Electronic Journal of Qualitative Theory of Differential Equations 2010, No. 44, 1-15; http://www.math.u-szeged.hu/ejqtde/

On multiple sign-changing solutions for some second-order integral boundary value problems^∗

Xingqiu Zhang^{1†} and Jingxian Sun^2

1Department of Mathematics, Liaocheng University, Liaocheng, 252059, Shandong, PR China 2Department of Mathematics, Xuzhou Normal University, Xuzhou, 221116, Jiangsu, PR China

Abstract In this paper, by employing fixed point index theory and Leray-Schauder degree theory, we obtain the existence and multiplicity of sign-changing solutions for nonlinear second-order differential equations with integral boundary value conditions. Keywords Integral boundary value problem; sign-changing solution; fixed point index; Leray-Schauder degree MSC 34B10; 34B18

1 Introduction

In this paper, we are concerned with the existence of sign-changing solutions for the following nonlinear second-order integral boundary-value problem (BVP for short)

x^{′′}(t) + f(x(t)) = 0, 0 ≤ t ≤ 1,

x(0) = 0, x(1) =

∫_1 0 a(s)x(s)ds, (1)

where f ∈ C(R, R), a ∈ L[0, 1] is nonnegative with

∫_1 0 a^2(s)ds < 1.

Nonlocal boundary value problems have been well studied especially on a compact interval. For example, Gupta et al. have made an extensive study of multi-point boundary value problems in [4, 5, 6]. Many researchers have studied positive solutions for multi-point boundary value problems, and obtained sufficient conditions for existence, see [4, 5, 6, 15, 28] and the references therein. Nodal solutions for multi-point boundary value problems have also been paid much attention by some authors, see [13, 14, 17, 19] for reference.

Boundary-value problems with integral boundary conditions for ordinary differential equations arise in different fields of applied mathematics and physics such as heat conduction, chemical engineering, underground water flow, thermo-elasticity, and plasma physics. Moreover, boundary-value problems with Riemann-Stieltjes integral conditions constitute a very interesting and important class of problems. They include two, three, multi-point and integral boundary-value problems as

∗The project is supported financially by the National Natural Science Foundation of China (10971179), A Project of Shandong Province Higher Educational Science and Technology Program (J10LA53) and the Natural Science Foundation of Liaocheng University (31805).

†Corresponding author. E-mail addresses: zhxq197508@163.com (X. Zhang), jxsun7083@sohu.com (J. Sun)

special cases, see [7, 8, 21, 22]. For boundary value problems with other integral boundary conditions and comments on their importance, we refer the reader to the papers by Karakostas and Tsamatos [7, 8], Yuhua Li and Fuyi Li [11], Lomtatidze and Malaguti [12], Webb and Infante [21, 22] and Yang [26, 27] and the references therein.

In [21, 22], Webb and Infante used fixed point index theory and formulated a general method for solving problems with integral boundary conditions of Riemann-Stieltjes type. In [22] they studied the existence of multiple positive solutions of nonlinear differential equations of the form

−u^{′′}(t) = g(t)f(t, u(t)), t ∈ (0, 1)

with boundary conditions including the following

u(0) = α[u], u(1) = β[u],

u(0) = α[u], u^′(1) = β[u], u(0) = α[u], u^′(1) + β[u] = 0, u^′(0) = α[u], u(1) = β[u], u^′(0) + α[u] = 0, u(1) = β[u], where α, β are linear functionals on C[0, 1] given by

α[u] =

∫_1 0 u(s)dA(s), β[u] =

∫_1 0 u(s)dB(s),

with A, B functions of bounded variation. By giving a general approach to cover all of these boundary conditions (and others) in a unified way, their work included much previous work as special cases and improved the corresponding results. We should note that the work of Webb and Infante does not require the functionals α[u], β[u] to be positive for all positive u.

Recently, Xu [24] considered the following second-order multi-point boundary value problem

y^{′′}(t) + f(y) = 0, 0 ≤ t ≤ 1,

y(0) = 0, y(1) = m−2∑ i=1 α_iy(η_i), (2)

where f ∈ C(R, R), 0 < α_i, i = 1, 2, · · · , m−2, 0 < η_1 < η_2 < · · · < η_{m−2} < 1 with

∑_{m−2} i−1 α_i < 1. By using fixed point index theory, under some suitable conditions, they obtained some existence results for multiple solutions including sign-changing solutions. In [17], Rynne carefully investigated the spectral properties of the linearisation of BVP (2) which are used to prove a Rabinowitz-type global bifurcation theorem for BVP (2). Then nodal solutions of the above problem are obtained by using this global bifurcation theorem. Thereafter, employing similar method to [24], Pang, Dong and Wei [16], Wei and Pang [23], Li and Liu [10] proved the existence of multiple solutions to some fourth two-point and multi-point boundary value problems, respectively.

Recently, utilizing the fixed point index theory and computing eigenvalues and the algebraic multiplicity of the corresponding linear operator, Li and Li [11] obtained some existence results for sign-changing solutions for the following integral boundary-value problem

x^{′′}(t) + f(x(t)) = 0, 0 ≤ t ≤ 1,

x(0) = 0, x(1) = g ( ∫ 1 0 x(s)ds ) , (3) where f, g ∈ C(R, R).

To the authors’ knowledge, there are few papers that have considered the existence of multiple sign-changing solutions for integral boundary value problems. Motivated by [11], [17], [19], [21], [22], the purpose of this paper is to investigate sign-changing solutions for BVP (1) following the method formulated by Xu in [24]. Obviously, BVP (1) can not be included in BVP (3). We will show that BVP (1) has at least six different nontrivial solutions when f satisfies certain conditions: two positive solutions, two negative solutions and two sign-changing solutions. Moreover, if f is also odd, then the BVP (1) has at least eight different nontrivial solutions, which are two positive, two negative and four sign-changing solutions.

We shall organize this paper as follows. In Section 2, some preliminaries and lemmas are given including the study of the eigenvalues of the linear operator A^′(θ) and A^′(∞). The main results are proved by using the fixed point index and Leray-Schauder degree method in section 3. A concrete example is given to illustrate the application of the main results in Section 4.

2 Preliminaries and several lemmas

Denote σ_1 =

∫_1 0 sa(s)ds, σ^∗_1 =

∫_1 0 s(1 − s)a(s)ds, γ =^{1+}

R_1 0 (1−s)a(s)ds 1−σ_1 . Let E = { x ∈ C^1[0, 1] : x(0) = 0, x(1) =

∫_1 0 a(s)x(s)ds } , P = {x ∈ E : x(t) ≥ 0 for t ∈ [0, 1]}.

For x ∈ E, let ‖x‖ = ‖x‖_0 + ‖x^′‖_0, where ‖x‖_0 = max_{t∈[0,1]} ‖x(t)‖ and ‖x^′‖_0 = max_{t∈[0,1]} ‖x^′(t)‖. Then, (E, ‖ · ‖) is a Banach space and P is a cone of E. Let

α_0 = lim_{x→0} f(x) x , β_0 = lim_{|x|→∞} f(x) x . (4)

Define operators K, F and A as follows

(Kx)(t) =

∫_1 0 κ(t, s)x(s)ds, (F x)(t) = f(x(t)), t ∈ [0, 1], ∀ x ∈ E, A = KF, (5)

where

κ(t, s) = G(t, s) + t 1 − σ_1

∫_1 0 G(τ, s)a(τ)dτ, (6)

G(t, s) = { t(1 − s), 0 ≤ t ≤ s ≤ 1, s(1 − t), 0 ≤ s ≤ t ≤ 1. (7) Denote the set of eigenvalues of the operator K by σ(K), since K is a completely continuous operator, σ(K) is countable. Throughout this paper, we adopt the following hypotheses.

(H_1) f ∈ C(R, R) and f(x)x > 0 for all x ∈ R\{0};

(H_2) For each of the sets α_0σ(K) and β_0σ(K), the number of elements greater than 1 is even, where α_0σ(K) = {y : y = α_0x, x ∈ σ(K)};

(H_3) There exists r > 0 such that |f(x)| <

6(1 − σ_1) (1 − σ_1)(3 + γ) + 6σ^∗_1 r, for all x with |x| < r.

The main results of this paper are the following.

Theorem 1 Suppose that (H_1) − (H_3) hold. Then integral boundary-value problem (1) has at least two sign-changing solutions. Moreover, the integral boundary-value problem (1) also has at least two positive solutions and two negative solutions.

Theorem 2 Suppose that (H_1) − (H_3) hold, and, f is odd, i.e., f(−x) = −f(x) for all x ∈ R. Then integral boundary-value problem (1) has at least eight different nontrivial solutions, which are four sign-changing solutions, two positive solutions and two negative solutions.

Before giving the proofs of Theorems 1 and 2, we list some preliminary lemmas. Lemma 1 For any u ∈ C[0, 1], x ∈ C^2[0, 1] is a solution of the following problem −x^{′′}(t) = u(t), 0 < t < 1, x(0) = 0, x(1) =

∫_1 0 a(s)x(s)ds, (8)

if and only if x ∈ C[0, 1] is a solution of the integral equation

x(t) =

∫_1 0 κ(t, s)u(s)ds. (9) Remark 1. Lemma 1 was shown in [1] by a direct calculation, a more general results for a Riemann-Stieltjes integral boundary value condition was shown in [21, 22] by a simple method.

Obviously, A, K : E → E are all completely continuous operators. By Lemma 1, we know that x is a solution of BVP (1) if and only if x is a fixed point of operator A. Lemma 2 ([1]) For t, s ∈ [0, 1], we have κ(t, s) ≤ γe(s), where e(s) = s(1 − s). Lemma 3 Suppose that (H_1) and (H_2) hold. Then the operator A = KF is Fréchet differentiable at θ and ∞. Moreover, A^′(θ) = α_0K and A^′(∞) = β_0K.

Proof. For any ε > 0, by (4), there exists δ > 0 such that for any 0 < |x| < δ, | | f(x) x − α_0 | | < ε, that is |f(x) − α_0x| ≤ ε|x|, for all 0 ≤ |x| < δ. It is easy to see from (H_1) that f(0) = 0. Then, for any x ∈ E with ‖x‖ < δ, by Lemma 2, we have |(Ax − Aθ − α_0Kx)(t)| = |(K(F (x) − α_0x))(t)| ≤ γ ∫_1 0 max s∈[0,1]

|f(x(s)) − α_0x(s)|e(s)ds ≤ 1 6 γ‖x‖_0ε ≤ 1 6 γ‖x‖ε, t ∈ [0, 1].

This implies

‖Ax − Aθ − α_0Kx‖_0 ≤ 1 6 γ‖x‖ε, x ∈ E, ‖x‖ < δ. (10)

On the other hand, for any x ∈ E, ‖x‖ < δ,

|(Ax − Aθ − α_0Kx)^′(t)| = | | ∫_1 0 ∂_tκ(t, s)(f(x(s)) − α_0x(s))ds | | ≤ ∫_1 0 |∂_tκ(t, s)||f(x(s)) − α_0x(s)|ds ≤ (| | − ∫_t 0 sds +

∫_1 t (1 − s)ds | | | + σ^∗_1 1 − σ_1 ) max s∈[0,1]

|f(x(s)) − α_0x(s)|ds ≤ (1 2 + σ^∗_1 1 − σ_1 ) max s∈[0,1]

|f(x(s)) − α_0x(s)| ≤ (1 2 + σ^∗_1 1 − σ_1 ) ‖x‖_0ε ≤ (1 2 + σ^∗_1 1 − σ_1 ) ‖x‖ε, t ∈ [0, 1].

Thus,

‖(Ax − Aθ − α_0Kx)^′‖_0 ≤ (1 2 + σ^∗_1 1 − σ_1 ) ‖x‖ε, x ∈ E, ‖x‖ < δ. (11)

By (10) and (11),we have

‖Ax − Aθ − α_0Kx‖ = ‖Ax − Aθ − α_0Kx‖_0 + ‖(Ax − Aθ − α_0Kx)^′‖_0 ≤ ( 1 2 + σ^∗_1 1 − σ_1 + γ 6 ) ‖x‖ε.

Therefore, lim ‖x‖→0

‖Ax − Aθ − α_0Kx‖ ‖x‖ = 0,

which means that A is Fréchet differentiable at θ and A^′(θ) = α_0K.

For any ε > 0, by (4), there exists R > 0 such that |f(x) − β_0(x)| < ε|x| for any |x| > R. Let b = max_{‖x‖≤R} |f(x) − β_0(x)|. Then, we have for any x ∈ R |f(x) − β_0(x)| ≤ ε|x| + b.

As a consequence, |(Ax − β_0Kx)(t)| = |(K(F (x) − β_0x))(t)| ≤ γ ∫_1 0 max s∈[0,1]

|f(x(s)) − β_0x(s)|e(s)ds ≤ γ 6 (‖x‖_0ε + b) ≤ γ 6 (‖x‖ε + b), t ∈ [0, 1].

This implies that ‖Ax − β_0Kx‖_0 ≤ γ 6 (‖x‖ε + b), x ∈ E. (12)

Similarly, we can show that

‖(Ax − β_0Kx)^′‖_0 ≤ ( 1 2 + σ^∗_1 1 − σ_1 ) (‖x‖ε + b), x ∈ E. (13)

By (12) and (13), we have ‖Ax − β_0Kx‖ = ‖Ax − β_0Kx‖_0 + ‖(Ax − β_0Kx)^′‖_0 ≤ (1 2 + σ^∗_1 1 − σ_1 + γ 6 ) (‖x‖ε + b).

Consequently, lim ‖x‖→∞

‖Ax − β_0Kx‖ ‖x‖ = 0,

which means that A is Fréchet differentiable at ∞ and A^′(∞) = β_0K. □

Lemma 4 Let β be a positive number. Then the sequence of positive eigenvalues of the linear operator βK is countable. Moreover, the algebraic multiplicity of each positive eigenvalue of the operator βK is equal to 1.

Proof. The set of positive eigenvalues of the linear operator βK is countable because K : C[0, 1] → C[0, 1] is a completely continuous operator.

To prove all eigenvalues are simple we can, without loss of generality, take β = 1. An eigenvector x of K corresponding to λ > 0 is a nonzero solution of the problem −λx^{′′}(t) + x(t) = 0, t ∈ (0, 1), x(0) = 0, x(1) =

∫_1 0 a(s)x(s)ds.

Therefore the eigenfunctions are scalar multiples of sin(kt) and λ = 1/k^2 where k is one of the positive solutions of the equation

sin(k) =

∫_1 0 a(s) sin(ks)ds. (14)

Next, we show that the algebraic multiplicity of each positive eigenvalue of the operator K is equal to 1. To do this we will show that for each eigenvalue λ = 1/k^2, where k is a solution of (14), the following inclusion is valid, ker(λI − K)^2 ⊂ ker(λI − K).

Let y ∈ ker(λI − K)^2, then (λI − K)y ∈ ker(λI − K) so (λI − K)y = C sin(kt), for some constant C.

If C = 0 the result is shown. Suppose that C ≠ 0. Then, by Lemma 1, y is a solution of the problem

λy^{′′} + y = −Ck^2 sin(kt), y(0) = 0, y(1) =

∫_1 0 a(s)y(s)ds, that is,

y^{′′} + k^2y = −Ck^4 sin(kt), y(0) = 0, y(1) =

∫_1 0 a(s)y(s)ds.

The solution of this problem is of the form c_1 sin(kt) + c_2 t cos(kt), where C ≠ 0 implies c_2 ≠ 0. Since the term sin(kt) satisfies the boundary condition at t = 1 so must the term t cos(kt), that is,

cos(k) =

∫_1 0 a(s)s cos(ks) ds. (15)

Noting that

∫_1 0 w(s)ds ≤ (∫_1 0 w^2(s)ds

)_{1/2}

, from (14) and (15) we have

sin(k) ≤ (∫ 1 0 a^2(s) sin^2(ks)ds

)_{1/2}

, cos(k) ≤ (∫ 1 0 a^2(s) cos^2(ks)ds

)_{1/2} , hence

1 = sin^2(k) + cos^2(k) ≤

∫_1 0 a^2(s)(sin^2(ks) + cos^2(ks))ds =

∫_1 0 a^2(s)ds < 1.

This contradiction proves that we must have C = 0 so the eigenvalue is simple. □ Lemma 5 Suppose that condition (H_1) holds. If x ∈ P \{θ} is a solution of BVP (1), then x ∈^∘P . Similarly, if x ∈ −P \{θ} is a solution of BVP (1), then x ∈ −^∘P . Proof. Let x ∈ P \{θ} is a solution of BVP (1). Then

x(t) =

∫_1 0 κ(t, s)f(s, x(s))ds =

∫_1 0 G(t, s)f(x(s))ds + t 1 − σ_1

∫_1 0 ∫_1 0 G(s, τ)f(x(s))dτds.

For all t ∈ [0, 1], we have x(t) > 0, t ∈ (0, 1], and x^′(0) =

∫_1 0 (1 − s)f(x(s))ds + 1 1 − σ_1

∫_1 0 ∫_1 0 G(s, τ)f(x(s))dτds > 0.

As the proof of Lemma 2.7 in [24], we can show that x ∈^∘P . □ We recall three well known lemmas, they can be found, for example, in [2].

Lemma 6 Let θ ∈ Ω and A : P ∩ Ω → P be completely continuous. Suppose that Ax ≠ μx, ∀ x ∈ ∂Ω, μ ≥ 1.

Then i(A, P ∩ Ω, P ) = 1.

Lemma 7 Let Ω be an open set in E and θ ∈ Ω, A : Ω → E be completely continuous. Suppose that ‖Ax‖ ≤ ‖x‖, Ax ≠ x, ∀ x ∈ ∂Ω.

Then deg(I − A, Ω, θ) = 1.

Lemma 8 Let A : P → P be completely continuous. Suppose that A is differentiable at θ and ∞ along P and 1 is not an eigenvalue of A^′_+(θ) and A^′_+(∞) corresponding to a positive eigenfunction.

(i) If A^′_+(θ) has a positive eigenfunction corresponding to an eigenvalue greater than 1, and Aθ = θ. Then there exists τ > 0 such that i(A, P ∩ B(θ, r), P ) = 0 for any 0 < r < τ.

(ii) If A^′_+(∞) has a positive eigenfunction which corresponds to an eigenvalue greater than 1. Then there exists ζ > 0 such that i(A, P ∩ B(θ, R), P ) = 0 for any R > ζ.

We now prove an important result for our work.

Lemma 9 Suppose that (H_1) − (H_3) hold. Then

(i) There exists r_0 ∈ (0, r) such that for all τ ∈ (0, r_0],

i(A, P ∩ B(θ, τ), P ) = 0, i(A, −P ∩ B(θ, τ), −P ) = 0.

(ii) There exists R_0 > r such that for all R ≥ R_0,

i(A, P ∩ B(θ, R), P ) = 0, i(A, −P ∩ B(θ, R), −P ) = 0.

Proof. We prove only conclusion (i), conclusion (ii) can be proved in a similar way. By Lemma 3, A^′_+(0) = α_0K. An eigenvalue of α_0K is α_0λ where λ is an eigenvalue of K, that is, λ = 1/k^2 where k is a solution of

sin(k) =

∫_1 0 a(s) sin(ks)ds, (16)

and the corresponding eigenfunction is sin(kt). By assumption, there are an even number of eigenvalues of α_0K greater than 1, in particular, α_0/k^2_1 > 1 where k_1 is the smallest positive root of (16). We show that k_1 ∈ (0, π) so that the corresponding eigenfunction is positive on (0, 1).

Define a real function F by

F (k) := sin(k) −

∫_1 0 a(s) sin(ks)ds.

Then F is continuous and F (π) = −

∫_1 0 a(s) sin(πs) ds < 0. Also F (0) = 0 and

F^′(k) = cos(k) −

∫_1 0 a(s)s cos(ks)ds,

so F^′(0) = 1 −

∫_1 0 a(s)s ds > 0. Thus F (δ) > 0 for δ > 0 sufficiently small and so, by the Intermediate Value Theorem, there exists a root in (δ, π), in particular k_1 ∈ (0, π).

It follows from Lemma 8 that there exists τ_0 > 0 such that i(A, P ∩ B(θ, τ), P ) = 0 for any 0 < τ ≤ τ_0.

Similarly, we can show that there exists τ_1 > 0 such that i(A, −P ∩ B(θ, τ), −P ) = 0 for any 0 < τ ≤ τ_1. Let r_0 = min{τ_0, τ_1}. Then, the conclusion (i) holds. □

From [9, Theorem 21.6, 21.2], we have the following two lemmas.

Lemma 10 Let A be a completely continuous operator, let x_0 ∈ E be a fixed point of A and assume that A is defined in a neighborhood of x_0 and Fréchet differentiable at x_0. If 1 is not an eigenvalue of the linear operator A^′(x_0), then x_0 is an isolated singular point of the completely continuous vector field I − A and for small enough r > 0 deg(I − A, B(x_0, r), θ) = (−1)^k, where k is the sum of the algebraic multiplicities of the real eigenvalues of A^′(x_0) in (1, +∞). Lemma 11 Let A be a completely continuous operator which is defined on a Banach space E. Assume that 1 is not an eigenvalue of the asymptotic derivative. The completely continuous vector field I − A is then nonsingular on spheres S_ρ = {x : ‖x‖ = ρ} of sufficiently large radius ρ and deg(I − A, B(θ, ρ), θ) = (−1)^k, where k is the sum of the algebraic multiplicities of the real eigenvalues of A^′(∞) in (1, +∞). To simplify the proof of the main results, we will use the following lemma. Lemma 12 ([16]) Let P be a solid cone of a real Banach space E, Ω be a relatively bounded open subset of P , A : P → P be a completely continuous operator. If all fixed point of A in Ω is the interior point of P , there exists an open subset O of E such that O ⊂ Ω and deg(I − A, O, 0) = i(A, Ω, P ).

3 Proof of main results

Proof of Theorem 1 By the condition (H_3) and Lemma 2, for any x ∈ E with ‖x‖ = r, we have |(Ax)(t)| = | | ∫_1 0 κ(t, s)f(x(s))ds | | ≤ γ ∫_1 0 e(s) max_{s∈[0,1]} |f(x(s))|ds < γ 6 × 6(1 − σ_1) (1 − σ_1)(3 + γ) + 6σ^∗_1 r = γ(1 − σ_1) (1 − σ_1)(3 + γ) + 6σ^∗_1 r, t ∈ [0, 1].

Therefore, ‖Ax‖_0 < γ(1 − σ_1) (1 − σ_1)(3 + γ) + 6σ^∗_1 r. (17) Similarly, we can show that for any x ∈ E with ‖x‖ = r

‖(Ax)^′‖_0 < ( 1 2 + σ^∗_1 1 − σ_1 ) × 6(1 − σ_1) (1 − σ_1)(3 + γ) + 6σ^∗_1 r = 3(1 − σ_1) + 6σ^∗_1 (1 − σ_1)(3 + γ) + 6σ^∗_1 r. (18) It follows from (17) and (18) that ‖Ax‖ < r for all ‖x‖ = r. Then by Lemma 6 and 7, we have i(A, P ∩ B(θ, r), P ) = 1, (19)

i(A, −P ∩ B(θ, r), −P ) = 1, (20)

deg(I − A, B(θ, r), θ) = 1. (21)

By (H_2) and Lemma 4, the sum of the algebraic multiplicities of the real eigenvalues of the operator A^′(θ) = α_0K in (1, +∞) is even. Therefore, there exists 0 < r_1 < r_0 such that deg(I − A, B(θ, r_1), θ) = 1, (22) where r_0 has the same meaning as that in Lemma 9. Similarly, by Lemmas 4, 11 and (H_2), we have for some R_1 ≥ R_0 deg(I − A, B(θ, R_1), θ) = 1, (23) where R_0 has the same meaning as that in Lemma 9. By Lemma 9, we have i(A, P ∩ B(θ, r_1), P ) = 0, (24)

i(A, −P ∩ B(θ, r_1), −P ) = 0, (25)

i(A, P ∩ B(θ, R_1), P ) = 0, (26)

i(A, −P ∩ B(θ, R_1), −P ) = 0. (27) Then, by (19), (24) and (26), we have i(A, P ∩ (B(θ, R_1)\B(θ, r)), P ) = 0 − 1 = −1, (28)

i(A, P ∩ (B(θ, r)\B(θ, r_1)), P ) = 1 − 0 = 1. (29) Thus, the operator A has at least two fixed points x_1 ∈ P ∩ (B(θ, R_1)\B(θ, r)) and x_2 ∈ P ∩ (B(θ, r)\B(θ, r_1)), respectively. Obviously, x_1 and x_2 are two distinct positive solutions to the BVP (1).

Similarly, by (20), (25) and (27), we have i(A, −P ∩ (B(θ, R_1)\B(θ, r)), −P ) = −1, (30)

i(A, −P ∩ (B(θ, r)\B(θ, r_1)), −P ) = 1 − 0 = 1. (31) Therefore, the operator A has at least two fixed points x_3 ∈ (−P ) ∩ (B(θ, R_1)\B(θ, r)) and x_4 ∈ (−P ) ∩ (B(θ, r)\B(θ, r_1)), respectively. It is clear that x_3 and x_4 are two distinct negative solutions to the BVP (1).

By Lemmas 5 and 12, (28)-(31), there exist four open subsets O_1, O_2, O_3 and O_4 of E such that O_1 ⊂ P ∩ (B(θ, R_1)\B(θ, r)), O_2 ⊂ P ∩ (B(θ, r)\B(θ, r_1)), O_3 ⊂ −P ∩ (B(θ, r)\B(θ, r_1)), O_4 ⊂ −P ∩ (B(θ, R_1)\B(θ, r)), and deg(I − A, O_1, 0) = −1, (32) deg(I − A, O_2, 0) = 1, (33)

deg(I − A, O_3, 0) = 1, (34)

deg(I − A, O_4, 0) = −1. (35)

It follows from (21), (22), (33) and (34) that

deg(I − A, B(θ, r)\(O_2 ∪ O_3) ∪ B(θ, r_1)), 0) = 1 − 1 − 1 − 1 = −2, (36)

which means that A has at least one fixed point x_5 ∈ B(θ, r)\(O_2 ∪ O_3) ∪ B(θ, r_1)). Similarly, by (21), (23), (32) and (35) we get

deg(I − A, B(θ, R_1)\(O_1 ∪ O_4 ∪ B(θ, r)), 0) = 1 + 1 + 1 − 1 = 2.

This implies that A has at least one fixed point x_6 ∈ B(θ, R_1)\(O_1 ∪ O_4 ∪ B(θ, r)). Obviously, x_5 and x_6 are two distinct sign-changing solutions to BVP (1). □

Proof of Theorem 2 According to Theorem 1, the BVP (1) has at least six different nontrivial solutions x_i ∈ E, i = 1, 2, · · · , 6, satisfying

x_1, x_2 ∈^∘P , x_3, x_4 ∈ −^∘P , x_5, x_6 ∉ P ∪ (−P ),

r_1 < ‖x_5‖ < r < ‖x_6‖ < R_1.

It follows from f(−x) = −f(x) for all x ∈ R that −x_5 and −x_6 are also solution for the BVP (1). Denote x_7 = −x_5, x_8 = −x_6. It is clear x_7 and x_8 are two sign-changing solutions, too. So, BVP (1) has eight different nontrivial solutions x_i, i = 1, 2, · · · , 8. □

4 An example

Consider the following nonlinear second-order integral boundary-value problem (BVP)

x^{′′}(t) + f(x(t)) = 0, 0 ≤ t ≤ 1,

x(0) = 0, x(1) =

∫_1 0 sx(s)ds,

(37)

where

f(x) =

40(x − x^{2321} ), |x| ≤ 1 2 , (n − m)x + 3 2 m − 1 2 n, 1 2 < x < 3 2 , (n − m)x + n 2 − 3 2 m, − 3 2 < x < − 1 2 , 38(x − x^{5759} ), |x| > 3 2 , in which m = 20(1 − 2^{− 221} ), n = 57(1 − ( 3 2 )^{− 259} ).

Conclusion: The conclusion of Theorem 2 holds for integral boundary value problem (37).

Let (K_1x)(t) =

∫_1 0 κ_1(t, s)x(s)ds, (38)

where

κ_1(t, s) = G(t, s) + 1 4 ts(1 − s^2). (39)

Let λ_1 < λ_2 < · · · < λ_n < λ_{n+1} < · · · be the sequence of positive solutions of the equation

(1 − x) sin √ x = √ x cos √ x. (40)

Proof of the conclusion. Let β be a positive number. First we show that the sequence of positive eigenvalues of the operator βK_1 is of the form β λ_1 > β λ_2

> · · · > β λ_n

> · · · .

Let λ be a positive eigenvalue of the linear operator βK_1, and x ∈ E\{θ} be an eigenfunction corresponding to the eigenvalue λ. Then we have

λx = βK_1x, i.e., K_1x = λ β x. By Lemma 1, we obtain ( λ β x )_{′′}

+ x = 0.

That is

x^{′′} + β λ x = 0. (41)

The differential equation (41) has roots ±

√_β

λ i. Thus, the general solution of (41) can be expressed by x(t) = C_1 cos t √ β λ + C_2 sin t √ β λ , t ∈ [0, 1].

Applying the boundary value condition x(0) = 0, we obtain that C_1 = 0, and so the general solution can be reduced to x(t) = C_2 sin t √ β λ , t ∈ [0, 1],

which together with boundary condition x(1) =

∫_1 0 sx(s)ds and integrate by parts shows that sin √_β λ = ∫_1 0 s sin ( s √ β λ ) ds = − cos √_β λ √_β λ + 1 β λ sin √ β λ . (42)

That is ( 1 − β λ ) sin √ β λ = √ β λ cos √ β λ .

Since the positive solutions of the equation (1 − x) sin √ x = √ x cos √ x are 0 < λ_1 < λ_2 < · · · , then λ is one of the values β λ_1 > β λ_2

> · · · β λ_n

> · · · ,

and the eigenfunction corresponding to the eigenvalue^β_{λn} is

x_n(t) = C sin t √ λ_n, t ∈ [0, 1],

where C is a nonzero constant.

Next, we check that all the conditions of Theorem 2 hold. Take a(s) = s. It is clear that ∫_1 0 a^2(s)ds =^1_3 < 1. Obviously, f is odd, and condition (H_1) holds. By direct computation, we have σ_1 =^1_3 , σ^∗_1 =^1_{12} , γ =^7_4 ,^{6(1−σ1 )}

(1−σ_1)(3+γ)+6σ^∗_1 = 12 11 , λ_1 ≈ 7.5279, λ_2 ≈ 37.4148, λ_3 ≈ 86.7993, α_0 = 40, β_0 = 38. By above statement we know that the sequence of positive eigenvalues of the operators α_0K_1, β_0K_1 are of the forms^{α0}_{λi} ,^{β0}_{λi} (i = 1, 2, · · ·), respectively. Thus, the numbers of the eigenvalues belong to (1, +∞) of the operators α_0K and β_0K are both two. Hence, (H_2) holds. Choose r = 2. By direct computation, we know

|f(x)| ≤ f((^{21}_{23} )^{21}2 ) = 40((^{21}_{23} )^{21}2 − (^{21}_{23} )^{23}2 ) ≈ 1.3382 < 2 ≤^{12}_{11} r, |x| ≤ 1,

f(2) = 38(2 − 2^{57}59 ) ≈ 1.7649 < 2 ≤^{12}_{11} r, 1 < |x| < 2.

Thus, we have proved that (H_3) holds for r = 2. As a consequence, our conclusion follows from Theorem 2. □ Remark 3. It is clear that κ_1(t, s) ≤^3_2 s(1 − s). Thus, the constant γ =^7_4 in this example is not optimal and the optimal constant is^3_2 .

Acknowledgement. We are grateful to Professor J. R. L. Webb for providing some helpful references and giving help with this paper, in particular the authors thank him for providing the proofs of Lemmas 4 and 9. Also we appreciate the anonymous referee’s many valuable comments.

References

[1] M. Feng, D. Ji, W. Ge, Positive solutions for a class of boundary value problem with integral boundary conditions in Banach spaces, J. Comput. Appl. Math. 222 (2008) 351-363.

[2] D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, New York, 1988.

[3] C. P. Gupta, A note on a second order three-point boundary value problem, J. Math. Anal.

Appl. 186 (1994) 277-281.

[4] C. P. Gupta, S. K. Ntouyas, P. Ch. Tsamatos, Solvability of an m-point boundary-value problem for second-order ordinary differential equations, J. Math. Anal. Appl. 189 (1995) 575-584.

[5] C. P. Gupta, A generalized multi-point boundary value problem for second order ordinary differential equations, Appl. Math. Comput. 89 (1998) 133-146.

[6] C. P. Gupta, S. I. Trofimchuk, Solvability of a multi-point boundary value problem and related a priori estimates, Canad. Appl. Math. Quart. 6 (1998) 45-60.

[7] G. L. Karakostas, P.Ch. Tsamatos, Multiple positive solutions of some Fredholm integral equations arisen from nonlocal boundary-value problems, Electron. J. Differential Equations, 2002 No. 30, pp. 1-17.

[8] G. L. Karakostas, P.Ch. Tsamatos, Existence of multiple positive solutions for a nonlocal boundary value problem, Topol. Methods Nonlinear Anal. 19 (2002) 109-121.

[9] M. A. Krasnosel’skii, P. P. Zabreiko, Geometrical Methods of Nonlinear Analysis, Springer Verlag, Berlin, 1984.

[10] H. Li, Y. Liu, Multiplicity of solutions for some fourth-order m-point boundary value problems, Electron. J. Differential Equations, 2010, No. 13, pp. 1-9.

[11] Y. Li, F. Li, Sign-changing solutions for second order integral boundary value problems, Nonlinear Anal. 69 (2008) 1179-1187.

[12] A. Lomtatidze, L. Malaguti, On a nonlocal boundary-value problems for second order nonlinear singular differential equations, Georg. Math. J. 7 (2000) 133-154.

[13] R. Ma, Nodal solutions for a second-order m-point boundary value problem, Czechoslovak Math. J. 56 (131) (2006) 1243-1263.

[14] R. Ma, B. Thompson, Nodal solutions for nonlinear eigenvalue problems, Nonlinear Anal., 59 (2004) 707-718.

[15] R. Ma, H. Wang, Positive solutions of nonlinear three-point boundary-value problems, J. Math.

Anal. Appl. 279 (2003) 216-227.

[16] C. Pang, W. Dong, Z. Wei, Multiple solutions for fourth-order boundary value problems, J.

Math. Anal. Appl. 314 (2006) 464-476.

[17] B. P. Rynne, Spectral properties and nodal solutions for second-order, m-point, boundary value problems, Nonlinear Anal., 67 (2007) 3318-3327.

[18] J. Sun, K. Zhang, Existence of multiple fixed points for nonlinear operators and applications, Acta Math. Sin.(English Series), 24 (2008) 1079-1088.

[19] J. Sun, X. Xu, D. O’Regan, Nodal solutions for m-point boundary value problems using bifurcation methods, Nonlinear Anal. 68 (2008) 3034-3046.

[20] J. Sun, Y. Cui, Multiple solutions for nonlinear operators and applications, Nonlinear Anal.

66 (2007) 1999-2015.

[21] J. R. L. Webb, G. Infante, Positive solutions of nonlocal boundary value problems involving integral conditions. NoDEA Nonlinear Differential Equations Appl. 15 (2008) 45-67.

[22] J. R. L. Webb, G. Infante, Positive solutions of nonlocal boundary value problems: a unified approach. J. London Math. Soc. 74 (2006) 673-693.

[23] Z. Wei, C. Pang, Multiple sign-changing solutions for fourth order m-point boundary value problems, Nonlinear Anal. 66 (2007) 839-855.

[24] X. Xu, Multiple sign-changing solutions for some m-point boundary value problems, Electron.

J. Differential Equations 2004 No. 89, pp. 1-14.

[25] X. Xu, J. Sun, On sign-changing solution for some three-point boundary value problems, Nonlinear Anal.. 59 (2004) 491-505.

[26] Z. Yang, Existence and nonexistence results for positive solutions of an integral boundary value problem, Nonlinear Anal. 65 (2006) 1489-1511.

[27] Z. Yang, Positive solutions of a second-order integral boundary value problem, J. Math. Anal.

Appl. 321 (2006) 751-765.

[28] G. Zhang, J. Sun, Positive solutions of m-point boundary value problems, J. Math. Anal. Appl.

291 (2004) 406-418.

[29] K. Zhang, X. Xie, Existence of sign-changing solutions for some asymptotically linear threepoint boundary value problems, Nonlinear Anal. 70 (2009) 2796-2805.

(Received January 15, 2010)