Electronic Journal of Qualitative Theory of Differential Equations 2009, No. 12, 1-10; http://www.math.u-szeged.hu/ejqtde/

DISCRETIZATION METHODS FOR NONCONVEX DIFFERENTIAL INCLUSIONS

MUSTAPHA YAROU LABORATOIRE DE MATHÉMATIQUES PURES ET APPLIQUÉES JIJEL UNIVERSITY, ALGERIA.

Abstract. We prove the existence of solutions for the differential inclusion ẋ(t) ∈ F (t, x(t)) + f(t, x(t)) for a multifunction F upper semicontinuous with compact values contained in the generalized Clarke gradient of a regular locally Lipschitz function and f a Carathéodory function.

1. Introduction

In the present paper we consider the Cauchy problem for first order differential inclusion of the form

ẋ(t) ∈ F (x(t)) + f(t, x(t)), x(0) = x_0 (1.1)

where F is a given set-valued map with nonconvex values and f is a Carathéodory function. The nonconvexity of the values of F do not permit the use of classical technique of convex analysis to obtain the existence of solution to this problem (see for instance [2]). One way to overcome this fact is to suppose F upper semicontinuous cyclically monotone, ie. the values of F are contained in the subdifferential of a proper convex lower semicontinuous function. The first result is due to [6] when f ≡ 0 and [1] for the problem (1.1) in the finite dimensional setting. As an extension of this results, [12], [11] have proved the existence of viable solutions under additive assumptions. An other extension of [6] is obtained by [3] and [4] in the finite and infinite dimensional setting, under the assumption that F (x) is contained in the subdifferential of a locally Lipschitz and regular function. A different class of function has been used in [5] to solve the same problem, namely the authors take F (x) in the proximal subdifferential of a locally Lipschitz uniformly regular function and prove that any convex lower semicontinuous function is uniformly regular. The present paper is a continuation of the above results. In Section 2 we recall some preliminary facts needed in the sequel and summarize some notions of regularity of functions; then we prove that, for locally Lipschitz functions, the class of convex functions, the class of lower-C^2 functions and the class of uniformly regular functions are strictly contained within the class of regular functions. in Section 3 we present an existence result to problem (1.1) in R^n which extend theorem (3.1) in [3]. A second result is obtained in the infinite dimensional Hilbert space by replacing the additional assumptions in [3] and [4] by weaker and more natural condition.

2000 Mathematics Subject Classification. 34A60, 49J52.

Key words and phrases. nonconvex differential inclusions, subdiferential, locally Lipschitz regular functions, Carathéodory perturbation.

EJQTDE, 2009 No. 12, p. 1

2. Preliminaries and fundamental results Let E be a separable Banach space, E^′ his topological dual. We denote by B(x, r) the open ball centered at x with radius r > 0, B(x, r) it’closure. For any function V : E → R locally Lipschitz at x ∈ E the generalized (Clarke) gradient of V at x, is given by ∂^cV (x) := {ξ ∈ E^′ : V^0(x, v) ≥ ⟨ξ, v⟩ ∀v ∈ E} (2.1) where V^0(x, v) = limSup_{y→x,h↓0}

V (y + hv) − V (y) h (2.2)

is the generalized directional derivative of V at x. Let us recall (see [8]) that ∂V is a monotone and upper semicontinuous multifunction with nonempty convex weakly compact values in E^′ and for any v ∈ E one has V^0(x, v) = max{⟨ξ, v⟩; ξ ∈ ∂^C V (x)} (2.3)

Definition 2.1. Let V be locally Lipschitz at x ∈ E, V is said to be regular at x provided that for all v ∈ E, the usual directional derivative V^′(x, v) exists and is equal to V^0(x, v).

It’s well known that any locally Lipschitz convex function is regular ([8], proposition 2.3.6).

We say that a multifunction F : E → 2^E is upper semicontinuous (u.s.c) at x_0 if for any open subset U of E containing F (x_0), the set {y ∈ E : F (y) ⊂ U} is a neighborhood of x_0; F is usc if F is u.s.c at each point. In the case of compact values multifunctions, this definition is equivalent to the one given in [l]: for every x ∈ E and for every ε > 0 there exists δ > 0 such that F (y) ⊂ F (x) + B(0, ε) ∀y ∈ B(x, δ) (2.4) For more details on multifunctions and differential inclusions, we refer to [2],[7] and [9].

For a function with bounded variation f : I → E, we denote by Df the differential measure of f defined on the Borel tribe of I : ∀[a, b] ⊂ I, Df([a, b]) = f^+(b) − f^−(a) f^+(t) (resp. f^−(t)) is the right (resp. left) derivative of f at t witch exists for all t ∈ [0, T [ (resp. ]0, T ].) Let μ a positive Radon measure on R and L^1_E (I, μ) the Banach space of μ−integrable functions from I to E.

The following proposition is crucial for the main result and proved by [3]

Proposition 2.2. Let Ω an open convex set in E, V : Ω → R regular and Lipschitz on any bounded set of Ω, x : I → Ω a function with bounded variation, such that Dx has a density^{Dx}_{dμ} ∈ L^1_E (I, μ). Then, the function V ∘ x has bounded variation on I, D(V ∘ x) is absolutely continuous and μ−almost everywhere:

⟨∂V (x(t)), Dx dμ (t)⟩ := {⟨x^′, Dx dμ (t)⟩ : x^′ ∈ ∂V (x(t))} = {

D(V ∘ x) dμ (t)} (2.5)

EJQTDE, 2009 No. 12, p. 2

In [5] and [10], a concept of uniformly regular functions is defined; they show that, for locally Lipschitz functions, the class of convex functions and the class of lower-C^2 functions are strictly contained within the class of uniformly regular functions. Let recall this concept

Definition 2.3. ([5]) Let V : E → R ∪ {+∞} be a lower semicontinuous function and let Ω ⊂ domV be a nonempty open subset. We will say that V is uniformly regular over Ω if there exists a positive number β ≥ 0 such that for all x ∈ Ω and for all ξ ∈ ∂^P V (x) one has ⟨ξ, x^′ − x⟩ ≤ V (x^′) − V (x) + β‖x^′ − x‖^2 for all x^′ ∈ Ω.

We will say that V is uniformly regular over a closed set S if there exists an open set O containing S such that V is uniformly regular over O.

Here ∂^P V (x) denotes the proximal subdifferential of V at x defined by

∂^pV (x) = � ξ ∈ E^′, ∃δ, σ > 0 : ∀x^′ ∈ x + δB ⟨ξ, x^′ − x⟩ ≤ σ ‖x^′ − x‖^2 + V (x^′) − V (x) . �

One has always ∂^pV (x) ⊂ ∂^cV (x) and if V is uniformly regular then ∂^pV (x) is closed and ∂^pV (x) = ∂^cV (x).

Now, we state that, the class of regular functions is, for locally Lipschitz functions, larger than the class of uniformly regular functions and consequently the class of convex functions and the class of lower-C^2 functions.

Proposition 2.4. Let V locally Lipschitz, if V is uniformly regular then V is regular

Proof. Suppose that V is uniformly regular, evidently one has V^0(x, v) ≥ V^′(x, v). To show that V is regular, one has to prove V^0(x, v) ≤ V^′(x, v). By definition of uniform regularity, for a nonempty open subset S of E, there exists β > 0 such that for all x ∈ S, and for all ξ ∈ ∂^pV (x) one has ⟨ξ, x^′ − x⟩ ≤ V (x^′) − V (x) + β‖x^′ − x‖^2 for all x^′ ∈ S Choose a sufficiently small h > 0 such that x^′ = x + hv ∈ S, then ⟨ξ, hv⟩ ≤ V (x + hv) − V (x) + βh^2‖v‖^2 By (2.3) there exists ξ_v ∈ ∂^cV (x) such that V^0(x, v) = ⟨ξ_v , v⟩. Since ∂^pV (x) = ∂^cV (x) , ξ_v ∈ ∂^pV (x) and then ⟨ξ_v , hv⟩ ≤ V (x + hv) − V (x) + βh^2‖v‖^2

⟨ξ_v , v⟩ ≤ 1 h [V (x + hv) − V (x)] + βh‖v‖^2

V^0(x, v) ≤ lim_{h↓0}{ 1 h [V (x + hv) − V (x)] + βh‖v‖^2}

≤ V^′(x, v) then V is regular. □ EJQTDE, 2009 No. 12, p. 3

3. The main results

Our purpose is the study of existence of absolutely continuous solutions of problem (1.1), where the multifunction F has values contained in the subdifferential of the general class of regular functions. Consider first the finite dimensional case, let E = R^n, V : R^n → R and F : R^n → 2^{Rn} such that

(H_1) F is upper semicontinuous with compact values; (H_2) V is regular such that

F (x) ⊂ ∂V (x), ∀x ∈ R^n

(H_3) f : R^+ × R^n → R^n is a Carathéodory function, (i.e. for every x ∈ R^n, t −→ f(t, x) is measurable, for t ∈ R^+, x −→ f(t, x) is continuous) and for any bounded subset B of R^n, there is a compact set K such that f(t, x) ∈ K for all (t, x) ∈ R^+ × B.

First, we prove existence of ”approximate solutions” to problem (1.1). Since V is locally Lipschitz, then there exists r > 0 and M > 0 such that V is M−Lipschitz on B(x_0, r). F is locally bounded by ([2], Prop 1.1.3), so we can assume that

Sup{‖y‖ : y ∈ F (x), x ∈ B(x_0, r)} ≤ M (3.1)

By our assumption (H_3), there is a positive constant m such that f(t, x) ∈ K ⊂ mB for all (t, x) ∈ R^+ × B̄(x_0, r) Let T > 0 such that T ≤^r_{m+M} } and I := [0, T ]. For any ε > 0 and s ∈ I, we define the set

I_ε([0, s]) = {θ : [0, s] → [0, s], non decreasing, θ(0) = 0, θ(s) = s, ∀t ∈ [0, s] θ(θ(t)) = θ(t), 0 ≤ t − θ(t) ≤ ε}

Note that I_ε([0, s]) contains the identity function.

Definition 3.1. For any ε > 0 and s ∈ I, a function x : [0, s] → R^n is said an ε-approximate solution for the differential inclusion (1.1) if

(1) x(t) = x_0 +

�_t 0 (u̇(τ)+f(τ, x(τ)))dτ, u̇ ∈ L^∞_Rn ([0, s], dt), x(t) ∈ B(x_0, r) ∀t ∈ [0, s] (2) ∃θ ∈ I_ϵ([0, s]) s.t. u̇(t) ∈ F (x(θ(t))) a. e. on [0, s] (3) V (x(s)) − V (x_0) ≥

�_s 0 ⟨u̇(τ), u̇(τ) + f(τ, x(τ))⟩dτ − ε.s

For every ε > 0, let us denote by P_ε([0, s]) the set of all (θ, x) with x an εapproximate solution for the differential inclusion (1.1) defined on [0, s], and θ the element of I_ϵ([0, s]) which correspond to x. Set P_ε := � s∈I P_ε([0, s]). Observe that P_ε is not empty since P_ε([0, 0]) = {0, x_0}. Let us consider the order relation defined on P_ε by

(θ_1, x_1) ≤ (θ_2, x_2) ⇔ s_1 ≤ s_2, θ_2(s) = θ_1(s) on [0, s_1], and x_2(s) = x_1(s) on [0, s_1]

for every (θ_i, x_i) ∈ P_ε([0, s_i]), i = 1, 2

Lemma 3.2. For any ε > 0, there exists an ε-approximate solution for the differential inclusion (1.1) defined on I. EJQTDE, 2009 No. 12, p. 4

Proof. Let T = {(θ_j , x_j ), j ∈ J} a chain of (P_ε, ≤) with (θ_j , x_j ) ∈ P_ε([0, s_j ]) for j ∈ J. Set s = sup_{j∈J} s_j , if s = s_{j0} , j_0 ∈ J then T is bounded below by (θ_{j0} , x_{j0} ). Suppose now s > s_j ∀j ∈ J, and consider the functions x : [0, s[→ R^n, θ : [0, s] → [0, s] defined by x(t) = x_j (t) , θ(t) = θ_j (t) ∀t ∈ [0, s_j [ j ∈ J and θ(s) = s. For any j ∈ J and any t, t^′ ∈ [0, s_j ], t ≤ t^′ we have

‖x_j (t^′) − x_j (t)‖ ≤

�_t′ t ‖u̇(τ) + f(τ, x(τ))‖dτ ≤ (M + m)(t^′ − t) then ‖x(t^′) − x(t)‖ ≤ (M + m)(t^′ − t) ∀t, t^′ ∈ [0, s[, t ≤ t^′ (3.2) so x admits a left limit ω at s, prolong then x on [0, s] by x(s) = ω. We have to show that (θ, x) ∈ P_ε([0, s]). Let (s_{jn} )_{n∈N} a non decreasing sequence converging to s and let u̇ : [0, s] → R^n defined by

u̇(t) = � u̇_{jn} (t) if t ∈ [s_{jn−1} , s_{jn} [, n ∈ N^∗

0 if t = s (3.3) since T is a chain, we have u̇(t) = u̇_{jn} (t) a.e on [0, s_{jn} ] and then for every j ∈ J u̇(t) = u̇_j (t) a.e on [0, s_j ] (3.4) It follows by the definition of x that for every t ∈ [0, s[

x(t) = x_0 +

�_t 0 (u̇(τ) + f(τ, x(τ)))dτ (3.5) with u̇(t) ∈ F (x(θ(t))) a.e on [0, s] and V (x(s)) − V (x_0) = lim_{n→∞}[V (x(s_{jn} )) − V (x_0)]

≥ lim_{n→∞}[

�_{sjn} 0 ⟨u̇_{jn} (τ), u̇_{jn} (τ), u̇_{jn} (τ) + f(τ, x_{jn} (τ))⟩dτ − εs_{jn} ] = �_s 0 ⟨u̇(τ), u̇(τ) + f(τ, x(τ))⟩dτ − εs So (θ, x) is an element of P_ε. By Zorn lemma, P_ε admits a maximal element (θ_ε, x_ε) ∈ P_ε([0, s_ε]). Let us prove that s_ε = T. Suppose that s_ε < T, by the definition of the directional derivative, for a fixed element y_ε of F (x_ε(s_ε)), there exists δ > 0, δ < inf{ε, T − s_ε} such that 1 δ [V (x_ε(s_ε) + δy_ε) − V (x_ε(s_ε))] ≥ V^′(x_ε(s_ε), y_ε) − ε (3.6) Put s^′ = s_ε + δ ∈ I and let define the functions γ : [0, s^′] → [0, s^′], y : [0, s^′] → R^n by γ(t) = � � � θ_ε(t) if t ∈ [0, s_ε] s_ε if t ∈ [s_ε, s^′[

s^′ if t = s^′

(3.7)

EJQTDE, 2009 No. 12, p. 5 y(t) = � x_ε(t) if t ∈ [0, s_ε] x_ε(s_ε) + (t − s_ε)(y_ε + f(s_ε, x_ε(s_ε))) if t ∈]s_ε, s^′] (3.8) then y(t) = x_0 +

�_t 0 ẏ(τ)dτ ∀t ∈ [0, s^′] with

ẏ(t) = � ẋ_ε(t) if t ∈ [0, s_ε] y_ε + f(s_ε, x_ε(s_ε)) if t ∈]s_ε, s^′] (3.9) Since ẋ_ε(t) = u̇_ε(t) + f(t, x_ε(t)) put ż(t) = � u̇_ε(t) if t ∈ [0, s_ε] y_ε if t ∈]s_ε, s^′] (3.10) and ~f(t, y(t)) = � f(t, x_ε(t)) if t ∈ [0, s_ε] f(s_ε, x_ε(s_ε)) if t ∈]s_ε, s^′] (3.11) By construction, we have ż(t) ∈ F (y(γ(t))) a.e on [0, s^′] (3.12) and y(t) = x_0 +

�_t 0 (ż(τ) + ~f(τ, y(τ)))dτ. (3.13) Moreover for every t ∈]s_ε, s^′] y(t) − x_0 =

�_{sε} 0 ẋ_ε(τ)dτ + [y_ε + f(s_ε, x_ε(s_ε))](t − s_ε) ≤ (M + m)t < r.

By hypotheses, y_ε ∈ ∂V (x_ε(s_ε)) and by (3.6) we have V (y(s^′)) − V (x_0) = V (y(s^′)) − V (x_ε(s_ε)) + V (x_ε(s_ε)) − V (x_0) ≥ (s^′ − s_ε)V^′(x_ε(s_ε), y_ε + f(s_ε, x_ε(s_ε))) − ε(s^′ − s_ε) + + �_{sε} 0 ⟨u̇_ε(τ), u̇_ε(τ) + f(τ, x_ε(τ))⟩dτ − ε.s_ε ≥ (s^′ − s_ε)⟨y_ε, y_ε + f(s_ε, x_ε(s_ε))⟩ + + �_{sε} 0 ⟨u̇_ε(τ), u̇_ε(τ) + f(τ, x_ε(τ))⟩dτ − ε(s^′ − s_ε + s_ε) = �_s′ 0 ⟨ż(τ) + ~f(τ, y(τ))⟩dτ − εs^′.

Then (γ, y) ∈ P_ε([0, s^′]) with (θ_ε, x_ε) ≤ (γ, y) and (θ_ε, x_ε) ≠ (γ, y) which contradicts the maximality property of (θ_ε, x_ε). We deduce that s_ε = T, ie. x_ε is an ε-approximate solution of (1.1) defined on I = [0, T ]. □ Now, we are able to prove our first result Theorem 3.3. Under the assumptions (H1)-(H3), for every x_0 ∈ R^n there exists T > 0 and an absolutely continuous function x : [0, T ] → R^n solution of (1.1). EJQTDE, 2009 No. 12, p. 6

Proof. Let (ϵ_n)_{n∈N} be a positive sequence converging to 0. By Lemma 3.2, let for any ϵ_n, (θ_n, x_n) a corresponding solution ie. x_n an ϵ_n−solution of (1.1) and θ_n the element of I_{ϵn} (I) corresponding to x_n. By construction of the approximate functions, we have for s = T x_n(t) ∈ B(x_0, r) ∀t ∈ I := [0, T ] (3.14) u̇_n(t) ∈ F (x_n(θ_n(t))) a.e on [0, T ] (3.15) and |θ_n(t) − t| ≤ ϵ_n ∀t ∈ [0, T ] (3.16) (u̇_n) is relatively σ(L^∞(I, R^n), L^1(I, R^n))compact since by (3.15) and (3.1) we have u̇_n(t) ∈ MB(0, 1) (3.17) Moreover (x_n) is equi-continuous since

‖x_n(t) − x_n(s)‖ ≤

�_t s ‖u̇_n(τ) + f(τ, x_n(τ))‖dτ ≤ (M + m)|t − s| (3.18)

By (3.14) and (3.18), (x_n) is relatively compact in C(I, R^n). Consequently, there exists x ∈ C(I, R^n), u̇ ∈ L^∞(I, μ; R^n) and there exists subsequences, still denoted by (x_n) and (ẋ_n) such that x_n converges uniformly to x and u̇_n converges σ(L^∞, L^1) to u̇. We have also f(., x_n(.)) → f(., x(.)) for the norm of L^1([0, T ], R^n) Moreover, for any t ∈ I, one has

x(t) = lim_{n→∞} x_n(t) = lim_{n→∞} x_0 +

�_t 0 (u̇_n(τ) + f(τ, x_n(τ)))dτ

= x_0 +

�_t 0 (u̇(τ) + f(τ, x(τ)))dτ

Further, by (3.16), θ_n(t) → t uniformly on [0, T ] and thus x_n(θ_n(t)) → x(t) uniformly on [0, T ]. Now, by (3.15), (3.17) and since ∂V is upper semicontinuous with convex weakly compact values, we obtain

u̇(t) ∈ � co{u̇_k(t), k ≥ n} ⊂ � n∈N co � k≥n ∂V (x_n(θ_n(t))) ⊂ ∂V (x(t))

a.e. on [0, T ]. ie.

u̇(t) ∈ ∂V (x(t)) (3.19) Applying Proposition 2.2, V ∘ x is of bounded variation on I, the measure D(V ∘ x) is absolutely continuous with regard to the Lebesgue measure on I and a.e. on I

⟨∂V (x(t)), ẋ(t)⟩ = {

D(V ∘ x) dt (t)}

By (3.19) we have D(V ∘ x) dt (t) = ⟨u̇(t)), ẋ(t)⟩ = ⟨u̇(t)), u̇(t) + f(t, x(t))⟩ (3.20) By the construction of the x_n, one has

V (x_n(T )) − V (x_0) ≥

�_T 0 ⟨u̇_n(τ), u̇_n(τ) + f(τ, x_n(τ))⟩dτ − ϵ_n.T EJQTDE, 2009 No. 12, p. 7

Then

lim sup n→∞ �_T 0 ⟨u̇_n(τ), u̇_n(τ) + f(τ, x_n(τ))⟩dτ ≤ V (x(T )) − V (x_0) =

�_T 0 D(V ∘ x) dt (τ)dτ = �_T 0 ⟨u̇(τ), u̇(τ) + f(τ, x(τ))⟩dτ

Since (u̇_n) converges weakly in L^2_Rn (I, dt) to u̇, we get

Lim_{n→∞}

�_T 0 ‖u̇_n(τ)‖^2dτ =

�_T 0 ‖u̇(τ)‖^2dτ (3.21)

Thus, (u̇_n) converges in norm in L^2_Rn (I, dt) to u̇. By extracting a subsequence, still denoted u̇_n, one can suppose that

u̇_n(t) → u̇(t) a.e on I (3.22)

By (H_1), the graph of F is closed in R^n × R^n, so we can conclude that

(x(t), u̇(t)) = lim_{n→∞}(x_n(θ_n(t)), u̇_n(t))) ∈ gr(F )

ie. ẋ(t) − f(t, x(t)) = u̇(t) ∈ F (x(t)) a.e on I. □

The study of the same problem in the infinite dimensional setting presents some difficulties, essentially the passage from the weak convergence of the derivatives of approximate solutions to the strong convergence. To overcome this fact, the authors in [4] replace the condition (H_2) by :

F (x) ⊂ A(∂V (x)) ∀x ∈ E with V convex and continuous, A : E^′ → E a linear operator satisfying the conditions

(a) the restriction of A to any bounded subset B in E^′ is continuous for the weak topology σ(E^′, E) and the norm topology in E.

(b) ∀x ∈ E^′\{0}, ⟨x, γ(x)⟩ > 0.

In what follows, we present the same result but with more natural and weaker hypotheses, namely we consider a separable Hilbert space H, F : H → 2^H such that

(H^′_2) F (x) ⊂ ∂V (x), F (x) ⊂ (1 + ‖x‖)K with V regular, K a convex compact in H and f : R^+ × H → H verifying

(H^′_3) f is Lipschitz for the second variable and for any bounded subset B of H, there is a compact set K_1 such that f(t, x) ∈ K_1 for all (t, x) ∈ R^+ × B.

Theorem 3.4. Let F and f be such that (H_1), (H^′_2) and (H^′_3) are satisfied, then for every x_0 ∈ H, there exists T > 0 and an absolutely continuous function x : [0, T ] → H solution of problem (1.1).

Proof. Let r > 0 be such that V is L−Lipschitz on B̄(x_0, r). Then we have that ∂^C V (y) ⊂ LB̄, whenever x ∈ B̄(x_0, r). By our assumption (H^′_3), there exists a positive constant m_1 such that f(t, x) ∈ K_1 ⊂ m_1B for all (t, x) ∈ R^+ × B̄(x_0, r). EJQTDE, 2009 No. 12, p. 8

Moreover, by (H^′_2) there exists a positive constant m such that for any x ∈ B̄(x_0, r), F (x) ⊂ (1 + ‖x_0‖ + r)K ⊂ mB. Choose T such that

0 < T < r m_1 + m Set I := [0, T ]. For each integer n ≥ 1 and for 1 ≤ i ≤ n − 1 we set t^n_i :=^{iT}_n , and let define the following approximate sequences

x_n(t) = x_n(t^n_i ) +

�_t

t^n_i

[f(s, x_n(t^n_i )) + u^n_i ]ds

whenever t ∈]t^n_i , t^n_{i+1}], 0 ≤ i ≤ n − 1, with x_n(0) = x_0, u^n_i ∈ F (x_n(t^n_i )). Now let us define the step functions from [0, T ] to [0, T ] by θ_n(t) = t^n_i , u_n(t) = u^n_i ∀t ∈ [t^n_i , t^n_{i+1}[, 1 ≤ i ≤ n − 1.

the last interval, for i = n−1, is taken closed ([t^n_{−1}, T ]). Then, ∀n ∈ N^∗, ∀t ∈ [0, T ], we have the following properties

0 ≤ t − θ_n(t) ≤ T n (3.23)

x_n(t) = x_0 +

�_t 0 [f(s, x_n(θ_n(s))) + u_n(s)]ds (3.24)

u_n(t) ∈ F (x_n(θ_n(t))) (3.25) Observe that x_n(t) ∈ B̄(x_0, r) for all n ∈ N^∗and all t ∈ [0, T ]. Indeed it is obvious that

‖x_n(t) − x_0‖ = ‖

�_t 0 [f(s, x_n(θ_n(s))) + u_n(s)]ds‖ ≤ (m_1 + m)T < r

then ‖x_n(t) − x_n(t^′)‖ ≤ (m_1 + m)|t^′ − t| whenever 0 ≤ t ≤ t^′ ≤ T and n ∈ N^∗. Hence (x_n)_{n∈N}∗ is an equi-Lipschitz subset of C([0, T ], H). The set {x_n(t) : n ∈ N^∗} is relatively compact in H for every t ∈ [0, T ]; indeed we have for all n ∈ N^∗ and all t ∈ [0, T ] x_n(t) ∈ x_0 + T {K_1 + (1 + ‖x_0‖ + r)K} := K_2 which is compact. Then by Ascoli’s theorem, (x_n)_{n∈N}∗ is relatively compact in the Banach space C([0, T ], H). Further, the sequence (u_n)_{n∈N} is relatively σ(L^1([0, T ], H); L^∞([0, T ], H))-compact since we have a.e. ∀n ∈ N^∗, u_n(t) ∈ (1 + ‖x_0‖ + r)K Therefore by extracting subsequences if necessary, we can suppose that there exists x ∈ C([0, T ], H), u ∈ L^1([0, T ], H) such that x_n → x in C([0, T ], H), u_n → u for σ(L^1([0, T ], H); L^∞([0, T ], H))-topology.

We have also f(., x_n(θ_n(.))) → f(., x(.)) for the norm of L^1([0, T ], H). Consequently, one has for all t ∈ [0, T ]

x(t) = x_0 + lim_{n→∞}

�_t 0 [f(s, x_n(θ_n(s))) + u_n(s)]ds = x_0 +

�_t 0 [f(s, x(s)) + u(s)]ds EJQTDE, 2009 No. 12, p. 9 which gives the equality ẋ(t) = f(s, x(s)) + u(s) for almost every t ∈ [0, T ]. (3.26) Now we claim that ẋ_n converges strongly to x. Since u_n converges weakly to u, ẋ_n converges weakly to x. By construction, we have for a.e t ∈ [0, T ] ẋ_n(t) − f(t, x_n(θ_n(t))) = u_n(t) ∈ F (x_n(θ_n(t)))

and by hypothesys (H^′_2), u_n(t) ∈ F (x_n(θ_n(t))) ⊂ (1 + ‖x_n(θ_n(t))‖)K ⊂ (2 + ‖x(t)‖)K Then u_n is in the fixed compact set (2+‖x(t)‖)K, consequently it converges strongly to u which gives the strong convergence of ẋ_n. Since the graph of F is closed, we get ẋ(t) ∈ F (x(t)) + f(t, x(t)) a.e. on [0, T ].

Therefore, the differential inclusion (1.1) admits a solution. □

Acknowledgements: The author wish to thank C. Castaing and L. Thibault for several useful remarks and suggestions.

References

1. F. Ancona; G. Colombo, Existence of solutions for a class of nonconvex differential Inclusions , Rend. Sem. Mat. Univ. Padova, Vol. 83, 71-76, (1990).

2. J. P. Aubin, A. Cellina, Differential Inclusions, Springer-Verlag, Berlin, (1984). 3. H. Benabdellah; Sur une classe d’équations différentielles multivoques semi-continue superieurement á valeurs non convexes, Séminaire d’Analyse Convexe, Montpellier, Exposé No. 6, 1991.

4. H. Benabdellah; C. Castaing and A. Salvadori Compactness and Discretization Methods for Differential Inclusions and Evolution Problems, Atti. Sem. Mat. Univ. Modena, XLV, 9-51, (1997).

5. M. Bounkhel; Existence Results of Nonconvex Differential Inclusions, J. Portugaliae Mathematica, Vol. 59 (2002), No. 3, pp. 283-310.

6. A. Bressan; A. Cellina; G. Colombo, Upper semicontinuous differential Inclusions without convexity, Proc. Amer. Math. Soc., 106, 771-775, (1989).

7. C. Castaing and M. Valadier; Convex Analysis and Measurable Multifunctions , Lecture Notes on Math. 580, Springer Verlag, Berlin (1977).

8. F. H. Clarke; Optimisation and Nonsmooth Analysis, John Wiley and Sons, 1983. 9. K. Deimling; Multivalued differential equations, Walter de Gruyter, Berlin, New York (1992). 10. T. Haddad and M. Yarou; Existence of solutions for nonconvex second-order differential inclusions in the infinite dimensional spaces, EJDE. Vol. (2006), No. 33, pp. 1-8.

11. R. Morchadi; S. Gautier, A viability result for a first order differential Inclusions without convexity, Preprint, Pau University, (1995).

12. P. Rossi; Viability for upper semicontinuous differential inclusions, Set-valued Anal., Vol. 6, (1998), pp. 21-37.

(Received June 27, 2008)

Laboratoire de Mathématiques Pures et Appliquées,Département de Mathématiques, Jijel University, Algeria.

E-mail address: mfyarou@yahoo.com

EJQTDE, 2009 No. 12, p. 10