Disconjugate operators and related differential equations

Mariella Cecchi, Zuzana Došlá and Mauro Marini

Dedicated to J. Vosmanský on occasion of his 65^{th} birthday

Abstract: There are studied asymptotic properties of solutions of the nonlinear differential equation L_nx + p(t)f(x) = 0, where L_n is disconjugate operator, p is of one sign and f(u)u > 0 for u ≠ 0. Some comparison theorems in terms of property A and property B between linear and nonlinear equations are also given which generalize known results for n = 3.

AMS classification: 34C10, 34C15, 34B15.

Keywords: higher order nonlinear differential equation, asymptotic behavior, oscillatory solution, nonoscillatory solution.^1

1 Introduction

Consider the n−th order differential equations ( 1 a_{n−1}(t) ( · · · ( 1 a_1(t) x^′

)_′

· · ·

)_′)′

+ p(t)f(x(t)) = 0 (N) ( 1 a_1(t) ( · · · ( 1 a_{n−1}(t) u^′

)_′

· · · )′)′ + (−1)^np(t)f(u(t)) = 0, (N^A)

where

a_i, p ∈ C^0([0, ∞), R), a_i(t) > 0, i = 1, . . . , n − 1, p(t) ≠ 0,

f ∈ C^0(R, R), f(u)u > 0 for u ≠ 0. (H) 1This paper is in the final form and no version of it will be submitted for publication elsewhere.

The notation (N^A) is suggested by the fact that in the linear case, i.e. for equation ( 1 a_{n−1}(t) ( · · · ( 1 a_1(t) x^′

)_′

· · ·

)_′)′

+ p(t)x = 0 (L)

the adjoint equation to (L) is ( 1 a_1(t) ( · · · ( 1 a_{n−1}(t) u^′

)_′ · · ·

)_′)′ + (−1)^np(t)u = 0. (L^A)

When, for some i ∈ {1, 2, .., n − 1} , the function a_i is not suitably continuously differentiable, then (N) is to be interpreted as a first order differential system for the vector (x^{[0]}, x^{[1]}, ...., x^{[n−1]}) given by

x^{[0]}(t) = x(t), x^{[1]}(t) = 1 a_1(t) x^′(t), . . . , x^{[n−1]}(t) = 1 a_{n−1}(t) ( x^{[n−2]}(t)

)_′ . The functions x^{[i]}, i = 0, 1, ..., n − 1 are called the quasiderivatives of x. Similarly x^{[n]} denote the function given by x^{[n]}(t) = (x^{[n−1]}(t))^′. For (N^A) we may proceed in a similar way.

As usual, a function u defined on (t_0, ∞) (t_0 ≥ 0) is said to be a proper solution of (N) if for any t ∈ (t_0, ∞) it satisfies (N) and for any τ ∈ (t_0, ∞)

sup {|u(t)| : t ∈ [τ, ∞)} > 0.

A proper solution of (N) is called oscillatory if it has a sequence of zeros tending to ∞; otherwise it is called nonoscillatory.

The n−th order differential operator

L_nx ≡ d dt 1 a_{n−1}(t)

. . . d dt 1 a_1(t) d dt x (1)

associated to (N) is disconjugate on the interval [0, ∞), i.e. any solution of L_nx = 0 has at most n−1 zeros on [0, ∞). Differential equations associated to disconjugate operators have been deeply studied: see, e.g., the monographs [7, 10, 13, 14] and references contained therein. In particular, a classification of solutions has been given in [2, 8] and the case n = 3 has been considered in [3, 4, 5]. For other references and related results we refer the reader to these papers.

To study the asymptotic behavior of higher order differential equations associated to disconjugate operators, in sixties, A. Kondratev and I. Kiguradze introduced the following definitions

Definition 1. A proper solution x of the equation (N) is said to be a Kneser solution if it satisfies for all large t

x^{[i]}(t)x^{[i+1]}(t) < 0, i = 0, 1, . . . , n − 1. (2)

A proper solution x of the equation (N) is said to be strongly monotone solution if it satisfies for all large t

x^{[i]}(t)x^{[i+1]}(t) > 0, i = 0, 1, . . . , n − 1. (3)

Definition 2. Assume p positive. Equation (N) is said to have property A if, for n even, any proper solution x of (N) is oscillatory, and, for n odd, it is either oscillatory or Kneser solution satisfying

lim_{t→∞} x^{[i]}(t) = 0, i = 0, 1, . . . , n − 1. (4)

Assume p negative. Equation (N) is said to have property B if, for n even, any proper solution x of (N) is either oscillatory or Kneser solution satisfying (4) or strongly monotone solution satisfying

lim_{t→∞} |x^{[i]}(t)| = ∞, i = 0, 1, . . . , n − 1, (5)

and, for n odd, any solution is either oscillatory or strongly monotone solution satisfying (5).

When n = 3, in [4, 5] some comparison results for properties A and B have been given jointly with some relationships between the linear and nonlinear case. The aim of this paper is to extend such a study to nonlinear higher order differential equations. More precisely, by using a linearization device and a recent result [6] on equivalence between property A or B for the linear equation (L) and its adjoint (L^A), we will give some comparison results concerning properties A or B. Our assumptions on nonlinearity are related with the behavior of f only in a neighbourhood of zero and/or of infinity. No monotonicity conditions are required as well as no assumptions involving the behavior of f in the whole R are supposed.

The paper is organized as follows. Section 2 summarizes the main results on properties A and B for linear equations proved in [6] and section 3 is devoted to nonlinear case: some comparison theorems are established jointly with some results on the asymptotic behavior of nonoscillatory solutions.

We close the introduction with some notation. Let u_i, 1 ≤ i ≤ n, be positive and continuous functions on I. As in [8, 10, 17], put for r > s ≥ 0 and k = 1, . . . , n

I_0 ≡ 1,

I_k(r, s; u_1, . . . , u_k) =

∫_r s u_1(τ)I_{k−1}(τ, s; u_2, . . . u_k) dτ

that is,

I_k(r, s; u_1, . . . , u_k) =

∫_r s u_1(τ_1)

∫_{τ1} s · · ·

∫_{τk−1} s u_k(τ_k) dτ_k . . . dτ_1.

The class of Kneser and strongly monotone solutions will be denoted by N_0 and N_n, respectively. Remark that, taking into account the sign of x^{[n]}, Kneser solutions of (N) and strongly monotone solutions of (N^A) can exist only in the cases

I) p positive, n odd; II) p negative, n even. (6)

Similarly Kneser solutions of (N^A) and strongly monotone solutions of (N) can exist only when p is negative.

Finally, in addition to (H), some of the following conditions in sections 3-4 will be assumed:

lim sup u→0 f(u) u < ∞, (H1)

lim inf

|u|→∞

f(u) u > 0, (H2)

lim inf u→0 f(u) u > 0, (H3) lim sup

|u|→∞

f(u) u < ∞, (H4) and ∫_∞ 0 a_i(t) dt = ∞ for i = 1, . . . , n − 1. (C)

We recall that, when (C) holds, the disconjugate operator L_n is called in the canonical form , see, e.g., [21].

Assumptions (H1)-(H4) are motivated by the Emden–Fowler equation ( 1 a_{n−1}(t) ( · · · ( 1 a_1(t) x^′(t)

)_′ · · ·

)_′)′ + p(t)|x(t)|^λ sgnx(t) = 0, (EF)

where λ > 0. Clearly, nonlinearity in (EF) satisfies either (H1), (H2) (if λ ≥ 1) or (H3), (H4) (if λ ∈ (0, 1]).

2 The linear case

Concerning the existence of Kneser solutions or strongly monotone solutions, in the linear case the following holds:

Lemma 1. For the linear equation (L) it holds:

(a) Let n be odd and p(t) > 0. Then N_0 ≠ ∅. (b) Let n be even and p(t) < 0. Then N_0 ≠ ∅, N_n ≠ ∅. (c) Let n be odd and p(t) < 0. Then N_n ≠ ∅.

Proof. It follows from [12, 16].

In the linear case the properties of solutions of (L) are strictly related with those of its adjoint (L^A) (see, for instance, Th. 8.24, Th.8.33 in [10] and, for n = 3, Ths.1.3–1.5 in [11]). In particular in [6], we have given an equivalence result concerning properties A or B for (L) and its adjoint (L^A). The main result is the following:

Theorem 1. (Equivalence Theorem)

(a) Let n be even and p(t) > 0. Equation (L) has property A if and only if equation (L^A) has property A.

(b) Let n be odd and p(t) > 0. Equation (L) has property A if and only if equation (L^A) has property B.

(c) Let n be even and p(t) < 0. Equation (L) has property B if and only if equation (L^A) has property B.

(d) Let n be odd and p(t) < 0. Equation (L) has property B if and only if equation (L^A) has property A.

Some applications of this result has been given in [6]. For instance, when n is odd, it enables to obtain new criteria on property A from existing ones on property B and vice versa. When n is even it permits to produce new criteria on property A [B] from existing ones by interchanging roles of coefficients a_i and a_{n−i}.

A relationship between Kneser and strongly monotone solutions of (L) and (L^A) is given by the following:

Proposition 1. Let (6) be satisfied. The following statements are equivalent:

(a) there exists a Kneser solution x of (L) satisfying lim_{t→∞} x^{[i]}(t) = 0 for i = 0, 1, . . . , n − 1;

(b) every Kneser solution x of (L) satisfies lim_{t→∞} x^{[i]}(t) = 0 for i = 0, 1, . . . , n − 1;

(c) it holds for t ≥ T ≥ 0

lim_{t→∞} I_n(t, T ; a_i, . . . , a_1, p, a_{n−1}, . . . , a_{i+1}) = ∞, i = 1, . . . , n − 1; (7)

(d) there exists a strongly monotone solution u of (L^A) satisfying lim_{t→∞} |u^{[i]}(t)| = ∞ for i = 0, 1, . . . , n − 1.

(e) every strongly monotone solution u of (L^A) satisfies lim_{t→∞} |u^{[i]}(t)| = ∞ for i = 0, 1, . . . , n − 1.

Proof. The assertion is an easy consequence of Lemma 1 and Lemmas 3-5 in [6]. More precisely, from Lemma 1, (L) and (L^A) have both Kneser and strongly monotone solutions. The statement (a) =⇒ (c) follows from Lemma 3-(a), (c) =⇒ (b) from Lemma 4-(a). From Lemma 5-(a), we get (d) =⇒ (c) and (c) =⇒ (e). Obviously, (b) =⇒ (a) and (e) =⇒ (d). Therefore, all statements are equivalent.

3 The nonlinear case

This section is devoted to nonlinear equations (N) and (N^A). The first result, similar to Proposition 1, establishes some asymptotic properties for Kneser and strongly monotone solutions in the nonlinear case and generalizes some results for Emden–Fowler equation (EF), where a_i = 1, i = 1, . . . , n − 1, see [13, Th.s.16.2, 16.3].

Theorem 2. Let (6) be satisfied.

(a) Assume (H1). If there exists a Kneser solution x of (N) such that lim_{t→∞} x^{[i]}(t) = 0 for i = 0, 1, . . . , n − 1, then (7) holds.

(b) Assume (H3). If (7) holds, then every Kneser solution x of (N) (if it exists) satisfies lim_{t→∞} x^{[i]}(t) = 0 for i = 0, 1, . . . , n − 1.

(c) Assume (H4). If there exists a strongly monotone solution u of (N^A) such that lim_{t→∞} |u^{[i]}(t)| = ∞ for i = 0, 1, . . . , n − 1, then (7) holds.

(d) Assume (H2). If (7) holds, then every strongly monotone solution u of (N^A) (if it exists) satisfies lim_{t→∞} |u^{[i]}(t)| = ∞ for i = 0, 1, . . . , n − 1.

Proof. Claim (a). Let F the function given by

F (t) = f(x(t)) x(t) and consider, for t sufficiently large, the linearized equation ( 1 a_{n−1}(t) ( · · · ( 1 a_1(t) w^′

)_′ · · · )′)′ + p(t)F (t)w = 0 . (L_F )

Because w ≡ x is an its solution, (L_F ) has a Kneser solution such that lim_{t→∞} w^{[i]}(∞) = 0 for i = 0, 1, . . . , n − 1. By Proposition 1, we obtain

lim_{t→∞} I_n(t, T ; a_i, . . . , a_1, F p, a_{n−1}, . . . , a_{i+1}) = ∞, i = 0, 1, . . . , n − 1. (8)

Because (H1) holds, there exists a constant m such that

0 < F (t) < m for all large t

and so

I_n(t, T ; a_i, . . . , a_1, F p, a_{n−1}, . . . , a_{i+1}) ≤

≤ mI_n(t, T ; a_i, . . . , a_1, p, a_{n−1}, . . . , a_{i+1}), i = 0, 1, . . . , n − 1. (9)

Hence (8) gives the assertion.

Claim (b). Suppose that there exists an eventually positive Kneser solution x of (N) such that for some k ∈ {0, 1, . . . , n − 1} lim_{t→∞}(−1)^kx^{[k]}(t) > 0 and consider the linearized equation (L_F ): by Proposition 1 there exists i ∈ {0, 1, . . . , n − 1} such that

lim_{t→∞} I_n(t, T ; a_i, a_{i−1}, . . . , a_1, F p, a_{n−1}, . . . , a_{i+1}) < ∞. (10)

Two cases are possible: I) x(∞) > 0, II) x(∞) = 0. If I) holds, because x is an eventually positive decreasing function, there exists a positive constant h such that

F (t) > h for all large t. (11)

If II) holds, in virtue of (H3), (11) holds too. Hence, taking into account (10), we obtain

lim_{t→∞} I_n(t, T ; a_i, a_{i−1}, . . . , a_1, p, a_{n−1}, . . . , a_{i+1}) < ∞, (12)

which contradicts (7).

Claim (c). Let u be a strongly monotone solution u of (N^A) satisfying lim_{t→∞} |u^{[i]}(t)| = ∞ for i = 0, 1, . . . , n − 1. Consider the function G given by

G(t) = f(u(t)) u(t) . In virtue of (H4), there exists a positive constant H such that

G(t) < H for all large t.

Consider, for t sufficiently large, the linearized equation equation ( 1 a_1(t) ( · · · ( 1 a_{n−1}(t) w^′

)_′ · · ·

)_′)′ + (−1)^np(t)G(t)w(t) = 0. (L^A_G)

Using an argument similar to this given in claim (a), we get the assertion.

Claim (d). Suppose there exists an eventually positive strongly monotone solution u of (N^A) such that for some k ∈ {0, 1, . . . , n − 1} lim_{t→∞} |u^{[k]}(t)| <

∞ and consider the linearized equation (L^A_G). By Proposition 1 there exists i ∈ {0, 1, . . . , n − 1} such that lim_{t→∞} I_n(t, T ; a_i, a_{i−1}, . . . , a_1, Gp, a_{n−1}, . . . , a_{i+1}) < ∞. (13) In virtue of (H2), there exists a positive constant M such that G(t) > M for all large t.

Hence from (13) we obtain (12), which contradicts (7).

From now we will suppose that the disconjugate operator L_n is in the canonical form, i.e. (C) holds. Then the set N of all nonoscillatory solutions of (N) can be divided into the following classes (see, e.g., [8, Lemma 1]):

N = N_1 ∪ N_3 ∪ · · · ∪ N_{n−1} for n even, p(t) > 0, N = N_0 ∪ N_2 ∪ · · · ∪ N_{n−1} for n odd, p(t) > 0, N = N_0 ∪ N_2 ∪ · · · ∪ N_n for n even, p(t) < 0, N = N_1 ∪ N_3 ∪ · · · ∪ N_n for n odd, p(t) < 0,

(14)

where x ∈ N_l if and only if for all large t x(t)x^{[i]}(t) > 0, 0 ≤ i ≤ l, (−1)^{i+l}x(t)x^{[i]}(t) > 0, l ≤ i ≤ n − 1.

We recall that solutions in class N_0 are Kneser solutions and solutions in class N_n are strongly monotone solutions. The asymptotic properties of these solutions are described in the following lemma, which proof is based on a similar argument as in the proof of [19, 20]. For the completeness, we present it with the proof.

Lemma 2. Assume (C) and let x be a nonoscillatory solution of (N).

(a) If x ∈ N_0, then x^{[i]}(∞) = 0 for i = 1, 2, .., n − 1. (b) If u ∈ N_n, then | |u^{[i]}(∞) | | = ∞ for i = 0, 1, .., n − 2.

Proof. Claim (a). Without loss of generality, assume x eventually positive. Then there exists t_x such that the functions (−1)^ix^{[i]}, i = 0, 1, ..n − 1, are positive decreasing. Assume there exists k ∈ {1, 2, .., n − 1} such that x^{[k]}(∞) ≠ 0, i.e.

(−1)^kx^{[k]}(∞) = c_k > 0.

From x^{[k]}(t) =^1_{ak (t)} ( x^{[k−1]}(t)

)_′ we obtain (t ≥ t_x)

x^{[k−1]}(t) − x^{[k−1]}(t_x) =

∫_t

t_x

a_k(s)x^{[k]}(s)ds.

Because (−1)^kx^{[k]} is positive decreasing, we obtain

(−1)^kx^{[k−1]}(t) − (−1)^kx^{[k−1]}(t_x) =

∫_t

t_x

a_k(s)(−1)^kx^{[k]}(s) ds > c_k

∫_t

t_x

a_k(s) ds.

Taking into account (C), as t → ∞ we obtain (−1)^{k−1}x^{[k−1]}(∞) < 0, that is a contradiction.

Claim (b). Without loss of generality, assume u eventually positive. Then there exists t_x such that the functions u^{[ℓ]}, ℓ = 0, 1, ..n − 1, are positive increasing. From u^{[i+1]}(t) =^1_{ai+1(t)} ( u^{[i]}(t)

)_′

we obtain (t ≥ t_x)

u^{[i]}(t) − u^{[i]}(t_x) =

∫_t

t_x

a_{i+1}(s)u^{[i+1]}(s)ds.

Because u^{[i+1]}, i = 0, 1, .., n − 2 are positive increasing, we obtain

u^{[i]}(t) − u^{[i]}(t_x) > u^{[i+1]}(t_x)

∫_t

t_x

a_i(s)ds, i = 0, 1, .., n − 2.

As t → ∞, we get the assertion.

If (C) holds, in view of Lemma 2, properties A and B can be formulated by the following way:

Property A for (N)

n even, p > 0 : Property A ⇐⇒ N = ∅.

n odd, p > 0 : Property A ⇐⇒ { N = N_0, x ∈ N_0 =⇒ x(∞) = 0.

Property B for (N)

n even, p < 0 : Property B ⇐⇒

N = N_0 ∪ N_n, x ∈ N_0 =⇒ x(∞) = 0, u ∈ N_n =⇒ | |u[n−1](∞) | | = ∞.

n odd, p < 0 : Property B ⇐⇒ { N = N_n, u ∈ N_n =⇒ | |u[n−1](∞) | | = ∞.

Remark 1. In the nonlinear case property A [B] does not ensure the existence of all type of solutions occuring in its definition, as Emden–Fowler equation shows [13, Th.s. 16.15, 16.8, Cor. 16.1].

Concerning the existence of Kneser solutions in the nonlinear case, the following holds:

Proposition 2. Assume n ≥ 3, (H1) and (−1)^{n−1}p(t) ≥ 0 (i.e. (6) holds). Then there exists a Kneser solution of (N).

Proof. It is shown in [1] (Corollary, p.332) that, if ∫_1 0 du f(u)

= ∞,

then there exists a solution of (N) such that x(t) > 0, (−1)^ix^{[i]}(t) ≥ 0 for k = 1, . . . , n − 1, t ≥ 0. It remains to show that quasiderivatives of x are eventually different from zero. Assume there exists an integer k and a sequence {T_j}, T_j → ∞, such that x^{[k]}(T_j ) = 0. Hence x^{[k+1]} has infinitely zeros approaching ∞. Repeating the same argument, we get that x^{[n]} has infinitely large zeros, which contradicts the positiveness of x.

When the disconjugate operator is in the canonical form, then the claim (c) of Theorem 2 can be proved without assumptions involving the behavior of the nonlinearity in a neighbourhood of zero and infinity. Indeed the following holds:

Proposition 3. Assume (C) and (6). If

lim_{t→∞} I_n(t, T ; p, a_{n−1}, . . . , a_1) = ∞, (15)

then every Kneser solution x of (N) (if it exists) satisfies x^{[i]}(∞) = 0 for i = 0, 1, . . . , n − 1.

Proof. By Lemma 2 every Kneser solution x of (N) satisfies x^{[i]}(∞) = 0 for i = 1, 2, ..., n − 1. Suppose that there exists an eventually positive Kneser solution x of (N) such that

lim_{t→∞} x(t) = c > 0. (16)

Again, using a linearization device, we get that w ≡ x is a solution of (L_F ) with F (t) = f(x(t))/x(t). Taking into account (C) and Proposition 1, we obtain

lim_{t→∞} I_n(t, T ; F p, a_{n−1}, . . . , a_1) < ∞. (17)

Because x is an eventually positive decreasing solution, taking into account (16), there exists a positive constant μ such that

F (t) > μ > 0 for all large t.

Hence, by (17), we obtain

μ lim_{t→∞} I_n(t, T ; p, a_{n−1}, . . . , a_1) ≤ ≤ lim_{t→∞} I_n(t, T ; F p, a_{n−1}, . . . , a_1) < ∞,

which is a contradiction.

By Theorem 2 and Proposition 3, we obtain also the following Corollary 1. Assume (C), (H1) and (6). If there exists a Kneser solution x_1 of (N) such that lim_{t→∞} x^{[i]}_1 (∞) = 0 for i = 0, 1, . . . , n − 1, then every Kneser solution x of (N) satisfies x^{[i]}(∞) = 0 for i = 0, 1, . . . , n − 1. Proof. By Theorem 2-(a), (7) holds. Particularly, (15) is verified and Proposition 3 gives the assertion.

Now we give a comparison theorem, which generalizes of Theorem 4 in [4], stated for n = 3. It compares property A/B between the linear equation ( 1 a_{n−1}(t) ( · · · ( 1 a_1(t) x(t)^′

)_′

· · ·

)_′)′

+ kp(t)x(t) = 0, k > 0 (L_k)

and nonlinear equations (N), (N^A).

Theorem 3. Assume (C) and (H2).

(a) Let n be even and p(t) > 0. If (L_k) has property A for every k > 0, then (N) and (N^A) have property A.

(b) Let n be odd and p(t) > 0. If (L_k) has property A for every k > 0, then (N) has property A and (N^A) has property B.

(c) Let n be even and p(t) < 0. If (L_k) has property B for every k > 0, then (N) and (N^A) have property B.

(d) Let n be odd and p(t) < 0. If (L_k) has property B for every k > 0, then (N) has property B and (N^A) has property A.

Proof. (a) If all the proper solutions of (N) are oscillatory, then (N) has property A. Assume there exists a proper nonoscillatory solution x of (N), and, without loss of generality, suppose there exists T_x ≥ 0 such that x(t) > 0, for t ≥ T_x. In view of (14) we have

x ∈ N_1 ∪ N_3 ∪ · · · ∪ N_{n−1}, (18)

which implies that there exists a positive constant c_x such that

x(t) ≥ c_x > 0 for t ≥ T_x. (19)

Consider, for t ≥ T_x, the linearized equation (L_F ): because the function v = x is an its nonoscillatory solution, (L_F ) does not have property A. In view of (19), there exists k such that for t ≥ T_x

F (t) = f(x(t)) x(t)

≥ k. (20)

Thus, by a classical comparison result (see, e.g. [8, Th.1]), (L_k) does not have property A, which is a contradiction. Now we prove that (N^A) has property A. Assume that there exists a proper nonoscillatory solution x of (N^A) and, without loss of generality, suppose x eventually positive. Then (18) holds and hence (19) and (20) hold, too. By the same argument as above, the linearized equation ( 1 a_1(t) ( · · · ( 1 a_{n−1}(t) w^′

)_′

· · · )′)′ + (−1)^np(t)F (t)w(t) = 0. (L^A_F )

does not have property A because w ≡ x is an its nonoscillatory solution. Then, by using again the quoted comparison result [8, Theorem 1], the linear equation ( 1 a_1(t) ( · · · ( 1 a_{n−1}(t) u^′

)_′ · · ·

)_′)′ + (−1)^nkp(t)u(t) = 0 (L^A_k )

does not have property A, that contradicts Theorem 1-(a).

Claim (b). If all the proper solutions of (N) are oscillatory, then (N) has property A. Assume that (N) has nonoscillatory solutions. Thus, in view of (C), we have

N_0 ∪ N_2 · · · ∪ N_{n−1} ≠ ∅.

Suppose that (N) does not have property A. Taking into account Lemma 2, there exists a proper nonoscillatory solution x of (N), such that either

x ∈ N_2 ∪ · · · ∪ N_{n−1} (21) or x ∈ N_0 and lim_{t→∞} x(t) ≠ 0. (22)

Without loss of generality, assume x eventually positive. Hence, in both cases, there exists c_x > 0 such that (19) holds. Consider, for t ≥ T_x, the linearized equation (L_F ): because v ≡ x is an its nonoscillatory solution and either (21) or (22) holds, (L_F ) does not have property A. In view of (19), there exists k such that (20) holds for t ≥ T_x. Using the same argument as in claim (a), we get a contradiction. Now we prove that (N^A) has property B. If all the proper solutions of (N^A) are oscillatory, then (N^A) has property B. Assume that (N^A) has nonoscillatory solutions, that is, in view of (C),

N_1 ∪ N_3 ∪ · · · ∪ N_n ≠ ∅.

Suppose that (N^A) does not have property B. Taking into account Lemma 2, there exists a proper nonoscillatory solution u of (N^A) such that either

u ∈ N_1 ∪ N_3 ∪ · · · ∪ N_{n−2} or u ∈ N_n, |u^{[n−1]}(∞)| < ∞.

Consider, for t ≥ T_x, the linearized equation (L^A_G): using the same linearization method as above and taking into account Theorem 1, we obtain a contradiction with the fact that (L_k) has property A for every k > 0.

Claims (c), (d). We proceed in a similar way as above. The details are omitted.

Proposition 1, Theorem 2-(a) and Theorem 3 yield the following result:

Corollary 2. Assume (C) and (H2).

(a) Let n be odd and p(t) > 0. If every nonoscillatory solution of (L_k) is Kneser for any k > 0 and

lim_{t→∞} I_n(t, T ; p, a_{n−1}, . . . , a_1) = ∞, (23)

then (L) and (N) have property A and (N^A) has property B.

(b) Let n be even and p(t) < 0. Assume that every nonoscillatory solution of (L_k) is either Kneser or strongly monotone for any k > 0. If (23) and

lim_{t→∞} I_n(t, T ; p, a_1, . . . , a_{n−1}) = ∞, (24)

hold, then (L), (N) and (N^A) have property B.

(c) Let n be odd and p(t) < 0. If every nonoscillatory solution of (L_k) is strongly monotone for any k > 0 and (23) holds, then (L) and (N) have property B and (N^A) has property A.

Proof. First let us remark that if (C) and (23) hold, then for any positive constant k

lim_{t→∞} I_n(t, T ; a_i, . . . , a_1, kp, a_{n−1}, . . . , a_{i+1}) = ∞, i = 1, . . . , n − 1. (25)

Similarly, if (C) and (24) hold, then for any positive constant k

lim_{t→∞} I_n(t, T ; a_i, . . . , a_{n−1}, kp, a_1, . . . , a_{i+1}) = ∞, i = 1, . . . , n − 1. (26)

Claim (a). By Proposition 1, every Kneser solution y of (L_k) satisfies y^{[i]}(∞) = 0, i = 0, 1, ..n − 1. Taking into account that every nonoscillatory solution of (L_k) is Kneser, we get that (L_k) has property A for any k > 0. Taking into account Theorem 3–(b), we obtain that (N) has property A and (N^A) has property B.

Claim (b). By Proposition 1, the condition (25) implies that every Kneser solution y of (L_k) satisfies y^{[i]}(∞) = 0, i = 0, 1, ..n − 1 and the condition (26) implies that every strongly monotone solution z of (L_k) satisfies |z^{[i]}(∞)| = ∞, i = 0, 1, ..n − 1. Reasoning as above we obtain that (L_k) has property B for any k > 0. Applying Theorem 3-(c), we get the assertion.

Claim (c). Reasoning as above and using Proposition 3, we obtain that (L^A_k ) has property A for any k > 0. Applying to (L^A_k ) Theorem 3-(b), we get the assertion.

Remark 3. When n is even and p(t) < 0 [n is odd and p(t) < 0], integral conditions posed on a_i and p and ensuring that for any k > 0 every nonoscillatory solution of (L_k) is strongly monotone [Kneser or strongly monotone] are given in [16, Theorems 1, 2].

When n is odd and p(t) > 0, integral conditions posed on a_i and p and ensuring that for any k > 0 every nonoscillatory solution of (L_k) is Kneser are given in [9, Theorem 2].

References

[1] Bartušek M., Došlá Z.: Remark on Kneser problem, Applicable Analysis 56 (1995), pp.327–333.

[2] Cecchi M., Marini M., Villari G.: On a cyclic disconjugate operator associated to linear differential equations, Annali Mat Pura Appl. IV, CLXX, (1996), pp. 297– 309.

[3] Cecchi M., Došlá Z., Marini M.: Some properties of third order differential operators Czech. Math. Journal 47 (122) (1997), pp. 729–748.

[4] Cecchi M., Došlá Z., Marini M.: An equivalence theorem on properties A, B for third order differential equations, Annali Mat. Pura and Appl. 173, (1997), pp. 373–389.

[5] Cecchi M., Došlá Z., Marini M.: On nonlinear oscillations for equations associated to disconjugate operators, Nonlinear Analysis, T., M. & Appl., 30, No.3 (1997), pp. 1583–1594.

[6] Cecchi M., Došlá Z., Marini M.: Equivalency for disconjugate operators, to appear in Math. Nachr.

[7] Coppel W.A.:Disconjugacy, Lecture Notes in Mathematics, 220, Springer Verlag, Berlin, (1971).

[8] Chanturia T.A.: Some comparison theorems for ordinary differential equations of higher order (Russian), Bull. Acad. Polon. Sci. Ser. Sci. Math., Astr. Phys. 20, (1977), pp. 749–756.

EJQTDE, Proc. 6th Coll. QTDE, 2000 No. 4, p. 16

[9] Džurina J.: Property (A) of n-th order ODE’s, Math. Bohemica 122, (1997), pp.

349–356.

[10] Elias U.: Oscillation Theory of Two-Term Differential Equations, Kluwer Academic Publishers, Dordrecht-Boston-London, (1997).

[11] Greguš M.: Third Order Linear Differential Equation, D. Reidel Publ Comp., Dordrecht, Boston, Lancaster, Tokyo, 1987.

[12] Hartman P.: Ordinary differential equations, John Wiley and Sons, Inc., New York, 1964.

[13] Kiguradze I. T., Chanturia T.A.: Asymptotic Properties of Solutions of Nonautonomous Ordinary Differential Equations, Kluwer Academic Publishers, Dordrecht- Boston-London, 1993.

[14] Koplatadze R.: On oscillatory properties of solutions of functional differential equations, Memoirs on Diff. Eqs. and Math.Physics, (1994).

[15] Kusano T., Naito M.: Comparison theorems for functional differential equations with deviating arguments, J. Math. Soc. Japan, 33, (1981), pp. 509–532.

[16] Kusano T., Naito M., Tanaka K.: Oscillatory and asymptotic behavior of solutions of a class of linear ordinary differential equations, Proc. Roy. Soc. Edinburgh, 90A, (1981), pp. 25–40.

[17] Kusano T., Naito M.: Boundedness of solutions of a class of higher order ordinary differential equations, J. Differential Equations, 46, (1982), pp. 32–45.

[18] Nehari Z.: Disconjugate linear differential operators, Trans. Amer. Math. Soc., 129, (1967) pp. 500–516.

[19] Švec M.: Behaviour of nonoscillatory solutions of some nonlinear differential equations, Acta Math. Univ. Comenianae, 34, (1980), pp. 115–130.

[20] Súkeník D.: Oscillation criteria and growth of nonoscillatory solutions of nonlinear differential equations, Acta Math. Univ. Comenianae, 56–57, (1990), pp. 179–193.

[21] Trench W.F.: Canonical forms and principal systems for general disconjugate equation, Trans. Amer. Math. Soc., 189, (1974), pp. 319–327.

Author’s addresses:

M. Cecchi and M. Marini, Depart. of Electr. Eng., University of Florence, Via S. Marta 3, 50139 Firenze, Italy e-mail: marini@ing.unifi.it

Z. Došlá, Depart. of Mathematics, Masaryk University, Janáčkovo nám. 2a, 66295 Brno, Czech Republic e-mail: dosla@math.muni.cz

EJQTDE, Proc. 6th Coll. QTDE, 2000 No. 4, p. 17