Proc. 6th Coll. QTDE, 2000 No. 22, p. 1 equations, which can have such solutions on some (necessarily nonconvex) domains.

1 Introduction

Consider the following parabolic problem

u_t = Δu + f(u, x, t), x ∈ Ω, ∂u ∂ν = 0, x ∈ ∂Ω, (1)

where u = u(x, t) ∈ R, Ω is a bounded domain in R^N with smooth boundary, f : R×Ω̄×R → R is a smooth function that is periodic in t with period τ > 0 and ν is the unit outward normal vector field on ∂Ω. We are interested in the existence of linearly stable subharmonic solutions of (1). By a subharmonic solution we mean a solution p(x, t) that is periodic in t with minimal period kτ for some integer k > 1. Such a p(x, t) is said to be linearly stable if the period map (that is, the time-kτ map) of the linearized problem

v_t = Δv + f_u(p(x, t), x, t)v, x ∈ Ω, ∂v ∂ν = 0, x ∈ ∂Ω, (2)

has all eigenvalues inside the unit circle in the complex plane.

The existence of stable subharmonic solutions is a fundamental problem in the study of dynamics of (1). As we explain in the next section, most bounded solutions of (1) approach a stable kτ-periodic solution, where k is a positive integer. Absence of stable subharmonic solutions thus implies that most solutions eventually oscillate with the asymptotic period equal to τ, the period of the equation. On the other hand, the existence of linearly stable subharmonic solutions implies that orbits with larger asymptotic periods fill a nonempty open set in the state space.

We present theorems answering the above basic problem in two situations. Theorem 2 in Section 3 asserts that for any bounded domain Ω one can find a nonlinearity f = f(u, x, t) such that (1) has a linearly stable subharmonic solution. This extends earlier results of Takáč [20, 21] and Dancer and Hess [3], where the theorem is proved for special domains.

It is well known that a similar theorem is not true for the class of spatially homogeneous problems

u_t = Δu + f(u, t), x ∈ Ω, ∂u ∂ν = 0, x ∈ ∂Ω. (3)

Indeed, there are domains Ω such that (3) has no stable subharmonic solutions for any nonlinearity f(u, t). Examples include convex or radially symmetric domains. On the other hand, Theorem 3 in Section 3 shows that there do exist domains and spatially homogeneous nonlinearities such that (3) admits linearly stable subharmonic solutions.

2 Typical behavior of solutions

We choose X = C(Ω̄) as the state space for (1). For any u_0 ∈ X there exists a unique (local) solution u := u(·, t; u_0) of (1) that satisfies the initial condition u(·, 0) = u_0. In this section we recall a theorem describing the behavior of typical solutions of (1), that is, solutions emanating from an open and dense set of initial conditions. For a simple formulation we assume the following hypothesis:

lim sup

|u|→∞

f(u, t) u < 0. (4)

This dissipativity condition in particular implies that for any u_0 ∈ X the solution u(·, t; u_0) is defined on [0, ∞) and its orbit {u(·, t; u_0) : t ≥ 0} is relatively compact in X.

Theorem 1. Let f be of class C^1, τ-periodic in t, and let (4) be satisfied. Then there exists an open and dense subset G ⊂ X such that for any u_0 ∈ G there is a solution p(x, t) of (1) with the following properties:

(i) lim_{t→∞} ‖u(·, t; u_0) − p(·, t)‖_X = 0,

(ii) p(·, t) is kτ-periodic with k ≥ 1,

(iii) p(·, t) is at least linearly neutrally stable.

Here at least linearly neutrally stable means that the eigenvalues of the period map of (2) are contained on or inside the unite circle.

This theorem is a consequence of an abstract result on discrete strongly monotone dynamical systems. See [13, 14] for the proof under a slightly stronger assumption of f ∈ C^{1,α}; [22] contains a different proof for f ∈ C^1. An additional information follows from [6]: under the dissipativity condition (4), the minimal period of the solution p in Theorem 1 is bounded above by a constant independent of u_0 ∈ G (of course, p itself may depend on u_0).

The theorem says that most solutions are asymptotically periodic, leaving open a possibility for some of these solutions to have large asymptotic periods. The latter can occur only if there exist subharmonic solutions that are at least neutrally linearly stable. The possibility can often be ruled out in specific applications. For example, if (1) is a small perturbation of an autonomous equation no stable subharmonic solutions exist (see [6] for the proof and other examples). The situation may be more complex, however, in different, not too restricted classes of equations. The existence of stable subharmonic solutions is an interesting problem then.

Let us mention for completeness that there is no similar meaningful problem for autonomous equations. If f = f(u, x), then a typical trajectory of (1) converges to an equilibrium. This fact was first proved in [7] invoking the variational structure of the problem. The result has later been extended to a much broader class of differential equations (see [18] for a general abstract theorem and a background on strongly monotone semiflows).

3 Spatially inhomogeneous equations

First examples of stable subharmonic solutions in spatially heterogeneous reaction-diffusion equations were found by Takáč [20, 21] and Dancer and Hess [3]. They gave independent constructions for a specially chosen domain Ω. The following theorem extends their results to any domain.

Theorem 2. For any integers N ≥ 2 and k ≥ 1, and for any bounded domain Ω ⊂ R^N there is a smooth function f = f(u, x, t), τ-periodic in t, such that (1) has a linearly stable subharmonic solution of minimal period kτ. The proof uses a perturbation argument that can roughly be described as follows. Assume that f : R^N → R is a smooth function, periodic in t, such that for some smooth bounded domain Ω_0 ⊂ R^N the following Dirichlet problem

u_t = Δu + f(u, x, t), x ∈ Ω_0,

u = 0, x ∈ ∂Ω_0, (5) has a linearly stable periodic solution p_0. Now let Ω ⊂ R^N be an arbitrary bounded domain. With an appropriate scaling of Ω_0 we may assume that Ω̄_0 ⊂ Ω. Consider the following Neumann problem on Ω

u_t = Δu − γb(x) + f(u, x, t), x ∈ Ω, ∂u ∂ν = 0, x ∈ ∂Ω. (6)

Here b(x) is a smooth function on R^N such that b ≡ 0 on Ω_0 and b > 0 on R^3 \ Ω̄_0, and γ is a large positive parameter. Letting γ → ∞, (1) with Ω = Ω_0 turns out to be a “good limit problem” for (6). In particular, for large γ problem (6) has a linearly stable periodic solution p_γ such that p_γ (x, t) → p_0(x, t) for (x, t) ∈ Ω_0 × [0, τ], the convergence being uniform on compact subsets of Ω_0 × [0, τ]. It follows that if p_0 is a subharmonic solution, then so is p_γ . This way we construct equations with linearly stable subharmonic solutions on an arbitrary domain Ω, as soon as we can do it on a particular domain Ω_0. The same idea applies to the Dirichlet problem.

The details of the proof will be given in a forthcoming paper [15]. As a particular problem (5) with linearly stable subharmonic solutions one can use the one given in [21] or an independent one given in [15].

We remark that the idea of using perturbations with localized potentials has been used before in a different context by Prizzi and Rybakowski [17]. See also [12, 11] for a discussion of different localized perturbations.

4 Spatially homogeneous equations

In this section we consider the homogeneous problem (3). It is known that on some domains no stable subharmonic solutions may exist, no matter how the nonlinearity f = f(u, t) is chosen. For example, if Ω is convex, then any periodic solution p of (3) that is at least neutrally linearly stable must be τ-periodic. This follows from a result of Hess [5] which says that p must be spatially homogeneous: p = p(t). Consequently, p solves the ODE u_t = f(t, u), hence it cannot be subharmonic.

Another example is a radially symmetric domain

Ω = {x ∈ R^N : a < |x| < b}

(with 0 < a < b). It is not difficult to show that any stable periodic solution p must be radially symmetric (see [8, 9, 10, 19] for more general symmetry results of this kind). Hence p solves the one-dimensional problem

u_t = u_{rr} +

N − 1 r u_r + f(u, t), a < r < b,

u_r(a, t) = 0, u_r(b, t) = 0. (7)

Again, this problem has no subharmonic solutions (see [1]), hence p must have period τ.

On the other hand, the following theorem asserts that on some domains linearly stable subharmonic solutions do occur.

Theorem 3. For any integers N ≥ 2 and k ≥ 1 there exist a domain Ω ⊂ R^N with smooth boundary and a smooth function f = f(u, t), τ-periodic in t, such that (3) has a linearly stable subharmonic solution of minimal period kτ. We remark that here and likewise in Theorem 2 the condition N ≥ 2 is necessary. In one space dimension no subharmonic solutions exist, see [1, 2].

The proof of Theorem 3, as given in [16], follows the following scenario. First, a thin domain in R^N around a circle is considered. In two dimensions, for example, the domain is given by

Ω_μ = {x = (r cos θ, r sin θ) ∈ R^2 : θ ∈ [0, 2π), 1 < r < μd(θ)},

where μ > 0 is a parameter and d(θ) is a smooth positive 2π-periodic function.

Problem (3) on Ω_μ is compared to the following problem on S^1

v_t = 1 d(θ)

(d(θ)v_θ)_θ + f(v, t), θ ∈ S^1. (8)

It can be shown that to any linearly stable periodic solution of (8) there corresponds a linearly stable periodic solution of problem (3) with Ω = Ω_μ and μ sufficiently small. This is one aspect of the relation between the one-dimensional equation and its thin domain approximation (see [4] for a comprehensive discussion of thin domain problems and additional references).

The question of existence of stable subharmonic solutions for (3) is thus reduced to that for (8). The gain is that the latter problem already has some space dependence, although a very special one. In (8) we now choose f to be equal to the bistable nonlinearity

f(u, t) = ϵ^{−2}(v − εβ(t))(1 − v^2),

where β(t) is a τ periodic function and ϵ is a positive constant. With ϵ very small, the nonlinearity “dominates” over diffusion. This has the effect that solutions that are initially close to 1 or −1 everywhere except for thin transition layers will retain this shape for any t in large time intervals. The dynamics of such solutions is, roughly speaking, governed by the motion of the transition layers. This, in its turn, can be described in terms of ordinary differential equations that reflect the interaction of the asymmetry of the nonlinearity (β(t) is chosen close to a piecewise constant function with nonzero values) and the spatial inhomogeneity d(θ) in the equation. For example, assume a solution u(θ, t) has two transition layers, one from 1 to −1 near p(t) ∈ S^1, and the other one, from −1 to 1, near q(t) ∈ S^1. The motion of p(t) and q(t) is described by the ODEs d dt p(t) = g(p(t)) + a(t), (9) d dt q(t) = g(q(t)) − a(t). (10)

Here g(θ) := −d^′(θ)/d(θ)

and a(t) is determined by the speed of the traveling wave solution of the following autonomous equation with artificial time s (and “frozen” time t)

v_s = v_{xx} + f(v, t), x ∈ R. (11)

(The precise correspondence is c = ϵa(t) where c is the unique speed of the traveling wave.)

Equations (9), (10) are derived by formal asymptotic analysis but they can effectively be used for rigorous description of solutions of (8). The construction further proceeds as follows. With an appropriate choice of β(t) and d(θ), one finds linearly stable kτ-periodic solutions p(t), q(t) ∈ S^1 of (9), (10), respectively, such that p(t) ≠ q(t) for any t. They are then used in a definition of kτ-periodic supersolution and a kτ-periodic subsolution of (8). This yields a stable kτ-periodic solution of (8). (It can also be ensured that kτ is the minimal period.) With an additional perturbation of the nonlinearity it is finally arranged that the stable kτ-periodic solution perturbs to a linearly stable one.

The details of the proof and a discussion of the related problem with Dirichlet boundary condition can be found in [16].

References

[1] P. Brunovský, P. Poláčik and B. Sandstede. Convergence in general periodic parabolic equations in one space dimension. Nonlinear Analysis TMA, 18:209–215, 1992.

[2] X.-Y. Chen and H. Matano. Convergence, asymptotic periodicity, and finite-point blow-up in one-dimensional semilinear heat equations. J. Differential Equations, 78(1):160–190, 1989.

[3] E. N. Dancer and P. Hess. Stable subharmonic solutions in periodic reaction-diffusion equations. J. Differential Equations, 108(1):190–200, 1994.

[4] J. K. Hale and G. Raugel. Reaction-diffusion equations on thin domains.

J. Math. pures appl., 71:33–95, 1992.

[5] P. Hess. Spatial homogeneity of stable solutions of some periodicparabolic problems with Neumann boundary conditions. J. Differential Equations, 68(3):320–331, 1987.

[6] P. Hess and P. Poláčik. Boundedness of prime periods of stable cycles and convergence to fixed points in discrete monotone dynamical systems. SIAM J. Math. Anal., 24(5):1312–1330, 1993.

[7] P. L. Lions. Structure of the set of steady-state solutions and asymptotic behaviour of semilinear heat equations. J. Differential Equations, 53:362–386, 1984.

[8] H. Matano and T. Ogiwara. Monotonicity and convergence in orderpreserving systems. Discrete Contin. Dynam. Systems, 5:1–34, 1999.

[9] H. Matano and T. Ogiwara. Stability analysis in order-preserving systems in the presence of symmetry. Proc. Royal Soc. Edinburgh, 129A:395–438, 1999.

[10] J. Mierczyński and P. Poláčik. Group actions on strongly monotone dynamical systems. Math. Ann., 283(1):1–11, 1989.

[11] T. Ouyang. On the positive solutions of semilinear equations Δ + λu − hu^p = 0 on the compact manifolds. part II. Indiana Univ. Math. J., 40(3):1083–1141, 1991.

[12] T. Ouyang. On the positive solutions of semilinear equations Δ + λu − hu^p = 0 on the compact manifolds. Trans. Amer. Math. Soc., 334(2):503–485, 1992.

[13] P. Poláčik and I. Tereščák. Convergence to cycles as a typical asymptotic behavior in smooth strongly monotone discrete-time dynamical systems. Arch. Rational Mech. Anal., 116(4):339–360, 1992.

[14] P. Poláčik and I. Tereščák. Exponential separation and invariant bundles for maps in ordered Banach spaces with applications to parabolic equations. J. Dynamics Differential Equations, 5(2):279–303, 1993. Erratum: 6(1):245-246, 1994.

[15] P. Poláčik and E. Yanagida. Stable subharmonic solutions of reactiondiffusion equations on an arbitrary domain. in preparation.

[16] P. Poláčik and E. Yanagida. Existence of stable subharmonic solutions of reaction-diffusion equations.J. Differential Equations, to appear.

[17] M. Prizzi and K. P. Rybakowski. Inverse problems and chaotic dynamics of parabolic equations on arbitrary spatial domains. J. Differential Equations, 142(1):17–53, 1998.

[18] H. L. Smith. Monotone dynamical systems. American Mathematical Society, Providence, RI, 1995.

[19] P. Takáč. Asymptotic behavior of strongly monotone time-periodic dynamical processes with symmetry. J. Differential Equations, 100(2):355– 378, 1992.

[20] P. Takáč. Linearly stable subharmonic orbits in strongly monotone timeperiodic dynamical systems. Proc. Amer. Math. Soc., 115(3):691–698, 1992.

[21] P. Takáč. A construction of stable subharmonic orbits in monotone timeperiodic dynamical systems. Monatsh. Math., 115(3):215–244, 1993.

[22] I. Tereščák. Dynamics of C^1 smooth strongly monotone discrete-time dynamical systems. preprint.