Electronic Journal of Qualitative Theory of Differential Equations 2005, No. 26, 1-18; http://www.math.u-szeged.hu/ejqtde/

BOUNDEDNESS AND STABILITY IN NONLINEAR DELAY DIFFERENCE EQUATIONS EMPLOYING FIXED POINT THEORY

MUHAMMAD N. ISLAM AND ERNEST YANKSON

Abstract. In this paper we study stability and boundedness of the nonlinear difference equation

x(t + 1) = a(t)x(t) + c(t)Δx(t − g(t)) + q(x(t), x(t − g(t)) ) . In particular we study equi-boundedness of solutions and the stability of the zero solution of this equation. Fixed point theorems are used in the analysis.

1. Introduction

Liapunov’s method is normally used to study the stability properties of the zero solution of differential and difference equations. Certain difficulties arise when Liapunov’s method is applied to equations with unbounded delay or equations containing unbounded terms [11], [20]. It has been found that some of these difficulties can be eliminated if fixed point theory is used instead [3]. In the present paper we study certain type of boundedness and stability properties of solutions of linear and nonlinear difference equations with delay using fixed point theory as the main mathematical tool.

In particular we study equi-boundedness of solutions and stability of the zero solution of

x(t + 1) = a(t)x(t) + c(t)Δx(t − g(t)) + q(x(t), x(t − g(t)) ) (1.1)

where a, c : Z → R, q : R × R → R and g : Z → Z^+. The operator Δ is defined as Δx(t) = x(t + 1) − x(t).

We assume that a and c are bounded discrete functions whereas g can be unbounded. Continuous versions of (1.1) are generally known as neutral differential equations. Neutral differential equations have many applications. For example, they arise in the study of two or more simple oscillatory systems with some interconnections between them [4, 22], and in modelling physical problems such as vibration of masses attached to an elastic bar [22].

2000 Mathematics Subject Classification. 39A11.

Key words and phrases. stability, fixed point theorems, Liapunov functionals, contraction mapping, nonlinear difference equations, equi-boundedness.

EJQTDE, 2005 No. 26, p. 1

In section 2, we consider a linear difference equation and obtain the asymptotic stability of the zero solution employing Liapunov’s method. We then point out some difficulties and restrictions that arise when the method of Liapunov is used. In sections 3 and 4 we study equi-boundedness of solutions and stability of the zero solution of (1.1) employing the contraction mapping principle.

The work in this paper is related to the work done in [17] and [20]. The equations that we consider in the current paper are the discrete cases of the differential equations studied in [20]. In [17], the authors studied the existence of periodic solution of (1.1). For more on stability of ordinary and functional differential equations we refer to [1], [2], [8], [10], [12], [14], [23], and for difference equations we refer to [5], [6], [7], [8], [9], [13], [15], [18], [19], and [21].

If g is bounded and the maximum of g is k, then for any integer t_0 ≥ 0, we define Z_0 to be the set of integers in [t_0 − k, t_0]. If g is unbounded then Z_0 will be the set of integers in (−∞, t_0].

Let ψ : Z_0 → R be an initial discrete bounded function.

Definition 1.1. We say x(t) := x(t, t_0, ψ) is a solution of (1.1) if x(t) = ψ(t) on Z_0 and satisfies (1.1) for t ≥ t_0.

Definition 1.2. The zero solution of (1.1) is Liapunov stable if for any ϵ > 0 and any integer t_0 ≥ 0 there exists a δ > 0 such that |ψ(t)| ≤ δ on Z_0 implies |x(t, t_0, ψ)| ≤ ϵ for t ≥ t_0.

Definition 1.3. The zero solution of (1.1) is asymptotically stable if it is Liapunov stable and if for any integer t_0 ≥ 0 there exists r(t_0) > 0 such that |ψ(t)| ≤ r(t_0) on Z_0 implies |x(t, t_0, ψ)| → 0 as t → ∞.

Definition 1.4. A solution x(t, t_0, ψ) of (1.1) is said to be bounded if there exist a B(t_0, ψ) > 0 such that |x(t, t_0, ψ)| ≤ B(t_0, ψ) for t ≥ t_0.

Definition 1.5. The solutions of (1.1) are said to be equi-bounded if for any t_0 and any B_1 > 0, there exists a B_2 = B_2(t_0, B_1) > 0 such that |ψ(t)| ≤ B_1 on Z_0 implies |x(t, t_0, ψ)| ≤ B_2 for t ≥ t_0.

We refer the readers to [16] for definitions of boundedness of solutions for general differential equations.

2. Stability of Linear Difference Equation Employing Liapunov’s Method Our objective in this section is to illustrate the difficulties and restrictions that arise when Liaponuv’s method is used to study the stability of the zero solution of difference equations with delay. To show this, we consider the linear difference equation x(t + 1) = a(t)x(t) + b(t)x(t − g(t)), (2.1) where a, b and g are as defined above. Theorem 2.1. Suppose △g(t) ≤ 0 and g(t) > 0 for all t ∈ Z.

Also, suppose there is a δ > 0 such that fot all t ∈ Z |a(t)| + δ < 1, (2.2) and |b(t)| ≤ δ. (2.3) Then the zero solution of (2.1) is asymptotically stable.

Proof. Define the Liapunov functional V (t, x_t) by

V (t, x_t) = |x(t)| + δ t−1∑

s=t−g(t)

|x(s)|

Then along solutions of (2.1) we have

△V = |x(t + 1)| − |x(t)| + δ t∑ s=t+1−g(t+1)

|x(s)| − δ t−1∑

s=t−g(t)

|x(s)|

≤ |a(t)||x(t)| − |x(t)| + |b(t)|x(t − g(t))| + δ t∑ s=t+1−g(t)

|x(s)| − δ t−1∑

s=t−g(t)

|x(s)| = ( |a(t)| + δ − 1 ) |x(t)| + ( |b(t)| − δ ) |x(t − g(t))| ≤ ( |a(t)| + δ − 1 ) |x(t)| ≤ −γ|x(t)|, for some positive constant γ. EJQTDE, 2005 No. 26, p. 3

It follows from the above relation that the zero solution of (2.1) is asymptotically stable.

Remark. The first difficulty associated with the above method is the construction of an efficient Liapunov functional. Secondly, conditions (2.2) and (2.3) in Theorem 2.1 imply that

|a(t)| + |b(t)| < 1 for all t ∈ Z

which is a very restrictive condition on the functions a and b.

3. Boundedness and Stability of Linear Difference Equation Employing Fixed Point Theory

In this section we begin our study of boundedness and stability using the contraction mapping principle by considering the linear difference equation with delay

x(t + 1) = a(t)x(t) + b(t)x(t − g(t)) + c(t)Δx(t − g(t)) (3.1)

where a, b, c, g and Δ are defined above.

The use of the contraction mapping principle requires a map and a complete metric space. Thus we begin by inverting equation (3.1) to obtain the map. In the process we will require the following: a) For any sequence x(k) b∑ k=a x(k) = 0 and b∏ k=a x(k) = 1 whenever a > b. b) ∑ ( Ex(t)Δz(t) ) = x(t)z(t) − ∑ z(t)Δx(t)

where E is defined as Ex(t) = x(t + 1).

Lemma 3.1. Suppose that a(t) ≠ 0 for all t ∈ Z . Then x is a solution of equation (3.1) if and only if

x(t) = [ x(t_0) − c(t_0 − 1)x(t_0 − g(t_0))

]^{t−1}∏

s=t_0

a(s) + c(t − 1)x(t − g(t))

+ t−1∑

r=t_0 ( [b(r) − ϕ(r)]x(r − g(r)) t−1∏

s=r+1

a(s) ) , t ≥ t_0 (3.2)

EJQTDE, 2005 No. 26, p. 4 where ϕ(r) = c(r) − c(r − 1)a(r).

Proof. Note that equation (3.1) is equivalent to the equation Δ [ x(t) t−1∏

s=t_0

a^{−1}(s) ] = [ b(t)x(t − g(t)) + c(t)Δx(t − g(t))

]^t∏

s=t_0

a^{−1}(s). (3.3)

Summing equation (3.3) from t_0 to t-1 gives

t−1∑

r=t_0 Δ [ x(r) r−1∏

s=t_0

a^{−1}(s) ] = t−1∑

r=t_0 [ b(r)x(r − g(r)) + c(r)Δx(r − g(r))

]^r∏

s=t_0

a^{−1}(s)

which gives,

x(t) t−1∏

s=t_0

a^{−1}(s) − x(t_0)

t_0 −1∏

s=t_0

a^{−1}(s) = t−1∑

r=t_0 [ b(r)x(r − g(r)) + c(r)Δx(r − g(r))

]^r∏

s=t_0

a^{−1}(s)

Dividing both sides by_{t−1} ∏ s=t_0

a^{−1}(s)

gives

x(t) = x(t_0) t−1∏

s=t_0

a(s) + t−1∑

r=t_0 [ b(r)x(r − g(r))

+c(r)Δx(r − g(r))

]^r∏

s=t_0

a^{−1}(s) t−1∏

s=t_0

a(s)

= x(t_0) t−1∏

s=t_0

a(s) + t−1∑

r=t_0

b(r)x(r − g(r)) t−1∏

s=r+1

a(s)

+ t−1∑

r=t_0

c(r)Δx(r − g(r)) t−1∏

s=r+1

a(s) (3.4) But t−1∑

r=t_0

c(r)Δx(r − g(r)) t−1∏

s=r+1

a(s) = c(t − 1)x(t − g(t)) − c(t_0 − 1)x(t_0 − g(t_0)) t−1∏

s=t_0

a(s)

− t−1∑

r=t_0

x(r − g(r))Δ [ c(r − 1) t−1∏ s=r a(s) ]

EJQTDE, 2005 No. 26, p. 5

Thus equation (3.4) becomes

x(t) = x(t_0) t−1∏

s=t_0

a(s) + t−1∑

r=t_0

b(r)x(r − g(r)) t−1∏

s=r+1

a(s)

+c(t − 1)x(t − g(t)) − c(t_0 − 1)x(t_0 − g(t_0)) t−1∏

s=t_0

a(s)

− t−1∑

r=t_0

x(r − g(r))Δ [ c(r − 1) t−1∏ s=r a(s) ]

= [ x(t_0) − c(t_0 − 1)x(t_0 − g(t_0))

]^{t−1}∏

s=t_0

a(s) + c(t − 1)x(t − g(t))

+ t−1∑

r=t_0 [ − x(r − g(r))Δ[c(r − 1) t−1∏ s=r a(s)]

+b(r)x(r − g(r)) t−1∏

s=r+1

a(s) ]

= [x(t_0) − c(t_0 − 1)x(t_0 − g(t_0))] t−1∏

s=t_0

a(s) + c(t − 1)x(t − g(t))

+ t−1∑

r=t_0 [ b(r) − ϕ(r) ] x(r − g(r)) t−1∏

s=r+1

a(s),

where ϕ(r) = c(r) − c(r − 1)a(r).

This completes the proof of lemma 3.1.

Theorem 3.1. Suppose a(t) ≠ 0 for t ≥ t_0 and a(t) satisfies | | | t−1∏

s=t_0

a(s) | | | ≤ M

for M > 0. Also, suppose that there is an α ∈ (0, 1) such that

|c(t − 1)| + t−1∑

r=t_0

|b(r) − ϕ(r)| | |^{t−1}∏

s=r+1

a(s) | | ≤ α, t ≥ t_0. (3.5)

Then solutions of (3.1) are equi-bounded.

Proof. Let B_1 > 0 be given. Choose B_2 such that

|1 − c(t_0 − 1)|MB_1 + αB_2 ≤ B_2 (3.6)

Let ψ be a bounded initial function satisfying |ψ(t)| ≤ B_1 on Z_0. Define S = { φ : Z → R| φ(t) = ψ(t) on Z_0 and ||φ|| ≤ B_2 } , (3.7)

where

||φ|| = max |φ(t)|.

t ∈ Z

Then ( S, || · || ) is a complete metric space.

Define mapping P : S → S by ( P φ ) (t) = ψ(t) on Z_0 and ( P φ ) (t) = [ ψ(t_0) − c(t_0 − 1)ψ(t_0 − g(t_0))

]^{t−1}∏

s=t_0

a(s) + c(t − 1)φ(t − g(t))

+ t−1∑

r=t_0 [ b(r) − ϕ(r) ] φ(r − g(r)) t−1∏

s=r+1

a(s), t ≥ t_0. (3.8)

We first show that P maps from S to S. By (3.6)

|(P φ)(t)| ≤ |1 − c(t_0 − 1)|MB_1 + αB_2 ≤ B_2 for t ≥ t_0

Thus P maps from S into itself. We next show that P is a contraction under the supremum norm. Let ζ, η ∈ S. Then

|(P ζ)(t) − (P η)(t)| ≤ ( |c(t − 1)| + t−1∑

r=t_0

|b(r) − ϕ(r)| | |^{t−1}∏

s=r+1

a(s) | |)||ζ − η||

≤ α||ζ − α||.

This shows that P is a contraction. Thus, by the contraction mapping principle, P has a unique fixed point in S which solves (3.1). This proves that solutions of (3.1) are equi-bounded.

Theorem 3.2. Assume that the hypotheses of Theorem 3.1 hold. Then the zero solution of (3.1) is Liapunov stable.

Proof. Let ϵ > 0 be given. Choose δ > 0 such that

|1 − c(t_0 − 1)|Mδ + αϵ ≤ ϵ. (3.9)

Let ψ be a bounded initial function satisfying |ψ(t)| ≤ δ, t ∈ Z_0. Define the complete metric space S by S = { φ : Z → R| φ(t) = ψ(t) on Z_0 and ||φ|| ≤ ϵ } . (3.10)

Now consider the map P : S → S defined by (3.8). It follows from the proof of Theorem 3.1 that P is a contraction map and for any φ ∈ S, ||P φ|| ≤ ϵ.

This proves that the zero solution of (3.1) is Liapunov stable.

Theorem 3.3. Assume that the hypotheses of Theorem 3.1 hold. Also assume that t−1∏

s=t_0

a(s) → 0 as t → ∞, (3.11)

t − g(t) → ∞ as t → ∞. (3.12)

Then the zero solution of (3.1) is asymptotically stable.

Proof. We have already proved that the zero solution of (3.1) is Liapunov stable. Choose r(t_0) to be the δ of the Liapunov stability of the zero solution. Let ψ(t) be any initial discrete function satisfying |ψ(t)| ≤ r(t_0). Define

S^∗ = { φ : Z → R| φ(t) = ψ(t) on Z_0, ||φ|| ≤ ϵ and φ(t) → 0 as t → ∞ } . (3.13)

Define P : S^∗ → S^∗ by (3.8). From the proof of Theorem 3.1, the map P is a contraction and it maps from S^∗ into itself.

We next show that (P φ)(t) goes to zero as t goes to infinity.

The first term on the right of (3.8) goes to zero because of condition (3.11). The second term on the right side of (3.8) goes to zero because of condition (3.12) and the fact that φ ∈ S^∗. EJQTDE, 2005 No. 26, p. 8

Now we show that the last term | t−1∑

r=t_0

[b(r) − ϕ(r)]φ(r − g(r)) t−1∏

s=r+1

a(s)|

on the right of (3.8) goes to zero as t → ∞.

Let φ ∈ S^∗ then |φ(t−g(t))| ≤ ϵ. Also, since φ(t−g(t)) → 0 as t−g(t) → ∞, there exists a t_1 > 0 such that for t > t_1, |φ(t − g(t))| < ϵ_1 for ϵ_1 > 0. Due to condition (3.11) there exists a t_2 > t_1 such that for t > t_2 implies that | |^t∏ s=t_1

a(s) | | < ϵ1 αϵ . Thus for t > t_2, we have | | t−1∑

r=t_0 [ b(r) − ϕ(r) ] φ(r − g(r)) t−1∏

s=r+1

a(s) | | ≤ t−1∑

r=t_0 | |[b(r) − ϕ(r)]φ(r − g(r)) t−1∏

s=r+1

a(s) | |

≤ t_1−1∑

r=t_0 | |[b(r) − ϕ(r)]φ(r − g(r))^{t−1}∏

s=r+1

a(s) | |

+ t−1∑

r=t_1 | |[b(r) − ϕ(r)]φ(r − g(r))^{t−1}∏

s=r+1

a(s) | |

≤ ϵ t_1−1∑

r=t_0 | |[b(r) − ϕ(r)]^{t−1}∏

s=r+1

a(s) | | + ϵ_1α

≤ ϵ t_1−1∑

r=t_0 | |[b(r) − ϕ(r)]

t_1−1∏

s=r+1

a(s) t−1∏

s=t_1

a(s) | | + ϵ1α

≤ ϵ | | t−1∏

s=t_1

a(s) | | t_1−1∑

r=t_0 | |[b(r) − ϕ(r)]

t_1−1∏

s=r+1

a(s) | | + ϵ1α

≤ ϵα| t−1∏

s=t_1

a(s)| + ϵ_1α

≤ ϵ_1 + ϵ_1α.

Thus showing that the last term of (3.8) goes to zero as t goes to infinity. Therefore (P φ)(t) → 0 as t → ∞.

By the contraction mapping principle, P has a unique fixed point that solves (3.1) and goes to zero as t goes to infinity. Therefore, the zero solution of (3.1) is asymptotically stable.

Example 3.1. Consider the linear difference equation

x(t + 1) = 1 1 + t x(t) +

2^{t+1} 8(1 + t)!

x(t − 2) +

2^{t+1} 8(1 + t)!

Δx(t − 2), t ≥ 0 (3.14)

Equi-boundedness

For this example we let t_0 = 0 thus Z_0 = [−2, 0].

Let B_1 > 0 be given and ψ(t) : Z_0 → R be a given initial function with |ψ(t)| ≤ B_1. Choose B_2 satisfying

7B_1 8 ≤ B_2 2 . (3.15)

Let S be the set definded by (3.7). In our example

c(r) =

2^{r+1} 8(1 + r)! . Therefore, ϕ(r) of (3.8) yields

ϕ(r) = c(r) − c(r − 1)a(r) = 2^{r+1} 8(1 + r)! − 2^r 8(r)! 1 (1 + r)

Thus b(r) − ϕ(r) of (3.8) also yields

b(r) − ϕ(r) =

2^{r+1} 8(1 + r)! − 2^{r+1} 8(1 + r)! + 2^r 8(r + 1)!

= 2^r 8(r + 1)!

(3.16)

Now using (3.16) in (3.8) we define ( P φ ) (t) = ψ(t) on Z_0 and for t ≥ 0 ( P φ ) (t) = [ψ(0) − 1 8 ψ(−2)] t−1∏ s=0 1 1 + s + 2^t 8t! φ(t − 2)

+ t−1∑ r=0 2^r 8(1 + r)!

φ(r − 2) t−1∏

s=r+1 1 1 + s

(3.17)

EJQTDE, 2005 No. 26, p. 10

To see that P defines a contraction mapping, we let ζ, η ∈ S. Then

|(P η)(t) − (P ζ)(t)| ≤

2^t 8t! ||η − ζ|| + t−1∑ r=0 2^r 8(1 + r)!

t−1∏

s=r+1 1 1 + s

||η − ζ||

= 2^t 8t! ||η − ζ|| + t−1∑ r=0 2^r 8(1 + r)! 1 (r + 2)(r + 3)...(t)

||η − ζ||

= 2^t 8t! ||η − ζ|| + t−1∑ r=0 2^r 8t! ||η − ζ|| = 2^t 8t! ||η − ζ|| + 1 8t! (2^t − 1)||η − ζ|| ≤ 2^t 8t! ||η − ζ|| +

2^t 8t! ||η − ζ|| ≤ 1 2 ||η − ζ||.

We now show that P maps from S into itself. Let φ ∈ S. Then | | | ( P φ ) (t) | | | = | | |[ψ(0) − 1 8 ψ(−2)] t−1∏ s=0 1 1 + s + 2^t 8t! φ(t − 2)

+ t−1∑ r=0 2^r 8(1 + r)!

φ(r − 2) t−1∏

s=r+1 1 1 + s | |

≤ 7 8 B_1 + 2 8 B_2 + t−1∑ r=0 2^r 8(1 + r)!

t−1∏

s=r+1 1 1 + s

B_2

= 7 8 B_1 + 2 8 B_2 + t−1∑ r=0 2^r 8(1 + r)! 1 (r + 2)(r + 3)...(t)

B_2 ≤ 7 8 B_1 +

2B_2 8 + 2B_2 8 ≤ 7 8 B_1 +

B_2 2 ≤ B_2

by (3.15).

Therefore solutions of (3.14) are equi-bounded at t_0 = 0.

Stability

Let ϵ > 0 be given. Choose δ > 0 satisfying 7δ 8 ≤ ϵ 2 . (3.18)

Let ψ(t) : Z_0 → R be a given initial function with |ψ(t)| ≤ δ. Let S be the set defined by (3.10).

Define the map P : S → S by (3.17). Then P is a contraction map and for any φ ∈ S, ||P φ|| ≤ ϵ. Therefore the zero solution of (3.14) is Liapunov stable at t_0 = 0.

4. Boundedness and Stability of Nonlinear Difference Equation Employing Fixed Point Theory We continue our study of boundedness and stability using fixed point theory by considering the nonlinear difference equation with delay

x(t + 1) = a(t)x(t) + c(t)Δx(t − g(t)) + q(x(t), x(t − g(t))) (4.1) where a, c and g are defined as before. Here we assume that, q(0, 0) = 0 and q is locally Lipschitz in x and y. That is, there is a K > 0 so that if |x|, |y|, |z| and |w| ≤ K then

|q(x, y) − q(z, w)| ≤ L|x − z| + E|y − w| for some positive constants L and E. Note that |q(x, y)| = |q(x, y) − q(0, 0) + q(0, 0)| ≤ |q(x, y) − q(0, 0)| + |q(0, 0)| ≤ L|x| + E|y|.

Lemma 4.1. Suppose that a(t) ≠ 0 for all t ∈ Z. Then x is a solution of equation (4.1) if and only if

x(t) = [ x(t_0) − c(t_0 − 1)x(t_0 − g(t_0))

]^{t−1}∏

s=t_0

a(s) + c(t − 1)x(t − g(t))

+ t−1∑

r=t_0 [ − x(r − g(r))Φ(r) + q(x(r), x(r − g(r)))

]^{t−1}∏

s=r+1

a(s), t ≥ t_0

where Φ(r) = c(r) − c(r − 1)a(r).

Remark. The details of the inversion of equation (4.1) is similar to that of equation (3.1) discussed in the previous section and so we omit the proof of lemma 4.1.

Theorem 4.1. Suppose a(t) ≠ 0 for t ≥ t_0 and a satisfies

| | t−1∏

s=t_0

a(s) | | ≤ M

for M > 0. Also, suppose that there is an α ∈ (0, 1) such that

| c(t − 1) | + t−1∑

r=t_0 [ |Φ(r)| + (L + E) ]| | t−1∏

s=r+1

a(s) | | | ≤ α, t ≥ t0. (4.2)

Then solutions of (4.1) are equi-bounded.

Proof. Let B_1 > 0 be given. Choose B_2 such that

|1 − c(t_0 − 1)|MB_1 + αB_2 ≤ B_2. (4.3)

Let ψ : Z_0 → R be an initial function satisfying |ψ(t)| ≤ B_1, t ∈ Z_0. Let S be the set defined by (3.7). Define mapping P : S → S by

(P φ)(t) = ψ(t) on Z_0,

and

(P φ)(t) = [ ψ(t_0) − c(t_0 − 1)ψ(t_0 − g(t_0))

]^{t−1}∏

s=t_0

a(s) + c(t − 1)φ(t − g(t)) (4.4)

+ t−1∑

r=t_0 [ − φ(r − g(r))Φ(r) + q(φ(r), φ(r − g(r)))

]^{t−1}∏

s=r+1

a(s), t ≥ t_0

EJQTDE, 2005 No. 26, p. 13

We first show that P maps from S into itself. | |(P φ)(t) | | ≤ | |B_1 − c(t_0 − 1)B_1 | |M + | |c(t − 1) | |B_2 + t−1∑

r=t_0 [ |Φ(r)|B_2 + L|φ(r)| + E|φ(r − g(r))| ]| | t−1∏

s=r+1

a(s) | | |

≤ | (1 − c(t_0 − 1)) | MB_1 + |c(t − 1)|B_2 + t−1∑

r=t_0 [ |Φ(r)| + L + E ]| | t−1∏

s=r+1

a(s) | |B2

≤ | |(1 − c(t_0 − 1)) | |MB_1 + ( |c(t − 1)| + t−1∑

r=t_0 [ |Φ(r)| + L + E ]| | t−1∏

s=r+1

a(s) | | ) B_2

≤ |(1 − c(t_0 − 1))|MB_1 + αB_2 ≤ B_2

by (4.3). Thus showing that P maps from S into itself.

We next show that P is a contraction map. For ζ, η ∈ S, we get

|(P ζ)(t) − (P η)(t)| ≤ ( |c(t − 1)| + t−1∑

r=t_0 [ |Φ(r)| + L + E ]| | t−1∏

s=r+1

a(s) | | ) ||ζ − η||

≤ α||ζ − η||

Thus, by the contraction mapping principle, P has a unique fixed point in S which solves (4.1). This proves that solutions of (4.1) are equi-bounded.

Theorem 4.2. Assume that the hypotheses of Theorem 4.1 hold. Then the zero solution of (4.1) is Liapunov stable.

Proof. Let ϵ > 0 be given. Choose δ > 0 such that

|1 − c(t_0 − 1)|Mδ + αϵ ≤ ϵ. (4.5)

Let ψ : Z_0 → R be an initial discrete function satisfying |ψ(t)| ≤ δ, t ∈ Z_0. Let S be the set defined by (3.10).

Define the map P : S → S by (4.4). It follows from the proof of Theorem 4.1 that P is a contraction map and for any ψ ∈ S, ||P φ|| ≤ ϵ. This proves that the zero solution of (4.1) is Liapunov stable.

Theorem 4.3 Assume that the hypotheses of Theorem 4.1 hold. Also assume that_{t−1} ∏ s=t_0

a(s) → 0 as t → ∞, (4.6)

EJQTDE, 2005 No. 26, p. 14 t − g(t) → ∞ as t → ∞. (4.7)

Then the zero solution of (4.1) is asymptotically stable.

Proof We have already proved that the zero solution of (4.1) is Liapunov stable. Choose r(t_0) to be the δ of the Liapunov stability of the zero solution. Let ψ be any initial discrete function satisfying |ψ(t)| ≤ r, t ∈ Z_0. Let S^∗ be the set defined by (3.13).

Define the map P : S^∗ → S^∗ by (4.4). From the proof of Theorem 4.1, the map P is a contraction and it maps S^∗ into itself.

Next we show that (P φ)(t) goes to zero as t goes to infinity. The first term on the right of (4.4) goes to zero because of condition (4.6). The second term on the right goes to zero because of condition (4.7) and the fact that φ ∈ S^∗.

Finally we show that the last term

t−1∑

r=t_0 [ − Φ(r)φ(r − g(r)) + q(φ(r), φ(r − g(r)))

]^{t−1}∏

s=r+1

a(s)

on the right of (4.4) goes to zero as t → ∞.

Let φ ∈ S^∗ then |φ(t−g(t))| ≤ ϵ. Also, since φ(t−g(t)) → 0 as t−g(t) → ∞, there exists a t_1 > 0 such that for t > t_1, |φ(t − g(t))| < ϵ_1 for ϵ_1 > 0. Due to condition (4.6) there exists a t_2 > t_1 such that for t > t_2 implies that

| | t∏ s=t_1

a(s) | | < ϵ_1 αϵ . EJQTDE, 2005 No. 26, p. 15

Thus for t > t_2, we have | | t−1∑

r=t_0 [ − φ(r − g(r))Φ(r) + q(φ(r), φ(r − g(r)))

]^{t−1}∏

s=r+1

a(s) | |

≤ t−1∑

r=t_0 | |[ − φ(r − g(r))Φ(r) + q(φ(r), φ(r − g(r)))]^{t−1}∏

s=r+1

a(s) | |

≤ t_1−1∑

r=t_0 | |[φ(r − g(r))Φ(r) + Lφ(r) + Eφ(r − g(r))]^{t−1}∏

s=r+1

a(s) | |

+ t−1∑

r=t_1 | |[φ(r − g(r))Φ(r) + Lφ(r) + Eφ(r − g(r))]^{t−1}∏

s=r+1

a(s) | |

≤ ϵ t_1−1∑

r=t_0 [ |Φ(r)| + L + E ]| | t−1∏

s=r+1

a(s) | | + ϵ1α

≤ ϵ t_1−1∑

r=t_0 [ |Φ(r)| + L + E ]| | t_1−1∏

s=r+1

a(s) t−1∏

s=t_1

a(s) | | + ϵ1α

≤ ϵα | |^{t−1}∏

s=t_1

a(s) | | + ϵ_1α

≤ ϵ_1 + ϵ_1α.

Thus showing that (P φ)(t) → 0 as t → ∞. Therefore the zero solution of (4.1) is asymptotically stable.

References

(1) T. Burton, Volterra Integral and Differential Equations, Academic Press, New York, 1983.

(2) T. Burton, Stability and Periodic Solutions of Ordinary and Functional Differential Equations, Academic Press, New York, 1985.

(3) T. Burton and T. Furumochi, Fixed points and problems in stability theory, Dynam. Systems Appl. 10(2001), 89-116.

(4) K. Cook and D. Krumme, Differential difference equations and nonlinear initial-boundary -value problems for linear hyperbolic partial differential equations, J. Math. Anal. Appl. 24(1968), 372-387.

(5) S. Elaydi, An Introduction to Difference Equations, Springer, New York, 1999.

EJQTDE, 2005 No. 26, p. 16

(6) S. Elaydi, Periodicity and stability of linear Volterra difference systems, J. Math. Anal. Appl. ,181(1994), 483-492.

(7) S. Elaydi and S. Murakami, Uniform asymptotic stability in linear Volterra difference equations, J. Differ. Equations Appl., 3(1998), 203-218.

(8) P. Eloe and M. Islam, Stability properties and integrability of the resolvent of linear Volterra equations, Tohoku Math. J., 47(1995), 263-269.

(9) P. Eloe, M. Islam and Y. Raffoul, Uniform asymptotic stability in nonlinear Volterra discrete systems, Special Issue on Advances in Difference Equations IV, Computers Math. Appl., 45(2003), 1033- 1039.

(10) P. Eloe, M. Islam and B. Zhang, Uniform asymptotic stability in linear Volterra integrodifferential equations with applications to delay systems, Dynam. Systems Appl., 9 (2000), 331-344.

(11) L. Hatvani, Annulus arguments in the stability theory for functional differential equations, Differential and Integral Integral Equations, 10(1997), 975-1002.

(12) Y. Hino and S. Murakami, Total stability and uniform asymptotic stability for linear Volterra equations, J. London Math. Soc., 43(1991), 305-312.

(13) M. Islam and Y. Raffoul, Exponential stability in nonlinear difference equations , J. Differ. Equations Appl., 9(2003), 819-825.

(14) M. Islam and Y. Raffoul, Stability properties of linear Volterra integrodifferential equations with nonlinear perturbation, Commun. Appl. Anal., 7(2003), 405-416.

(15) W. Kelley and A. Peterson, Difference Equations: An Introduction with Applications, Harcourt Academic Press, San Diego, 2001.

(16) J. Liu, A First Course In The Qualitative Theory of Differential Equations,Pearson Education, Inc., Upper Saddle River, New Jersey 07458, 2003.

(17) M. Maroun and Y. Raffoul , Periodic solutions in nonlinear neutral difference equations with functional delay, J. Korean Math. Soc., 42 (2005), 255-268.

(18) R. Medina, Asymptotic behavior of Volterra difference equations, Computers Math. Appl. 41(2001), 679-687.

(19) R. Medina, The asymptotic behavior of the solutions of a Volterra difference equation, Computers Math. Appl. 181(1994), 19-26.

(20) Y. Raffoul, Stability in neutral nonlinear differential equations with functional delays using fixed point theory, Mathematical and Computer Modelling, 40(2004), 691-700.

(21) Y. Raffoul, General theorems for stability and boundedness for nonlinear functional discrete systems, J. Math. Anal. Appl. ,279(2003), 639-650.

(22) V. Rubanik, Oscillations of Quasilinear Systems with Retardation, Nauk, Moscow, 1969.

(23) T. Yohizawa, Stability Theory by Liapunov’s Second Method, Math.

Soc. Japan, Tokyo, 1966.

(Received December 16, 2005)

Department of Mathematics, University of Dayton, Dayton, OH 45469-2316 USA E-mail address: muhammad.islam@notes.udayton.edu

Department of Mathematics, University of Dayton, Dayton, OH 45469-2316 USA E-mail address: yanksoez@notes.udayton.edu