Electronic Journal of Qualitative Theory of Differential Equations 2009, No. 23, 1-17; http://www.math.u-szeged.hu/ejqtde/

Criteria for Disfocality and Disconjugacy for Third Order Differential Equations^∗

S. Panigrahi^† Department of Mathematics and Statistics University of Hyderabad, Hyderabad-500 046, INDIA.

Abstract

In this paper, lower bounds for the spacing (b − a) of the zeros of the solutions and the zeros of the derivative of the solutions of third order differential equations of the form y^{′′′} + q(t)y^′ + p(t)y = 0 (∗)

are derived under the some assumptions on p and q. The concept of disfocality is introduced for third order differential equations (*). This helps to improve the Liapunov-type inequality, when y(t) is a solution of (*) with (i) y(a) = 0 = y^′(b) or y^′(a) = 0 = y(b) with y(t) ≠ 0, t ∈ (a, b) or (ii) y(a) = 0 = y^′(a), y(b) = 0 = y^′(b) with y(t) ≠ 0, t ∈ (a, b).

If y(t) is a solution of (*) with y(t_i) = 0, 1 ≤ i ≤ n, n ≥ 4, (t_1 < t_2 < ... < t_n) and y(t) ≠ 0, t ∈

⋃_{i=n−1} i=1 (t_i, t_{i+1}), then lower bound for spacing (t_n − t_1) is obtained. A new criteria for disconjugacy is obtained for (*) in [a, b]. This papers improves many known bounds in the literature.

2000 Mathematics Subject Classification: 34C 10 Key words and phrases: Liapunov-type inequality, disfocality, disconjugacy, third order differential equations.

∗Research supported by National Board of Higher Mathematics, Department of Atomic Energy, India. †Corresponding author’s Email: spsm@uohyd.ernet.in, panigrahi2008@gmail.com

EJQTDE, 2009 No. 23, p. 1

1 Introduction

In [15], Russian mathematician A. M. Liapunov proved the following remarkable inequality:

If y(t) is a nontrivial solution of

y^{′′} + p(t)y = 0, (1.1)

with y(a) = 0 = y(b)(a < b) and y(t) ≠ 0 for t ∈ (a, b), then 4 b − a < ∫_b a |p(t)|dt, (1.2)

where p ∈ L^1_{loc}. This inequality provides a lower bound of the distance between consecutive zeros of y(t). If p(t) = p > 0, then (1.2) yields

(b − a) > 2/ √ p. In [12], the inequality (1.2) is strengthened to 4 b − a < ∫_b a p_+(t)dt, (1.3)

where p_+(t) = max{p(t), 0}. The inequality (1.3) is the best possible in the sense that if the constant 4 in (1.3) is replaced by any larger constant, then there exists an example of (1.1) for which (1.3) no longer holds (see [12, p.345], [13]). However stronger results were obtained in [2], [13]. In [13] it is shown that ∫_c a p_+(t)dt > 1 c − a and ∫_b c p_+(t)dt > 1 b − c , where c ∈ (a, b) such that y^′(c) = 0. Hence ∫_b a p_+(t)dt > 1 c − a + 1 b − c = (b − a) (c − a)(b − c) > 4 b − a .

In [2], the authors obtained (see Cor. 4.1) 4 b − a < | | | ∫_b a p(t)dt | | | from which (1.2) can be obtained. The inequality finds applications in the study of boundary value problems. It may be used to provide a lower bound on the first positive proper value of the Sturm-Liouville problems

y^{′′}(t) + λq(t)y = 0 y(c) = 0 = y(d) (c < d) and y^{′′}(t) + (λ + q(t))y = 0 y(c) = 0 = y(d) (c < d)

by letting p(t) to denote λq(t) and λ + q(t) respectively in (1.2). The disconjugacy of (1.1) also depends on (1.2). Indeed, equation (1.1) is said to be disconjugate if ∫_b a |p(t)|dt ≤ 4/(b − a).

( Equation (1.1) is said to be disconjugate on [a, b] if no non trivial solution of (1.1) has more than one zero). Thus (1.2) may be regarded as a necessary condition for conjugacy of (1.1). The inequality (1.2) finds lot of applications in areas like eigen value problems, stability,etc. A number of proofs are known and generalizations and improvement have also been given (see [12], [13], [23], [24]). Inequality (1.3) generalized to the condition ∫_b a (t − a)(b − t)p_+(t)dt > (b − a) (1.4)

by Hartman and Wintner [11]. An alternate proof of the inequality (1.4), due to Nehari [17], is given in [12, Theorem 5.1 Ch XI]. For the equation

y^{′′}(t) + q(t)y^′ + p(t)y = 0, (1.5)

where p, q ∈ C([0, ∞), R), Hartman and Wintner [11] established the inequality ∫_b a (t − a)(b − t)p_+(t)dt + max

{ ∫_b a (t − a)|q(t)|,

∫_b a (b − t)|q(t)|dt } > (b − a) (1.6)

which reduces to (1.4) if q(t) = 0. In particular, (1.6) implies the “de la vallee Poussin inequality” (see [12]). In [10], Galbraith has shown that if a and b are successive zeros of (1.1) with p(t) ≥ 0 is a linear function, then

(b − a)

∫_b a p(t)dt ≤ π^2.

This inequality provides an upper bound for two successive zeros of an oscillatory solution of (1.1). Indeed, if p(t) = p > 0, then (b − a) ≤ π/(p)^12 . Fink [8], has obtained both upper and lower bounds of (b − a)

∫_b a p(t)dt, where p(t) ≥ 0 is linear. Indeed, he has shown that 9 8 λ^2_0 ≤ (b − a)

∫_b a p(t)dt ≤ π^2

and these are the best possible bounds, where λ_0 is the first positive zero of J 1_3 and J_n is the Bessele’s function. The constant^9_8 λ^2_0 = 9.478132... and π^2 = 9.869604..., so that it gives a delicate test for the spacing of the zeros for linear p. In [9], Fink has investigated the behaviour of the functional (b − a)

∫_b a p(t)dt, where p is in a certain class of sub or supper functions. Eliason [5], [6] has obtained upper and lower bound of the functional (b−a)

∫_b a p(t)dt, where p(t) is concave or convex. In [16], St Mary and Eliason has considered the same problem for equation (1.5). In [1], Bailey and Waltman applied different techniques to obtained both uppper and lower bounds for the distance between two successive zeros of solution of (1.5). They also considered nonlinear equations. In a recent paper [2], Brown and Hinton used Opial’s inequality to obtain lower bounds for the spacing of the zeros of a solution of (1.1) and lower bounds of the spacing β − α, where y(t) is a solution of (1.1) satisfying y(α) = 0 = y^′(β) and y^′(α) = 0 = y(β)(α < β).

The inequality (1.2) is generalized to second order nonlinear differential equatiton by Eliason [5], to delay differential equations of second order by [6], [7] and Dahiya and Singh [3] and to higher order differential equation by Pachpatte [18]. However, very limited work has been done in this direction for differential equations for third and higher order. In [20],the authors considered the differential equations of the form

y^{′′′} + q(t)y^′ + p(t)y = 0, (1.7)

where p and q are real-valued continuous functions on [0, ∞) such that q is once differentiable and each p(t) and q^′(t) is locally integrable. Let y(t) be a nontrivial solution of (1.7) with y(a) = 0 = y(b),y(t) ≠ 0, t ∈ (a, b). If there exists a d ∈ (a, b) such that y^{′′}(d) = 0, then (see [20, Theorem 2])

(b − a) [∫_b a |q(t)|dt + (b − a)|q(d)| + (b − a)

∫_b a |q^′(t) − p(t)|dt ] > 4. (1.8)

Otherwise we consider y(a) = 0 = y(b) = y(a^′)(a < b < a^′) with y(t) ≠ 0 for t ∈ (a, b) ⋃ (b, a^′). Then (see [20 ; Theorem 3 ])

(a^′ − a)

[∫_{a′} a |q(t)|dt + (a^′ − a)|q(d)| + (a^′ − a)

∫_a′ a |q^′(t) − p(t)|dt ] > 4.

In this paper we have obtained the lower bounds of spacing (b − a),where y(t) is a solution of (1.7) satisfying y(a) = 0 = y^′(b) or y^′(a) = 0 = y(b). The concept of disfocality for the differential equation (1.7) has been introduced, which improves many more bounds in literature. Furthermore, the condition for disconjugacy of equation (1.7) is obtained. However, in this work we obtained a better bound than in (1.8) in some cases. The concept of disfocality for third order equations enables us to obtain this result.

2 Main Results

Liapunov Inequality, Disfocality and Disconjugacy

THEOREM 2.1 Let y(t) be a solution of (1.7)with y(a) = 0 = y^′(b), 0 ≤ a < b and y(t) ≠ 0, t ∈ (a, b], where b is such that |y(b)| = max{|y(t)| : t ∈ [a, b]}. If y^{′′}(d) = 0 for some d ∈ (a, b), then

(b − a) [∫_b a |q(t)|dt + (b − a)|q(d)| + (b − a) (∫_b a |q^′(t) − p(t)|dt )] > 1.

Proof. Let M = max_{t∈[a,b]}|y(t)| = |y(b)|. Then

M = |y(b)| = | | | ∫_b a y^′(t)dt | | | ≤ ∫_b a |y^′(t)|dt. (2.1)

Squaring both the sides of (2.1), applying Cauchy-Schwarz inequality and integrating by parts, we obtain

M^2 ≤ (b − a)

∫_b a (y^′(t))^2dt

= −(b − a)

∫_b a y^{′′}(t)y(t)dt

≤ (b − a)

∫_b a |y^{′′}(t)||y(t)|dt.

Integrating (1.7) from d to t (a ≤ d < t or t < d ≤ b) we get

y^{′′}(t) = −q(t)y(t) + q(d)y(d) +

∫_t d (q^′(s) − p(s))y(s)ds,

that is,

|y^{′′}(t)| ≤ M[|q(t)| + |q(d)| +

∫_t d |q^′(s) − p(s)|ds]

= M[|q(t)| + |q(d)| +

∫_b a |q^′(s) − p(s)|ds].

Hence

M^2 ≤ (b − a)

∫_b a M [ |q(t)|dt + |q(d)| +

∫_b a |q^′(s) − p(s)|ds ] |y(t)|dt

< M^2(b − a) [∫_b a |q(t)|dt + (b − a)|q(d)| + (b − a)

∫_b a |q^′(s) − p(s)|ds ] , from which the required inequality follows. Hence the proof of the theorem is complete.

THEOREM 2.2 Let y(t) be a solution of (1.7) with y^′(a) = 0 = y(b), 0 ≤ a < b and y(t) ≠ 0, t ∈ [a, b), where a is such that |y(a)| = max{|y(t)| : t ∈ [a, b]}. If y^{′′}(d) = 0 for some d ∈ (a, b), then

(b − a) [∫_b a |q(t)|dt + (b − a)|q(d)| + (b − a) (∫_b a |q^′(t) − p(t)|dt )] > 1 . The proof is similar to that of Theorem 2.1 and hence is omitted.

DEFINITION 2.3 Equation (1.7) is said to be right(left) disfocal in [a, b] (a < b) if the solutions of (1.7) with y^′(a) = 0, y(a) ≠ 0 (y^′(b) = 0, y(b) ≠ 0) do not have two zeros (counting multiplicities) in (a, b] ([a, b)). Equation (1.7) is disconjugate in [a, b] if no nontrivial solution of (1.7) has more than two zeros(counting multiplicities). By a solution of (1.7), we understand a non-trivial solution of (1.7).

THEOREM 2.4 If equation (1.7) is disconjugate in [a, b], then it is right disfocal in [c, b] or left disfocal in [a, c] for every c ∈ (a, b). If equation (1.7) is left disfocal in [a, c] and right disfocal in [c, b] for every c ∈ (a, b), then it is disconjugate on [a, b].

Proof. Let equation(1.7) be disconjugate in [a, b]. Let y(t) be a solution of (1.7) with y^′(c) = 0 and y(c) ≠ 0 where c ∈ (a, b). Then y(t) has atmost two zeros in [c, b] or two zeros in [a, c] (counting multiplicities). Hence (1.7) is left disfocal in [a, c] or right disfocal in [c, b].

Suppose that (1.7) is left disfocal in [a, c] and right disfocal in [c, b] for every c in (a, b). We claim that (1.7) is disconjugate in [a, b]. If not, then (1.7) admits a solution y(t) which has at least three zeros (counting multiplicities) in [a, b]. Let these three zeros be simple and a ≤ t_1 < t_2 < t_3 ≤ b with y(t_i) = 0, 1 ≤ i ≤ 3. Then there exist c_1 ∈ (t_1, t_2) and c_2 ∈ (t_2, t_3) such that y^′(c_1) = 0 = y^′(c_2). Hence (1.7) is not right disfocal in [c_1, b] and not left disfocal in [a, c_2]. Thus we obtain a contradiction. Suppose y(t) has a double zero at t_1 and a simple zero at t_2 or a simple zero at t_1and a double zero at t_2, where a ≤ t_1 < t_2 ≤ b. Let c ∈ (t_1, t_2) such that y^′(c) = 0. In the former case (1.7) is not left disfocal in [a, c] and in the latter case (1.7) is not right disfocal in [c, b]. Thus we obtain a contradiction again. Hence the proof of the theorem is complete.

THEOREM 2.5 If ∫_b a |q(t)|dt + 1 2 ||q||(b − a) + 1 2 (b − a)

∫_b a |p(t) − q^′(t)|dt ≤ 1/(b − a) ,

then equation (1.7) is right disfocal in [a, b], where ||q|| = max{|q(t)| : a ≤ t ≤ b}.

Proof. Suppose that equation (1.7) is not right disfocal in [a,b]. Then (1.7) has a solution y(t) with y^′(a) = 0, y(a) ≠ 0 and y(t) has two zeros (counting multiplicities) in (a,b]. If a < t_1 ≤ b with y(t_1) = 0 = y^′(t_1) and y(t) ≠ 0, t ∈ [a, t_1), then there exists a d ∈ (a, t_1) such that y^{′′}(d) = 0. Integrating (1.7) from d to t, where a < t ≤ t_1, we have

y^{′′}(t) +

∫_t d q(s)y^′(s)ds +

∫_t d p(s)y(s)ds = 0.

Further integration from a to t (a < t ≤ t_1) yields

y^′(t) +

∫_t a ( ∫_u d q(s)y^′(s)ds ) du +

∫_t a ( ∫_u d p(s)y(s)ds ) du = 0.

that is,

y^′(t) +

∫_t a q(u)y(u)du − q(d)y(d)(t − a) +

∫_t a (∫_u d (p(s) − q^′(s))y(s)ds ) dt = 0.

Integrating from a to t_1, we obtain

y(a) =

∫_{t1} a ( ∫_t a q(u)y(u)du ) dt −

∫_{t1} a q(d)y(d)(t − a)dt + ∫_{t1} a ( ∫_t a ( ∫_u d (p(s) − q^′(s))y(s)ds ) du ) dt. Hence

|y(a)| < |y(a)| [ (t_1 − a)

∫_{t1} a |q(u)|du + 1 2 (t_1 − a)^2||q|| + ∫_{t1} a (∫_t a | ∫_u d |p(s) − q^′(s)|ds|du ) dt ] . Since |y(a)| ≠ 0, then

1 < (b − a)

∫_b a |q(u)|du + 1 2 (b − a)^2||q|| +

∫_b a (∫_t a | ∫_u d |p(s) − q^′(s)|ds|du ) dt (2.2)

Since , | ∫_u d |p(s) − q^′(s)|ds| ≤

∫_b a |p(s) − q^′(s)|ds. for d, u ∈ [a, b]

then (2.2) yields

∫_b a |q(t)|dt + 1 2 (b − a)||q|| + 1 2 (b − a)

∫_b a |p(s) − q^′(s)|ds > 1/(b − a), (2.3)

a contradiction to the given hypothesis. If there exists a T ∈ (a, t_1) such that y^′(T ) = 0 and y(T ) ≠ 0, then we work over the interval [T, b] to obtain

∫_b T |q(t)|dt + 1 2 ||q||(b − T ) + 1 2 (b − T )

∫_b T |p(s) − q^′(s)|ds > 1/(b − T ).

However, this inequality yields (2.3). If a < t_1 < t_2 ≤ b with y(t_1) = 0 = y(t_2) and y(t) ≠ 0 for t ∈ [a, t_1) ⋃ (t_1, t_2), then there exists a c ∈ (t_1, t_2) such that y^′(c) = 0. Hence there exists a d ∈ (a, c) such that y^{′′}(d) = 0. Let |y(a)| ≥ |y(c)|. Integrating (1.7) from d to t, where a < t < t_2, we have

y^{′′} (t) +

∫_t d q(s)y^′(s)ds +

∫_t d p(s)y(s)ds = 0 , t ∈ [a, t_2] .

Further integration from a to t (a < t ≤ t_2) yields

y^′(t) +

∫_t a (∫_u d q(s)y^′(s)ds ) du +

∫_t a (∫_u d p(s)y(s)ds ) du = 0,

that is,

y^′(t) +

∫_t a q(u)y(u)du − q(d)y(d)(t − a) +

∫_t a (∫_u d (p(s) − q^′(s))y(s)ds ) du = 0.

Integrating from a to t_2, we obtain

y(a) =

∫_{t2} a (∫_t a q(u)y(u)du ) dt −

∫_{t2} a q(d)y(d)(t − a)dt + ∫_{t2} a (∫_t a (∫_u d (p(s) − q^′(s))y(s)ds ) du ) dt = 0.

Hence

|y(a)| < |y(a)| [ (t_2 − a)

∫_{t2} a |q(u)|du + 1 2 (t_2 − a)^2||q|| + ∫_{t2} a (∫_t a | ∫_u d |p(s) − q^′(s)|ds|du ) dt.

Since |y(a)| ≠ 0, then

1 < (b − a)

∫_b a |q(u)|du + 1 2 (b − a)^2||q|| +

∫_b a ∫_t a | ∫_u d |p(s) − q^′(s)|ds|du dt. (2.4)

that is,

∫_b a |q(u)|du + 1 2 (b − a)||q|| + 1 2 (b − a)

∫_b a |p(s) − q^′(s)|ds > 1/(b − a).

Let |y(a)| < |y(c)|. Integrating (1.7) from d to t we obtain

y^{′′}(t) +

∫_t d q(s)y^′(s)ds +

∫_t d p(s)y(s)ds = 0 , t ∈ (a, t_2] ,

that is,

y^{′′}(t) + q(t)y(t) − q(d)y(d) +

∫_t d (p(s) − q^′(s))y(s)ds = 0. .

Then integrating from c to t we have

y^′(t) +

∫_t c q(u)y(u)du − q(d)y(d)(t − c) +

∫_t c (∫_u d (p(s) − q^′(s))y(s)ds ) du = 0 , t ∈ (a, t_2] . (2.5) If t ∈ (c, t_2], then further integration of the above identity from c to t_2 yields

y(c) =

∫_{t2} c (∫_t c q(u)y(u)du ) dt −

∫_{t2} c q(d)y(d)(t − c)dt + ∫_{t2} c (∫_t c (∫_u d (p(s) − q^′(s))y(s)ds ) du ) dt. Hence

|y(c)| < |y(c)| [ (t_2 − c)

∫_{t2} c |q(s)|ds + 1 2 (t_2 − c)^2||q|| +

∫_{t2} c ∫_t c | ∫_u d |p(s) − q^′(s)|ds|du dt ] . As y(c) ≠ 0, then

1 < (b − a)

∫_b a |q(s)|ds + 1 2 (b − a)^2||q|| + 1 2 (b − a)^2

∫_b a |p(s) − q^′(s)|ds ,

whether u > d or u < d. If t ∈ (a, c], then integrating (2.5) from a to c yields

y(c) − y(a) +

∫_c a (∫_t c q(u)y(u)du ) dt −

∫_c a q(d)y(d)(t − c)dt + ∫_c a (∫_t c (∫_u d (p(s) − q^′(s))y(s)ds ) du ) dt = 0 .

Hence

|y(c) − y(a)| < |y(c)| [ (c − a)

∫_b c |q(u)|du + 1 2 ||q||(c − a)^2 + ∫_c a | ∫_t c | ∫_u d |p(s) − q^′(s)|ds|du|dt ] . that is, | | | |1 − y(a) y(c) | | | | < (b − a)

∫_b a |q(t)|dt + 1 2 (b − a)^2||q|| + 1 2 (b − a)^2

∫_b a |p(t) − q^′(t)|dt ,

whether u > d or u < d. Since y(a)y(c) < 0, then

1 < 1 − y(a) y(c)

< (b − a)

∫_b a |q(t)|dt + 1 2 (b − a)^2||q|| + 1 2 (b − a)^2

∫_b a |p(t) − q^′(t)|dt.

Hence in either case (2.3) holds. If there exists a T ∈ (a, t_1) such that y^′(T ) = 0 and y(T ) ≠ 0, then we work over the interval [T, b] to obtain

∫_b T |q(t)|dt + 1 2 (b − T )||q|| + 1 2 (b − T )

∫_b T |p(t) − q^′(t)|dt > 1/(b − T )

which yields (2.3). As (2.3) contradicts the given hypothesis, then the theorem is proved.

THEOREM 2.6 If

∫_b a |q(t)|dt + 1 2 ||q||(b − a) + 1 2 (b − a)

∫_b a |p(t) − q^′(t)|dt ≤ 1/(b − a) ,

then equation (1.7) is left disfocal in [a, b].

The proof is similar to that of Theorem (2.5) and hence is omitted.

THEOREM 2.7 If equation (1.7) is not right disfocal in [c,b] and not left disfocal in [a,c], where c ∈ (a, b), then

∫_b a |q(s)|ds + 1 2 ||q||(b − a) + 1 2 (b − a)

∫_b a |p(s) − q^′(s)|ds > 4/(b − a), (2.6)

Proof. Since (1.7) is not right disfocal in [c,b] and not left disfocal in [a,c], where c ∈ (a, b), then from Theorems 2.5 and 2.6 we obtain

∫_b c |q(t)|dt + 1 2 (b − c)||q|| + 1 2 (b − c)

∫_b c |p(t) − q^′(t)|dt > 1/(b − c), (2.7) and ∫_c a |q(t)|dt + 1 2 (c − a)||q|| + 1 2 (c − a)

∫_c a |p(t) − q^′(t)|dt > 1/(c − a). (2.8)

Hence ∫_b a |q(t)|dt + 1 2 (b − a)||q|| + 1 2 (c − a)

∫_c a |p(t) − q^′(t)|dt + 1 2 (b − c)

∫_b c |p(t) − q^′(t)|dt > (b − a) (c − a)(b − c)

The function f(c) = (c − a)(b − c) attains maximum at c = (a + b)/2 and f((a + b)/2) = (b − a)^2/4. Hence the required inequality follows. Thus the proof of the theorem is complete.

COROLLARY 2.8 If y(t) is a solution of (1.7) with y(a) = 0 = y^′(a), y(b) = 0 = y^′(b) and y(t) ≠ 0, t ∈ (a, b), then

∫_b a |q(t)|dt + 1 2 (b − a)||q|| + 1 2 (b − a)

∫_b a |p(t) − q^′(t)|dt > 4/(b − a) .

Proof. There exists a c ∈ (a, b) such that y^′(c) = 0. Hence equation (1.7) is not right disfocal on [c,b] and not left disfocal on [a,c]. Then the result follows from Theorem 2.7.

REMARK 2.9 Corollary 2.8 is an improvement of the inequality

∫_b a |q(t)|dt + (b − a)||q|| + (b − a)

∫_b a |p(t) − q^′(t)|dt > 4/(b − a),

if y(t) is a solution of (1.7) with y(a) = 0 = y^′(a) and y(b) = 0 = y^′(b)(a < b) and y(t) ≠ 0for t ∈ (a, b) . However, if y(t) is a solution of (1.7) with y(a) = 0, y(b) = 0 = y^′(b) and y(t) ≠ 0, t ∈ (a, b) or y(a) = 0 = y^′(a), y(b) = 0 and y(t) ≠ 0, t ∈ (a, b). Then ( see [20; Theorem 1] ) can be applied but Theorem 2.7 cannot be applied because (1.7) is left disfocal in [a,c] in the former case and right disfocal in latter case, where c ∈ (a, b) with y^′(c) = 0.

REMARK 2.10 Suppose that y(t) is a solution of (1.7) with y(a) = 0 = y(b) = y(a^′) (a < b < a^′) and y(t) ≠ 0 for t ∈ (a, b) ⋃ (b, a^′). Then there exist a c_1 ∈ (a, b) and c_2 ∈ (b, a^′) such that y^′(c_1) = 0 = y^′(c_2). Theorem 2 (see [20],) can be applied to this situation but Theorem 2.7 cannot be applied because (1.7) is left disfocal on [a, c_1] and right disfocal on [c_2, b]. However, the following result holds :

COROLLARY 2.11 If y(t) is a solution of (1.7) with y(t_i) = 0, 1 ≤ i ≤ 4 (t_1 < t_2 < t_3 < t_4) and y(t) ≠ 0, t ∈^{3⋃}_{i=1} (t_i, t_{i+1}), then

∫_{t4}

t_1

|q(t)|dt + 1 2 (t_4 − t_1)||q|| + 1 2 (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 4/(t_4 − t_1),

if t_2 < (t_1 + t_4)/2 < t_3; otherwise, ∫_{t4}

t_1

|q(t)|dt + (t_4 − t_1)||q|| + (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 2 [ 1 (t_3 − t_1) + 1 (t_4 − t_2) ] . If t_1 = t_2 is a double zero or t_3 = t_4 is a double zero, then

∫_{t4}

t_1

|q(t)|dt + 1 2 (t_4 − t_1)||q|| + 1 2 (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 1 (t_4 − t_1) + 1 (t_3 − t_1) or ∫_{t4}

t_1

|q(t)|dt + 1 2 (t_4 − t_1)||q|| + 1 2 (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 1 (t_4 − t_1) + 1 (t_4 − t_2) .

Proof.There exists a c ∈ [t_2, t_3] such that y^′(c) = 0. Hence equation (1.7) is not left disfocal in [t_1, c] and not right disfocal in [c, t_4]. From Theorems 2.5 and 2.6 it follows that ∫_c

t_1

|q(t)|dt + 1 2 (c − t_1)||q|| + 1 2 (c − t_1)

∫_c

t_1

|p(t) − q^′(t)|dt > 1/(c − t_1), and ∫_{t4} c |q(t)|dt + 1 2 (t_4 − c)||q|| + 1 2 (t_4 − c)

∫_{t4} c |p(t) − q^′(t)|dt > 1/(t_4 − c).

Hence

∫_{t4}

t_1

|q(t)|dt + 1 2 (t_4 − t_1)||q|| + 1 2 (c − t_1)

∫_c

t_1

|p(t) − q^′(t)|dt + 1 2 (t_4 − c)

∫_{t4} c |p(t) − q^′(t)|dt > (t_4 − t_1)/(c − t_1)(t_4 − c) .

The function f(c) = (c − t_1)(t_4 − c) attains maximum at c = (t_1 + t_4)/2 and f((t_1 + t_4)/2) = (t_4 − t_1)^2/4. Hence

∫_{t4}

t_1

|q(t)|dt + 1 2 (t_4 − t_1)||q|| + 1 2 (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 4/(t_4 − t_1) .

Since t_2 < c < t_3 and c = (t_1 + t_4)/2, then t_2 < (t_1 + t_4)/2 < t_3. If we consider three consecutive zeros t_1, t_2 and t_3, then from (see[19 ; Theorem 2]) we obtain ∫_{t3}

t_1

|q(t)|dt + (t_3 − t_1)||q|| + (t_3 − t_1)

∫_{t3}

t_1

|p(t) − q^′(t)|dt > 4/(t_3 − t_1).

Hence

∫_{t4}

t_1

|q(t)|dt + (t_4 − t_1)||q|| + (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 4/(t_3 − t_1).

Similarly, if we consider three consecutive zeros t_2, t_3 and t_4, then from (see [19 ; Theorem 2] )it follows that

∫_{t4}

t_2

|q(t)|dt + (t_4 − t_2)||q|| + (t_4 − t_2)

∫_{t4}

t_2

|p(t) − q^′(t)|dt > 4/(t_4 − t_2).

Hence

∫_{t4}

t_1

|q(t)|dt + (t_4 − t_1)||q|| + (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 4/(t_4 − t_2).

Thus ∫_{t4}

t_1

|q(t)|dt + (t_4 − t_1)||q|| + (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > 2 [ 1 (t_3 − t_1) + 1 (t_4 − t_2) ] . Let t_1 = t_2 be a double zero. There exists a c ∈ (t_1, t_3) such that y^′(c) = 0. Since equation (1.7) is not right disfocal on [c, t_4], then from Theorem 2.5 it follows that ∫_{t4} c |q(t)|dt + 1 2 (t_4 − c)|q(d)| + 1 2 (t_4 − c)

∫_{t4} c |p(t) − q^′(t)|dt > 1/(t_4 − c).

Hence

∫_{t4} c |q(t)|dt + 1 2 (t_4 − c)||q|| + 1 2 (t_4 − c)

∫_{t4} c |p(t) − q^′(t)|dt > 1/(t_4 − t_1) .

As equation (1.7) is not left disfocal on [t_1, c], then from Theorem 2.6 it follows that ∫_c

t_1

|q(t)|dt + 1 2 (c − t_1)||q|| + 1 2 (c − t_1)

∫_c

t_1

|p(t) − q^′(t)|dt > 1/(c − t_1).

Hence

∫_c

t_1

|q(t)|dt + 1 2 (c − t_1)||q|| + 1 2 (c − t_1)

∫_c

t_1

|p(t) − q^′(t)|dt > 1/(t_3 − t_1).

Thus ∫_{t4}

t_1

|q(t)|dt + 1 2 (t_4 − t_1)||q|| + 1 2 (t_4 − t_1)

∫_{t4}

t_1

|p(t) − q^′(t)|dt > [ 1 (t_4 − t_1) + 1 (t_3 − t_1) ] . Similarly, if t_3 = t_4 is a double zero, then we have the other inequality.

REMARK 2.12 Corollary 2.11 cannot be obtained from Theorems 1 and 2 in [19].

REMARK 2.13 If, in general, y(t) is a solution of (1.7) with y(t_i) = 0, 1 ≤ i ≤ n, n ≥ 4, (t_1 < t_2 < .... < t_n) and y(t) ≠ 0, t ∈^{n⋃}_{i=1} (t_i, t_{i+1}), then

∫_{tn}

t_1

|q(t)|dt + 1 2 (t_n − t_1)||q|| + 1 2 (t_n − t_1)

∫_{tn}

t_1

|p(t) − q^′(t)|dt > 4/(t_n − t_1),

if t_{i−1} < (t_n + t_1)/2 < t_i, 3 ≤ i ≤ n − 1; otherwise, ∫_{tn}

t_1

|q(t)|dt + (t_n − t_1)||q|| + (t_n − t_1)

∫_{tn}

t_1

|p(t) − q^′(t)|dt > 2 [ 1 (t_i − t_1) + 1 (t_n − t_{i−1}) ] , 3 ≤ i ≤ n − 1.

This can be proved as in Corollary 2.11 by taking c ∈ (t_{i−1}, t_i) such that y^′(c) = 0.

THEOREM 2.14 If, for every c ∈ (a, b)

∫_c a |q(t)|dt + 1 2 (c − a)||q|| + 1 2 (c − a)

∫_c a |p(t) − q^′(t)|dt < 1/(c − a) and ∫_b c |q(t)|dt + 1 2 (b − c)||q|| + 1 2 (b − c)

∫_b c |p(t) − q^′(t)|dt < 1/(b − c),

then (1.7) is disconjugate in [a, b].

Proof. If possible, let y(t) be a solution of (1.7) having three zeros (counting multiplicities) in [a, b]. Let a ≤ t_1 < t_2 < t_3 ≤ b, y(t_i) = 0, 1 ≤ i ≤ 3 and y(t) ≠ 0 for t ∈ [a, b], t ≠ t_i, 1 ≤ i ≤ 3. Then there exists a c_1 ∈ (t_1, t_2) such that y^′(c_1) = 0. Hence (1.7) is not right disfocal on [c_1, t_3]. Thus

∫_{t3}

c_1

|q(t)|dt + 1 2 (t_3 − c_1)||q|| + 1 2 (t_3 − c_1)

∫_{t3}

c_1

|p(t) − q^′(t)|dt > 1/(t_3 − c_1).

Consequently,

∫_b

c_1

|q(t)|dt + 1 2 (b − c_1)||q|| + 1 2 (b − c_1)

∫_b

c_1

|p(t) − q^′(t)|dt > 1/(b − c_1)

a contradiction. A similar contradiction is obtained if we take c_2 ∈ (t_2, t_3) such that y^′(c_2) = 0. Suppose y(t_1) = 0 = y^′(t_1) and y(t_2) = 0, where a ≤ t_1 < t_2 ≤ b. Then there exists a c_3 ∈ (t_1, t_2) such that y^′(c_3) = 0. Since (1.7) is not disfocal on [t_1, c_3], then ∫_{c3}

t_1

|q(t)|dt + 1 2 (c_3 − t_1)||q|| + 1 2 (c_3 − t_1)

∫_{c3}

t_1

|p(t) − q^′(t)|dt > 1/(c_3 − t_1).

Hence

∫_{c3} a |q(t)|dt + 1 2 (c_3 − a)||q|| + 1 2 (c_3 − a)

∫_{c3} a |p(t) − q^′(t)|dt > 1/(c_3 − a),

a contradiction. A similar contradiction is obtained if y(t_1) = 0, y(t_2) = 0 = y^′(t_2). This completes the proof of the Theorem.

Acknowledgements

The author would like to thank the anonymous referee for his/her valuable suggestions.

References

[1] P. Baily and P. Waltman, On the distance between consecutive zeros for second order differential equations, J. Math. Anal. Appl. 14 (1996), 23 - 30.

[2] R. C. Brown and D. B. Hinton, Opial’s inequality and oscillation of 2nd order equations, Proc. Amer. Math. Soc. 125 (1997), 1123 -1129.

[3] R. S. Dahiya and B. Singh, A Liapunov inequality and nonoscillation theorem for a second order nonlinear differential-difference equation, J. Math. Phys. Sci. 7 (1973), 163 - 170.

[4] S. B. Eliason, The integral T

∫_{T /2}

−T /2 p(t)dt and the boundary value problem x

′′(t)+p(t)x = 0, x(^{−T}_2 ) = x(^T_2 ) = 0, J. Diff. Equations. 4 (1968), 646 - 660.

[5] S. B. Eliason, A Liapunov inequality for a certain second order nonlinear differential equation, J. London Math. Soc. 2 (1970), 461 - 466.

[6] S. B. Eliason, Liapunov-type inequality for certain second order functional differential equations, SIAM J. Appl. Math. 27 (1974), 180 - 199.

[7] S. B. Eliason, Distance between zeros of certain differential equations having delayed arguments, Ann. Mat. Pura Appl. 106 (1975), 273 - 291.

[8] A. M. Fink, On the zeros of y^{′′}(t) + p(t)y = 0 with linear covex and concave p, J. Math.

Pures et Appl. 46 (1967), 1 - 10.

[9] A. M. Fink, Comparison theorem for

∫_b a p with p an admissible sub or super function, J. Diff. Eqs. 5 (1969), 49 - 54.

[10] A. Galbraith, On the zeros of solutions of ordinary differential equations of the second order, Proc. Amer. Math. Soc. 17 (1966), 333 - 337.

[11] P. Hartman and A. Wintner, On an oscillation criterion of de la valee Poussion , Quart.

Appl. Math. 13 (1955), 330 - 332. MR 17 - 484

[12] P. Hartman, “ Ordinary Differential Equations”, Wiley, New York, 1964 an Birkhauser, Boston, 1982. MR 30, ♯ 1270.

[13] M. K. Kwong, On Liapunov’s inequality for disfocality, J. Math. Anal. Appl. 83(1981), 486-494.

[14] A. Levin, A comparision principle for second order differential equations, Dokl. Akad.

NauuSSSR 135 (1960), 783 - 786 (Russian)( Translation, Sov. Math. Dokl. 1 (1961), 1313 - 1316.

[15] A. M. Liapunov, ”Probleme general de la stabilitie du mouvement”, Ann. of Math. Stud.

Vol. 17, Princeton Univ. Press, Princeton, NJ, 1949.

[16] D. F. St. Mary and S. B. Eliason, Upper bounds T

∫_{T /2}

−T /2 p(t)dt and the differential

equation x^{′′}(t) + p(t)x = 0, J. diff. Eqs 6 (1969), 154 - 160.

[17] Z. Nihari, On the zeros of solutions of second order linear differential equations, Amer.

J. Math. 76 (1954), 689 - 697. MR 16 - 131.

[18] B. G. Pachpatte, On Liapunov-type inequalities for certain higher order differential equations, J. Math. Anal. Appl. 195 (1995), 527 - 536.

[19] N. Parhi and S. Panigrahi, On Liapunov-type inequality for third order differential equations, J. Math. Anal. Appl. 233 (1999), 445 - 460.

[20] N. Parhi and S. Panigrahi, On distance between zeros of solutions of third order differential equations, Annal. Polon. Math. 27 (2001), 21 - 38.

[21] W.T. Patula, On the distance between zeros, Proc. Amer. Math. Soc. 52 (1975), 247-251. [22] W. T. Reid, “Sturmian Theory for Ordinary Differential Equations, Springer - Verlag, New York, 1980.

[23] D. Willet, Generalized de la vallee Poussin disconjugacy test for linear differential equations, Canad. Math. Bull. 14 (1971), 419 - 428.

[24] P. K. Wong, Lecture Notes, Michigan State University.

(Received November 1, 2008)