Electronic Journal of Qualitative Theory of Differential Equations 2009, No. 30, 1-13; http://www.math.u-szeged.hu/ejqtde/

Upper and lower solutions method and a fractional differential equation boundary value problem.

Ailing Shi Science School, Beijing University of Civil Engineering and Archircture

Shuqin Zhang^∗ Department of Mathematics, China University of Mining and Technology, Beijing 100083, China.

Abstract. The method of lower and upper solutions for fractional differential equation D^δ u(t)+ g(t, u(t)) = 0, t ∈ (0, 1), 1 < δ ≤ 2, with Dirichlet boundary condition u(0) = a, u(1) = b is used to give sufficient conditions for the existence of at least one solution

Keywords: Fractional differential equation; Boundary value problem; Upper and lower solutions; Existence.

MR(2000) Subject Classification 26A33, 34B12.

1 Introduction

In this paper, we consider the two-point boundary value problem

D^δ u(t) + g(t, u) = 0, t ∈ (0, 1), 1 < δ ≤ 2

u(0) = a, u(1) = b,

(1.1)

where g : [0, 1] × R → R, a, b ∈ R, and D^δ is Caputo fractional derivative of order 1 < δ ≤ 2 defined by (see [1])

D^δ u(t) = I^{2−δ} u^{′′} (t) = 1 Γ(2 − δ)

∫_t 0 (t − s)^{1−δ}u^{′′} (s)ds,

I^{2−δ} is the Riemann-Liouville fractional integral of order 2 − δ, see [1].

Differential equations of fractional order occur more frequently in different research areas and engineering, such as physics, chemistry, etc. Recently, many people pay attention to the

∗Corresponding author, E-mail address:zsqjk@163.com

existence of solution to boundary value problem for fractional differential equations, such as [2] − [8], by means of some fixed point theorems. However, as far as we know, there are no papers dealing with the existence of solution to boundary value problem for fractional differential equations, by means of the lower and upper solutions method. The lower and upper solutions method plays very important role in investigating the existence of solutions to ordinary differential equation problems of integer orders, for example, [9] − [11].

In this paper, by generalizing the concept of lower and upper solutions to boundary value problem for fractional differential equation (1.1), we shall present sufficient conditions for the existence of at least one solution satisfying (1.1)

2 Extremum principle for the Caputo derivative

In order to apply the upper and lower solutions method to fractional differential equation two-point boundary value problem (1.1), we need the following results about Caputo derivative.

Theorem 2.1 Let a function f ∈ C^2(0, 1) ∩ C[0, 1], attain its maximum over the interval [0, 1] at the point t_0, t_0 ∈ (0, 1]. Then the Caputo derivative of the function f is non-positive at the point t_0 for any α, D^αf(t_0) ≤ 0, 1 < α ≤ 2.

Proof For given function f ∈ C^2(0, 1) ∩ C[0, 1], Since f^{′′} ∈ L_1(0, t_0), hence,

∀δ > 0, ∃ 0 < ε < t_0 such that | 1 Γ(2 − α)

∫_ε 0 (t_0 − s)^{1−α}f^{′′} (s)ds| ≤ δ. (2.1)

For ε > obtained in (2.1), let us consider the following two cases: Case (i): f^′ (ε) ≥ 0; Case (ii): f^′ (ε) < 0.

For case (i), we consider an auxiliary function

h(t) = f(t_0) − f(t), t ∈ [0, 1].

Because the function f attains its maximum over the interval [0, 1] at the point t_0, t_0 ∈ (0, 1], the Caputo derivative is a linear operator and D^αc ≡ 0(c being a constant), hence, function h possesses the following properties:

h(t) ≥ 0, t ∈ [0, 1]; h(t_0) = 0; h^′ (t_0) = −f^′ (t_0) = 0;

D^αh(t) = −D^αf(t), t ∈ (0, 1].

(2.2)

Obviously, h^′ (ε) = −f^′ (ε) ≤ 0. Since

D^αh(t_0) = 1 Γ(2 − α)

∫_{t0} 0 (t − s)^{1−α}h^{′′} (s)ds

= 1 Γ(2 − α)

∫_ε 0 (t_0 − s)^{1−α}h^{′′} (s)ds + 1 Γ(2 − α)

∫_{t0} ε (t_0 − s)^{1−α}h^{′′} (s)ds

= I_1 + I_2 is valid for ε in (2.1); since h ∈ C^2(0, 1), h(t_0) = h^′ (t_0) = 0, there are |h(t)| = |h(t) − h(t_0)| ≤ |h^′ (t)|(t_0 − t) = |h^′ (t) − h^′ (t_0)|(t_0 − t) ≤ c_1(t_0 − t)^2, |h^′ (t)| = |h^′ (t) − h^′ (t_0)| ≤ c_2(t_0 − t), t ∈ [ε, t_0], where c_1 > 0, c_2 > 0 are positive constants, and t ∈ (t, t_0). Hence, we have

I_2 = 1 Γ(2 − α)

∫_{t0} ε (t_0 − s)^{1−α}h^{′′} (s)ds

= 1 − α Γ(2 − α)

∫_{t0} ε (t_0 − s)^{−α}h^′ (s)ds −

(t_0 − ε)^{1−α}h^′ (ε) Γ(2 − α) = − (1 − α)(t_0 − ε)^{−α}h(ε)

Γ(2 − α) − α(1 − α) Γ(2 − α)

∫_{t0} ε (t_0 − s)^{−α−1}h(s)ds

− (t_0 − ε)^{1−α}h^′ (ε)

Γ(2 − α) , which leads to the relation I_2 ≥ 0 that together with (2.1) complete the proof of the theorem.

We consider case (ii) in the remaining part of the proof. Here, we consider the following auxiliary function h(t) = f(t_0) − f(t) + φ(t), t ∈ [0, 1], where φ(t) is infinitely differentiable function on R, defined by

φ(t) = A e kt2 t2 −t2

0 , t < t_0,

0, t ≥ t_0 here, k is a constant satisfies 0 < k ≤

(t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) 2t^6_0

, t ∈ [0, t_0), and A is a positive constant satisfies 2Aεt^2_0k (ε^2 − t^2_0)^2 e kε2 ε2−t2

0 ≥ −f^′ (ε), ε is the positive constant obtained in (2.1).

By calculation(applying the Law of L’Hospital), we easily obtain that

φ(t_0) = 0, φ^′ (t_0) = 0, φ^{′′} (t_0) = 0

and that,

φ^{′′} (t) = −A(e kt2 t2 −t2

0 2tt^2_0k (t^2 − t^2_0)^2

)^′

= −2Ake kt2 t2 −t2

0 t^6_0 + 2t^2t^4_0 − 3t^4t^2_0 − 2t^2t^4_0k

(t − t_0)^4

= −2Ake kt2 t2 −t2

0 (t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) − 2t^2t^4_0k (t − t_0)^4 , for t ∈ [0, t_0). Since 0 < k ≤^{(t30 −tt20)2+t2 t20(t20 −t2)+2tt20 (t30−t3 )}

2t^6_0 , so, for t ∈ [0, t0), there is

(t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) − 2t^2t^4_0k

≥ (t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) − 2t^6_0k ≥ 0.

Hence, the Riemann-Liouville fractional integral I^{2−α}φ^{′′} (t_0) ≤ 0. And that, it follows from

2Aεt^2_0 k (ε^2 −t^2_0)^2 e kε2 ε2 −t2

0 ≥ −f^′ (ε) that h^′ (ε) ≤ 0.

Since h ∈ C^2(0, 1), h(t_0) = h^′ (t_0) = 0, there are

|h(t)| = |h(t) − h(t_0)| ≤ |h^′ (t)|(t_0 − t) = |h^′ (t) − h^′ (t_0)|(t_0 − t) ≤ c_1(t_0 − t)^2,

|h^′ (t)| = |h^′ (t) − h^′ (t_0)| ≤ c_2(t_0 − t), t ∈ [ε, t_0],

where c_1 > 0, c_2 > 0 are positive constants, and t ∈ (t, t_0). By the same arguments as case (i), we can obtain that

D^αh(t_0) = 1 Γ(2 − α)

∫_ε 0 (t_0 − s)^{1−α}h^{′′} (s)ds + 1 Γ(2 − α)

∫_{t0} ε (t_0 − s)^{1−α}h^{′′} (s)ds

= I_1 + I_2,

I_2 = −

(1 − α)(t_0 − ε)^{−α}h(ε) Γ(2 − α) − α(1 − α) Γ(2 − α)

∫_{t0} ε (t_0 − s)^{−α−1}h(s)ds −

(t_0 − ε)^{1−α}h^′ (ε) Γ(2 − α) , which leads to the relation I_2 ≥ 0

that together with (2.1) produce D^αh(t_0) ≥ 0. Hence, we have

−D^αf(t_0) + I^{2−α}φ^{′′} (t_0) ≥ 0, which implies that D^αf(t_0) ≤ I^{2−α}φ^{′′} (t_0) ≤ 0.

Thus, we complete this proof.

Theorem 2.2 Let a function f ∈ C^2(0, 1) ∩ C[0, 1], attain its minimum over the interval [0, 1] at the point t_0, t_0 ∈ (0, 1]. Then the Caputo derivative of the function f is nonnegative at the point t_0 for any α, D^αf(t_0) ≥ 0, 1 < α ≤ 2.

Proof For given function f ∈ C^2(0, 1) ∩ C[0, 1], Since f^{′′} ∈ L_1(0, t_0), hence, ∀δ > 0, ∃ 0 < ε < t_0 such that | 1 Γ(2 − α)

∫_ε a (t_0 − s)^{1−α}f^{′′} (s)ds| ≤ δ. (2.3)

For ε > obtained in (2.3), let us consider the following two cases: Case (i): f^′ (ε) ≤ 0; Case (ii): f^′ (ε) > 0.

For case (i), we consider an auxiliary function h(t) = f(t) − f(t_0), t ∈ [0, 1].

Because the function f attains its minimum over the interval [0, 1] at the point t_0, t_0 ∈ (0, 1], the Caputo derivative is a linear operator and D^αc ≡ 0(c being a constant), hence, function h possesses the following properties:

h(t) ≥ 0, t ∈ [0, 1]; h(t_0) = 0; h^′ (t_0) = f^′ (t_0) = 0; D^αh(t) = D^αf(t), t ∈ (0, 1].

(2.4)

Obviously, h^′ (ε) = f^′ (ε) ≤ 0. Since h ∈ C^2(0, 1), h(t_0) = h^′ (t_0) = 0, there are |h(t)| = |h(t) − h(t_0)| ≤ |h^′ (t)|(t_0 − t) = |h^′ (t) − h^′ (t_0)|(t_0 − t) ≤ c_1(t_0 − t)^2, |h^′ (t)| = |h^′ (t) − h^′ (t_0)| ≤ c_2(t_0 − t), t ∈ [ε, t_0], where c_1 > 0, c_2 > 0 are positive constants, and t ∈ (t, t_0). And that D^αh(t_0) = 1 Γ(2 − α)

∫_{t0} 0 (t − s)^{1−α}h^{′′} (s)ds

= 1 Γ(2 − α)

∫_ε 0 (t_0 − s)^{1−α}h^{′′} (s)ds + 1 Γ(2 − α)

∫_{t0} ε (t_0 − s)^{1−α}h^{′′} (s)ds

= I_1 + I_2 is valid for ε in (2.3); On the other hand, we have

I_2 = 1 Γ(2 − α)

∫_{t0} ε (t_0 − s)^{1−α}h^{′′} (s)ds

= 1 − α Γ(2 − α)

∫_{t0} ε (t_0 − s)^{−α}h^′ (s)ds −

(t_0 − ε)^{1−α}h^′ (ε) Γ(2 − α) = − (1 − α)(t_0 − ε)^{−α}h(ε) Γ(2 − α) − α(1 − α) Γ(2 − α)

∫_{t0} ε (t_0 − s)^{−α−1}h(s)ds

− (t_0 − ε)^{1−α}h^′ (ε)

Γ(2 − α) , which leads to the relation I_2 ≥ 0 that together with (2.3) complete the proof of the theorem.

We consider case (ii) in the remaining part of the proof. Here, we consider the following auxiliary function h(t) = f(t) − f(t_0) + φ(t), t ∈ [0, 1], where φ(t) is infinitely differentiable function on R, defined by

φ(t) = A e kt2 t2 −t2

0 , t < t_0,

0, t ≥ t_0 here, k is a constant satisfies

0 < k ≤

(t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) 2t^6_0

, t ∈ [0, t_0),

and A is a positive constant satisfies 2Aεt^2_0k (ε^2 − t^2_0)^2 e kε2 ε2 −t2

0 ≥ f^′ (ε), ε is the positive constant obtained in (2.3).

By calculation(applying the Law of L’Hospital), we easily obtain that

φ(t_0) = 0, φ^′ (t_0) = 0, φ^{′′} (t_0) = 0,

and that,

φ^{′′} (t) = −A(e kt2 t2 −t2

0 2tt^2_0k (t^2 − t^2_0)^2

)^′

= −2Ake kt2 t2 −t2

0 t^6_0 + 2t^2t^4_0 − 3t^4t^2_0 − 2t^2t^4_0h

(t − t_0)^4

= −2Ake kt2 t2 −t2

0 (t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) − 2t^2t^4_0k (t − t_0)^4 , for t ∈ [0, t_0). Since 0 < k ≤^{(t30 −tt20)2+t2 t20(t20 −t2)+2tt20 (t30−t3 )}

2t^6_0 , so, for t ∈ [0, t0), there is

(t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) − 2t^2t^4_0k

≥ (t^3_0 − tt^2_0)^2 + t^2t^2_0(t^2_0 − t^2) + 2tt^2_0(t^3_0 − t^3) − 2t^6_0k ≥ 0.

Hence the Riemann-Liouville fractional integral I^{2−α}φ^{′′} (t_0) ≤ 0. Since h ∈ C^2(0, 1), h(t_0) = h^′ (t_0) = 0, there are

|h(t)| = |h(t) − h(t_0)| ≤ |h^′ (t)|(t_0 − t) = |h^′ (t) − h^′ (t_0)|(t_0 − t) ≤ c_1(t_0 − t)^2, |h^′ (t)| = |h^′ (t) − h^′ (t_0)| ≤ c_2(t_0 − t), t ∈ [ε, t_0], where c_1 > 0, c_2 > 0 are positive constants, and t ∈ (t, t_0). Thus, by the same arguments as case (i), we can obtain that

D^αg(t_0) = 1 Γ(2 − α)

∫_ε 0 (t_0 − s)^{1−α}h^{′′} (s)ds + 1 Γ(2 − α)

∫_{t0} ε (t_0 − s)^{1−α}h^{′′} (s)ds = I_1 + I_2,

I_2 = −

(1 − α)(t_0 − ε)^{−α}h(ε)

Γ(2 − α) − α(1 − α) Γ(2 − α)

∫_{t0} ε (t_0 − s)^{−α−1}h(s)ds

− (t_0 − ε)^{1−α}h^′ (ε)

Γ(2 − α) , which leads to the relation I_2 ≥ 0 that together with (2.3) produce D^αh(t_0) ≥ 0. Hence, we have D^αf(t_0) + I^{2−α}φ^{′′} (t_0) ≥ 0, which implies that D^αf(t_0) ≥ −I^{2−α}φ^{′′} (t_0) ≥ 0.

Thus, we complete this proof.

3 Existence result

In this section, we shall apply the lower and upper solutions method to consider the existence of solution to problem (1.1).

Definition 3.1 we call a function α(t) a lower solution for problem (1.1), if α ∈ C^2([0, 1], R) and D^δα(t) + g(t, α) ≥ 0, t ∈ (0, 1), 1 < δ ≤ 2,

α(0) ≤ a, α(1) ≤ b.

(3.1)

Similarly, we call a function β(t) an upper solution for problem (1.1), if β ∈ C^2([0, 1], R) and

D^δβ(t) + g(t, β) ≤ 0, t ∈ (0, 1), 1 < δ ≤ 2,

β(0) ≥ a, β(1) ≥ b.

(3.2)

The following theorem is our main result.

Theorem 3.1 Assume that g : [0, 1] × R → R is a continuous differential function respect to all variables, and that g^′_u(t, u) is continuous in t for all u ∈ R. Moreover, assume that α(t), β(t) are lower solution and upper solution of problem (1.1), such that α(t) ≤ β(t), t ∈ [0, 1] and g^′_u(t, α) ≤ 0, g^′_u(t, β) ≤ 0 for all t ∈ [0, 1]. Then problem (1.1) has at least one solution u(t) ∈ C[0, 1] such that α(t) ≤ u(t) ≤ β(t), t ∈ [0, 1].

Proof First of all, let us consider the the following modified boundary value problem

D^δ u(t) + g^∗(t, u(t)) = 0, t ∈ (0, 1), 1 < δ ≤ 2,

u(0) = a, u(1) = b,

(3.3)

where

g^∗(t, u) = g(t, α(t)) + e^{M1 sin u−αM}1^{g′u(t,α)} −^{α−u}_{N1(1+u2)} +^{esin(cos(} α−u N1 + 3π 2 ))

1+α^2 −

2+α^2 1+α^2 , if u < α(t),

g(t, u(t)), if α(t) ≤ u ≤ β(t),

g(t, β(t)) − e^{M2 sin β−uM}2^{g′u(t,β)} −^{β−u}_{N2(1+u2 )} −^{esin(cos(} u−β N2 + 3π 2 ))

1+β^2 +

2+β^2 1+β^2 , if u > β(t).

(3.4) where M_1, M_2 > 0, such that −π <^{u−α}_{M1} < −^{3π}_2 and −π <^{β−u}_{M2} < −^{3π}_2 for all u−α < 0, β −u < 0; N_1, N_2 < 0, such that −2π <^{α−u}_{N1} < −^{3π}_2 and −2π <^{u−β}_{N2} < −^{3π}_2 for α − u > 0, u − β > 0. Obviously, from the continuity assumption to g, function g^∗ is a continuous differential function with respect to all variables on (t, x) ∈ [0, 1] × R. In fact, we can obtain that

g^{∗′}_t (t, u) = g^′_t(t, α(t)) + M_1e^{M1sin u−αM}1^{g′u (t,α)}sin^{u−α}_{M1} g^{′′}_{ut}(t, α), if u < α(t),

g^′_t(t, u(t)), if α(t) ≤ u ≤ β(t),

g^′_t(t, β(t)) − M_2e^{M2sin β−uM2 g′u (t,β)}sin^{β−u}_{M2} g^{′′}_{ut}(t, β), if u > β(t).

and

g^{∗′}_u (t, u) = e^{M1 sin u−αM1 g′u (t,α)}cos^{u−α}_{M1} g^′_u(t, α) −^{u2 −2αu−1}_{N1(1+u2)2} +

e^{sin(cos(} α−u N1 + 3π 2 ))

N_1(1+α^2 ) cos(cos( α−u N_1 + 3π 2 ))sin(^{α−u}_{N1} +^{3π}_2 )), if u < α(t),

g^′_u(t, u(t)), if α(t) ≤ u ≤ β(t),

e^{M2 sin β−uM}2^{g′u (t,β)}cos^{β−u}_{M2} g^′_u(t, β) −^{u2 −2βu−1}_{N2(1+u2)2} +

e^{sin(cos(} u−β N2 + 3π 2 ))

N_2(1+β^2) cos(cos( u−β N_2 + 3π 2 ))sin(^{u−β}_{N2} +^{3π}_2 )), if u > β(t).

We claim that if u(t) ∈ C[0, 1] is any solution of (3.3), then α(t) ≤ u(t) ≤ β(t) for all t ∈ [0, 1] and hence u is a solution of (1.1) which satisfies α(t) ≤ u(t) ≤ β(t), t ∈ [0, 1].

In fact, from the assumptions of theorem, u^{′′} (t) = D^{2−δ} g^∗(t, u(t)) = I^{δ−1}(g^{∗′}_t (t, u) + g^{∗′}_u (t, u)u^′ (t)) ∈ C[0, 1](because u^′ (t) = c_2 + I^{δ−1}g^∗(t, u) ∈ C[0, 1], c_2 ∈ R), that is, u^{′′} ∈ C^2[0, 1]. Now, by α(0) ≤ u(0), α(1) ≤ u(1), we suppose by contradiction that there is t_0 ∈ (0, 1) such that w(t_0) = α(t_0) − u(t_0) = max_{t∈[0,1]}(α(t) − u(t)) = max_{t∈[0,1]} w(t) > 0.

Then, by Theorem 2.1, there is D^δw(t_0) ≤ 0. (3.5)

Moreover, by the previous assumptions, we know that

−π < u(t_0) − α(t_0)

M_1 < − 3π 2 ; − π 2 < α(t_0) − u(t_0) N_1 + 3π 2 < 0,

hence,

M_1sin u(t_0) − α(t_0)

M_1 g^′_u(t_0, α) ≥ 0; sin(cos( α(t_0) − u(t_0) N_1 + 3π 2 )) ≥ 0.

Thus, we have

D^δw(t_0) = D^δα(t_0) − D^δu(t_0)

≥ −g(t_0, α(t_0)) + g(t_0, α(t_0)) + e^{M1sin u(t0 )−α(t0 )M1 g} ′ u(t_0 ,α) − α(t0) − u(t0)

N_1(1 + u^2) +

e^{sin(cos( α(t0 )−u(t0 )N1 + 3π2 ))} 1 + α^2 − 2 + α^2 1 + α^2

≥ 1 − α(t_0) − u(t_0) N_1(1 + u^2) + 1 1 + α^2 − 2 + α^2 1 + α^2

> 0, which is a contradiction with (3.5). The same argument, with obvious changes works in the proof of α(t) ≤ u(t) in [0, 1], we can obtain that u(t) ≤ β(t) in [0, 1]. Indeed, by β(0) ≥ u(0), β(1) ≥ u(1), we suppose by contradiction that there is t_0 ∈ (0, 1) such that

w(t_0) = β(t_0) − u(t_0) = min_{t∈[0,1]}(β(t) − u(t)) = min_{t∈[0,1]} w(t) < 0.

Then, by Theorem 2.2, there is D^δw(t_0) ≥ 0.

Moreover, by the previous assumptions, we know that

−π < β(t_0) − u(t_0)

M_2 < − 3π 2 ; − π 2 < u(t_0) − β(t_0) N_2 + 3π 2 < 0,

hence,

M_2sin β(t_0) − u(t_0)

M_2 g^′_u(t_0, β) ≥ 0; sin(cos( u(t_0) − β(t_0) N_2 + 3π 2 )) ≥ 0.

Thus, we have

D^δw(t_0) = D^δ β(t_0) − D^δu(t_0)

≤ −g(t_0, β(t_0)) + g(t_0, β(t_0)) − e^{M2sin β(t0 )−u(t0 )M2 g} ′ u(t_0 ,β) − β(t0) − u(t0)

N_2(1 + u^2) −

e^{sin(cos( u(t0 )−β(t0 )N2 + 3π2 ))} 1 + β^2 + 2 + β^2 1 + β^2

≤ −1 − β(t_0) − u(t_0) N_2(1 + u^2) − 1 1 + β^2 + 2 + β^2 1 + β^2

< 0,

which produces a contradiction.

Then, the claim is proved and now it is sufficient to prove that problem (3.3) has at least one solution.

From the standard argument, we can know that the solution of (3.3) has the form

u(t) =

∫_1 0 G(t, s)g^∗(s, u(s))ds + a + (b − a)t. (3.6)

where

G(t, s) =

t(1−s)^{α−1} −(t−s)^{α−1} Γ(α) , 0 ≤ s ≤ t ≤ 1,

t(1−s)^{α−1}

Γ(α) , 0 ≤ t ≤ s ≤ 1.

In fact, we may consider the solution of the linear problem of (3.3)

D^δ u(t) + ρ(t) = 0, t ∈ (0, 1),

u(0) = a, u(1) = b,

(3.7)

where ρ(t) ∈ C[0, 1]. Applying the fractional integral I^δ on both sides of equation in (3.7) and Using the following relationship (Lemma 2.22[1]): I^δ D^δf(t) = f(t) − c_1 − c_2t, c_i ∈ R, i = 1, 2 for f(t) ∈ AC([0, T ] or f(t) ∈ C([0, T ]) and 1 < δ ≤ 2, we obtain

u(t) = c_1 + c_2t − I^δρ(t),

for some constants c_i, i = 1, 2. By boundary value conditions of problem (3.7), we can calculate out that c_1 = a, c_2 = b − a + I^δρ(1), Consequently, the solution of problem (3.7) is

u(t) = a + (b − a)t + tI^δρ(1) − I^δρ(t)

= a + (b − a)t + 1 Γ(δ)

∫_1 0 t(1 − s)^{δ−1}ρ(s)ds − 1 Γ(δ)

∫_t 0 (t − s)^{δ−1}ρ(s)ds

= a + (b − a)t +

∫_t 0 t(1 − s)^{δ−1} − (t − s)^{δ−1} Γ(δ) ρ(s)ds + 1 Γ(δ)

∫_1 t t(1 − s)^{δ−1}ρ(s)ds

= ∫_1 0 G(t, s)ρ(s)ds + a + (b − a)t.

Hence, the solution u of problem (3.7) is u(t) =

∫_1 0 G(t, s)ρ(s)ds + a + (b − a)t, t ∈ [0, 1], which means that the solution of (3.3) has the form of (3.6).

Now, consider the operator T : C[0, 1] → C[0, 1] by

T u(t) =

∫_1 0 G(t, s)g^∗(s, u(s))ds + a + (b − a)t. (3.8)

From the definition of function g^∗(t, u) that T : C[0, 1] → C[0, 1] is well defined, continuous, and T (Ω) is a bounded (here, Ω is a bounded subset of C[0, 1]). It is well know that u ∈ C[0, 1] is a solution to (3.3) if and only if u is a fixed point of operator T . Moreover, we can prove that T (Ω) is relatively compact. Indeed, we can obtain that | d dt T u(t)|

= |b − a + 1 Γ(δ)

∫_1 0 (1 − s)^{δ−1}g^∗(s, u(s))ds − 1 Γ(δ − 1)

∫_t 0 (t − s)^{δ−2}g^∗(s, u(s))ds|

≤ |b − a| + M Γ(1 + δ) + M Γ(δ) , where M = max_{t∈[0,1],u∈Ω} |g^∗(t, u)| + 1. Hence, this is sufficient to ensure the the relatively compact of T (Ω) via the Ascoli-Arzela theorem.

We let Ω = {u ∈ C[0, 1]; ‖u‖ < R},

where R > {3|a|, 3|b − a|, 3L Γ(δ)

∫_1 0 (s + 1)(1 − s)^{δ−1}ds},

here,

L = max

t∈[0,1],α(t)≤u(t)≤β(t)

|g(t, u(t))| + e^{L1} + max{

‖α‖ + 1 |N_1| , ‖β‖ + 1 |N_2|

} + e + 2.

L_1 = max{ max_{t∈[0,1]} M_1|g^′_u(t, α)|, max_{t∈[0,1]} M_2|g^′_u(t, β)|}.

Then, for u ∈ Ω, we have

|T u(t)| ≤ |a| + |b − a| + L Γ(δ)

∫_1 0 (s + 1)(1 − s)^{δ−1}ds

≤ R 3 + R 3 + R 3 = R,

which implies that T (Ω) ⊆ Ω. Therefore, we see that, the existence of a fixed point for the operator T follows from the Schauder fixed theorem.

Finally, we give an example.

Example. We consider the following boundary value problem

D^{32} u − u^3 + 1 = 0, t ∈ (0, 1),

u(0) = u(1) = 0.

(3.9)

Let g(t, u) = 1 − u^3. Obviously, we can check that α(t) ≡ 0 is a lower solution for problem (3.9), and β(t) = 3 is an upper solution for problem (3.9). And that, g^′_t(t, u) = g^{′′}_{ut}(t, u) = 0, g^′_u(t, u) = −3u^2, g^′_u(t, α) = 0, g^′_u(t, β) = −27, hence, function g satisfies the assumption condition of theorem 3.1. Then, the theorem 3.1 assures that problem (3.9) has at least one solution u^∗ ∈ C[0, 1] with 0 ≤ u^∗(t) ≤ 3, t ∈ [0, 1].

References

1 A.A.Kilbas, H.M. Srivastava, J.J.Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier, Amsterdam, 2006.

2 Y.-K. Chang, J.J. Nieto, Some new existence results for fractional differential inclusions with boundary conditions, Math. Comput. Model. 49 (2009), 605-609.

3 R.P. Agarwal, M.Benchohra, S. Hamani, Boundary value problems for differential inclusions with fractional order, Adv. Stu. Contemp. Math.16(2) (2008), 181-196.

4 M.Benchohra, S.Hamani, Nonlinear boundary value problems for differential inclusions with Caputo fractional derivative, Topol. Methods Nonlinear Anal. 32 (2008), 115-130.

5 M. Benchohra, S.Hamani, Boundary value problems for differential inclusions with fractional derivative, Dicuss. Math. Differ. Incl. Control Optim. 28 (2008), 147-164.

6 M.Benchohra, J.R.Graef, S.Hamani, Existence results for boundary value problems with nonlinear fractional differential equations, Appl. Anal .87 (7) (2008), 851-863.

7 M.Benchohra, S.Hamani, Boundary value problems for differential equations with fractional order, Surv. Math. Appl. 3 (2008), 1-12.

8 V.Lakshmikanthan, S. Leela, Existence and monotone method for periodic solutions of first order differential equations, J. Math. Anal. Appl., 91 (1) (1983), 237-243.

9 A. Cabada, The method of lower and upper solutions for second, third, fourth and higher order boundary value problems, J. Math. Anal. Appl., 185, (2) (1994), 302-320.

10 I.Rachunková, Upper and lower solutions and topological degree, J. Math. Anal. Appl., 234 (1) (1999), 311-327.

11 J. Henderson, H.B. Thompson, Existence of multiple solutions for second order boundary value problems, J. Diff. Eqs. 166, (2)(2000), 443-454.

(Received January 24, 2009)

EJQTDE, 2009 No. 30, p. 13