Electronic Journal of Qualitative Theory of Differential Equations 2007, No. 25, 1-19; http://www.math.u-szeged.hu/ejqtde/

Oscillation of Second-Order Nonlinear Differential Equations with Damping Term

E.M.Elabbasy^1 and W.W.Elhaddad

Department of Mathematics

Faculty of Science Mansoura University Mansoura, 35516, Egypt 1E-mail: emelabbasy@mans.edu.eg

Abstract

We present new oscillation criteria for the second order nonlinear differential equation with damping term of the form

(r(t)ψ(x)f(ẋ))^· + p(t)φ (g(x), r(t)ψ(x)f(ẋ)) + q(t)g(x) = 0,

where p, q, r : [to, ∞) → R and ψ, g, f : R → R are continuous, r(t) > 0, p(t) ≥ 0 and ψ(x) > 0, xg(x) > 0 for x ≠ 0, uf(u) > 0 for u ≠ 0. Our results generalize and extend some known oscillation criteria in the literature. The relevance of our results is illustrated with a number of examples.

1 Introduction

We are concerned with the oscillation of solutions of second order differential equations with damping terms of the following form

(r(t)ψ(x)f(ẋ))^· + p(t)φ (g(x), r(t)ψ(x)f(ẋ)) + q(t)g(x) = 0 ( · = d dt ) (E) where r ∈ C[[t_o, ∞), R^+], p ∈ C[[t_o, ∞), [0, ∞)], q ∈ C[[t_o, ∞), R], ψ ∈ C[R, R^+] and g ∈ C^1[R, R] such that xg(x) > 0 for x ≠ 0 and g^′ (x) > 0 for x ≠ 0. φ is defined and continuous on R × R − {0} with uφ(u, v) > 0 for uv ≠ 0 and φ(λu, λv) = λφ(u, v) for 0 < λ < ∞ and (u, v) ∈ R × R − {0}.

We recall that a function x : [t_o, t_1) → R is called a solution of equation (E) if x(t) satisfies equation (E) for all t ∈ [t_o, t_1). In the sequel it will be always assumed that solutions of equation (E) exist for any t_o ≥ 0. Such a solution x(t) is said to be oscillatory if it has arbitrarily large zeros, and otherwise it said to be nonoscillatory. Equation (E) is called oscillatory if all its solutions are oscillatory.

Oscillatory and nonoscillatory behavior of solutions for various classes of second-order differential equations have been widely discussed in the literature (see, for example, [1 − 37] and the references quoted therein). There is a great number of papers dealing with particular cases of equation (E) such as the linear equations ẍ(t) + q(t)x(t) = 0, (E_1) (r(t)ẋ(t))^· + q(t)x(t) = 0, (E_2) the nonlinear equations ẍ(t) + q(t)g (x) = 0, (E_3) (r(t)ψ(x)ẋ(t))^· + q(t)g (x) = 0, (E_4) and the nonlinear equations with damping term

(r(t)ẋ(t))^· + p(t)ẋ(t) + q(t)g (x) = 0, (E_5)

(r(t)ψ(x)ẋ(t))^· + p(t)ẋ(t) + q(t)g (x) = 0, (E_6) (r(t)f(ẋ))^· + p(t)φ (g(x), r(t)f(ẋ)) + q(t)g(x) = 0. (E_7) An important tool in the study of oscillatory behaviour of solutions for equations (E_1)−(E_7) is the averaging technique. This goes back as far as the classical results of Wintner [32] which proved that (E_1) is oscillatory if

lim_{t→∞} 1 t ∫_t

t_o

∫_s

t_o

q(u)du ds = ∞,

and Hartman [10] who showed the above limit cannot be replaced by the limit superior and proved the condition

lim inf t→∞ 1 t ∫_t

t_o

∫_s

t_o

q(u)du ds < lim sup_{t→∞} 1 t ∫_t

t_o

∫_s

t_o

q(u)du ds ≤ ∞,

implies that equation (E_1) is oscillatory.

The result of Wintner was improved by Kamenev [11] who proved that the condition

lim sup t→∞ 1 t^{n−1}

∫_t

t_o

(t − s)^{n−1}q(s)ds = ∞ for some n > 2,

is sufficient for the oscillation of equation (E_1).

Some other results can be found in [21], [27], [34] and the references therein. Kong [12] and Li [15] employed the technique of Philos [27] and obtained several oscillation results for (E_2).

Butler [2], Philos [22], [23], [24], [25], [26], Philos and Purnaras [28], Wong and Yeh [33] and Yeh [37] obtained some sufficient conditions for the oscillation of equation (E_3) and Grace [7], Elabbasy [3], Manojlovic [18] and Tiryaki and Cakmak [31] for the oscillation of equation (E_4).

In the presence of damping, a number of oscillation criteria have been obtained by Li and Agarwal [16], Grace and Lalli [9], Rogovchenko [29], Kirane and Rogovchenko [14], Li et al. [17], Yang [36] Nagabuchi and Minora Yamamoto [20], Yan [35], Elabbasy, Hassan and Saker [5] for equation (E_5), Ayanlar and Tiryaki [1], Tiryaki and Zafer [30], Kirane and Rogovchenko [13], Grace [6], [7], [8] and Manojlovic [19] for equation (E_6) and Elabbasy and Elsharabasy [4] for equation (E_7).

In this paper we extend the results of Wintner [32], Yan [35], Elabbasy [3], Elabbasy and Elsharabasy [4], and Nagabuchi and Yamamoto [20] for a broad class of second order nonlinear equation of the type (E).

2 Main Results

Theorem 1. Suppose, in addition to condition

φ(1, z) ≥ z for all z ≠ 0, (1)

g^′ (x) ψ(x)

≥ K > 0 for all x ≠ 0, (2) ∫_{±∞} ±ε ψ(y) g(y) dy < ∞ for all ε > 0, (3) and 0 < L_1 ≤ f(y) y ≤ L_2 for all y ≠ 0 and lim_{y→∞} f(y) y exist, (4)

that there exist a positive function ρ ∈ C^1[t_o, ∞) such that (ρ(t)r(t))^· ≤ 0 for all t ≥ t_o. Then equation (E) is oscillatory if

lim_{t→∞} sup 1 t ∫_t

t_o

∫_s

t_o [ ρ(u)q(u) − r(u)ρ(u) 4M ( ρ̇(u) ρ(u)

− p(u)

)_2] duds = ∞, (5)

where M =^K_{L2} .

Proof. On the contrary we assume that (E) has a nonoscillatory solution x(t). We suppose without loss of generality that x(t) > 0 for all t ∈ [t_o, ∞). We define the function ω(t) as

ω(t) = ρ(t) r(t)ψ(x)f(ẋ)

g(x(t)) for all t ≥ t_o.

This and equation (E) imply

ω̇(t) = ρ̇(t) ρ(t) ω(t) − ρ(t)[q(t) + p(t)φ(1, ω(t) ρ(t)

)] − ρ(t) r(t)ψ(x)f(ẋ)g^′ (x)ẋ g^2(x(t)) . From (1), (2) and (4) we obtain

ω̇(t) ≤ −ρ(t)q(t) − ( ρ̇(t) ρ(t)

− p(t) ) ω(t) − M ρ(t)r(t) ω^2(t).

Integrating from t_o to t we obtain

∫_t

t_o

ρ(s)q(s)ds ≤ ω(t_o) − ω(t) −

∫_t

t_o [ Mω^2(s) ρ(s)r(s) − ( ρ̇(s) ρ(s)

− p(s) ) ω(s) ] ds, Thus, for every t ≥ t_o we have

∫_t

t_o [ ρ(s)q(s) − r(s)ρ(s) 4M ( ρ̇(s) ρ(s)

− p(s)

)_2]

ds ≤ ω(t_o) − ω(t)

− ∫_t

t_o [√ M ρ(s)r(s) ω(s) − √ r(s)ρ(s) 2 √ M ( ρ̇(s) ρ(s)

− p(s) )]^2 ds. Hence, for all t ≥ t_o we have

∫_t

t_o [ ρ(s)q(s) − r(s)ρ(s) 4M ( ρ̇(s) ρ(s)

− p(s)

)_2]

ds ≤ ω(t_o) − ω(t), or ∫_t

t_o [ ρ(s)q(s) − r(s)ρ(s) 4M ( ρ̇(s) ρ(s)

− p(s)

)_2]

ds ≤ ω(t_o) − ρ(t) r(t)ψ(x)f(ẋ) g(x(t)) . From (4) we obtain

∫_t

t_o [ ρ(s)q(s) − r(s)ρ(s) 4M ( ρ̇(s) ρ(s)

− p(s)

)_2]

ds ≤ ω(t_o) − L_1ρ(t) r(t)ψ(x)ẋ g(x(t)) . Integrate again from t_0 to t we obtain ∫_t

t_o

∫_s

t_o [ ρ(u)q(u) − r(u)ρ(u) 4M ( ρ̇(u) ρ(u)

− p(u)

)_2]

duds

≤ ω(t_o)(t − t_o) − L_1

∫_t

t_o

ρ(s)r(s) ψ(x)ẋ g(x) ds. (6)

Since r(s)ρ(s) is nonincreasing, then by the Bonnet’s theorem there exists a η ∈ [t_o, t] such that

−L_1

∫_t

t_o

r(s)ρ(s) ψ(x)ẋ g(x(s)) ds = −L_1r(t_o)ρ(t_o)

∫_η

t_o

ψ(x)ẋ g(x(s)) ds = L_1r(t_o)ρ(t_o)

∫_{x(to)}

x(η)

ψ(y) g(y) dy

< { 0 if x(t_o) < x(η), L_1r(t_o)ρ(t_o)

∫_∞ ε ψ(y) g(y) dy if x(to) > x(η),

hence −∞ < −L_1

∫_t

t_o

r(s)ρ(s) ψ(x)ẋ g(x(s)) ds < k_1,

where k_1 = L_1r(t_o)ρ(t_o)

∫_∞ ε ψ(y) g(y) dy. Hence (6) becomes ∫_t

t_o

∫_s

t_o [ ρ(u)q(u) − r(u)ρ(u) 4M ( ρ̇(u) ρ(u)

− p(u)

)_2]

duds ≤ ω(t_o)(t − t_o) + k_1. (7)

Divide (7) by t and take the upper limit as t → ∞ which contradicts the assumption (5). This completes the proof.

Corollary 1. If the condition (5) in the above theorem is replaced by

lim_{t→∞} sup 1 t ∫_t

t_o

∫_s

t_o

r(u)ρ(u) ( ρ̇(u) ρ(u)

− p(u)

)_2 duds < ∞,

lim_{t→∞} sup 1 t ∫_t

t_o

∫_s

t_o

ρ(u)q(u)duds = ∞,

then the conclusion of theorem 1 still true.

Remark 1. If p(t) ≡ 0, r(t) ≡ 1 and ρ(t) ≡ 1, then Theorem 1 reduce to Wintner theorem in [32].

Theorem 2. Suppose, in addition to conditions (1) , (2), (3) and (4), that there exist a positive function ρ ∈ C^1[t_o, ∞) such that

(r(t)ρ(t))^· ≥ 0, ((r(t)ρ(t))^{··} ≤ 0,

γ(t) = (r(t)p(t)ρ(t) − ρ̇(t)r(t)) ≥ 0 and γ̇(t) ≤ 0 for all t ≥ t_o, (8) and lim_{t→∞} inf

∫_t

t_o

ρ(s)q(s)ds > −∞ (9)

hold. Then equation (E) is oscillatory if

lim_{t→∞} sup 1 t ∫_t

t_o [∫_s t_o

ρ(u)q(u)du

]_2

ds = ∞. (10)

Proof. On the contrary we assume that (E) has a nonoscillatory solution x(t). We suppose without loss of generality that x(t) > 0 for all t ∈ [t_o, ∞). We define the function ω(t) as

ω(t) = ρ(t) r(t)ψ(x(t))f(ẋ(t))

g(x(t)) for all t ≥ t_o.

This and equation (E) imply

ω̇(t) ≤ ρ̇(t) ρ(t) ω(t) − ρ(t)[q(t) + p(t)φ(1, ω(t) ρ(t)

)] − ρ(t) r(t)ψ(x(t))f(ẋ)g^′ (x(t))ẋ(t) g^2(x(t)) . From (1), (2) and (4) we obtain

ρ(t)q(t) ≤ −ω̇(t) + ρ̇(t) ρ(t) ω(t) − p(t)ω(t) − M 1 ρ(t)r(t) ω^2(t), (11) or ρ(t)q(t) ≤ −ω̇(t) − γ(t) ψ(x)f(ẋ) g(x(t)) − M 1 ρ(t)r(t) ω^2(t).

From (4) we have

ρ(t)q(t) ≤ −ω̇(t) − L_1γ(t) ψ(x)ẋ g(x(t)) − M 1 ρ(t)r(t) ω^2(t). (12)

Integrating from T to t we obtain ∫_t T ρ(s)q(s)ds ≤ ω(T ) − ω(t) − L_1

∫_t T γ(s) ψ(x)ẋ g(x(s)) ds − M

∫_t T 1 ρ(s)r(s) ω^2(s)ds.

(13) Now evaluate the integral − ∫_t T γ(s) ψ(x(s))ẋ(s) g(x(s)) ds. Since γ(t) is nonincreasing, then by the Bonnet’s theorem there exists a η ∈ [T, t] such that − ∫_t T γ(s) ψ(x(s))ẋ(s) g(x(s)) ds = −γ(T )

∫_η T ψ(x(s))ẋ(s) g(x(s)) ds

= −γ(T )

∫_{x(η)}

x(T )

ψ(y) g(y) dy = γ(T )

∫_{x(T )}

x(η)

ψ(y) g(y) dy

< { 0 if x(η) > x(T ), γ(T )

∫_∞ ε ψ(y) g(y) dy if x(η) < x(T ),

hence −∞ < −

∫_t T γ(s) ψ(x)ẋ g(x(s)) ds ≤ k_2, (14)

where k_2 = γ(T )

∫_∞ ε ψ(y) g(y) dy.

From (14) in (13), we have

∫_t T ρ(s)q(s)ds ≤ ω(T ) − ω(t) + L_1k_2 − M

∫_t T 1 ρ(s)r(s) ω^2(s)ds. (15)

Thus, we obtain for t ≥ T ≥ t_o ∫_t

t_o

ρ(s)q(s)ds =

∫_T

t_o

ρ(s)q(s)ds +

∫_t T ρ(s)q(s)ds

≤ C_1 − ω(t) − M

∫_t T ω^2(s) ρ(s)r(s) ds, (16)

where C_1 = ω(T ) + L_1k_2 +

∫_T

t_o

ρ(s)q(s)ds.

We consider the following two cases: Case 1. The integral ∫_∞ T ω^2(s) ρ(s)r(s) ds is finite.

Thus, there exists a positive constant N such that ∫_t T ω^2(s) ρ(s)r(s) ds ≤ N for all t ≥ T. (17)

Thus, we obtain for t ≥ T [∫_t t_o

ρ(s)q(s)ds

]_2 ≤ { C_1 − ω(t) − M

∫_t T ω^2(s) ρ(s)r(s) ds }_2

≤ 4C^2_1 + 4ω^2(t) + 4M^2 [∫_t T ω^2(s) ρ(s)r(s) ds ]_2 . Therefore, by taking into account (17), we conclude that [∫_t t_o

ρ(s)q(s)ds

]_2

≤ C_2 + 4ω^2(t),

where C_2 = 4C^2_1 + 4M^2 [∫_t T ω^2(s) ρ(s)r(s) ds ]2 .

Thus, we obtain for every t ≥ T

∫_t

t_o [∫_s t_o

ρ(u)q(u)du

]_2

ds =

∫_T

t_o [∫_s t_o

ρ(u)q(u)du

]_2 ds + ∫_t T [∫_s t_o

ρ(u)q(u)du

]_2 ds = C_3 +

∫_t T [∫_s t_o

ρ(u)q(u)du

]_2 ds ≤ C_3 + C_2(t − T ) + 4

∫_t T ω^2(s)ds

= C_3 + C_2(t − T ) + 4

∫_t T ρ(s)r(s) ω^2(s) ρ(s)r(s) ds. Since ρ(t)r(t) is positive and nondecreasing for t ∈ [t_o, ∞), the Bonnet’s theorem would ensures the existence of T_1 ∈ [T, t] such that ∫_t T ρ(s)r(s) ω^2(s) ρ(s)r(s) ds = ρ(t)r(t)

∫_t

T_1

ω^2(s) ρ(s)r(s) ds. Also, since ρ(t)r(t) is positive on [t_o, ∞) and (ρ(t)r(t))^· is nonnegative and bounded above, it follow that ρ(t)r(t) ≤ βt for all large t where β > 0 is a constant. Which ensures ∫_∞

t_o ds ρ(s)r(s)

= ∞.

Thus, we conclude that

∫_t

t_o [∫_s t_o

ρ(u)q(u)du

]_2

ds ≤ C_3 + C_2(t − T ) + 4βt

∫_t T ω^2(s) ρ(s)r(s) ds. So, we have ∫_t

t_o [∫_s t_o

ρ(u)q(u)du

]_2

ds ≤ C_3 + C_2(t − T ) + 4Nβt.

This implies

lim_{t→∞} sup 1 t ∫_t

t_o [∫_s t_o

ρ(u)q(u)du

]_2

≤ C_2 + 4Nβ < ∞,

which contradicts (10). Case 2. The integral ∫_∞ T Kω^2(s) ρ(s)r(s) ds is infinite. (18)

By condition (2) , we see that ∫_∞ T g^′ (x) ρ(s)r(s)ψ(x) ω^2(s)ds = ∞.

By virtue of condition (9), it follow from (16) for constant B

−ω(t) ≥ B + 1 L_2

∫_t T g^′ (x(s)) ρ(s)r(s)ψ(x(s)) ω^2(s)ds for every t ≥ T. (19)

We can consider a T_2 ≥ T such that

C = B + 1 L_2

∫_{T2} T g^′ (x(s)) ρ(s)r(s)ψ(x(s)) ω^2(s)ds > 0.

Then (19)ensures that w(t) is negative on [T_2, ∞). Now, (19) gives 1 L_2 g^′ (x)ω^2(t) ρ(t)r(t)ψ(x) { B + 1 L_2

∫_t T g^′ (x(s)) ρ(s)r(s)ψ(x) ω^2(s)ds

}_{−1} ≥ −g^′ (x(t))f(ẋ(t)) L_2g(x(t)) ≥ −g^′ (x(t))ẋ(t) g(x(t)) , and consequently for all t ≥ T_2

log B +^1_{L2}

∫_t T g^′ (x) ρ(s)r(s)ψ(x) ω^2(s)ds C ≥ log g(x(T_2)) g(x(t)) for t ≥ T_2.

Hence B + 1 L_2

∫_t T g^′ (x) ρ(s)r(s)ψ(x) ω^2(s)ds ≥ C g(x(T )) g(x(t)) . So, (19) yields −ω(t) ≥

C^′ g(x(t)) , where C^′ = Cg(x(T )). Thus, we have

ψ(x)f(ẋ) ≤ −C^′ 1 ρ(t)r(t) . From (4) we have ψ(x)ẋ ≤

−C^′ L_1 1 ρ(t)r(t) . Integrate from T_2 to t, we have ∫_{x(t)}

x(T )

ψ(y)dy ≤

−C^′ L_1

∫_t T 1 ρ(s)r(s) ds → −∞ as t → ∞, a contradiction to the fact x(t) > 0 for t ≥ t_o, and hence (18) fails. This completes the proof.

Remark 2. If p(t) ≡ 0 and f(ẋ) = ẋ then Theorem 2 reduce to Theorem 1 of Elabbasy [3].

Theorem 3. Suppose, in addition to (1) , (2) and

f^2(y) ≤ Lyf(y), (20)

that there exist a positive function ρ ∈ C^1[t_o, ∞). Moreover, assume that there exist continuous functions H, h : D ≡ {(t, s), t ≥ s ≥ t_o} → R and H has a continuous and nonpositive partial derivative on D with respect to the second variable such that

H(t, t) = 0 for all t ≥ t_o, H(t, s) > 0 for all t > s ≥ t_o, − ∂H(t, s) ∂s = h(t, s) √ H(t, s) for all (t, s) ∈ D.

Then equation (E) is oscillatory if

lim_{t→∞} sup 1 H(t, t_o)

∫_t

t_o { H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) } ds = ∞. (21)

Where

Q(t, s) = [ h(t, s) − ( ρ̇(s) ρ(s)

− p(s) ) √ H(t, s) ] and M = K L . Proof. On the contrary we assume that (E) has a nonoscillatory solution x(t). We suppose without loss of generality that x(t) > 0 for all t ∈ [t_o, ∞). We define the function ω(t) as

ω(t) = ρ(t) r(t)ψ(x(t))f(ẋ(t)) g(x(t)) for all t ≥ t_o.

This and equation (E) imply

ω̇(t) ≤ ρ̇(t) ρ(t) ω(t)−ρ(t)[q(t)+p(t)φ(1, ω(t) ρ(t)

)]−ρ(t) r(t)ψ(x(t))f(ẋ(t))g^′ (x(t))ẋ(t) g^2(x(t)) . From (1), (2) and (20) we obtain

ω̇(t) ≤ ( ρ̇(t) ρ(t)

− p(s) ) ω(t) − ρ(t)q(t) − M ρ(t)r(t) ω^2(t).

Thus, for every t ≥ T , we have ∫_t T H(t, s)ρ(s)q(s)ds ≤

∫_t T ( ρ̇(t) ρ(t)

− p(s) ) H(t, s)ω(s)ds

− ∫_t T H(t, s)ω̇(s)ds − M

∫_t T H(t, s) ρ(s)r(s) ω^2(s)ds.

Since − ∫_t T H(t, s)ω̇(s)ds = H(t, T )ω(T ) +

∫_t T ∂H(t, s) ∂s ω(s)ds

= H(t, T )ω(T ) −

∫_t T h(t, s) √ H(t, s)ω(s)ds.

The previous inequality becomes

∫_t T H(t, s)ρ(s)q(s)ds ≤ H(t, T )ω(T ) −

∫_t T Q(t, s) √ H(t, s)ω(s)ds −M ∫_t T H(t, s) ρ(s)r(s) ω^2(s)ds.

Hence we have

∫_t T [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds ≤ H(t, T )ω(T )

− ∫_t T ( √ M √ H(t, s) √ r(s)ρ(s) ω(s) + √ r(s)ρ(s) 2 √ M Q(t, s)

)_2 ds. (22)

By (22) we have for every t ≥ T ≥ t_o

∫_t T [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds ≤ H(t, T )ω(T ) (23)

≤ H(t, T ) |ω(T )| ≤ H(t, t_o) |ω(T )| .

We use the above inequality for T = T_o to obtain ∫_t

T_o [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds ≤ H(t, t_o) |ω(T_o)| .

Therefore, ∫_t

t_o [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds = ∫_{To}

t_o [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds + ∫_t

T_o [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds.

Hence for every t ≥ t_o we have ∫_t

t_o [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds ≤ H(t, t_o)

{∫_{To}

t_o

ρ(s) |q(s)| ds + |ω(T_o)| } . (24)

Dividing (24) by H(t, t_o) and take the upper limit as t → ∞ we get

lim_{t→∞} sup 1 H(t, t_o)

∫_t

t_o [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds < ∞,

which contradicts (21). This completes the proof. Corollary 2. If condition (21) in Theorem 3 is replaced by

lim_{t→∞} sup 1 H(t, t_o)

∫_t

t_o

H(t, s)ρ(s)q(s)ds = ∞,

lim_{t→∞} sup 1 H(t, t_o)

∫_t

t_o

r(s)ρ(s)Q^2(t, s)ds < ∞,

then the conclusion of Theorem 3 remains valid.

Corollary 3. If we take H(t, s) = (t − s)^α for α ≥ 2, then the condition (21) in the above theorem becomes

lim_{t→∞} sup 1 t^α

∫_t

t_o

(t − s)^αρ(s)q(s) − r(s)ρ(s) 4M × [ α − (t − s) ( ρ^·(s) ρ(s)

− p(s) )]_2 (t − s)^{α−2}ds = ∞.

Remark 3. Theorem 3 extended and improved Theorem 2 in [4]. Remark 4. If f(^·x) =^·x, ψ(x) = 1 and φ ( g(x), r(t)ψ(x)f(^·x) ) =^·x, then Corollary 2 extend Nagabuchi and Yamamoto theorem in [20] and Yan Theorem with g(x) = x in [35].

Example 1. Consider the differential equation ( t 4t^2 + 2 cos^2(ln t) t^2 + 2 cos^2(ln t) ẋ(t) ( 1 + 2ẋ^2(t) 4 + 2ẋ^2(t) ))_· + sin^2(ln t)

t^2 × ( t^{4t2+2 cos2(ln t)}

t^2 +2 cos^2 (ln t) ẋ(t)

(_{1+2ẋ2(t)}

4+2ẋ^2(t) ))_2 + x^2(t) x(t) + 1 2t x(t) = 0, t ≥ t_o = 1 .

If we take ρ(t) = 1 and H(t, s) = (t − s)^2, then we see that all hypotheses of

Theorem 3 are satisfied where

lim_{t→∞} sup 1 H(t, t_o)

∫_t

t_o { H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) } ds = lim_{t→∞} sup 1 (t − 1)^2

∫_t 1 [ (t − s)^2 2s − s 4 4s^2 + 2 cos^2(ln s) s^2 + 2 cos^2(ln s) × ( 2 + (t − s) sin^2 (ln s) 2s )2] ds

≥ lim_{t→∞} sup 1 (t − 1)^2

∫_t 1 [ (t − s)^2 2s − s 4 [ 2 + (t − s) 2s ]_2] ds = lim_{t→∞} sup 1 (t − 1)^2 ( 11 8 t − 45 32 t^2 + 7 16 t^2 ln t + 1 32 ) = ∞ Hence, this equation is oscillatory by theorem 3. One such solution of this equation is x(t) = sin(ln t).

Theorem 4. Suppose, in addition to condition (1), (2) and (20), that there exist a positive function ρ ∈ C^1[t_o, ∞). Moreover, assume that the function H and h be as in Theorem 3, and let

0 < inf_{s ≥ to} [ lim_{t→∞} inf

H(t, s) H(t, t_o) ] ≤ ∞. (25)

Suppose that there exists a function Ω ∈ C([t_o, ∞), R) such that

lim_{t→∞} sup 1 H(t, t_o)

∫_t

t_o

ρ(s)r(s)Q^2(t, s)ds < ∞, (26)

lim_{t→∞} sup 1 H(t, T )

∫_t T {H(t, s)ρ(s)q(s) − ρ(s)r(s)Q^2(t, s) 4M }ds ≥ Ω(T ), (27)

for every T ≥ t_o. Then equation (E) is oscillatory if ∫_∞

t_o

Ω^2_+(s) ρ(s)r(s)

= ∞, (28)

where Ω_+(t) =max{Ω(t), 0} for t ≥ t_o.

Proof. On the contrary we assume that (E) has a nonoscillatory solution x(t). We suppose without loss of generality that x(t) > 0 for all t ∈ [t_o, ∞). Defining ω(t) as in the proof of Theorem 3, we obtain (22) and hence for t > T ≥ t_o, we get lim_{t→∞} sup 1 H(t, T )

∫_t T [ H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ] ds

≤ ω(T ) − lim_{t→∞} inf 1 H(t, T )

∫_t T [ √ M √ H(t, s) √ r(s)ρ(s) ω(s) + √ r(s)ρ(s) 2 √ M Q(t, s)

]_2 ds.

Thus, by condition (27) we have for T ≥ t_o

ω(T ) ≥ Ω(T )+ lim_{t→∞} inf 1 H(t, T )

∫_t T [ √ M √ H(t, s) √ r(s)ρ(s) ω(s) + √ r(s)ρ(s) 2 √ M Q(t, s)

]_2 ds. This shows that ω(T ) ≥ Ω(T ), (29) and lim_{t→∞} inf 1 H(t, T )

∫_t T [ √ M √ H(t, s) √ r(s)ρ(s) ω(s) + √ r(s)ρ(s) 2 √ M Q(t, s)

]_2 ds < ∞.

Hence

∞ > lim_{t→∞} inf 1 H(t, t_o)

∫_t

t_o [ √ M √ H(t, s) √ r(s)ρ(s) ω(s) + √ r(s)ρ(s) 2 √ M Q(t, s)

]_2 ds

≥ lim_{t→∞} inf 1 H(t, t_o)

∫_t

t_o [ M H(t, s) r(s)ρ(s) ω^2(s) + Q(t, s) √ H(t, s) ω(s) ] ds. (30)

Define the function α(t) and β(t) as follows

α(t) = 1 H(t, t_o)

∫_t

t_o

M H(t, s) r(s)ρ(s) ω^2(s)ds,

β(t) = 1 H(t, t_o)

∫_t

t_o

Q(t, s) √ H(t, s) ω(s)ds.

Then (30) may be written as

lim_{t→∞} inf [α(t) + β(t)] < ∞. (31)

In order to show that ∫_∞

t_o

ω^2(s) ρ(s)r(s)

< ∞. (32)

Now, suppose that ∫_∞

t_o

ω^2(s) ρ(s)r(s)

= ∞. (33)

By (25) we can easily see that

lim_{t→∞}α(t) = ∞. (34)

Next, let us consider a sequence {T_n}_{n=1,2,3,....}in (t_o, ∞) with lim_{n→∞}T_n = ∞ and such that lim_{n→∞} [α(T_n) + β(T_n)] = lim_{t→∞} inf [α(t) + β(t)] .

Now, by (31), there exists a constant N such that

α(T_n) + β(T_n) ≤ N (n = 1, 2, ...). (35)

Furthermore (34) guarantees that

lim_{n→∞}α(T_n) = ∞, (36)

and hence (35) gives lim_{n→∞}β(T_n) = −∞. (37)

By taking into account (36), from (35), we derive 1 + β(T_n) α(T_n) ≤ N α(T_n) < 1 2 , provided that n is sufficiently large. Thus,

β(T_n) α(T_n) < −1 2 for all large n,

which by (37), ensures that

lim_{n→∞} β^2(T_n) α(T_n)

= ∞. (38)

On the other hand, by Schawrz inequality, we have for any positive integer n,

β^2(T_n) = 1 H^2(T_n, t_o)

[∫_{Tn}

t_o

Q(T_n, s) √ H(T_n, s) ω(s)ds

]_2

≤ [ 1 H(T_n, t_o)

∫_{Tn}

t_o

M H(T_n, s) r(s)ρ(s) ω^2(s)ds ]

× [ 1 H(T_n, t_o)

∫_{Tn}

t_o

r(s)ρ(s) M Q^2(T_n, s)ds ]

= α(T_n) [ 1 H(T_n, t_o)

∫_{Tn}

t_o

r(s)ρ(s) M Q^2(T_n, s)ds ] , or β^2(T_n) α(T_n) ≤ 1 H(T_n, t_o)

∫_{Tn}

t_o

r(s)ρ(s) M Q^2(T_n, s)ds.

It follow from (38) that

lim_{n→∞} 1 H(T_n, t_o)

∫_{Tn}

t_o

r(s)ρ(s)Q^2(T_n, s)ds = ∞. (39)

Consequently,

lim_{t→∞} sup 1 H(t, t_o)

∫_t

t_o

ρ(s)r(s)Q^2(t, s)ds = ∞,

but the latter contradicts the assumption (26) . Hence, (33) fails to hold. Consequently, we have proved that inequality (32) holds. Finally, by (29) we obtain ∫_∞

t_o

Ω^2_+(s) ρ(s)r(s) ≤ ∫_∞

t_o

ω^2(s) ρ(s)r(s)

< ∞,

which contradicts the assumption (28). Therefore, equation (E) is oscillatory. Example 2. Consider the differential equation ( 1 + sin^2 t t^2 1 1 + x^2 ẋ )· + 2 t^3 ẋ + 1 + sin^2 t t^2(3 + 2 sin^2 t) x [ 2 + 1 1 + x^2 ] = 0, t ≥ t_o = 1. (40)

We note that g^′ (x) ψ(x)

= 3 +

2x^4 (1 + x^2)

≥ 3 = K.

If we take ρ(t) = 1 and H(t, s) = (t − s)^2, then we have

lim_{t→∞} sup 1 H(t, t_o)

∫_t 1 r(s)ρ(s)Q^2(t, s)ds

= lim_{t→∞} sup 1 (t − 1)^2

∫_t 1 ( 1 + sin^2 s ) s^2 ( 2 + 2t s^3 − 2 s^2

)_2 ds ≤ lim_{t→∞} sup 1 (t − 1)^2

∫_t 1 2 s^2 ( 2 + 2t s^3 − 2 s^2

)_2

ds = 8 7 < ∞,

lim_{t→∞} sup 1 H(t, T )

∫_t T ( H(t, s)ρ(s)q(s) − r(s)ρ(s) 4M Q^2(t, s) ) ds = lim_{t→∞} sup 1 (t − T )^2

∫_t T (t − s)^2 ( 1 + sin^2 s ) s^2(3 + 2 sin^2 s) − ( 1 + sin^2 s ) 12s^2 ( 2 + 2t s^3 − 2 s^2

)_2 ds

≥ lim_{t→∞} sup 1 (t − T )^2

∫_t T ( (t − s)^2( 1 3s^2 ) − 1 6s^2 ( 2 + 2t s^3 − 2 s^2

)_2) ds = 1 21 7T^6 − 2 T^7 def = Ω(T ), and, finally,

∫_∞ 1 Ω^2_+(s) ρ(s)r(s) ds =

∫_∞ 1 ( 1 21 7s^6 − 2 s^7

)_2 ( s^2 1 + sin^2 s ) ds ≥ ∫_t 1 ( 1 21 7s^6 − 2 s^7

)_2 ( s^2 2 ) ds = ∞.

Thus we conclude that (40) is oscillatory by Theorem 4. As a matter of fact, x(t) = sin t is an oscillatory solution of this equation.

References

[1] B. Ayanlar and A. Tiryaki, Oscillation theorems for nonlinear second order differential equations with damping, Acta Math. Hungar. 89 (2000), 1 − 13.

[2] G. J. Butler, Integral averages and the oscillation of second order ordinary differential equations, SIAM J. Math. Anal. 11 (1980), 190 − 200.

[3] E. M. Elabbasy, On the oscillation of nonlinear second order differential equations, Pan American Mathematical J. 4 (1996), 69 − 84.

[4] E. M. Elabbasy and M. A. Elsharabasy, Oscillation properties for second order nonlinear differential equations, Kyungpook Math. J. 37 (1997), 211− 220.

[5] E. M. Elabbasy, T. S. Hassan and S. H. Saker, Oscillation of second order nonlinear differential equations with damping term, Electronic J. of differential equations, 76-(2005) 1 − 13.

[6] S. R. Grace, Oscillation theorems for second order nonlinear differential equations with damping, Math. Nachr. 141 (1989), 117 − 127.

[7] S. R. Grace, Oscillation theorems for nonlinear differential equations of second order, J. Math. Anal. Appl. 171 (1992), 220 − 241.

[8] S. R. Grace and B. S. Lalli, Integral averaging techniques for the oscillation of second order nonlinear differential equations J. Math. Anal. Appl. 149 (1990), 227 − 311.

[9] S. R. Grace and B. S. Lalli, Oscillation theorems for second order superlinear differential equations with damping, J. Austral. Math. Soc. Ser.A 53 (1992), 156 − 165.

[10] P. Hartman, Non-oscillatory linear differential equation of second order, Amer. J. Math. 74 (1952), 389 − 400.

[11] I. V. Kamenev, Integral criterion for oscillation of linear differential equations of second order, Math. Zametki 23 (1978), 249 − 251.

[12] Q. Kong, Interval criteria for oscillation of second order linear ordinary differential equations, J. Math. Anal. Appl. 229 (1999) 258 − 270.

[13] M. Kirane and Y. V. Rogovchenko, Oscillation results for second order damped differential equations with nonmonotonous nonlinearity, J. Math. Anal. Appl.250 (2000), 118 − 138 .

[14] M. Kirane and Y. V. Rogovchenko, On oscillation of nonlinear second order differential equations with damping term, Appl. Math. and Comput. 117 (2001), 177 − 192.

[15] H. Li, Oscillation criteria for second order linear differential equations, J.

Math. Anal. Appl. 194 (1995) 217 − 234.

[16] W. T. Li and R. P. Agarwal, Interval oscillation criteria for second order nonlinear differential equations with damping, Computers and Math.Applic. 40 (2000) 217 − 230.

[17] W. T. Li , M. Y. Zhang, and X. L. Fei, Oscillation criteria for second order nonlinear differential equations with damped term, Indian J. Pure Appl. Math. 30 (1999), 1017 − 1029.

[18] J. V. Manojlovic, Oscillation criteria of second-order sublinear differential equations, Computers Math. Applic. 39 (2000) 161 − 172.

[19] J. V. Manojlovic, Integral averages and oscillation of second-order nonlinear differential equations, Computers and Math. Applic. 41 (2001) 1521−1534.

[20] Y. Nagabuchi and M. Yamamoto, Some oscillation criteria for second order nonlinear ordinary differential equations with damping, Proc. Japan Acad. 64 (1988), 282 − 285.

[21] Ch. G. Philos, Oscillation of second order linear ordinary differential equations with alternating coefficients,Bull. Math. Soc. 27 (1983), 307 − 313.

[22] Ch. G. Philos, On second order sublinear oscillation, Aequ. Math. 27 (1984), 567 − 572.

[23] Ch. G. Philos, A second order superlinear oscillation criterion, Canad.

Math. Bull. 27 (1984), 102 − 112.

[24] Ch. G. Philos, Integral averages and second order superlinear oscillation ,Math. Nachr. 120 (1985), 127 − 138.

[25] Ch. G. Philos, Integral averaging techniques for the oscillation of second order sublinear ordinary differential equations, J. Austral Mat. Soc. 40 (1986), 111 − 130.

[26] Ch. G. Philos, Oscillation criteria for second order superlinear differential equations, Canad. J. Math. 41 (1989), 321 − 340.

[27] Ch. G. Philos, Oscillation theorems for linear differential equations of second order, Sond. Arch. Math. 53 (1989), 482 − 492.

[28] Ch. G. Philos and I. K. Purnaras, On the oscillation of second order nonlinear differential equations, Arch. Math. 59 (1992), 260 − 271.

[29] Y. V. Rogovchenko, Oscillation theorems for second-order differential equations with damping, Nonlinear anal. 41 (2000), 1005 − 1028.

[30] A. Tiryaki and A. Zafer, Oscillation criteria for second order nonlinear differential equations with damping, Turkish J. Math. 24 (2000), 185−196.

[31] A.Tiryaki and D. Cakmak, Integral averages and oscillation criteria of second-order nonlinear differential equations, Computers and Math. Applic. 47 (2004) 1495 − 1506.

[32] A.Wintner, A criterion of oscillatory stability, Quart, Appl. Math. 7 (1949), 115 − 117.

[33] F. H. Wong and C. C. Yeh, Oscillation criteria for second order superlinear differential equations, Math. Japonica 37 (1992), 573 − 584.

[34] J. Yan, Oscillation theorems for second order nonlinear differential equations with functional averages, J. Math. Anal. Appl. 76 (1980), 72 − 76.

[35] J. Yan, Oscillation theorems for second order linear differential equations with damping, Proc. Amer. Math. Soc. 99 (1986), 276 − 282.

[36] X. Yang, Oscillation criteria for nonlinear differential equations with damping, Appl. Math. and Comput. 136 (2003), 549 − 557.

[37] C. C. Yeh, An oscillation criterion for second order nonlinear differential equations with functional averages, J. Math. Anal.Appl.76 (1980), 72 − 76.

(Received September 19, 2006)