Electronic Journal of Qualitative Theory of Differential Equations 2009, No. 25, 1-18; http://www.math.u-szeged.hu/ejqtde/

This paper is devoted to fond memory of M.M. Dzhrbashjan

A Problem on the Zeros of the Mittag-Leffler Function and the Spectrum of a Fractional-Order Differential Operator

Aleroev T.S.

Moscow Institute of Municipal Services and Construction, Faculty of Higher Mathematics, Russia e-mail: aleroev@mail.ru

Aleroeva H.T.

Moscow Technical University of Communications and Informatics, Russia e-mail: BinSabanur@gmail.com

Abstract. We carry out spectral analysis of one class of integral operators associated with fractional order differential equations that arises in mechanics. We establish a connection between the eigenvalues of these operators and the zeros of Mittag-Leffler type functions. We give sufficient conditions for complete nonselfadjointness and completeness the systems of the eigenvalues.

1.Introducion.

In [1] the spectral analysis of operators of the form

A^{[α,β]}_γ u(x) = c_α x� 0 (x − t)^{1α −1}u(t)dt + c_{β,γ} 1� 0 x^{1β −1}(1 − t)^{1γ −1}u(t)dt.

was carried out [1]. Here α, β, γ, c_α, c_{β,γ} are real numbers, and α, β, γ are positive. (G.M.Gubreev considered similar operators in the paper [2]). These operators arise in the study of boundary value problems for differential equations of fractional order (see [3] and references therein, in which corresponding Green functions are constructed).

In particular it was shown in [1] , that the operator

A^ρu(x) = A^{[ρ,ρ]}_ρ u(x) = 1 Γ(ρ^{−1}) x� 0 (x−t)^{1ρ −1}u(x)dt− 1 Γ(ρ^{−1}) 1� 0 x^{1ρ −1}(1−t)^{1ρ −1}u(t)dt

is almost non-self-conjugate (see [4] for ρ > 1), while for 0 < ρ < 1, the kernel of the operator A^ρ is non-negative and the Fredholm spector of the operator A^ρ coincides with the set of roots of the whole function of Mittag- Leffler type

E_ρ(λ; ρ^{−1}) = ∞� k=0 λ^k Γ(ρ^{−1} + kρ^{−1}) .

From the above it follows, that all the eigennumbers of the operator A^ρ are complex for ρ > 1, while for 0 < ρ < 1, the operator A^ρ has real eigennumbers (in fact, if^1_2 < ρ < 1 the set of real eigennumbers is finite), i.e. all the zeros of the function E_ρ(λ; ρ^{−1}) are complex for ρ > 1, while for 0 < ρ < 1 the function E_ρ(λ; ρ^{−1}) has real zeros. This proves the assymption about the existence of a real zeros of the function E_ρ(λ; ρ^{−1}) for^1_2 < ρ < 1, as stated in the monograph [5 pg. 248].

The given paper is devoted as well to study the boundary value problems for the differential equations of fractional order and the accompanying them integrated operators of the form A^{[α;β]}_γ .

In order to state the problems in concern we must mention some concepts from fractional calculus.

2.Background and Preliminary Results. Let f(x) ∈ L_1(0, 1). Then, the function

d^{−α} dx^{−α} f(x) ≡ 1 Γ(α) x� 0 (x − t)^{α−1}f(t)dt ∈ L_1(0, 1)

is called the fractional integral of order α > 0 with starting point x = 0 [6]. And the function

d^{−α} d(1 − x)^{−α} f(x) ≡ 1 Γ(α) 1� x (t − x)^{α−1}f(t)dt ∈ L_1(0, 1)

is called the fractional integral of order α > 0 with ending point x = 1 [6]. Here Γ(α) is Euler’s gamma-function. It is clear that when α = 0, we identify both the fractional integrals with the function f(x). As we know [6], the function g(x) ∈ L_1(0, 1) is called the fractional derivative of the function

f(x) ∈ L_1(0, 1)

of order α > 0 with starting point x = 0, if

f(x) = d^{−α} dx^{−α} g(x).

Then denoting g(x) = d^α dx^α f(x),

we shall mean in the future, by d^α dx^α , the fractional integral when α < 0 and, the fractional derivative when α > 0. The fractional derivative d^α d(1 − x)^α

of the function f(x) ∈ L_1(0, 1) of order α > 0, with the ending point x = 1 is defined in a similar way.

Let {γ_k}_0^n be any set of real numbers, satisfying the condition 0 < γ_j ≤ 1, (j = 0, 1, .., n). We denote

σ_k = k� j=0 ; μ_k = σ_k + 1 = k� j=0 γ_j , (k = 0, 1, ..., n)

and we assume that 1 ρ = n� j=0 γ_j − 1 = σ_n = μ_n − 1 > 0.

Following [6], we consider the differential operators,

D^{(σ0 )}f(x) ≡ d^{−(1−γ0 )} dx^{−(1−γ0)} f(x),

which are, generally, of fractional order

D^{(σ1 )}f(x) ≡ d^{−(1−γ1 )} dx^{−(1−γ1)} d^{γ0} dx^{γ0} f(x),

D^{(σn )}f(x) ≡ d^{−(1−γn)} dx^{−(1−γn)} d^{γn−1} dx^{γn−1} ... d^{γ0} dx^{γ0} . Here we note, that if γ_0 = γ_1 = ... = γ_n = 1 then obviously

D^{(σk )}f(x) = f^{(k)}(x), (k = 0, 1, 2, ..., n).

To demonstrate the basic ideas, we start by investigating most simple cases. Thus, we put, γ_3 = γ_4 = ... = γ_n = 0, and consider a problem which is an analogue of the well-known problem of Storm-Liouville. This problem which we call problem (A), as in [7], means the following:

In class L_2(0, 1)(orL_1(0, 1)) find a nontrivial solution of the equation

D^{(σ2 )}y − [λ + q(x)]y = 0 (1) x ∈ (0, 1], satisfying the boundary conditions � D^{(σ0 )}y � �_{x=0} cos α + D(σ1 )y � �_{x=0} sin α = 0 D^{(σ0 )}y � �_{x=1} cos β + D(σ1 )y � �_{x=1} sin β = 0, (2)

where λ, α, β; (Imα = Imβ = 0), are arbitrary parameters, q(x) ∈ L_2(0, 1). M.M.Dzhrbashchjan writes [7]: ”questions of completeness of system of the eigenfunctions of problem (A), or a more delicate question, whether these functions form a basis in L_2(0, 1), are undoubtly interesting. But their solutions, apparently, are faced with significant analytical difficulties.”

In [9] (see also [3]), it has been proved that the system of eigenfunctions of problem (A) is complete in L_2(0, 1), when q(x) ≡ 0.

Later, M.M.Malamud and his disciples [10] - [11] also have established the completeness of system of the eigenfunctions of similar problems the case of when q(x) is an analytical function.

In this paper we give the complete solution of the problem on completeness of the system of eigenfunctions of problem (1)-(2) providing q(x) > 0. We shall consider various variants of equation (1). At γ_0 = γ_1 = 1, equation (1) is transformed into the equation 1 Γ(1 − γ_2) x� 0 u^{′′} (t) (x − t)^{γ2} dt − (λ + q(x))u(x) = 0, (3)

which is called a fractional oscillational equation [5], and the operator D^{(σ2 )} is called - the operator of fractional differentiation in Caputo sence [5]. At γ_0 = γ_2 = 1, the equation (1)is transformed into the equation 1 Γ(1 − γ_1) d dx x� 0 u^′ (t) (x − t)^{γ1} dt − (λ + q(x))u(x) = 0. (4)

The equation (4) as the modelling equation of fractional order 1 < σ < 2 has been investigated (see [3] and references therein).

Theorem 1:Let q(x) be the half-limited function. Then the system of the eigenfunctions of problem (A) 1 Γ(1 − γ_1) d dx x� 0 u^′ (t) (x − t)^{γ1} dt − (q(x) + λ)u(t)dt = 0,

u(0) = 0, u(1) = 0 is complete in L_2(0, 1).

The proof of Theorem 1 is based on Lemma 1.

Lemma 1.The operator S, induced by the differential expression

l(u) = 1 Γ(1 − γ_1) d dx x� 0 u^′ (t) (x − t)^{γ1} dt − q(x)u(x),

and boundary conditions

u(0) = 0, u(1) = 0,

has an inverse operator.

Proof of Lemma 1: Lemma 1 will be proved if we can show, that problem (A), at q(x) > 0 has the unique trivial solution u(0) = 0.To prove the last statement we do the following. We multiply both sides of the equation 1 Γ(1 − γ_1) d dx x� 0 u^′ (t) (x − t)^{γ1} dt = q(x)u(x)

by (x − t)^{γ1} , and integrate from 0 to x. We obtain

1 Γ(1 − γ_1) x� 0 (x − t)^{γ1} d dt t� 0 u^′ (ξ) (t − ξ)^{γ1} dξdt = x� 0 (x − t)^{γ1} q(t)u(t)dt.

Let’s calculate the integral

Iu = 1 Γ(1 − γ_1) x� 0 (x − t)^{γ1} ( d dt t� 0 u^′ (ξ) (t − ξ)^{γ1} dξ)dt.

We have

Iu = 1 Γ(1 − γ_1) x� 0 (x − t)^{γ1} d( t� 0 u^′ (ξ) (t − ξ)^{γ1} dξ)

= 1 Γ(1 − γ_1)

(x − t)^{γ1} t� 0 u^′ (ξ) (t − ξ)^{γ1} dξ � � � � � x

0 − 1 Γ(1 − γ_1) x� 0 [(x−t)^{γ1} ]^′ t� 0 u^′ (ξ) (t − ξ)^{γ1} dξdt

= −x^{γ1} D^{(σ1 )}u � � �_{t=0} − γ_1 Γ(1 − γ_1) x� 0 (x − t)^{γ1 −1}( t� 0 u^′ (ξ) (t − ξ)^{γ1} dξ)dt

= −x^{γ1} D^{(σ1 )}u � � t=0 − γ_1 Γ(1 − γ_1) x� 0 u^′ (ξ)( x� ξ (x − t)^{γ1 −1}(t − ξ)^{−γ1} dt)dξ

= x^{γ1} D^{(σ1 )}u � � �_{t=0} −

Γ(γ_1)γ_1 Γ(1) x� 0 u^′ (ξ)dξ.

Thus Iu = −x^{γ1} D^{(σ1 )}u � �_{t=0} − c[u(x) − u(0)].

Therefore

cu(x) = x^{γ1} D^{(σ1)}u � � t=0 + x� 0 (x − 1)^{γ1} q(t)u(t)dt,

c = Γ(1 + γ_1). Hence, the general solution of the equation 1 Γ(1 − γ_1) d dx x� 0 u^′ (t) (t − ξ)^{γ1} dξ − q(x)u = 0,

satisfying the condition u(0) = 0, has the form

u(x) = cx^{γ1} + x� 0 (x − t)^{γ1} q(t)u(t)dt = cx^γ + Au(x).

The last equation leads, to:

u(x) = c(I − A)^{−1}x^{γ1} = c(x^{γ1} + Ax^{γ1} + A^2x^{γ1} + ... + A^nx^{γ1} + ...). Since Ax^{γ1} = x� 0 (x − t)^{γ1} q(t)t^{γ1} dt,

thus

A^2x^{γ1} = A(Ax^{γ1} ) = x� 0 (x − t)^{γ1} q(t)( t� 0 (t − ξ)^{γ1} q(ξ)ξ^{γ1} dξ)dt.

Consequently, the kernel of the operator A^2 is equal to

K_2(t; s) = t� s (t − τ)^{γ1} q(τ)(τ − s)^{γ1} q(s)dτ.

The kernel of the operator A^n is defined by the known formula

K_n(t; s) = t� s K(t; s)K_{n−1}(τ; s)dτ.

Since, the kernels of the operators

A, A^2, ..., A^n

are positive, the function

u(x) = c(x^{γ1} + Ax^{γ1} + A^2x^{γ1} + ... + A^nx^{γ1} + ...),

at x = 1, cannot be equal to 0, which proves Theorem 2. Now we give the complete proof of Theorem 1.

Proof of Theorem 1: The proof of Theorem 1, is based on V.B.Lidskii’s known theorem

(Theorem of V.N. Lidskii: Let in present operator C be a dissipative, and trace class. Then, system of eigenfunctions and adjoint functions of the operator C, is complete in the domain of the operator C.) [12]. According to V.B.Lidskii’s [12] theorem, it is enough to establish, that the operator S^{−1} is dissipative and trace class.

Let u(t) be any function from the domain of D(S) ⊂ L_2(0, 1). Then

Re(Su, u) = 1 Γ(1 − γ_1) Re 1� 0 ( d dx x� 0 u^′ (t) (x − t)^{γ1} dt + q(x))u(x)dx

= 1 Γ(1 − γ) Re 1� 0 ( d dx x� 0 u^′ (t) (x − t)^{γ1} ) dtu(x)dx+ 1 Γ(1 − γ_1) Re 1� 0 q(x)u(x)u(x)dx.

Since 1 Γ(1 − γ_1) Re 1� 0 d dx x� 0 u^′ (t) (x − t)^γ dt)u(x)dx

= 1 Γ(1 − γ_1) Re 1� 0 u(x)dx x� 0 u^′ (ξ) (x − ξ)^{γ1} dξ

= 1 Γ(1 − γ_1)

Re[u(x) x� 0 u^′ (ξ) (x − ξ)^{γ1} dξ � � � � � 1

0 − 1� 0 { t� 0 u^′ (ξ) (t − ξ)^{γ1} dξ}u^′ (ξ)dx]

= − 1 Γ(1 − γ_1) Re � � x� 0 u^′ (ξ) (x − ξ)^{γ1} dξ, u^′ (x) � � .

We take advantage of the Matsaev-Polant’s theorem [13, 14] (Theorem of Matsaev-Polant: Let A be a dissipative operator.

Then, the values of the form (A^ν f; f), (0 ≤ ν ≤ 1), lie in the angle 0 ≤ arg λ ≤ πν (p. 481)).

Theorem of Matsaev-Polant states, that the value of the form (^{d−α}_{dx−α} f, f) lies in the angle |argz| <^{πα}_2 . So, it follows from the theorem of Matsaev- Polant that the operator

T u = � � � 1 Γ(1−γ_1 ) d dx x� 0 u^′ (t) (x−t)^{γ1} dt

u(0) = 0, u(1) = 0

is not only dissipative, but also sectorial; the values of the form (Su, u) lies in the angle |argz| ≤^{πγ1}_2 . Now the dissipativity of the operator S implies the dissipativity of the operator S^{−1}. Next we establish, that the operator S^{−1} is trace class. Let λ_1, λ_2, ..., λ_n, .. and μ_1, μ_2, ..., μ_n... be the eigenvalues of the operators S and T correspondingly, numerated in the non-decreasing order of modulus. Then [8] we know, that |λ_n − μ_n| ≤ ||q(x)||. Now, taking into account that the eigennumbers of the operator T coincide, with zeros of the function E_ρ(λ; ρ^{−1})([1], [8]) and the asymptotic of zeros of the Mittag-Leffler function

E_ρ(z; μ) = ∞� k=0 z^k Γ(μ + kρ^{−1})

, ρ > 0

is well studied (see [15] p.142), we obtain, that the operator S^{−1} has a finite spectral trace, i.e. the operator S^{−1} is trace class.

Since the operator S^{−1} is dissipative and is trace class according to V.B.Lidskii’s theorem, the operator S^{−1} has the complete system of eigenfunctions in L_2(0; 1).

Corollary 1: All eigenvalues of the operator S lie in the angle |argz| ≤

πγ_1

2 ; in particular all zeros of the function E_ρ(z; ρ^{−1}) also lie in the angle |argz| ≤^{πγ1}_2 .

In a similar way we can investigate any variants of problem (A). We show how to do it. We consider the Dirichlet problem for the fractional oscillational equation, i.e. problem (~A_1) 1 Γ(1 − γ_2) x� 0 u^{′′} (t) (x − t)^{γ2} dt − (q(x) + λ)u = 0

u(0) = 0, u(1) = 0.

Theorem 1^′. The system of eigenfunctions of problem ( ~A) is complete in L_2(0; 1).

The proof of Theorem 1^′ as in the case with Theorem 1, is based on Lemma 1^′.

Lemma 1^′. The operator, induced by the differential expression

~ℓ(u) = 1 Γ(1 − γ_2) x� 0 u^{′′} (t) (x − t)^{γ2} dt − (q(x) + λ)u

and boundary conditions

u(0) = 0, u(1) = 0

has an inverse operator.

Proof of Lemma 1^′. Lemma 1^′ will be proved if we show that problem (~A_1), for q(x) > 0, has the unique trivial solution u(x) = 0. To prove the uniqueness of the trivial solution, we multiply both sides of the equation 1 Γ(1 − γ_2) x� 0 u^{′′} (t) (x − t)^{γ2} dt = (q(x)u(x))

by (x − t)^{γ1} and then integrate from 0 to x. Then we get 1 Γ(1 − γ_2) x� 0 (x − t)^{γ2} t� 0 ( u^{′′}(ξ) (t − ξ)^{γ2} dξ)dt = x� 0 (x − t)^{γ2} q(t)u(t)dt.

Using the Dirichlet permutation formulas, we transform the integral 1 Γ(1 − γ_2) x� 0 (x − t)^{γ2} ( t� 0 u^{′′}(ξ) (t − ξ)^{γ2} dξ)dt.

Clearly, 1 Γ(1 − γ^2) x� 0 (x − t)^{γ2} ( t� 0 u^{′′}(ξ) (t − ξ)^{γ2} dξ)dt

= 1 Γ(1 − γ_2) x� 0 u^{′′}(ξ){ x� ξ (x − t)^{γ1} (t − ξ)^{−γ1} dt}dξ

= Γ(1 + γ_2)Γ(1 − γ_2) Γ(1 − γ_2) x� 0 u^{′′}(ξ)(x − ξ)dξ

= u^′(0)Γ(1 + γ_1)x + u^′(x)Γ(1 + γ_2) − Γ(1 + γ_2)u(0).

Thus, the general solution of the equation 1 Γ(1 − γ_2) x� 0 u^{′′} (t) (x − t)^{γ2} dt − q(x)u(x) = 0,

satisfying the condition u(0) = 0, has the form

u(x) = cx + x� 0 (x − t)^{γ1} q(t)u(t)dt = cx + ~Au.

Consequently

u(x) = c(I − ~A)^{−1}x = c(x + ~Ax + ~A^2x + ...).

Since q(x) > 1 it is clear that y(1) ≠ 0, and from here follows the proof of Lemma 1^′. Now we give the proof of Theorem 1^′. We take advantage of V.B.Lidskii’s theorem [12] again. We will prove, that the operator ~S is dissipative. Let u(x) be any function from the domain of the operator S D(S) ⊂ L_2(0, 1). The function

u_ε(x) = � v(x), x ∈ [0, ε] u(x), x ∈ [ε, 1] ,

where ε > 0, and the function v(x), is such, that

v^′(x)|_{x=0} = 0

and is summable with square in [0; ε].

It is possible to show, that

lim_{ε→0}( ~Su_ε; u_ε) = ( ~Su, u).

For this purpose it is enough to take in account [15] (p. 573 2) the formula

d^α dx^α f(x) = f^′(0) Γ(1 − α) x^{−α} + 1 Γ(1 − α) x� 0 (x − t)^{−α}f^′(t)dt.

Here f^′(x) ∈ L(0, 1), (0 < α < 1).

After that, repeating the proof of Theorem 1 word by word, we obtain, that the values of the form ( ~Su, u) lie in the angle |argz| ≤^{πγ2}_2 . the existence of the kernel in operator ~S^{−1} can be established in a way similar to that of the existence of the kernel in operator S^{−1}. For this purpose it is enough to remember, that number λ_j is the eigenvalue of the operator ~T only in the case, when λ_j is a zero of the function E_ρ(λ, 2). Thus the operator ( ~S^{−1}) , when it is trace class and dissipative, has a complete system of eigenfunctions.

Corollary 1”. All eigenvalues of the operator ~S lie in the angle |argz| ≤

πγ_2

2 . In particular, all zeros of the function E_ρ(z; 2) also lie in the angle |argz| ≤^{πγ2}_2 .

By means of operators A^{[α,β]}_γ it is possible to obtain statements similar to Lemmas 1 and 1^′, in a different way. We formulate and prove the following statement. For simplicity we put ||q(x)|| ≤^2_{Γ(1+γ1)} .

Theorem 4: The operator S is invertible and compact, and

||S^{−1}||_{L2} ≤ 1 Γ(1 − γ_1) − ||q(x)|| . Proof of Theorem 4 can be obtained from the following known theorem. Theorem [16] (p. 249):Let T and A be any operators from X into Y. We assume that T^{−1} exists and belongs to B(Y, X). We also assume,

||A|| ≤ a||u|| + b||T u||

u ∈ D(T ),

where the constants a and b satisfy the inequality a||T^{−1}||+b < 1. Then the operator S = T +A will be closed and may be invertible, and S^{−1} ∈ B(Y, X) and ||S^{−1}|| ≤

||T^{−1}|| 1 − a||T^{−1}|| − b , ||S^{−1} − T^{−1}|| ≤

||T^{−1}||(a||T^{−1}|| + b) 1 − a||T^{−1}|| − b.

Furthermore, if the operator T^{−1} is compact,then S^{−1} is compact too.

Proof of Theorem 2. Operator S, in our case, has the form

Su = � � � 1 Γ(1−γ_1) d dx x� 0 u^′(t) (x−t)^{γ1} dt + q(x)u(x)

u(0) = 0, u(1) = 0

It is possible to represent the operator S in the form Su = T u + Au where T u is not a disturbed operator,

T u = � � � 1 Γ(1−γ_1 ) d dx x� 0 u^′ (t) (x−t)^{γ1} dt

u(0) = 0, u(1) = 0 and Au is the corresponding disturbance

Au = � q(x)u(x) u(0) = 0, u(1) = 0 .

As it was already noted the operator

A^ρu(t) = 1 Γ(ρ^{−1}) � � x� 0 (x − t)^{1ρ −1}u(t)dt − 1� 0 x^{1ρ −1}(1 − t)^{1ρ −1}u(t)dt � � ,

is the inverse of the operator T when^1_ρ = 1 + γ_1 [3], i.e. T^{−1}u = A^ρu and it is obvious that ||A^ρu|| ≤ 2 Γ(ρ^{−1}) = 2 Γ(1 + γ_1) , ||Au|| ≤ ||q(x)||||u|| ≤ 2 Γ(1 + γ_1) Now ||S^{−1}|| ≤ 2 Γ(1+γ_1 )

1 − ||q(x)|| 2 Γ(1 + γ_1) = 2 Γ(1 + γ_1) − 2||q(x)||

In the proof of Lemma 1, it is certainly essential that q(x) is positive. In the proof of the Theorem 2, q(x) is not required to be positive. In exactly the same way we can obtain similar results for the problem ( ~A), assosiated with problem (A). To state problem ( ~A) we define

~σ_k = k� j=0 γ_{2−j} − 1,

~μ_k = ~σ_k + 1 = k� j=0 γ_{2−j}

(k = 0, 1, 2),

D^{(~σ0)}_1 f(x) ≡ d^{−(1−γ2 )} d(1 − x)^{−(1−γ2 )} f(x),

D^{(~σ1 )}_1 f(x) ≡ − d^{−(1−γ1)} d(1 − x)^{−(1−γ1)} d^{γ2} d(1 − x)^{γ2} f(x),

D^{(~σ2 )}_1 f(x) ≡ d^{−(1−γ0)} d(1 − x)^{−(1−γ0)} d^{γ1} d(1 − x)^{γ1} d^{γ2} d(1 − γ)^{γ2} f(x).

And now, problem ( ~A) may be put as follows. In class L_2(0, 1) (or L_1(0, 1)) we find nontrivial solution of the equation

D^{(~σ2)}z − {λ + q(x)}z = 0, x ∈ [0, 1),

satisfying the boundary conditions

D^{(~σ0 )}_1 z � � �_{x=0} cos α + D^{(~σ1 )}_1 z � � �_{x=0} sin α = 0

D^{(~σ0)}_1 z � � �_{x=0} cos β + D^{(~σ1 )}_1 z � � �_{x=0} sin β = 0.

the associated problem gives essentially, new results, in the case when the order of the fractional differential equation is less than one. To this case we shall devote separate paper. To show, how to transfer the obtained results on a case of the differential equations of order higher than two, we consider the following problem.

In class L_2(0, 1) we find non-trivial solution of the equation

D^{(σ3)} y − {λ + q(x)y = 0, }(7)

satisfying the conditions

D^{(σ0 )}y|_{x=0} = 0; D^{(σ1)}y|_{x=0} = 0; D^{(σ0)}y|_{x=1} = 0; (8)

We put γ_0 = γ_2 = γ_3 = 1.

σ_3 = 1 ρ = γ_0 + γ_1 + γ_2 + γ_3 − 1 = 2 + γ_1

In this case problem (7) − (8) will be rewritten as follows 1 Γ(1 − γ_1) d^2 dx^2 x� 0 y^′(t) (x − t)^{γ1}

− {λ + q(x)}y = 0(7^′)

y(0) = 0; D^{(σ1)}y|_{x=0} = 0; y(1) = 0(8^′) We know from [3], that the operator, inverse to the operator induced by differential expression

ly = 1 Γ(1 − γ_1) d^2 dx^2 x� 0 y^′(t) (x − t)^{γ1} dt

and satisfying to boundary conditions (8^′) is equal to the operator A^ρ for 1 < ρ < 2 (in paper [1], the eigennumbers and the eigenvalues of the expression for A^ρ at every A^ρ.)Boundary-value problems for the equations of order higher than 2 are investigated not enough. (there is M.M.Malamud’s remarkable paper [10] in this topic). Therefore the author would like to dwell on this problem in more details.

Theorem 3.Let q(x) ≡ 0, then the number λ_j is the eigenvalue of problem (7^′) − (8^′), iff λ is a zero of the function E_ρ(λ; ρ^{−1}), and functions

x^{1ρ −1}E_ρ(λ_j x^{1ρ} ; 1 ρ ) are eigenfunctions of this problem.

Proof: The general solution of the equation (7^′) satisfying the conditions y(0) = 0, D^{(σ1 )}y|_{x=0} = 0; D^{(σ2)}y|_{x=0} = y^0_2 obviously satisfies the equation

y(x; λ) = y^0_2 Γ(2 + γ_1) x^{1+γ1} + λ Γ(^1_ρ ) x� 0 (x − t)^{1ρ −1}y(t; λ)dt; (9)

We write out the solution of the equation (9) according to the known formula [[15] p.123];

y(x; λ) = y^0_2 Γ(2 + γ_1) x^{1+γ1} +λ x� 0 (x−t)^{1ρ −1}E_ρ(λ(x−t)^{1ρ} ; 1 ρ )( y^0_2 Γ(1 + γ_1) t^{2+γ1} )dt

and calcculate the integral 1 Γ(1 + γ_1) x� 0 (x − t)^{1ρ −1}E_ρ(λ(x − t)^{1ρ} ; 1 ρ )t^{1+γ1} dt

according to M.M.Dzhrbashchjan’s formula [6 p.121] l� 0 x^{α−1}E_ρ(λx^{1ρ} ; α)(l − x)^{β−1}E_ρ(λ^∗(l − x)^{1ρ} ; β)dx

= λE_ρ(l^{1ρ} λ; α + β) − λ^∗E_ρ(l^{1ρ} λ^∗; α + β) λ − λ^∗ l^{α+β−1}

(α > 0, β > 0) 1 Γ(ρ^{−1}) x� 0 (x − t)^{1ρ −1}E_ρ(λ(x − t)^{1ρ} ; 1 ρ )t^{1ρ −1}dt

= E_ρ(x^{1ρ} ; 2 ρ )x^{2ρ −1}.

From here we get

y(x; λ) = y_2^0 Γ(ρ − 1) x^{1ρ −1} + λy^0_2 E_ρ(λx^{1ρ} ; 2 ρ )x^{2ρ −1}

= y^0_2 x^{1ρ −1}[ 1 Γ(ρ^{−1}

) + λx^{1ρ} E_ρ(λx^{1ρ} ; 2 ρ )] = y^0_2 x^{1ρ −1}E_ρ(λ x^{1ρ} ; 1 ρ ). Thus, we have proved, that the general solution of equation (7^′), satisfying

y(o) = 0; D^{(σ1)}y|_{x=0} = 0; D^{(σ2)}y|_{x=0} = y^0_2 ,

has the form y(x; λ) = y^0_2 x^{1ρ −1}E_ρ(λx^{1ρ} ; 1 ρ ). From here it follows that the number λ is an eigennumber of problem (7^′) − (8^′)when and only , when

y(1; λ) = y^0_2 E_ρ(λ; 1 ρ ) = 0,

i.e. eigennumbers of problem (7^′) − (8^′) coincide with zero of the function E_ρ(λx^{1ρ} ;^1_ρ ), and eigenfunctions have the form

E_ρ(λx^{1ρ} ; 1 ρ ), which proves Theorem 3. It is interesting how all this has a precise junction with the case of^1_2 < ρ < 1, which we investigated above.

Theorem 4.The operator D^{1ρ} induced by the differential expression 1 Γ(1 − γ_0) d^2 dx^2 x� 0 y^′(t) (x − t)^γ dt + q(x)y

and the boundary conditions (8^′) is dissipative.

Proof:

(D^{1ρ} y, y) = � � 1 Γ(1 − γ_1) d^2 dx^2 x� 0 y^′(t) (x − t)^{γ1} dt, y(x) � � + (q(x)y, y)

= 1 Γ(1 − γ) 1� 0

� � x� 0 y^′(t) (x − t)^γ dt � � ′′ y(x)dx

+(q(x)y, y) = 1 Γ(1 − γ) 1� 0 yd � � x� 0 y^′(t) (x − t)^{γ0} dt � � ′ + (q(x)y, y)

= 1 Γ(1 − γ) � �y(x) x� 0 y^′(t) (x − t)^γ dt � � � � � � � b

a = 1 Γ(1 − γ) 1� 0 d dx x� 0 y^′(t) (x − t)γ_1 y^′(x)dx + (q(x)y, y)

= − � dγ dx^γ z, z � + (q(x)y, y),

where z = y^′. Since z ∈ A_0^γ [0, 1] (the set of all functions z(x), having absolutely continuous on [0,1] fractional integral of order 1 − γ with the starting point 0 and the ending point x, which vanishs at x = 0), therefore according to Tamarkin’s theorem ([15] p.574) there is a unique function u ∈ L(0, 1) such, that z(x) =^{d−(1−γ)}_{dx−(1−γ)} u. Hence � d^γ dx^γ z, z � = � u, d^{−(1−γ)} dx^{−(1−γ)} u � , and the values of the last form, according to Matsaev-Polant’s theorem, mentioned above lays in the corresponding sector. From this follows the proof of our theorem. Now having a dissipativity, we can prove completeness of the system of the eigenfunctions of problem (7^′) − (8^′) , reverse as above, if there is an operator, inverse to the operator D^{1ρ} u, and equal to

D^{1ρ} u = � � � 1 Γ(1−γ) d^2 dx^2 x� 0 u^′ (t) (x−t)^γ dt, 0 < γ < 1

u(0) = 0; D^{(σ1 )}u � �_{x=0} = 0; u(1) = 0

The operator A^ρ at^1_ρ = 2 + γ is the inverse to the operator D^{1ρ} [3]. And in general, the operator inverse to the operator, generated by the differential expression

lu = 1 Γ(1 − γ) d^{n−1} dx^{n−1} x� 0 u^′(t) (x − t)^γ dt, (γ_0 = 1, γ_1 = γ, γ_2 = 1, ..., γ_n = 1 and natural boundary conditions

u(0) = 0; D^{(σ1 )}u � �_{x=0} = 0, ..., D^{(σn−1)}u � �_{x=0} = 0, u(1) = 0

is equal to A^ρ at^1_ρ = n − 1 + γ. This can be checked directly as in [3] (it is necessary to show, that A^ρD^{1ρ} u = u; and D^{1ρ} A^ρu = u.) And now, just as was done in [3], one can investigate, by means of operators of kind A^{α,β}_γ , the questions of simplicity of the corresponding eigenvalues and marking out the domains where these eigenvalues do not exist(or, equally, the questions of simplicity of zeros of the corresponding functions of Mittag-Leffler’s type and domains in the complex plane where these zeros do not exist).

Finally, the next publication will be devoted to questions of existence of basis, the constructed systems of the eigenfunctions and the proof of the oscillating property of the operator A_ρ^{[ρ,ρ]} of cases 0 < ρ < 1/2. It is absolutely new class of the oscillating operators different from the operators of M.G.Krein [17].

References

[1] Aleroev T.S. About one class of operators associated with differential equations of fractional order. Siberian Mathematical Journal. 2005, Volume 46, number 6, pp.1201-1207.

[2] Gubreev G.M. Izv. Ros. Akad. Nauk. A series of the mathematician vol.69 no.1 pp.17-61, 2005.

[3] Aleroev T.S. The boundary problems for differential equations with fractional derivatives. Dissertation, doctor of physical and mathematical sciences, 2000, Moscow, Moscow State University.

[4] Brodskii M.S. Triangular and Jordan representations of operators M.:

Nauka 1968

[5] Nachushev A.M. The fractional calculating and its application M.: Fizmatlit, 2003, p.272.

[6] Dzhrbashjan M.M., Nersesyan A.V. Izv. AN ArmSSR, series of phys.- math. sciences 1959, vol.12, no. 5.

[7] Dzhrbashjan M.M. Izv. AN ArmSSR, 1970, volume 75, number 2, pp.71- 96. [8] Gachaev A.M. The boundary problems for differential equations of fractional order. Dissertation, Nalchik, Russia. 2005.

[9] Aleroev T.S. The boundary problem for differential operator of fractional order. The reports of Circassian International Academy of Sciences (Doklady Adygskoy (Cherkesskoy) Mezjdunarodnoy Akademii Nauk), 1994. Volume 1, number 1.

[10] Malamud M.M. The reports of National Academy of sciences of Ukraine (Doklady nationalnoi akademii nauk Ukraini). 1998, number 9, pp.39-47.

[11] Malamud M.M. Russian journal of mathematical physics vol.8 no.3 2001

[12] Lidskii V.B., Tr. Mosk. Mat. O-va, 1959, vol.8, pp.84-120.

[13] Matsaev V.I.,Polant Y.A. Ukr. mat. journal. 1962, volume 14, number 3, pp.329-337.

[14] Gohberg I.C., Krein M.G. The theory of Volterra operators in Gilbert space and its applications. M.: 1967.

[15] Dzhrbashjan M.M. Integral Transformations and presentations of functions in complex space. M.: Nauka , 1966, p.677.

[16] T.Cato. The theory of indignation of linear operators. M. 1972.

[17] Gantmaher F.R., Krein M.G. Oscillation matrixes, kernels and small fluctuations of mechanical systems. Gostehizdat m.-l., 1950.

(Received January 31, 2008)