Electronic Journal of Qualitative Theory of Differential Equations 2009, No. 58, 1-18; http://www.math.u-szeged.hu/ejqtde/

Spectral asymptotics for inverse nonlinear Sturm-Liouville problems

Tetsutaro Shibata Department of Applied Mathematics, Graduate School of Engineering Hiroshima University, Higashi-Hiroshima, 739-8527, Japan e-mail: shibata@amath.hiroshima-u.ac.jp

Abstract We consider the nonlinear Sturm-Liouville problem

−u^{′′}(t) + f(u(t), u^′(t)) = λu(t), u(t) > 0, t ∈ I := (−1/2, 1/2), u(±1/2) = 0,

where f(x, y) = |x|^{p−1}x − |y|^m, p > 1, 1 ≤ m < 2 are constants and λ > 0 is an eigenvalue parameter. To understand well the global structure of the bifurcation branch of positive solutions in R_+ × L^q(I) (1 ≤ q < ∞) from a viewpoint of inverse problems, we establish the precise asymptotic formulas for the eigenvalue λ = λ_q(α) as α := ‖u_λ‖_q → ∞, where u_λ is a solution associated with given λ > π^2.

1 Introduction

We consider the following nonlinear Sturm-Liouville problem −u^{′′}(t) + f(u(t), u^′(t)) = λu(t), t ∈ I := (−1/2, 1/2), (1.1) u(t) > 0, t ∈ I, (1.2) u(−1/2) = u(1/2) = 0, (1.3)

AMS Subject Classifications: 34B15

where f(x, y) = |x|^{p−1}x − |y|^m, p > 1, 1 ≤ m < 2 are constants and λ > 0 is an eigenvalue parameter. Let 1 ≤ q < ∞ be fixed. Then we know from [1] that for each given λ > π^2, there exists a solution (λ, u) = (λ, u_λ) ∈ R_+ × C^2(Ī) of (1.1)–(1.3) with ‖u_λ‖_∞ < λ^{1/(p−1)}. We denote by α = α_λ = ‖u_λ‖_q and λ = λ_q(α). Here, ‖ · ‖_q denotes the usual L^q-norm.

The purpose of this paper is to study precisely how the damping term |u^′(t)|^m gives effect on the global behavior of the bifurcation branch λ_q(α) from a viewpoint of inverse eigenvalue problems. To this end, we establish the precise asymptotic formulas for λ_q(α) as α → ∞.

To explain the background and the motivation of our problem here, we recall the known and related facts of our problems. The equation (1.1)–(1.3) without damping term (e.g. f(u(t), u^′(t)) = |u(t)|^{p−1}u(t)) is well known as the diffusive equation of population dynamics (the solution is denoted by u_{0,λ}), and has been studied extensively by many authors by local and global L^∞ bifurcation theory. We refer to [2] and [7–10]. In particular, as a basic asymptotic behavior of u_{0,λ} as λ → ∞, the following formula is well known.

‖u_{0,λ}‖^{p−1}_∞ = λ − λe^−

√_{(p−1)λ(1+o(1))/2} . (1.4)

We also mention that relationship between nonlinear term and the property of eigenvalues has been studied in [14] with emphasis on the uniqueness of f(u). Furthermore, since (1.1)–(1.3) without damping term is regarded as a nonlinear eigenvalue problem, it is quite important to study (1.1)–(1.3) from a viewpoint of L^2-theory, that is the case where q = 2. For the works in this direction, we refer to [4–6] and the references therein. It should be mentioned that one of the chief concern in this field is to investigate the local and global shape of the L^2-bifurcation branch λ_2(α), and the asymptotic behavior of λ_2(α) as α → 0 has been studied in [4], [5]. Besides, it seems important to study the asymptotic behavior of λ_q(α) as α → ∞ for general 1 ≤ q < ∞ (q ≠ 2). In particular, it is meaningful to consider this problem in L^1-framework, since (1.1)–(1.3) without damping term comes from the equation of population dynamics.

The leading term of λ_q(α) without damping term in (1.1) can be obtained easily as follows. Since it is known from [2] that u_{0,λ}(t) λ^{1/(p−1)}

→ 1 (1.5) locally uniformly on I as λ → ∞, we obtain that for λ ≫ 1 (i.e. α ≫ 1),

λ_q(α) = α^{p−1} + o(α^{p−1}).

Recently, more precise asymptotic formula for λ_q(α) has been obtained in [11].

Theorem 1.1 ([11]). Consider (1.1)–(1.3) with f(u, u^′) = |u|^{p−1}u. Then as α → ∞

λ_q(α) = α^{p−1} + C_1α^{(p−1)/2} + a_0 + o(1), (1.6)

where

C_1 = p − 1 q C(q), C(q) := 2

∫_1 0 1 − s^q √ 1 − s^2 − 2(1 − s^{p+1})/(p + 1) ds, a_0 = p − 1 2q C(q)^2.

Since such a quite precise asymptotic formula for λ_q(α) as (1.6) has been obtained, from the standpoint of the better understanding of the global structure of the bifurcation branch of the positive solutions, the following problem from a view point of inverse problem was proposed in [12]. Let f(u, u^′) = f(u) in (1.1). We assume that f(u) is an unknown function, but it is known that it satisfies the following conditions (A.1) and (A.2). (A.1) f(u) is a positive function of C^1 for u ≥ 0 satisfying f(0) = f^′(0) = 0. (A.2) pf(u) ≥ uf^′(u) ≥ pu^p for u ≥ 0.

The inverse problem here means whether we can reconstruct the unknown nonlinear term f(u) from the information of the asymptotic behavior of λ_q(α) as α → ∞ or not.

Theorem 1.2 ([12]). Let f(u, u^′) = f(u) in (1.1) and consider the problem (1.1)–(1.3), where f(u) is known to satisfy (A.1)–(A.2), and suppose

λ_q(α) = α^{p−1} + C_1α^{(p−1)/2} + r_1(α) + O(1) as α → ∞, (1.7)

where

lim_{α→∞} | | | | | r_1(α) α^{(p−1)/2} | | | | | = 0, lim_{α→∞} r_1(α) = ∞. (1.8)

Furthermore, assume that r_1 satisfies | | | | r_1(u) − r_1(v)

u − v | | | | ≤ C | | | | r_1(u) u | | | | (1.9) for sufficiently large u > v. Then,

f(u) = u^p + r_1(u)u + O(u) as u → ∞. (1.10)

Roughly speaking, Theorem 1.2 implies that if f = f(x, y) does not depend on y and satisfies the positivity and growth conditions (A.1) and (A.2), then the inverse problem is solved successfully.

Motivated by Theorem 1.2, it is natural to extend the result of Theorem 1.2 to two directions, the first one is as follows.

Problem A: Under some suitable conditions on f, Theorem 1.2 holds even if r_1(u) in (1.7) is negative function like r_1(u) = −u^β (0 < β < (p − 1)/2).

To consider Problem A, we note the results obtained recently.

Theorem 1.3 ([13, Corollary 1.5]). Let f(u) = u^p − u^β with 1 < β < (p + 1)/2. Then as α → ∞

λ_q(α) = α^{p−1} + p − 1 q C(q)α^{(p−1)/2} − α^{β−1} + a_0 + O(α^{(2β−p−1)/2}). (1.11)

Therefore, from a viewpoint of Theorem 1.2, it is reasonable to expect that the results like Theorem 1.2 holds for Problem A.

Another direction we would like to consider is:

Problem B: Treat the case where f = f(u, u^′), and consider the inverse problem.

The best way for us is to consider Problems A and B in the same framework and establish unified results for the inverse problems. The results in this paper, however, gives us the difficulty how to treat Problems A and B at the same time.

Now we state our result. We put

η :=

2p − (p + 1)m 2(p − 1)

. (1.12)

We note that 0 < η < 1/2 if 1 ≤ m < 2p/(p + 1). Furthermore, let

C_2 := 2

∫_1 0 (1 − s^q)

∫_1

s [(1 − x^2) − 2(1 − x^{p+1})/(p + 1)]^{m/2}dx [(1 − s^2) − 2(1 − s^{p+1})/(p + 1)]^{3/2} ds.

Theorem 1.4. Assume that 1 ≤ m < 2p/(p + 1). Let m_0 := (−1 + √ 1 + 2(p + 1)^2)/(p + 1).

Then as α → ∞, the following asymptotic formulas for λ_q(α) hold: (i) If 1 ≤ m < m_0, then λ_q(α) = α^{p−1} + C_1α^{(p−1)/2} − p − 1 q C_2α^{(p−1)(1/2−η)} + a_0 + o(1). (1.13) (ii) If m = m_0, then λ_q(α) = α^{p−1} + C_1α^{(p−1)/2} − p − 1 q C_2α^{(p−1)(1/2−η)} + O(1). (1.14) (iii) If m_0 < m < 2p/(p + 1), then

λ_q(α) = α^{p−1} + C_1α^{(p−1)/2} − p − 1 q C_2α^{(p−1)(1/2−η)} + O(α^{(p−1)(1/2−(m+2)η/2)} ). (1.15)

We see from (1.11) and (1.13) that we should be careful to treat the Problem A and B at the same time, since we may not determine the unknown nonlinear term from the third term of λ_q(α) if β − 1 = (p − 1)(1/2 − η). Therefore, as a next step of this work, before treating the Problem A and B simultaneously, we should find reasonable conditions for f(u, u^′) to reconstruct f(u, u^′) from the asymptotic formula for λ_q(α). Remark 1.5. (i) m = m_0 is uniquely determined by the equation h(m) := 1 2 − (m + 1)η 2 = 0, which implies that the exponent of α of the fourth term in (1.15) is equal to 0. In this case, we obtain (1.14). Clearly, 1 ≤ m < m_0 (resp. m_0 < m < 2p/(p + 1) implies h(m) < 0 (resp. h(m) > 0), and according to these two cases, we obtain (1.13) and (1.15), respectively. (ii) The case 2p/(p + 1) ≤ m < 2 is worth considering by the methods developed here. However, for instance, the case 2p/((p + 1) = m should be handled more carefully, and quite a long and complicated calculation will be necessary. From this point of view, we may go on to an more detailed study of the case 2p/(p + 1) ≤ m < 2.

2 Proof of Theorem 1.4

We begin with notations and the fundamental properties of u_λ. In what follows, C and k denote various positive constants independent of λ ≫ 1 for simplicity. We write λ = λ_q(α).

Since U := λ^{1/(p−1)} and u_{0,λ} are super-solution and sub-solution of (1.1)–(1.3) with u_{0,λ}(t) < λ^{1/p−1}, respectively, we know from [1] and [3] that u_λ(t) = u_λ(−t), t ∈ I, (2.1) u_λ(0) = max_{t∈Ī} u_λ(t) = ‖u_λ‖_∞, (2.2) u^′_λ(t) > 0, −1/2 < t < 0, (2.3) u_{0,λ}(t) < u_λ(t) < λ^{1/(p−1)}. (2.4) By (1.5) and (2.4), we see that λ → ∞ is equivalent to α → ∞. By (1.4) and (2.4), we see that for λ ≫ 1, 0 < η_λ := λ − ‖u_λ‖^{p−1}_∞ = O(λe^{−k√λ}), (2.5) where k > 0 is a constant.

The proof of Theorem 1.4 is based on the following Proposition 2.1. Proposition 2.1. For λ ≫ 1 ‖u_λ‖^q_∞ − ‖u_λ‖^q = C(q)‖u_λ‖^{q−(p−1)/2}_∞ − C_2‖u_λ‖^{q−(p−1)/2−(p−1)η}

∞ (2.6) + O(‖u_λ‖^{q−(p−1)/2−(m+2)(p−1)η/2}

∞ )(1 + o(1)).

We accept Proposition 2.1 here tentatively. The proof will be given in Section 3. Once it is obtained, Theorem 1.4 is proved by direct calculation as follows. Proof of Theorem 1.4. We have only to consider the case 1 ≤ m < m_0 and show (1.13), since the other cases can be treated by the same calculation as that of the case 1 ≤ m < m_0. Note that, in this case, −1/2 − (m + 2)η/2 < −1 by Remark 1.5 (i).

Step 1: We calculate the second term of λ_q(α). We put r(α) := λ − α^{p−1}. By (1.5) and (2.4), r(α) = o(α^{p−1}) for α ≫ 1. By this and (2.6), for λ ≫ 1

‖u_λ‖^{p−1}_q = ‖u_λ‖^{p−1}_∞ { 1 − C(q)‖u_λ‖^{−(p−1)/2}

∞ + C_2‖u_λ‖^{−(p−1)/2−(p−1)η}

∞ (2.7) +O(‖u_λ‖^{−(p−1)/2−(m+2)(p−1)η/2}

∞ )(1 + o(1))

}_{(p−1)/q} . This along with (2.5) and Taylor expansion implies that α^{p−1} = ( λ − O(λe^{−k√λ}) ) ( 1 − p − 1 q C(q)λ^{−1/2} + o(λ^{−1/2}) )

= λ − C_1λ^{1/2} + o(λ^{1/2}) = α^{p−1} + r(α) − C_1α^{(p−1)/2}(1 + o(1)).

By this, for α ≫ 1, r(α) = C_1α^{(p−1)/2} + o(α^{(p−1)/2}).

Step 2: We calculate the third and fourth terms. Let R(α) := λ − α^{p−1} − C_1α^{(p−1)/2}. (2.8) By Step 1, R(α) = o(α^{(p−1)/2}) for α ≫ 1. By (2.5), (2.7), Remark 1.5 (i) and Taylor expansion, for λ ≫ 1

α^{p−1} = ( λ − O(λe^{−k√λ}) ) (2.9) × { 1 + p − 1 q ( −C(q)λ^{−1/2} + C_2λ^{−1/2−η} + o(λ^{−1}) )

+ (p − 1)(p − 1 − q)

2q^2 ( −C(q)λ^{−1/2} + C_2λ^{−1/2−η}

)_2

(1 + o(1)) }

= λ − C_1λ^{1/2} + p − 1 q C_2λ^{1/2−η} +

(p − 1)(p − 1 − q) 2q^2

C(q)^2 + o(1).

By this, (2.8) and Taylor expansion,

α^{p−1} = α^{p−1} + C_1α^{(p−1)/2} + R(α) − C_1(α^{p−1} + C_1α^{(p−1)/2} + R(α))^{1/2} + p − 1 q C_2(α^{p−1} + C_1α^{(p−1)/2} + R(α))^{1/2−η} +

(p − 1)(p − 1 − q) 2q^2

C(q)^2 + o(1) = α^{p−1} + C_1α^{(p−1)/2} + R(α) − C_1α^{(p−1)/2} ( 1 + 1 2 ( C_1α^{−(p−1)/2} + R(α)α^{−(p−1)} ) + O(α^{−(p−1)}) )

+ p − 1 q C_2α^{(p−1)(1/2−η)}(1 + C_1α^{−(p−1)/2} + R(α)α^{−(p−1)})^{1/2−η} + (p − 1)(p − 1 − q) 2q^2

C(q)^2 + o(1).

This along with direct calculation implies that

R(α) = − p − 1 q C_2α^{(p−1)(1/2−η)} + 1 2 C^2_1 −

(p − 1)(p − 1 − q) 2q^2

C(q)^2 + o(1) (2.10) = − p − 1 q C_2α^{(p−1)(1/2−η)} + a_0 + o(1).

By this, we obtain (1.13). Thus the proof is complete.

3 Proof of Proposition 2.1

We start with the fundamental equality. By (1.1) and (2.3), for −1/2 ≤ t ≤ 0, {u^{′′}_λ(t) + λu_λ(t) − u_λ(t)^p + u^′_λ(t)^m} u^′_λ(t) = 0.

By this, for −1/2 ≤ t ≤ 0, 1 2 u^′_λ(t)^2 + 1 2 λu_λ(t)^2 − 1 p + 1 u_λ(t)^{p+1} +

∫_t

−1/2

u^′_λ(s)^{m+1}ds = constant (3.1) = 1 2 λ‖u_λ‖^2_∞ − 1 p + 1

‖u_λ‖^{p+1}_∞ +

∫_0

−1/2

u^′_λ(s)^{m+1}ds = 1 2 u^′_λ ( − 1 2 )_2 . We put A_λ(θ) := λ(‖u_λ‖^2_∞ − θ^2) − 2 p + 1

(‖u_λ‖^{p+1}_∞ − θ^{p+1}), (3.2) A_{0,λ}(θ) := ‖u_λ‖^{p−1}_∞ ‖(‖u_λ‖^2_∞ − θ^2) − 2 p + 1

(‖u_λ‖^{p+1}_∞ − θ^{p+1}), (3.3) B_λ(t) := 2

∫_0 t u^′_λ(s)^{m+1}ds, (3.4) R_λ(s) := λ ‖u_λ‖^{p−1}∞

(1 − s^2) − 2 p + 1

(1 − s^{p+1}), (3.5) S_λ(s) := 1 − s^2 − 2 p + 1

(1 − s^{p+1}). (3.6) We note that if we put u_λ(t) = ‖u_λ‖_∞s, then A_{0,λ}(u_λ(t)) = ‖u_λ‖^{p+1}_∞ S_λ(s), A_λ(u_λ(t)) = ‖u_λ‖^{p+1}_∞ R_λ(s). (3.7) Further, by (2.5), (3.2) and (3.3), A_λ(θ) > A_{0,λ}(θ) for θ > 0. By (2.3), (3.1), (3.2) and (3.4), for −1/2 ≤ t ≤ 0 u^′_λ(t) = √ A_λ(u_λ(t)) + B_λ(t). (3.8) By this and (2.1), we obtain

‖u_λ‖^q_∞ − ‖u_λ‖^q = 2

∫_0

−1/2

(‖u_λ‖^q_∞ − u^q_λ(t)) u^′_λ(t) √ A_λ(u_λ(t)) + B_λ(t) dt (3.9) = 2 ∫_0

−1/2

(‖u_λ‖^q_∞ − u^q_λ(t)) u^′_λ(t) √ A_λ(u_λ(t)) dt

+ 2 ∫_0

−1/2

(‖u_λ‖^q_∞ − u^q_λ(t)) u^′_λ(t) √ A_λ(u_λ(t)) + B_λ(t) dt

−2 ∫_0

−1/2

(‖u_λ‖^q_∞ − u^q_λ(t)) u^′_λ(t) √ A_λ(u_λ(t)) dt = I + II.

By direct calculation, we obtain

II = −2

∫_0

−1/2

B_λ(t)(‖u_λ‖^q_∞ − u^q_λ(t))u^′_λ(t)dt √ A_λ(u_λ(t)) + B_λ(t) √ A_λ(u_λ(t))( √ A_λ(u_λ(t)) + B_λ(t) + √ A_λ(u_λ(t)))

. (3.10)

Proposition 2.1 is obtained directly from the following Lemma 3.1, and Lemmas 3.2–3.3. Lemma 3.1. As λ → ∞, I = C(q)‖u_λ‖^{q−(p−1)/2}

∞ + O(λ^{q/(p−1)}e^{−k√λ}). (3.11)

Lemma 3.2. As λ → ∞,

|II| ≤ C_2‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)/2}

∞ + O(‖u_λ‖^{q−(p−1)/2−(m+2)(2p−(p+1)m)/4}

∞ ). (3.12)

Lemma 3.3. As λ → ∞,

|II| ≥ C_2‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)/2}

∞ − O(‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)}

∞ ). (3.13)

If we do not have the term B_λ(t), then the situation here is the same as that of [11]. Therefore, to prove Proposition 2.1, the most important part is to calculate II in Lemmas 3.2 and 3.3 precisely. Clearly, the calculation in Lemmas 3.2 and 3.3 deeply depend on the estimates of B_λ(t) as λ → ∞, which is the main part of the calculation of this paper. Since it is accomplished by long and tedious calculations, we fulfill it in the next section.

On the contrary, Lemma 3.1 can be proved by applying the argument in [11] to our case. This is rather an easy part, so the proof will be given in Appendix.

4 Proof of Lemmas 3.2 and 3.3

It is clear from (3.10) that the estimate of B_λ(t) plays an crucial role for the proofs of Lemmas 3.2 and 3.3. We put D_λ(θ) = 2

∫_1

θ/‖u_λ‖_∞ [ 1 − x^2 − 2 p + 1

(1 − x^{p+1})

]_{m/2}

dx, (4.1) ξ_λ = ‖u_λ‖^{mp/2}_∞ exp ( −mk √ λ 2 ) . (4.2) Lemma 4.1. For −1/2 < t < 0 and λ ≫ 1 B_λ(t) ≥ D_λ(u_λ(t))‖u_λ‖^{1+m(p+1)/2}

∞ − Cξ_λ(‖u_λ‖_∞ − u_λ(t))^{m/2+1}. (4.3) Proof. Since 1/2 ≤ m/2 < 1, we know that for 0 ≤ b ≤ a, 0 ≤ a^{m/2} − b^{m/2} ≤ C(a − b)^{m/2}. (4.4) By this, (2.5), (3.2) and (3.3), we have 0 < ∫_{‖uλ‖∞}

u_λ(t) ( A_λ(θ)^{m/2} − A_{0,λ}(θ)^{m/2} ) dθ (4.5) ≤ C ∫_{‖uλ‖∞}

u_λ(t) [ (λ − ‖u_λ‖^{p−1}_∞ )(‖u_λ‖^2_∞ − θ^2)

]_{m/2} dθ ≤ C‖u_λ‖^{m+1}_∞ (λ exp(−k √ λ))^{m/2}

∫_1

u_λ(t)/‖u_λ ‖_∞

(1 − s^2)^{m/2}ds ≤ C‖u_λ‖^{m+1}_∞ (λ exp(−k √ λ))^{m/2}

∫_1

u_λ(t)/‖u_λ ‖_∞

(1 − s)^{m/2}ds ≤ Cξ_λ(‖u_λ‖_∞ − u_λ(t))^{1+m/2}.

By this, (3.4), (3.8) and (4.1), for −1/2 < t < 0, 1 2 B_λ(t) =

∫_0 t u^′_λ(s)^{m+1}ds ≥

∫_0 t A_λ(u_λ(s))^{m/2}u^′_λ(s)ds (4.6) = ∫_{‖uλ‖∞}

u_λ(t) [ λ(‖u_λ‖^2_∞ − θ^2) − 2 p + 1

(‖u_λ‖^{p+1}_∞ − θ^{p+1})

]_{m/2} dθ = ∫_{‖uλ‖∞}

u_λ(t)

A_{0,λ}(θ)^{m/2}dθ +

∫_{‖uλ‖∞}

u_λ(t) ( A_λ(θ)^{m/2} − A_{0,λ}(θ)^{m/2} ) dθ ≥ ‖u_λ‖^{1+m(p+1)/2} ∞ ∫_1

u_λ(t)/‖u_λ ‖_∞ [ 1 − x^2 − 2 p + 1

(1 − x^{p+1})

]_{m/2} dx − Cξ_λ(‖u_λ‖_∞ − u_λ(t))^{1+m/2} = 1 2 D_λ(u_λ(t))‖u_λ‖^{1+m(p+1)/2}

∞ − Cξ_λ(‖u_λ‖_∞ − u_λ(t))^{1+m/2}.

Thus the proof is complete.

We next calculate the estimate of B_λ(t) from above. Lemma 4.2. For −1/2 < t < 0 and λ ≫ 1

B(t) ≤ D_λ(u_λ(t))‖u_λ‖^{m(p+1)/2+1}

∞ + C‖u_λ‖^{m2(p+1)/4}

∞ (‖u_λ‖_∞ − u_λ(t))^{m/2+1} (4.7) + Cξ_λ(‖u_λ‖_∞ − u_λ(t))^{1+m/2}.

Proof. We first show that for λ ≫ 1,

u^′_λ ( − 1 2 )_2 = p − 1 p + 1

‖u_λ‖^{p+1}_∞ (1 + o(1)). (4.8)

To do this, we assume that there exists a subsequence of {λ}, which is denoted by {λ} again, such that as λ → ∞ u^′_λ(−^1_2 )^2 ‖u_λ‖^{p+1}∞

→ ∞. (4.9)

By (1.1), (2.3) and (2.4), u^{′′}_λ(t) < 0 for t ∈ I. Therefore, u^′_λ(−^1_2 ) = max_{t∈}¯_I |u^′_λ(t)|. Then by (2.5), (3.1) and (4.9), we have 1 2 u^′_λ ( − 1 2 )_2

(1 − o(1)) =

∫_0

−1/2

u^′_λ(s)^{m+1}ds ≤ u^′_λ ( − 1 2 )_m ∫_0

−1/2

u^′_λ(s)ds (4.10)

= u^′_λ ( − 1 2 )_m

‖u_λ‖_∞.

This implies that

u^′_λ ( − 1 2 ) ≤ C‖u_λ‖^{1/(2−m)}

∞ . (4.11)

Since m < 2p/(p + 1), as λ → ∞ u^′_λ(−^1_2 )^2 ‖u_λ‖^{p+1}∞

≤ C‖u_λ‖^{2/(2−m)−(p+1)}

∞ = C‖u_λ‖^{−(2p−(p+1)m)/(2−m)}

∞ → 0. (4.12)

This contradicts to (4.9). Therefore, for λ ≫ 1, u^′_λ(−^1_2 )^2 ‖u_λ‖^{p+1}∞

≤ C. (4.13)

By this, we obtain

∫_0

−1/2

u^′_λ(s)^{m+1}ds ≤ u^′_λ ( − 1 2 )_m

‖u_λ‖_∞ ≤ C‖u_λ‖^{m(p+1)/2+1}

∞ (4.14) = o(‖u_λ‖^{p+1}_∞ ).

By this, (2.5) and (3.1), we easily obtain (4.8). Then by (4.8), we obtain

B_λ(t) = 2

∫_0 t u^′_λ(s)^{m+1}ds ≤ 2u^′_λ(t)^m

∫_0 t u^′_λ(s)ds ≤ Cu^′_λ ( − 1 2 )_m

(‖u_λ‖_∞ − u_λ(t)) ≤ C‖u_λ‖^{m(p+1)/2}_∞ (‖u_λ‖_∞ − u_λ(t)). By this, (3.8), (4.4) and (4.6), for λ ≫ 1, 1 2 B_λ(t) =

∫_0 t u^′_λ(s)^{m+1}ds =

∫_0 t (A_λ(u_λ(s)) + B_λ(s))^{m/2}u^′_λ(s)ds (4.15) ≤ ∫_0 t A_λ(u_λ(s))^{m/2}u^′_λ(s)ds + C^{m/2}

∫_0 t B_λ(s)^{m/2}u^′_λ(s)ds ≤ ∫_0 t A_λ(u_λ(s))^{m/2}u^′_λ(s)ds + C‖u_λ‖^{m2(p+1)/4}_∞ (‖u_λ‖_∞ − u_λ(t))^{m/2+1} = 1 2 D_λ(u_λ(t))‖u_λ‖^{m(p+1)/2+1}

∞ + Cξ_λ(‖u_λ‖_∞ − u_λ(t))^{m/2+1} + C‖u_λ‖^{m2(p+1)/4}

∞ (‖u_λ‖_∞ − u_λ(t))^{m/2+1}. Thus the proof is complete.

Now we are in the position to prove Lemmas 3.2 and 3.3.

Proof of Lemma 3.2. Let 0 < δ ≪ 1 be fixed. By (3.6) and Taylor expansion, we see that for 1 − δ ≤ x ≤ 1, C^{−1}(1 − x)^2 ≤ S_λ(x) ≤ C(1 − x)^2. (4.16) Furthermore, if we choose C ≫ 1, then for 0 ≤ x ≤ 1 S_λ(x) ≤ C(1 − x)^2. (4.17) By this and (4.1), for 0 ≤ s ≤ 1,

D_λ(‖u_λ‖_∞s) = 2

∫_1 s S_λ(x)^{m/2}dx ≤ C

∫_1 s (1 − x)^mdx ≤ C(1 − s)^{m+1}. (4.18) By (3.10) and Lemma 4.2,

|II| ≤ 2

∫_0

−1/2

B_λ(t)(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) 2A_λ(u_λ(t))^{3/2} dt (4.19) ≤ Y_1 + Y_2 = ∫_0

−1/2

D_λ(u_λ(t))‖u_λ‖^{m(p+1)/2+1}

∞ (‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{3/2} dt + ∫_0

−1/2

C(‖u_λ‖^{m2(p+1)/4}

∞ + ξ_λ)(‖u_λ‖_∞ − u_λ(t))^{m/2+1}(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{3/2} dt.

Then by (3.7), (4.2), (4.19) and putting s = u_λ(t)/‖u_λ‖_∞, we obtain

Y_1 = ‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)/2} ∞ ∫_1 0 2 (∫_1 s S_λ(x)^{m/2}dx ) (1 − s^q) S_λ(s)^{3/2} ds (4.20) = C_2‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)/2} ∞ , Y_2 ≤ C‖u_λ‖^{q−(p−1)/2−(m+2)(2p−(p+1)m)/4} ∞ ∫_1 0 (1 − s)^{m/2+1}(1 − s^q)

S_λ(s)^{3/2} ds. (4.21) Note that by (4.16) and (4.18), the right hand side of (4.20) and (4.21) are integrable. By (4.19)–(4.21), we obtain Lemma 3.2. Thus the proof is complete. Proof of Lemma 3.3. By (3.10), we have

|II| ≥ 2

∫_0

−1/2

B_λ(t)(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) 2 √ A_λ(u_λ(t))(A_λ(u_λ(t)) + B_λ(t)) dt (4.22) = ∫_0

−1/2

B_λ(t)(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) √ A_λ(u_λ(t))A_λ(u_λ(t)) dt

+ ∫_0

−1/2

B_λ(t)(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) √ A_λ(u_λ(t))(A_λ(u_λ(t)) + B_λ(t)) dt −

∫_0

−1/2

B_λ(t)(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) √ A_λ(u_λ(t))A_λ(u_λ(t)) dt = Z_1 − Z_2.

We first calculate Z_1. By (2.5), (3.2) and (3.3), 1 A_λ(u_λ(t))^{3/2} = 1 A_{0,λ}(u_λ(t))^{3/2} + ( 1 A_λ(u_λ(t))^{3/2} − 1 A_{0,λ}(u_λ(t))^{3/2} ) (4.23) = 1 A_{0,λ}(u_λ(t))^{3/2} − A_λ(u_λ(t))^3 − A_{0,λ}(u_λ(t))^3 A_{0,λ}(u_λ(t))^{3/2}A_λ(u_λ(t))^{3/2}(A_{0,λ}(u_λ(t))^{3/2} + A_λ(u_λ(t))^{3/2}) ≥ 1 A_{0,λ}(u_λ(t))^{3/2} − 3(A_λ(u_λ(t)) − A_{0,λ}(u_λ(t))) A_{0,λ}(u_λ(t))^{3/2}A_λ(u_λ(t)) = 1 A_{0,λ}(u_λ(t))^{3/2} − 3η_λ(‖u_λ‖^2_∞ − u_λ(t)^2) A_{0,λ}(u_λ(t))^{3/2}A_λ(u_λ(t)) . By this, (4.22) and Lemmas 4.1 and 4.2, we obtain

Z_1 ≥

∫_0

−1/2

D_λ(u_λ(t))‖u_λ‖^{m(p+1)/2+1}

∞ (‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{3/2} dt (4.24) − ∫_0

−1/2

Cξ_λ(‖u_λ‖_∞ − u_λ(t))^{m/2+1}(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{3/2} dt − ∫_0

−1/2

3η_λ(‖u_λ‖^2_∞ − u_λ(t)^2)D_λ(u_λ(t))‖u_λ‖^{m(p+1)/2+1}_∞ (‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{3/2}A_λ(u_λ(t)) dt − ∫_0

−1/2

3η_λ‖u_λ‖^{m2(p+1)/4}

∞ L_λ(u_λ(t))(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{3/2}A_λ(u_λ(t)) dt = W_1 − W_2 − W_3 − W_4, where L_λ(u_λ(t)) := (‖u_λ‖^2_∞ − u_λ(t)^2)(‖u_λ‖_∞ − u_λ(t))^{m/2+1}.

It is clear that W_1 = Y_1 in (4.20). By (4.16), W_2 ≤ Cξ_λ‖u_λ‖^{q+2+m/2−3(p+1)/2} ∞ ∫_1 0 (1 − s)^{m/2+1}(1 − s^q) S_λ(s)^{3/2} ds (4.25) ≤ Cξ_λ‖u_λ‖^{q+2+m/2−3(p+1)/2} ∞ = o(‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)}

∞ ).

Next, we calculate W_3. We fix 0 < δ ≪ 1. By (4.18) and putting s = u_λ(t)/‖u_λ‖_∞, W_3 ≤ Cη_λ‖u_λ‖^{q+3/2−5p/2+m(p+1)/2} ∞ ∫_1 0 (1 − s^2)(1 − s^q)D_λ(‖u_λ‖_∞s)

S_λ(s)^{3/2}R_λ(s) ds (4.26) = W_{3,1} + W_{3,2} = Cη_λ‖u_λ‖^{q+3/2−5p/2+m(p+1)/2} ∞ (∫_1 1−δ + ∫_{1−δ} 0 ) . For 1 − δ ≤ s ≤ 1, by Taylor expansion and Hölder’s inequality,

R_λ(s) ≥

2η_λ ‖u_λ‖^{p−1}∞

(1 − s) + C(p − 1)(1 − s)^2 ≥ C ( 2η_λ ‖u_λ‖^{p−1}∞

)_{2/3}

(1 − s)^{4/3}. (4.27) By this, (2.5), (4.16) and (4.26),

W_{3,1} ≤ Cη_λ‖u_λ‖^{q+3/2−5p/2+m(p+1)/2} ∞ ( 2η_λ ‖u_λ‖^{p−1}∞

)_{−2/3} ∫_1 1−δ (1 − s^2)(1 − s^q)(1 − s)^{m+1} (1 − s)^3(1 − s)^{4/3} ds ≤ Cη^{1/3}_λ ‖u_λ‖^{q+3/2−5p/2+m(p+1)/2+2(p−1)/3}

∞ (4.28) = o(‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)}

∞ ).

By the same argument as that just above, we obtain W_{3,2} ≤ Cη_λ‖u_λ‖^{q+3/2−5p/2+m(p+1)/2}

∞ = o(‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)}

∞ ), (4.29) W_4 ≤ Cη^{1/3}_λ ‖u_λ‖^{q+4+m2(p+1)/4+m/2−5(p+1)/2+2(p−1)/3}

∞ (4.30) = o(‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)}

∞ ).

By (4.20), (4.24), (4.25), (4.26) and (4.28)–(4.30), we obtain the estimate of Z_1. Now we calculate Z_2. To do this, we consider the case where 1 < m < 2 and m = 1 separately. Case 1. Let 1 < m < 2. By (3.7), Lemma 4.2 and putting s := u_λ(t)/‖u_λ‖_∞, we obtain Z_2 =

∫_0

−1/2

B_λ(t)^2(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_λ(u_λ(t))^{3/2}(A_λ(u_λ(t)) + B_λ(t)) dt (4.31)

≤ C ∫_0

−1/2

D_λ(u_λ(t))^2‖u_λ‖^{mp+m+2}

∞ (‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_0(u_λ(t)^{5/2} dt +C ∫_0

−1/2

‖u_λ‖^{m2(p+1)/2}

∞ (‖u_λ‖_∞ − u_λ(t))^{m+2}(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_0(u_λ(t)^{5/2} dt ≤ C‖u_λ‖^{q+1−5(p+1)/2} ∞ × ∫_1 1−δ [D_λ(‖u_λ‖_∞s)^2‖u_λ‖^{mp+m+2}_∞ + ‖u_λ‖^{m2(p+1)/2+m+2}

∞ (1 − s)^{m+2}](1 − s^q) S_λ(s)^{5/2} ds + C‖u_λ‖^{q+1−5(p+1)/2} ∞ × ∫_{1−δ} 0 [D_λ(‖u_λ‖_∞s)^2‖u_λ‖^{mp+m+2}_∞ + ‖u_λ‖^{m2(p+1)/2+m+2}

∞ (1 − s)^{m+2}](1 − s^q) S_λ(s)^{5/2} ds ≤ C‖u_λ‖^{q−(p−1)/2−(2p−(p+1)m)} ∞ . Note that by (4.16) and (4.18), all the definite integrals in the right hand side of (4.31) are integrable.

Case 2. Let m = 1. By (3.8), 1 2 B_λ(t) =

∫_0 t u^′_λ(s)^2ds =

∫_0 t (A_λ(u_λ(s)) + B_λ(s))^{1/2}u^′_λ(s)ds (4.32) ≤ ∫_0 t A_λ(u_λ(s))^{1/2}u^′_λ(s)ds +

∫_0 t B_λ(s)^{1/2}u^′_λ(s)ds ≤ ∫_0 t A_λ(u_λ(s))^{1/2}u^′_λ(s)ds + B_λ(t)^{1/2}(‖u_λ‖_∞ − u_λ(t)).

By this, we obtain B_λ(t)^{1/2} ≤ C(‖u_λ‖_∞ − u_λ(t)) + ( 2 ∫_0 t A_λ(u_λ(s))^{1/2}u^′_λ(s)ds

)_{1/2}

(4.33) This along with (4.6) implies

B_λ(t)^2 ≤ CD_λ(u_λ(t))^2‖u_λ‖^{p+3}_∞ + Cξ^2_λ(‖u_λ‖_∞ − u_λ(t))^3 + C(‖u_λ‖_∞ − u_λ(t))^4. By (4.2), (4.27) and putting s := u_λ(t)/‖u_λ‖_∞, we obtain

Z_2 ≤

∫_0

−1/2

B_λ(t)^2(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{5/2} dt (4.34) ≤ C ∫_0

−1/2

(D_λ(u_λ(t))^2‖u_λ‖^{p+3}_∞ (‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{5/2} dt + Cξ^2_λ

∫_0

−1/2

(‖u_λ‖_∞ − u_λ(t))^3(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{3/2}A_λ(u_λ(t)) dt + C ∫_0

−1/2

(‖u_λ‖_∞ − u_λ(t))^4(‖u_λ‖^q_∞ − u_λ(t)^q)u^′_λ(t) A_{0,λ}(u_λ(t))^{5/2} dt

≤ C‖u_λ‖^{q+1−5(p+1)/2+p+3} ∞ ∫_1 0 (1 − s^q)D_λ(‖u_λ‖_∞s)^2

S_λ(s)^{5/2} ds + Ce^{−k√λ/3}‖u_λ‖^{p+q+4−5(p+1)/2−2(p−1)/3} ∞ ∫_1 0 (1 − s)^3(1 − s^q) S_λ(s)^{3/2}(1 − s)^{4/3} ds + C‖u_λ‖^{q+1−5(p+1)/2+4} ∞ ∫_1 0 (1 − s^q)(1 − s)^4

S_λ(s)^{5/2} ds ≤ C‖u_λ‖^{q−(p−1)/2−p+1} ∞ . Note that by (4.16) and (4.18), all the integrals in the right hand side of (4.34) is integrable, and (4.34) coincides with (4.31) with m = 1. Thus the proof is complete.

5 Appendix

Proof of Lemma 3.1. By (3.7), (3.9) and putting s = u_λ(t)/‖u_λ‖_∞, we obtain I = 2

∫_1 0 ‖u_λ‖^{q+1}_∞ (1 − s^q) √ ‖u_λ‖^{p+1}∞ R_λ(s) ds (5.1)

= 2‖u_λ‖^{q−(p−1)/2} ∞ ∫_1 0 1 − s^q √ S_λ(s) ds + 2‖u_λ‖^{q−(p−1)/2} ∞ ∫_1 0 1 − s^q √ R_λ(s) ds −

∫_1 0 1 − s^q √ S_λ(s) ds := ‖u_λ‖^{q−(p−1)/2}

∞ (C(q) + 2X), where X :=

∫_1 0 1 − s^q √ R_λ(s) − 1 − s^q √ S_λ(s) ds (5.2)

= ( 1 − λ ‖u_λ‖^{p−1}∞

) ∫_1 0 (1 − s^2)(1 − s^q) √ R_λ(s) √ S_λ(s)( √ R_λ(s) + √ S_λ(s)) ds = −(X_1 + X_2) := − η_λ ‖u_λ‖^{p−1}∞

∫_1 1−δ (1 − s^2)(1 − s^q) √ R_λ(s) √ S_λ(s)( √ R_λ(s) + √ S_λ(s)) ds

− η_λ ‖u_λ‖^{p−1}∞

∫_{1−δ} 0 (1 − s^2)(1 − s^q) √ R_λ(s) √ S_λ(s)( √ R_λ(s) + √ S_λ(s)) ds. Here, 0 < δ ≪ 1 is a constant. Then we apply the argument in [11, Lemma 3.2] to our case and obtain that for λ ≫ 1, 0 ≤ X_1 ≤ C √ λe^{−k√λ}, (5.3) 0 ≤ X_2 ≤ Ce^{−k√λ}. (5.4)

By (5.1)–(5.4), we obtain Lemma 3.1. Thus the proof is complete.

Acknowledgements The author thanks the referee for the following helpful suggestions that improved the manuscript.

(i) Let f(β, x, y) = |x|^{p−1}x − β|y|^m, where β ≥ 0 is a parameter. Our nonlinear term is given by f = f(1, x, y). In the referee’s report of the first version of this paper, it is suggested that it is interesting to analyze the transitions between the asymptotic formulas from the case when β = 0 to the case β > 0. This analysis gives us the good information how the asymptotic behavior of λ_q(α) depends on the damped term. By following the argument in Section 3 carefully, we find that the asymptotic formula corresponding to (1.13) is obtained by C_2 replaced with βC_2. Therefore, if β → 0, then the formula (1.13) for the case f(β, x, y) converges to (1.6), which is the asymptotic formula for the case f(0, x, y), namely, the case without damped term. In this way, by introducing a new parameter β, we understand well how the asymptotic behavior of λ_q(α) depends on the damped term. (ii) It is also suggested in the referee’s report that it seems interesting to consider the case β = −1. To treat this case, more precise observation than above (i) will be necessary. From this point we might go on to an extension of the results here to the case β = −1.

References

[1] H. Amann, Existence and multiplicity theorem for semi-linear elliptic boundary value problems, Math. Z. 150 (1976), 281–295.

[2] H. Berestycki, Le nombre de solutions de certains problèmes semi-linéares elliptiques, J. Funct. Anal. 40 (1981), 1–29.

[3] H. Berestycki and L. Nirenberg, Monotonicity, symmetry and antisymmetry of solutions of semilinear elliptic equations, J. Geom. Phys. 5 (1988), 237–275.

[4] R. Chiappinelli, Remarks on bifurcation for elliptic operators with odd nonlinearity, Israel J. Math. 65 (1989), 285–292.

[5] R. Chiappinelli, On spectral asymptotics and bifurcation for elliptic operators with odd superlinear term, Nonlin. Anal. 13 (1989), 871–878.

[6] R. Chiappinelli, A-priori bounds and asymptotics on the eigenvalues in bifurcation problems for perturbed self-adjoint operator, J. Math. Anal. Appl. 354, (2009), 263–272.

[7] J. M. Fraile, J. López-Gómez and J. C. Sabina de Lis, On the global structure of the set of positive solutions of some semilinear elliptic boundary value problems, J. Differential Equations 123 (1995), 180–212.

[8] J. López-Gómez, Optimal uniqueness theorems and exact blow-up rates of large solutions, J. Differential Equations 224 (2006), 385–439.

[9] J. López-Gómez, Uniqueness of radially symmetric large solutions, Discrete Contin.

Dyn. Syst. 2007, Dynamical Systems and Differential Equations. Proceedings of the 6th AIMS International Conference, suppl. (2007), 677–686.

[10] P. Rabinowitz, Some global results for nonlinear eigenvalue problems, J. Funct. Anal. 7 (1971), 487–513.

[11] T. Shibata, Global behavior of the branch of positive solutions to a logistic equation of population dynamics, Proc. Amer. Math. Soc. 136 (2008), 2547–2554.

[12] T. Shibata, L^q-inverse spectral problems for semilinear Sturm-Liouville problems, Nonlin. Anal. 69 (2008), 3601–3609.

[13] T. Shibata, Asymptotic behavior of bifurcation branch of positive solutions for semilinear Sturm-Liouville problems, Annales Henri Poincare 9 (2008), 1217–1227.

[14] P. Zhidkov, On an inverse eigenvalue problem for a semilinear Sturm-Liouville operator, Nonlinear Anal. 68 (2008), 639–644.

(Received August 4, 2009)