Electronic Journal of Qualitative Theory of Differential Equations 2010, No. 35, 1-12; http://www.math.u-szeged.hu/ejqtde/

PICONE TYPE FORMULA FOR NON-SELFADJOINT IMPULSIVE DIFFERENTIAL EQUATIONS WITH DISCONTINUOUS SOLUTIONS

A. ÖZBEKLER, A. ZAFER

Abstract. A Picone type formula for second order linear non-selfadjoint impulsive differential equations with discontinuous solutions having fixed moments of impulse actions is derived. Applying the formula, Leighton and Sturm-Picone type comparison theorems as well as several oscillation criteria for impulsive differential equations are obtained.

1. Introduction

As the impulsive differential equations are useful in modelling many real processes observed in physics, chemistry, biology, engineering, etc., see [1, 11, 13, 20, 21, 22, 25, 26, 27], there has been an increasing interest in studying such equations from the point of view of stability, asymptotic behavior, existence of periodic solutions, and oscillation of solutions. The classical theory can be found in the monographs [9, 18]. Recently, the oscillation theory of impulsive differential equations has also received considerable attention, see [2, 14] for the Sturmian theory of impulsive differential equations, and [15] for a Picone type formula and its applications. Due to difficulties caused by the impulsive perturbations the solutions are usually assumed to be continuous in most works in the literature. In this paper, we consider second order non-selfadjoint linear impulsive differential equations with discontinuous solutions. Our aim is to derive a Picone type identity for such impulsive differential equations, and hence extend and generalize several results in the literature.

We consider second order linear impulsive differential equations of the form

l_0[x] = (k(t)x^′)^′ + r(t)x^′ + p(t)x = 0, t ≠ θ_i l_1[x] = Δx + (1 + p_i)x − k(t)x^′ = 0, t = θ_i l_2[x] = Δ(k(t)x^′) + (1 − p̃_i)k(t)x^′ + (1 + p_ip̃_i)x = 0, t = θ_i

(1.1) and L_0[y] = (m(t)y^′)^′ + s(t)y^′ + q(t)y = 0, t ≠ θ_i L_1[y] = Δy + (1 + q_i)y − m(t)y^′ = 0, t = θ_i L_2[y] = Δ(m(t)y^′) + (1 − q̃_i)m(t)y^′ + (1 + q_iq̃_i)y = 0, t = θ_i

(1.2)

where Δz(t) = z(t^+)−z(t^−) and z(t^±) = lim_{τ →t}± z(τ). For our purpose, we fix t_0 ∈ R and let I_0 be an interval contained in [t_0, ∞). We assume without further mention that

2000 Mathematics Subject Classification. 34A37, 34C10.

Key words and phrases. Picone type formula; Sturm-Picone comparison; Leighton comparison; Oscillation; Second order; Non-selfadjoint; Impulse.

EJQTDE, 2010 No. 35, p. 1

(i) {p_i}, {p̃_i}, {q_i} and {q̃_i} are real sequences and {θ_i} is a strictly increasing unbounded sequence of real numbers;

(ii) k, r, p, m, s, q ∈ PLC(I_0) := { h : I_0 → R is continuous on each interval (θ_i, θ_{i+1}), h(θ^±_i ) exist, h(θ_i) = h(θ^−_i ) for i ∈ N } with k(t) > 0, m(t) > 0 for all t ∈ I_0.

Note that if z ∈ PLC(I_0) and Δz(θ_i) = 0 for all i ∈ N, then z becomes continuous and conversely. If τ ∈ R is a jump point of the function z(t) i.e. Δz(τ) ≠ 0, then there exists a j ∈ N such that θ_j = τ. Throughout this work, we denote by j_τ , the index j satisfying θ_j = τ.

By a solution of the impulsive system (1.1) on an interval I_0 ⊂ [t_0, ∞), we mean a nontrivial function x which is defined on I_0 such that x, x^′, (kx^′)^′ ∈ PLC(I_0) and that x satisfies (1.1) for all t ∈ I_0.

Definition 1.1. A function z ∈ PLC(I_0) is said to have a generalized zero at t = t_∗ if z(t^+_∗ )z(t_∗) ≤ 0 for t_∗ ∈ I_0. A solution is called oscillatory if it has arbitrarily large generalized zeros, and a differential equation is oscillatory if every solution of the equation is oscillatory.

2. The Main Results Let I be a nondegenerate subinterval of I_0. In what follows we shall make use of the following condition:

k(t) ≠ m(t) whenever r(t) ≠ s(t) for all t ∈ I. (C)

We will see that condition (C) is quite crucial in obtaining a Picone type formula as in the case of nonimpulsive differential equations. If (C) fails to hold then a device of Picard is helpful.

The Picone type formula is obtained by making use of the following Picone type identity, consisting of a pair of identities.

Lemma 2.1 (Picone type identity). Let u^′, v^′, (ku^′)^′, (mv^′)^′ ∈ PLC(I), and (C) hold. If v(t) ≠ 0 for any t ∈ I, then d dt { u v (vku^′ − umv^′) }

= { q − p −

(s − r)^2 4(k − m) − s^2 4m } u^2 + (k − m) { u^′ +

(s − r) 2(k − m) u }_2

+ m v^2 { u^′v − uv^′ − s 2m uv }_2 + u v { vl_0[u] − uL_0[v] } , t ≠ θ_i; (2.1) EJQTDE, 2010 No. 35, p. 2 and

Δ { u v (vku^′ − umv^′) } = (p̃_i − q̃_i)u^2_+(q_i − p_i)u^2 + 1 vv_+ { vΔu − uΔv

}_2

+ u v { vl_1[u] − uL_1[v] } + u_+ v_+ { v_+l_2[u] − u_+L_2[v] }

+ u_+ v_+ { q̃_iu_+L_1[v] − p̃_iv_+l_1[u] } , t = θ_i, (2.2)

where the notations z_+ = z(t^+) and z = z(t) are used.

Proof. Let t ∈ I. If t ≠ θ_i, then we have

d dt { u v (vku^′ − umv^′) }

= (k − m)(u^′)^2 + (q − p)u^2 + m(u^′ − u v v^′)^2 + u^2 sv^′ v − ruu^′ + u v { vl_0[u] − uL_0[v] }

= (k − m) { (u^′)^2 + s − r k − m uu^′ +

(s − r)^2 4(k − m)^2 u^2 } + (q − p)u^2 +m { (u^′ − uv^′ v )^2 − su m (u^′ − uv^′ v ) + s^2u^2 4m^2 } − s^2u^2 4m − (s − r)^2 4(k − m) u^2 + u v { vl_0[u] − uL_0[v] } .

Rearranging we get

d dt { u v (vku^′ − umv^′) }

= { q − p −

(s − r)^2 4(k − m) − s^2 4m } u^2 + (k − m) { u^′ +

(s − r) 2(k − m) u }_2

+ m v^2 { u^′v − uv^′ − s 2m uv }_2 + u v { vl_0[u] − uL_0[v] } . EJQTDE, 2010 No. 35, p. 3

If t = θ_i, then the computation becomes more involved. We see that

Δ { u v (vku^′ − umv^′) }

= u_+ { l_2[u] + p̃_iku^′ − (1 + p_ip̃_i)u } − uku^′ + u^2 v mv^′ − u^2_+ v_+ { L_2[v] + q̃_imv^′ − (1 + q_iq̃_i)v }

= { p̃_iu_+ − u } ku^′ − (1 + p_ip̃_i)uu_+ + { u^2 v − q̃_i u^2_+ v_+ } mv^′ + (1 + q_iq̃_i) u^2_+v v_+ + u_+ v_+ { v_+l_2[u] − u_+L_2[v] }

= { p̃_iu_+ − u }{ u_+ + p_iu − l_1[u] } + { u^2 v − q̃_i u^2_+ v_+ }{ v_+ + q_iv − L_1[v] }

−(1 + p_ip̃_i)uu_+ + (1 + q_iq̃_i) u^2_+v v_+ + u_+ v_+ { v_+l_2[u] − u_+L_2[v] }

= (p̃_i − q̃_i)u^2_+ + (q_i − p_i)u^2 + 1 vv_+ { uv_+ − u_+v

}_2

+ul_1[u] − u^2 v L_1[v] + q̃_i u^2_+ v_+

L_1[v] − p̃_iu_+l_1[u] + u_+ v_+ { v_+l_2[u] − u_+L_2[v] }

= (p̃_i − q̃_i)u^2_+ + (q_i − p_i)u^2 + 1 vv_+ { vΔu − uΔv

}_2 + u v { vl_1[u] − uL_1[v] }

+ u_+ v_+ { v_+l_2[u] − u_+L_2[v] } + u_+ v_+ { q̃_iu_+L_1[v] − p̃_iv_+l_1[u] }

□ EJQTDE, 2010 No. 35, p. 4

Theorem 2.1 (Picone type formula). Let (C) be satisfied. Suppose that u^′, v^′, (ku^′)^′, (mv^′)^′ ∈ PLC(I). If v(t) ≠ 0 for any t ∈ I, and [α, β] ⊆ I then u v (vku^′ − umv^′) | | | | t=β

t=α = ∫_β α {[ q − p −

(s − r)^2 4(k − m) − s^2 4m ] u^2 + (k − m) [ u^′ +

(s − r) 2(k − m) u ]_2

+ m v^2 [ u^′v − uv^′ − s 2m uv ]_2 + u v [ vl_0[u] − uL_0[v] ]} dt + ∑ α≤θ_i<β { (p̃_i − q̃_i)u^2(θ^+_i ) + (q_i − p_i)u^2(θ_i)

+ 1 v(θ_i)v(θ^+_i ) [ v(θ_i)Δu(θ_i) − u(θ_i)Δv(θ_i)

]_2

+ u(θ_i) v(θ_i) [ v(θ_i)l_1[u] − u(θ_i)L_1[v] ] + u(θ^+_i ) v(θ^+_i ) [ v(θ^+_i )l_2[u] − u(θ^+_i )L_2[v] ]

+ u(θ^+_i ) v(θ^+_i ) [ q̃_iu(θ^+_i )L_1[v] − p̃_iv(θ^+_i )l_1[u] ]} . (2.3)

Proof. Using (2.1) and (2.2), and employing Lemma 2.1 with

ν(β) − ν(α) =

∫_β α ν^′(t)dt + ∑ α≤θ_i<β

Δν(θ_i)

where ν(t) = u(t) v(t) [ v(t)k(t)u^′(t) − u(t)m(t)v^′(t) ] , t ∈ I,

we easily see that (2.3) holds. □

The following corollary is an extension of the classical comparison theorem of Leighton [10, Corollary 1].

Theorem 2.2 (Leighton type comparison). Let x be a solution of (1.1) having two generalized zeros a, b ∈ I. Suppose that (C) holds, and that

∫_b a {[ q − p −

(s − r)^2 4(k − m) − s^2 4m ] x^2 + (k − m) [ x^′ + s − r 2(k − m) x ]_2} dt > 0,(2.4) and p̃_i ≥ q̃_i, q_i ≥ p_i (2.5) for all i for which θ_i ∈ [a, b], then every solution y of (1.2) must have at least one generalized zero on [a, b]. EJQTDE, 2010 No. 35, p. 5

Proof. Assume that y has no generalized zero in [a, b]. Since x and y are solutions of (1.1) and (1.2) respectively, l_k[x] = L_k[y] = 0, k = 0, 1, 2. Let ϵ > 0 be sufficiently small. From Theorem 2.1 we obtain x y (ykx^′ − xmy^′) | | | | t=b−ϵ

t=a+ϵ = ∫_{b−ϵ} a+ϵ {[ q − p −

(s − r)^2 4(k − m) − s^2 4m ] x^2

+(k − m) { x^′ +

(s − r) 2(k − m) x }_2 + m y^2 ( x^′y − xy^′ − s 2m xy )_2} dt + ∑ a+ϵ≤θ_i<b−ϵ { (p̃_i − q̃_i)x^2(θ^+_i ) + (q_i − p_i)x^2(θ_i)

+ 1 y(θ_i)y(θ^+_i ) [ y(θ_i)Δx(θ_i) − x(θ_i)Δy(θ_i)

]_2}

. (2.6)

As ϵ → 0^+ the left-hand side of (2.6) tends to

x(b^−) y^(b^−) [ y(b^−)k(b^−)x^′(b^−) − x(b^−)m(b^−)y^′(b^−) ]

− x(a^+) y^(a^+) [ y(a^+)k(a^+)x^′(a^+) − x(a^+)m(a^+)y^′(a^+) ]

= x(b^−)x(b^+) + x(a^−)x(a^+) + (p_{ib} − q_{ib} )x^2(b^−) − (p̃_{ia} − q̃_{ia} )x^2(a^+)

−x^2(b^−) y(b^+) y(b^−)

− x^2(a^+) y(a^−) y(a^+)

≤ 0. (2.7)

Using (2.5) and (2.7) in (2.6) we get

L[x] :=

∫_b a {[ q − p −

(s − r)^2 4(k − m) − s^2 4m ] x^2 + (k − m) [ x^′ + s − r 2(k − m) x ]_2} dt ≤ 0,

a contradiction to (2.4). □ Remark 2.1. It is clear that, if the solution x(t) of equation (1.1) is continuous at both t = a and t = b (i.e. x(a^±) = x(b^±) = 0) then (2.6) implies L[x] ≤ 0 which contradicts (2.4). If x(t) is continuous at t = b (i.e. x(b^±) = 0) but not at t = a, then it follows from (2.6) that

L[x] ≤ −(p̃_{ia} − q̃_{ia} )x^2(a^+) + x(a)x(a^+) − x^2(a^+) y(a) y(a^+)

≤ 0 (2.8)

and similarly, if x(t) is continuous at t = a (i.e. x(a^±) = 0) but not at t = b, then

L[x] ≤ x(b)x(b^+) − x^2(b) y(b^+) y(b)

+ (p_{ib} − q_{ib} )x^2(b) ≤ 0. (2.9)

Both inequalities (2.8) and (2.9) contradict (2.4). Hence y(t) must have a generalized zero on [a, b].

EJQTDE, 2010 No. 35, p. 6

From Theorem 2.2 we obtain the following corollary. The result gives an extension and improvement for [2, Corollary 1].

Corollary 2.1 (Sturm-Picone type comparison). Let x be a solution of (1.1) having two consecutive generalized zeros a, b ∈ I. Suppose that (C) holds, and that k ≥ m, (2.10)

q ≥ p +

(s − r)^2 4(k − m) + s^2 4m (2.11)

for all t ∈ [a, b], and that (2.5) holds for all i for which θ_i ∈ [a, b].

If either (2.10) or (2.11) is strict in a subinterval of [a, b], or one of the inequalities in (2.5) is strict for some i ∈ N, then every solution y of (1.2) must have at least one generalized zero on [a, b].

Corollary 2.2. Suppose that the conditions (2.10)-(2.11) are satisfied for all t ∈ [t_∗, ∞) for some integer t_∗ ≥ t_0, and that (2.5) is satisfied for all i for which θ_i ≥ t_∗. If one of the inequalities in (2.5) or in (2.10)-(2.11) is strict, then every solution y of (1.2) is oscillatory whenever a solution x of (1.1) is oscillatory.

As a consequence of Theorem 2.2 and Corollary 2.1, we have the following oscillation criterion.

Corollary 2.3. Suppose for any given T ≥ t_0 there exists an interval (a, b) ⊂ [T, ∞) for which either the conditions of Theorem 2.2 or Corollary 2.1 are satisfied, then every solution y of (1.2) is oscillatory.

3. Device of Picard If the condition (C) fails to hold, then we introduce the so called device of Picard [16] (see also [7, p. 12]), and thereby obtain different versions of Corollary 2.1.

Clearly, for any h ∈ PLC(I), d dt (x^2h) = 2xx^′h + x^2h^′, t ≠ θ_i. Let u := x y (ykx^′ − xmy^′) + x^2h, t ∈ I.

It is not difficult to see that

u^′ = { q − p + h^′ −

(s − r + 2h)^2 4(k − m) − s^2 4m } x^2 + (k − m) { x^′ + s − r + 2h 2(k − m) x }_2

+ m y^2 { x^′y − xy^′ − s 2m xy }_2

, t ≠ θ_i and Δu = [p̃_i − q̃_i + h_+] x^2_+ + [ q_i − p_i − h(θ_i) ] x^2 + 1 yy_+ [ yΔx − xΔy

]_2 , t = θ_i.

EJQTDE, 2010 No. 35, p. 7

Assuming r^′, s^′ ∈ PLC(I), and taking h = (r − s)/2 we get

u^′ = { q − p − s^′ − r^′ 2 − s^2 4m } x^2 + (k − m)(x^′)^2 + m y^2 { x^′y − xy^′ − s 2m xy }_2 , t ≠ θ_i and Δu = { p̃_i − q̃_i + r_+ − s_+ 2 } x^2_+ + { q_i − p_i − r − s 2 } x^2 + 1 yy_+ [ yΔx − xΔy

]_2 , t ≠ θ_i.

Thus we obtain the following results in a similar manner as in the previous section.

Theorem 3.1. Let r^′, s^′ ∈ PLC(I) and x be a solution of (1.1) having two consecutive generalized zeros a and b in I. Suppose that

k ≥ m, (3.1)

q ≥ p + s^′ − r^′ 2 + s^2 4m (3.2)

are satisfied for all t ∈ [a, b], and that

p̃_i ≥ q̃_i − [ r(θ^+_i ) − s(θ^+_i ) ] /2, q_i ≥ p_i + [ r(θ_i) − s(θ_i) ] /2 (3.3)

for all i for which θ_i ∈ [a, b].

If either (3.1) or (3.2) is strict in a subinterval of [a, b], or one of the inequalities in (3.3) is strict for some i, then every solution y of (1.2) must have at least one generalized zero in [a, b].

Corollary 3.1. Suppose that the conditions (3.1)-(3.2) are satisfied for all t ∈ [t_∗, ∞) for some integer t_∗ ≥ t_0, and that the conditions in (3.3) are satisfied for all i for which θ_i ≥ t_∗. If r^′, s^′ ∈ PLC[t^∗, ∞) and one of the inequalities (3.1)-(3.3) is strict, then (1.2) is oscillatory whenever a solution x of (1.1) is oscillatory.

Theorem 3.2 (Leighton type comparison). Let r^′, s^′ ∈ PLC[a, b] and x be a solution of (1.1) having two generalized zeros a, b ∈ I such that ∫_b a [( q − p − s^′ − r^′ 2 − s^2 4m ) x^2 + ( k − m ) (x^′)^2 ] dt > 0,

and that the inequalities in (3.3) hold for all i for which θ_i ∈ [a, b]. Then every solution y of (1.2) must have at least one generalized zero on [a, b].

From Theorem 3.1 and Theorem 3.2, we have the following oscillation criterion.

Corollary 3.2. Suppose for any given t_1 ≥ t_0 there exists an interval (a, b) ⊂ [t_1, ∞) for which either the conditions of Theorem 3.1 or Theorem 3.2 are satisfied, then (1.2) is oscillatory.

EJQTDE, 2010 No. 35, p. 8

4. Further results The lemma below, cf. [2, Lemma 1.] and [14, Lemma 3.1.], is used for comparison purposes. The proof is a straightforward verification.

Lemma 4.1. Let ψ be a positive function for t ≥ α with ψ^′, ψ^{′′} ∈ PLC[α, ∞), where α is a fixed real number. Then the function

x(t) = 1 √ ψ(t) sin ( ∫_t α ψ(s)ds ) , t ≥ α (4.1)

is a solution of equation

(a_2(t)x^′)^′ + a_1(t)x^′ + a_0(t)x = 0, t ≠ θ_i, Δx + (1 + e_i)x − a_2(t)x^′ = 0, t = θ_i, Δ(a_2(t)x^′) + (1 − ẽ_i)a_2(t)x^′ + (1 + e_iẽ_i)x = 0, t = θ_i (i ∈ N)

(4.2)

where a^j ∈ PLC[α, ∞), j = 0, 1, 2, {e_i} and {ẽ_i} are real sequences, with

a_0 = 1 2 ( a^{′′}_2 + a^′_1 + a_1 a^′_2 a_2 + a^2_1 a_2 ) − (a^′_2 + a_1)^2 4a_2

+ a_2 [ ψ^2 + ψ^{′′} 2ψ − 3 4 ( ψ^′ ψ )_2 ] , (4.3)

e_i = ψ(θ_i) cot

( ∫_{θi}

ψ(s)ds ) − ( a_2(θ_i)ψ(θ_i) a_2(θ^+_i )ψ(θ^+_i )

)_{1/2} − (a_2ψ)^′(θ_i) 2ψ(θ_i) − a_1(θ_i) 2 , (4.4)

ẽ_i = { a_2(θ_i) a_2(θ^+_i )

}_{1/2} {

ψ(θ_i)ψ(θ^+_i )

}_{1/2} cot ( ∫_{θi} ψ(s)ds ) + ( a_2(θ^+_i )ψ(θ^+_i ) a_2(θ_i)ψ(θ_i)

)_{1/2}

− (a_2ψ)^′(θ^+_i ) 2ψ(θ^+_i ) − a_1(θ^+_i ) 2 , θ_i > α. (4.5)

In view of Lemma 4.1 and Corollary 2.2, we can state the next theorem. Theorem 4.1. Let the function ψ(t) satisfy the conditions of Lemma 4.1 and let the functions a^j ∈ PLC[α, ∞), j = 0, 1, 2, and the sequences {e_i} and {ẽ_i} be defined by the equalities (4.3)-(4.5), respectively. Suppose that a_2(t) ≠ k(t) whenever a_1(t) ≠ r(t), ∫_∞ α ψ(t)dt = ∞, (4.6)

a_2 ≥ k, p ≥ a_0 +

(r − a_1)^2 4(a_2 − k) + r^2 4k , for all t ≥ α (4.7)

and that ẽ_i ≥ p̃_i, p_i ≥ e_i, for all i for which θ_i > α. (4.8) If one of the inequalities in (4.7) and (4.8) is strict, then every solution x of (1.1) is oscillatory.

If r^′ ∈ PLC[α, ∞), then from Lemma 4.1 and Theorem 3.1 we have the following theorem.

EJQTDE, 2010 No. 35, p. 9

Theorem 4.2. Let the function ψ(t) satisfy the conditions of Lemma 4.1 and let the functions a^j ∈ PLC[α, ∞), j = 0, 1, 2., and the sequences {e_i} and {ẽ_i} be defined by the equalities (4.3)-(4.5), respectively. Suppose that (4.6) holds

a_2 ≥ k, p ≥ a_0 + r^′ − a^′_1 2 + r^2 4k , for all t ≥ α, (4.9)

and that

ẽ_i ≥ p̃_i − a_1(θ^+_i ) − r(θ^+_i ) 2 , p_i ≥ e_i + a_1(θ_i) − r(θ_i) 2 (4.10)

for all i for which θ_i > α.

If one of the inequalities in (4.9) and (4.10) is strict, then every solution x of (1.1) is oscillatory.

It is clear that an impulsive differential equation with a known solution can be used to obtain more concrete oscillation criteria. For instance, consider the impulsive differential equation

x^{′′} − 2x^′ + x = 0, t ≠ i, Δx + (1 + p_i) x − x^′ = 0, t = i, Δx^′ + (1 − p̃_i) x^′ + (1 + p_ip̃_i) x = 0, t = i, (i ∈ N).

(4.11)

where

p_i = (e + 1)i^{−1} + 2 and p̃_i = −i(1 + e^{−1}) − e^{−1}, (i ∈ N.)

It is easy to verify that x(t) = x_i(t), where

x_i(t) = { (e + i)(t − i) + i } e^{t−i}, t ∈ (i − 1, i], (i ∈ N),

is an oscillatory solution with generalized zeros τ_i = i and ξ_i = i(e + i − 1)(e + i)^{−1} ∈ (i − 1, i). Indeed, x(τ_i)x(τ^+_i ) < 0 and x(ξ_i) = 0, i ∈ N.

Applying Corollary 2.2, we easily see that equation (1.1) with θ_i = i is oscillatory if there exists an n_0 ∈ N such that, for each fixed i ≥ n_0 and for all t ∈ (i − 1, i], one of the following conditions (a) or (b) is satisfied: EJQTDE, 2010 No. 35, p. 10

(a) k(t) ≤ 1; k(t) < 1 whenever r(t) ≠ −2;

p(t) ≥ 1 +

(r(t) + 2)^2 4(1 − k(t)) + r^2(t) 4k(t) ; p̃_i ≤ − (i + 1) e^{−1} − i; p_i ≥ (e + 1)i^{−1} + 2.

(b) k(t) ≤ 1;

p(t) ≥ 1 + r^′(t) 2 + r^2(t) 4k(t) ; p̃_i ≤ − (i + 1) e^{−1} − i − 1 − r(i^+) 2 ; p_i ≥ (e + 1)i^{−1} + 1 − r(i) 2 . We finally note that it is sometimes possible to exterminate the impulse effects from a differential equation. In our case, if the condition |p̃_i − p_i| > 2 holds, then by substituting

x(t) = ξ_i z(t), ξ_i = 1 2 { p̃_i − p_i ± √ (p̃_i − p_i)^2 − 4 }

into equation (1.1), we find that z satisfies the non-selfadjoint differential equation (k(t)z^′)^′ + r(t)z^′ + p(t)z = 0.

The oscillatory nature of x and z are the same. However, the restriction imposed is quite severe.

References

[1] J. Angelova, A. Dishliev, and S. Nenov, I-optimal curve for impulsive Lotka-Volterra predatorprey model. Comput. Math. Appl. 43 (2002), no. 10-11, 1203–1218.

[2] D. D. Bainov, Yu. I. Domshlak and P. S. Simeonov, Sturmian comparison theory for impulsive differential inequalities and equations, Arch. Math. 67 (1996) 35–49.

[3] L. Berezansky and E. Braverman, Linearized oscillation theory for a nonlinear delay impulsive equation. J. Comput. Appl. Math. 161 (2003), no. 2, 477–495.

[4] K. Gopalsamy and B. G. Zhang, On delay differential equations with impulses, J. Math. Anal.

Appl. 139 (1989) 110–122.

[5] Z. He and W. Ge, Oscillations of second-order nonlinear impulsive ordinary differential equations.

J. Comput. Appl. Math. 158 (2003), no. 2, 397–406.

[6] J. Jaroš and T. Kusano, A Picone type identity for second order half-linear differential equations, Acta Math. Univ. Comenian. 1 (1999) 137–151.

[7] K. Kreith, Oscillation Theory, Springer-Verlag, New York, 1973. [8] K. Kreith, Picone’s identity and generalizations, Rend. Mat. 8 (1975) 251–262.

EJQTDE, 2010 No. 35, p. 11

[9] V. Lakshmikantham, D. D. Bainov and P. S. Simeonov, Theory of Impulsive Differential Equations, World Scientific Publishing Co. New Jersey, 1989.

[10] W. Leighton, Comparison theorems for linear differential equations of second order, Proc.

Amer.Math. Soc. 13 (1962), no. 4, 603–610.

[11] X. Liu and G. Ballinger, Boundedness for impulsive delay differential equations and applications to population growth models. Nonlinear Anal. 53 (2003), no. 7-8, 1041–1062 [12] J. Luo, Second-order quasilinear oscillation with impulses. Comput. Math. Appl. 46 (2003), no.

2-3, 279–291.

[13] J. J. Nieto, Impulsive resonance periodic problems of first order. Appl. Math. Lett. 15 (2002), no. 4, 489–493.

[14] A. Özbekler and A. Zafer, Sturmian comparison theory for linear and half-linear impulsive differential equations, Nonlinear Anal. 63 (2005), Issues 5-7, 289–297.

[15] A. Özbekler and A. Zafer, Picone’s formula for linear non-selfadjoint impulsive differential equations, J. Math. Anal. Appl. 319 (2006), No:2, 410–423.

[16] E. Picard, Lecons Sur Quelques Problemes aux Limites de la Théorie des Equations Différentielles, Paris, 1930.

[17] M. Picone, Sui valori eccezionali di un parametro da cui dipende un equazione differenziale lineare ordinaria del second ordine, Ann. Scuola. Norm. Sup., 11 (1909) 1–141.

[18] A. M. Samoilenko and N. A. Perestyuk, Impulsive Differential Equations, World Scientific, Singapore, 1995.

[19] J. Shen, Qualitative properties of solutions of second-order linear ODE with impulses. Math.

Comput. Modelling 40 (2004), no. 3-4, 337–344 [20] J. Sun, Y. Zhang, and Q. Wu, Less conservative conditions for asymptotic stability of impulsive control systems. IEEE Trans. Automat. Control 48 (2003), no. 5, 829–831.

[21] J. Sun and Y. Zhang, Impulsive control of Rössler systems. Phys. Lett. A 306 (2003), no. 5-6, 306–312.

[22] J. Sun and Y. Zhang, Impulsive control of a nuclear spin generator. J. Comput. Appl. Math.

157 (2003), no. 1, 235–242.

[23] C. A. Swanson, Comparison and oscillation theory of linear differential equations, Academic Press, New York, 1968.

[24] C. A. Swanson, Picone’s identity, Rend. Mat. 8 (1975) 373-397.

[25] S. Tang and L. Chen, Global attractivity in a ”food-limited” population model with impulsive effects. J. Math. Anal. Appl. 292 (2004), no. 1, 211–221.

[26] Y. P. Tian, X. Yu, and O. L. Chua, Time-delayed impulsive control of chaotic hybrid systems.

Internat. J. Bifur. Chaos Appl. Sci. Engrg. 14 (2004), no. 3, 1091–1104.

[27] S. Zhang, L. Dong, and L. Chen, The study of predator-prey system with defensive ability of prey and impulsive perturbations on the predator, Chaos Solitons Fractals 23 (2005), no. 2, 631–643.

(Received December 26, 2009)

A. Özbekler Department of Mathematics, Atilim University, 06836, Incek, Ankara, Turkey E-mail address: aozbekler@gmail.com

A. Zafer Department of Mathematics, Middle East Technical University, 06531 Ankara, Turkey E-mail address: zafer@metu.edu.tr

EJQTDE, 2010 No. 35, p. 12