Electronic Journal of Qualitative Theory of Differential Equations 2005, No. 23, 1-17; http://www.math.u-szeged.hu/ejqtde/

Oscillation of Second-Order Forced Nonlinear Dynamic Equations on Time Scales

S. H. Saker^∗ Department of Mathematics,Faculty of Science, Mansoura University, Mansoura, 35516, Egypt E-mail: shsaker@mans.edu.eg

Abstract

In this paper, we discuss the oscillatory behavior of the second-order forced nonlinear dynamic equation ( a(t)x^Δ(t)

)_Δ

+ p(t)f(x^σ ) = r(t),

on a time scale T when a(t) > 0. We establish some sufficient conditions which ensure that every solution oscillates or satisfies lim inf_{t→∞} |x(t)| = 0. Our oscillation results when r(t) = 0 improve the oscillation results for dynamic equations on time scales that has been established by Erbe and Peterson [Proc. Amer. Math. Soc 132 (2004), 735-744], Bohner, Erbe and Peterson [J. Math. Anal. Appl. 301 (2005), 491–507] since our results do not require

∫_∞

t_0 q(t)Δt > 0 and

∫_{±∞}

±t_0 du f (u) < ∞. Also, as a special case when T = R, and r(t) = 0 our results

improve some oscillation results for differential equations. Some examples are given to illustrate the main results.

Keywords. Oscillation, forced second-order nonlinear dynamic equation, time scale, positive solution.

AMS Subject Classification. 34K11, 39A10, 39A99 (34A99, 34C10, 39A11)

1 Introduction

The theory of time scales, which has recently received a lot of attention, was introduced by Stefan Hilger in his Ph. D. Thesis in 1988 in order to unify continuous and discrete analysis, see [14]. A time scale T is an arbitrary closed subset of the reals, and the cases when this time scale is equal to the reals or to the integers represent the classical theories of differential and of difference equations. Many other interesting time scales exist, and they give rise to many applications (see [6]). Not only the new theory of the so-called ”dynamic equations” unify the theories of differential

∗The author finished the paper during his visit Trinity University, San Antonio, Texas USA, as a Fulbright scholar.

EJQTDE, 2005 No. 23, p. 1 equations and difference equations, but also extends these classical cases to cases ” in between”, e.g., to the so-called q−difference equations when T =q^{N0} = {q^t : t ∈ N_0 for q > 1} and can be applied on different types of time scales like T =hZ, T = N^2 and T = T_n the space of the harmonic numbers. A book on the subject of time scales by Bohner and Peterson [6] summarizes and organizes much of the time scale calculus. The reader is referred to [6, Chapter 1] for the necessary time scale definitions and notation used throughout this paper.

In recent years, there has been increasing interest in obtaining sufficient conditions for the oscillation/nonoscillation of solutions of different classes of dynamic equations on time scales. The oscillation results not only unify the oscillation results of differential and difference equations but also involve the oscillation conditions for different types of equations on different time scales which the oscillation behavior of the solutions is not known before. The problem of obtaining sufficient conditions for oscillation of the nonlinear dynamic equation

(a(t)x^Δ)^Δ + p(t)f(x^σ) = 0, for t ∈ T, (1.1)

with a(t) > 0 and p(t) ≥ 0 has been studied by some authors, such as Saker [17], Bohner and Saker[7], Erbe, Peterson and Saker [13] and Bohner, Erbe and Peterson [5]. For oscillation of (1.1), when no explicit sign assumptions are made with respect to the coefficients p(t), Erbe and Peterson [12] established some sufficient conditions for oscillation when lim inf t→∞ ∫_t T p(t)Δt > 0, (1.2)

for large T. One can see that (1.2) implies that either ∫_∞

t_0

p(t)Δt = ∞, (1.3)

or ∫_∞ T p(t)Δt = lim_{t→∞}

∫_t T p(s)Δs, (1.4)

exists and satisfies

∫_∞ T p(t)Δt ≥ 0 for large T. Also in [5], the authors established some sufficient conditions for oscillation of Eq.(1.1) when f(u) is superlinear, i.e, when

∫_∞

t_0 du f(u) < ∞.

For qualitative behavior of solutions of forced nonlinear dynamic equations on time scales, the author in [19] considered the equation

x^{ΔΔ}(t) + p^σf(x(t)) = r(t), t ∈ T,

where p^σ(t) and r(t) are real-valued rd−continuous positive functions defined on the time scale T and established some sufficient conditions for boundedness and continuation. For oscillation of different dynamic equations on time scales, we refer the reader to the papers [1-5, 8-11, 18, 20, 21].

In this paper, we are concerned with the oscillatory behavior of the forced nonlinear dynamic equation

(a(t)x^Δ)^Δ + p(t)f(x^σ) = r(t), for t ∈ [t_0, ∞)_T, (1.5)

where T is a time scale, a(t) > 0, p(t) and r(t) are real-valued rd−continuous function defined on the time scale T. Since we are interested in the oscillatory and asymptotic behavior of solutions near infinity, we assume that sup T = ∞, and define the time scale interval [t_0, ∞)_T by [t_0, ∞)_T := [t_0, ∞) ∩ T. Our attention is restricted to those solutions x(t) of (1.5) which exist on some half line [t_x, ∞) and satisfy sup{|x(t)| : t > t_0} > 0 for any t_0 ≥ t_x.

We note that, if T = R, then σ(t) = t, μ(t) = 0, x^Δ(t) = x^′ (t) and (1.5) becomes the second-order nonlinear differential equation

(a(t)x^′ (t))^′ + p(t)f(x(t)) = r(t). (1.6)

If T = Z, then σ(t) = t + 1, μ(t) = 1, x^Δ(t) = Δx(t) = x(t + 1) − x(t),

∫_b a f(t)Δt = ∑_{b−1}

i=a f(i) and (1.5) becomes the second order nonlinear difference equation

Δ(a(t)Δx(t)) + p(t)f(x(t + 1)) = r(t). (1.7)

If T =hZ, for h > 0, then σ(t) = t+h, μ(t) = h, x^Δ(t) = Δ_hx(t) =^{x(t+h)−x(t)}_h ,

∫_b a f(t)Δt = ∑^{b−a−h}_h

k=0 f(a + kh)h and (1.5) becomes the generalized difference equation

Δ_h(a(t)Δ_hx(t)) + p(t)f(x(t + h)) = r(t). (1.8)

If T=q^N = {q^k, k ∈ N, q > 1}, then σ(t) = qt, μ(t) = (q − 1)t, x^Δ(t) = Δ_qx(t) =

x(qt)−x(t)

(q−1)t ,

∫_∞ a f(t)Δt =

∑_∞

k=0 μ(q^k)f(q^k) and (1.5) becomes the q−difference equation

Δ_q(a(t)Δ_qx(t)) + p(t)f(x(qt)) = r(t). (1.9)

If T = N^2_0 = {t^2 : t ∈ N_0}, then σ(t) = ( √ t + 1)^2, μ(t) = 1 + 2 √ t, x^Δ(t) = Δ_N x(t) = x(( √ t+1)^2)−x(t) 1+2 √ t , and (1.5) becomes the difference equation

Δ_N (a(t)Δ_N x(t)) + p(t)f(x( √ t + 1)^2) = r(t). (1.10)

If T = T_n = {H_n : n ∈ N_0} where {H_n} is the set of the harmonic numbers defined by H_0 = 0, H_n = n∑ k=1 1 k , n ∈ N_0,

then σ(H_n) = H_{n+1}, μ(H_n) =^1_{n+1} , x^Δ(t) = x^Δ(H_n) = Δ_{Hn} x(H_n) = (n + 1)x(H_n), and (1.5) becomes the difference equation

Δ_{Hn} (a(H_n)Δ_{Hn} x(H_n)) + p(H_n)f(x(H_{n+1})) = r(t). (1.11)

In this paper, we follow the technique that has been used by Kwong and Wong [15] for differential equations and establish some sufficient conditions which ensure that every solution of (1.5) oscillates or satisfies lim inf_{t→∞} |x(t)| = 0. Our results do not assume that p(t) and r(t) be of definite sign (it possible that the function p(t) is oscillatory). When r(t) = 0, our results improve the oscillation results that has been established by Erbe and Peterson [12] and Bohner, Erbe and Peterson [5] for the equation (1.1), since our results do not require the condition (1.2) and ∫_{±∞}

±t_0 du f(u) < ∞. As a special case when T = R, a(t) = 1, and r(t) = 0 our results

improve the oscillation results that has been established for the differential equation

x^{′′} (t) + p(t)f(x(t)) = 0,

by Kwong and Wong [15] and Li [16], since our results do not require that

∫_{±∞}

±t_0 du f(u) <

∞. To the best of our knowledge this approach for investigation the asymptotic behavior of Eq.(1.5) on time scales has not been studied before. We note that our results cover the oscillation behavior of the equations (1.6)-(1.11) and also can be extended on different types of time scales. The paper is ended by some examples to illustrate the main oscillation results.

2 Main Results

In this Section, we study the oscillation and nonoscillation of Eq.(1.5). Before stating our main results we need the following lemmas.

Lemma 2.1 [6]. Assume that g : T → R is delta differentiable on T . Assume that f : R → R is continuously differentiable. Then f ∘ g : T → R is delta differentiable and satisfies

(f ∘ g)^Δ(t) = 1∫ 0 f^′ (g(t) + hμ(t)g^Δ(t))dh g^Δ(t). (2.1)

Lemma 2.2. Let g(t, s, z) be real-valued function of t and s in [T, C] and z in [T_1, C_1] such that, for each fixed t = t_0 and s = s_0, g(t_0, s_0, z) is a nondecreasing function of z. Let G(t) be a differentiable function on [T, C], let u and v be functions on [T, C] such that u(t) and v(t) are in [T_1, C_1] for all t in [T, C]; let g(t, s, u(s)) and g(t, s, v(s)) be are rd-continuous functions in s for fixed t; and for all t in [T, C] let v(t) = G(t) + t∫ T g(t, s, v(s))Δs, (2.2) and u(t) ≥ G(t) + t∫ T g(t, s, u(s))Δs, (2.3)

then u(t) ≥ v(t) for all t in [T, C].

Proof. For t = T , the result is obvious. Assume that there exits T_1 ∈ [T, C], such that u(T_1) = v(T_1) and v(t) < u(t) for t ∈ [T, T_1]. Since g(t, s, z) is monotone nondecreasing in z for fixed t and s, it follows that g(T_1, s, v(s)) ≤ g(T_1, s, u(s)). Then from (2.2), we have

v(T_1) = G(T_1) +

T_1∫

T g(T_1, s, v(s))Δs ≤ G(T_1) +

T_1∫

T g(T_1, s, u(s))Δs = u(T_1). (2.4)

This is a contradiction to the fact that u(T_1) = v(T_1). Hence u(t) ≥ v(t) for all t in [T, C]. The proof is complete.

Throughout the following, we will assume that: a, p, r : T→ R are rd-continuous functions, and f : R→ R is continuously differentiable such that a(t) > 0 and

uf(u) > 0 and f^′ (u) ≥ k > 0 for u ≠ 0, (2.5)

Theorem 2.1. Assume that (2.5) holds. Let x(t) be a positive (negative) solution of (1.5) on [T_1, C) for some positive T_1 satisfying t_0 ≤ T_1 < C ≤ ∞, and define w(t) by the Riccati substitution

w(t) = a(t)x^Δ f(x(t))

. (2.6)

If there exists a T in [T_1, C) and a positive constant A_1 such that

−w(T_1) + t∫ T_1

[p(s) − r(s)/(f ∘ x^σ)(s)]Δs + T∫ T_1 [ Q(x(s))w^2(s)/a(s) ] Δs ≥ A_1, (2.7)

for all t in [T, C], then a(t)x^Δ(t) ≤ −A_1f(x(T )) ( a(t)x^Δ(t) ≥ −A_1f(x(T ))) for all t ∈ [T, C).

Proof. Let x(t) be a solution of (1.5) satisfying the hypotheses of the theorem. From (1.5) and the definition of w(t), we have

w^Δ(t) + Q(x(t)) w^2(t) a(t)

= r(t)/(f ∘ x^σ)(t) − p(t), (2.8)

where

Q(x) := f(x) (f ∘ x^σ) 1∫ 0 f^′ (x(t) + hμ(t)x^Δ(t))dh

> 0.

Integrating (2.8) form T_1 to t (T_1 ≤ t ≤ C), we get

w(t) − w(T_1) + t∫ T_1 [ Q(x(s))w^2(s)/a(s) ] Δs = t∫ T_1

[r(s)/(f ∘ x^σ)(s) − p(s)]Δs.

This implies after applying (2.7) that

−w(t) ≥ A_1 + t∫ T [ Q(x(s))w^2(s)/a(s) ] Δs > 0, for T ≤ t < C. (2.9)

Since a(t) > 0, we see that w(t) < 0 and

x(t)x^Δ(t) < 0 on [T, C).

Suppose that x(t) > 0 and let u(t) = −a(t)x^Δ(t). Then u(t) > 0 and (2.9) becomes

u(t) ≥ A_1f(x(t)) + t∫ T [ f(x(t))Q(x(s))[−x^Δ(s)]u(s)/f^2(x(s)) ] Δs. (2.10)

Define g(t, s, z) = [ f(x(t))Q(x(s))[−x^Δ(s)]z/f^2(x(s)) ] , for t and s in [T, C) and z in [0, ∞). It is clear that the function g is nondecreasing in the variable z. Letting G(t) = A_1f(x(t)) and applying Lemma 2.2, we have u(t) ≥ v(t), where v(t) satisfies the integral equation

v(t) = A_1f(x(t)) + t∫ T [ f(x(t))Q(x(s))[−x^Δ(s)]v(s)/f^2(x(s)) ] Δs. (2.11)

Multiplying (2.11) by 1/f(x(t)) and differentiating with respect to t, we obtain [ v(t) f(x(t))

]_Δ = A_1 + t∫ T [ Q(x(s))[−x^Δ(s)]v(s)/f^2(x(s)) ] Δs Δ = −Q(x(t))x^Δ(t)v(t) f^2(x(t)) .

On the other hand, by using Lemma 2.1, we have [ v(t) f(x(t))

]_Δ = f(x(t))v^Δ(t) − v(t) (f(x(t)))^Δ f(x(t))f(x^σ)

= v^Δ(t) f(x^σ) − v(t)

{_1 ∫ 0 f^′ (x(t) + hμ(t)x^Δ(t))dh } x^Δ(t)

f(x(t))f(x^σ) = v^Δ(t) f(x^σ) − Q(x(t))[x^Δ(t)]v(t) f^2(x(t)) . Then, we have v^Δ(t) f(x^σ)

= 0.

This implies that v^Δ(t) = 0, so that v(t) = v(T ) = A_1f(x(T )) > 0 for all t in [T, C). Now, since u(t) ≥ v(t), we have

a(t)x^Δ(t) ≤ −A_1f(x(T )), for T ≤ t < C.

The proof for the case when x(t) is negative follows from a similar argument as above by taking u(t) = a(t)x^Δ(t) and G(t) = −A_1f(x(t)) to prove that a(t)x^Δ(t) ≥ −A_1f(x(T )). The proof is complete.

Remark 2.1. From Theorem 2.1, we saw that x^Δ(t) < 0 for positive solution x(t), this implies that f(x(t))/(f ∘ x^σ) ≥ 1, so that

Q(x) = f(x) f(x^σ) 1∫ 0 f^′ (x + hμ(t)x^Δ)dh

≥ L,

for some L ≥ k > 0.

Theorem 2.2. Assume that (2.5) holds, and ∞∫ t_0

p(s)Δs < ∞, (2.12)

∞∫ t_0

|r(s)| Δs < ∞, (2.13) ∞∫ t_0 1 a(t)

Δt = ∞. (2.14)

If x(t) is a solution of Eq.(1.5) such that lim inf_{t→∞} |x(t)| > 0, then

L ∞∫ T [ w^2(s)/a(s) ] Δs ≤ ∞∫ T [ Q(x(s))w^2(s)/a(s) ] Δs < ∞, (2.15)

lim_{t→∞} w(t) = 0, (2.16) and w(t) = ∞∫ t [Q(x(s))w^2(s)/a(s)]Δs + ∞∫ t [p(s) − r(s)/(f ∘ x^σ)(s)]Δs, (2.17)

for all sufficiently large t.

Proof. Let x(t) be a solution of (1.5) such that lim_{t→∞} |x(t)| > 0. Then there exist A_2 > 0, m > 0 and t_1 > t_0 such that |x(t)| ≥ m and |f(x(t))| ≥ A_2 for t ≥ t_1.

This, together with (2.13), since ∞∫ t_0

|r(s)| Δs < ∞, implies that there exists a positive

constant A_3 such that | | | | t∫ t_1

[r(s)/(f ∘ x^σ)(s)]Δs | | | | ≤ 1 A_2 t∫ t_1

|r(s)| Δs ≤ A_3 for all t ≥ t_1, (2.18)

where A_3 is a positive constant. If (2.15) does not hold, then there exists t_2 > t_1 such

that

t_2∫

t_1

[Q(x(s))w^2(s)/a(s)]Δs > 0 and then it follows from (2.12), since ∞∫ t_0

p(s)Δs <

∞, that there exist A_1 > 0 and t_2 > t_1 such that (2.7) holds for t ≥ t_2. For the case when x(t) > 0 on [t_2, ∞) it follows from Theorem 2.1 and its proof that x^Δ(t) < 0 and a(t)x^Δ(t) ≤ −A_1f(x(t_2)) for t ≥ t_2. Therefore from (2.14), we have

x(t) ≤ x(t_2) − A_1f(x(t_2))

∫_t

t_1 1 a(s)

Δs → −∞ as t → ∞,

which contradicts the fact that x(t) > 0 on [t_2, ∞). The proof when x(t) < 0 on [t_2, ∞) is similar and will be omitted. This completes the proof of (2.15). Next, we prove (2.16) and (2.17) hold. From Theorem 2.1, since

w^Δ(t) + Q(x(t)) w^2(t) a(t)

= r(t)/(f ∘ x^σ)(t) − p(t),

we have after integration from t to z (for t > z) that

w(z) + z∫ t [Q(x(s))w^2(s)/a(s)]Δs = w(t) + z∫ t [r(s)/(f ∘ x^σ)(s) − p(s)]Δs. (2.19)

This together with (2.12), (2.15) and (2.18), implies that lim_{z→∞} w(z) exists. Then from (2.19), we have

w(t) = lim_{z→∞} w(z)+ ∞∫ t [Q(x(s))w^2(s)/a(s)]Δs+ ∞∫ t [p(s)−r(s)/(f∘x^σ)(s)]Δs, for t ≥ t_1.

(2.20) To prove that (2.16) and (2.17) hold it suffices to prove that lim_{z→∞} w(z) = 0. First suppose that x(t) > 0 on [t_1, ∞), so that by Theorem 2.1, we have x(t)x^Δ(t) < 0 and (2.9) holds. If not assume that lim_{t→∞} w(z) = A_4 exists. If A_4 > 0, we see that w(t) =^{a(t)xΔ}_{f(x(t))} ≥ A_4/2 for t ≥ T_2 > t_1 which implies that x^Δ(t) > 0 for t ≥ T_2 and this is a contradiction since x(t)x^Δ(t) < 0. If A_4 < 0, then (2.12), (2.15) and (2.18) imply that there exists a T_1 > t_1 so large such that | | | ∞∫ t p(s)Δs | | | ≤ −A^4/6, | | | ∞∫ t [r(s)/(f ∘ x^σ)(s)]Δs | | | ≤ −A^4/6, ∞∫ t_1

[Q(x(s))w^2(s)/a(s)]Δs ≤ −A_4/6.

(2.21)

Letting t = t_0 in (2.20), we have

w(t_0) = A_4 + ∞∫ t_0

[Q(x(s))w^2(s)/a(s)]Δs + ∞∫ t_0

[p(s) − r(s)/(f ∘ x^σ)(s)]Δs. (2.22)

Using (2.21) and (2.22) and the fact that Q(x(s)) > 0, we have

−w(t_0) +

t_1∫

t_0

[Q(x(s))w^2(s)/a(s)]Δs + t∫ t_0

[p(s) − r(s)/(f ∘ x^σ)(s)]Δs

= −A_4 − ∞∫ t_1

[Q(x(s))w^2(s)/a(s)]Δs − ∞∫ t [p(s) − r(s)/(f ∘ x^σ)(s)]Δs

> −A_4 +

A_4 6 + A_4 6 + A_4 6 = − A_4 2 := A_1 > 0.

Thus the condition (2.7) of Theorem 2.1 is satisfied. Then by applying Theorem 2.1, we obtain a(t)x^Δ(t) ≤ −A_1f(x(T )).

Then integrating the last inequality leads to a contradiction with the positive nature of x(t). Thus A_4 = 0 and this proved (2.16). The proof when x(t) < 0 is similar and will be omitted.

As consequence from Theorem 2.2, we have the following property of the nonoscillatory solutions of Eq.(1.5).

Corollary 2.1. Assume that (2.5), (2.12)-(2.14) hold. If x(t) is a nonoscillatory solution (1.5), then

lim_{t→∞} a(t)x^Δ(t) f(x(t))

= 0,

holds.

We note that if (2.12) and (2.13) hold then the function

h_0(t) = ∞∫ t [p(s) − γ |r(s)|]Δs/ √ a(t),

is well defined on [t_0, ∞)_T for every positive constant γ and for any arbitrary function g we define (g(t))_+ =^1_2 (g(t) + |g(t)|).

Theorem 2.3. Assume that (2.5), (2.12)-(2.14) hold. Then either ∫_∞ t [(h_0(t))_+]^2Δt = ∞, (2.23) or ∫_∞ t ([ h_0(s) + L

∫_∞ s (h_0(u))^2 Δu/ √ a(s) ] + ) Δs = ∞, (2.24)

implies that every solution x(t) of (1.5) oscillates or satisfies lim inf_{t→∞} |x(t)| = 0.

Proof. Assume to the contrary that Eq.(1.5) has a nonoscillatory solution x(t). Without loss of generality, we assume that x(t) > 0 such that lim inf_{t→∞} x(t) > 0. It then follows from (2.5), there exist K > 0, m > 0 and t_1 > t_0 such that x(t) ≥ m and f(x^σ) > 0 for t ≥ t_1. Since the hypothesis of Theorem 2.2 hold, we have from (2.17) that

w(t) ≥ L ∞∫ t [w^2(s)/a(s)]Δs + h_0(t) √ a(t) ≥ h_0(t) √ a(t), (2.25)

for t ≥ t_1 and some constant L > 0. Then, we have by (2.23) that ∫_∞ t w^2(s)/a(s)Δt ≥

∫_∞ t [h_0(t)]^2Δt = ∞,

which contradicts (2.15). Now, suppose that (2.24) holds. From (2.25), and the last inequality, we have

w(t) ≥ L ∞∫ t [h_0(s)]^2Δs + h_0(t) √ a(t),

so that w(t)/ √ a(t) ≥ h_0(t) + L

∫_∞ t [h_0(s)]^2/ √ a(t)Δs.

Using the fact that w^2(t) ≥ w(t), (noting that w(t) < 0 since x(t) > 0), we have

w^2(t)/a(t) ≥ [h_0(t) + L

∫_∞ t [h_0(s)]^2/ √ a(t)Δs].

Integrating the last inequality, we get a contradiction with (2.15). The proof is complete.

Define

h_1(t) = ∞∫ t [h_0(s)_+]^2Δs and h_{n+1}(t) = ∞∫ t ([h_0(s) + Lh_n(s)/ √ a(t)]_+)^2Δs,

for n = 1, 2, 3, ... .

Theorem 2.4. Assume that (2.5), (2.12)-(2.14) hold. If there exists a positive integer N such that

h_n exists for n = 0, 1, 2, 3, ..., N − 1and h_N does not exist, (2.27) then every solution x(t) of (1.5) oscillates or satisfies lim inf_{t→∞} |x(t)| = 0.

Proof. Assume to the contrary that Eq.(1.5) has a nonoscillatory solution x(t) and proceed as in the proof of Theorem 2.3 to get (2.25). From (2.25) we have

w(t) ≥ L ∞∫ t [w^2(s)/a(s)]Δs + h_0(t) √ a(t), (2.28)

for t ≥ t_1 and some constant L > 0. From (2.15), we have ∞∫ t_1

[w^2(s)/a(s)]Δs < ∞. (2.29)

As in the proof of Theorem 2.3, we have

w^2(t)/a(t) ≥ [h_0(t)_+]^2. (2.30)

If N = 1, then (2.29) and (2.30) imply that

h_1(t) = ∞∫ t [h_0(s)_+]^2Δs < ∞,

which contradicts the nonexistence of h_N (t) = h_1(t). If N = 2, then from (2.28) and (2.30), we get

w(t) ≥ L ∞∫ t [h_0(s)_+]^2Δs + h_0(t) √ a(t) = h_0(t) √ a(t) + Lh_1(t), so w(t)/ √ a(t) ≥ h_0(t) + Lh_1(t)/ √ a(t),

and this implies that

w^2(t)/a(t) ≥ ([h_0(t) + Lh_1(t)/ √ a(t)]_+)^2.

Then in view of (2.27) and (2.29), an integration of the last inequality leads to a contradiction of the nonexistence of h_N = h_2. A similar arguments lead to a contradiction for any N > 2. The proof is complete.

In the following theorems, we establish some sufficient conditions for oscillation of (1.1). We start with the following theorem.

Theorem 2.5. Assume that (2.5) holds, and ∞∫ t_0

p(s)Δs < ∞, (2.31)

∞∫ t_0 1 a(t)

Δt = ∞. (2.32)

If x(t) is a solution of Eq.(1.1) such that lim inf_{t→∞} |x(t)| > 0, then ∞∫ T [ Q(x(s))w^2(s)/a(s) ] Δs < ∞, (2.33)

lim_{t→∞} w(t) = 0, (2.34) and w(t) = ∞∫ t [Q(x(s))w^2(s)/a(s)]Δs + ∞∫ t p(s)Δs, (2.35)

for all sufficiently large t.

Proof. Assume to the contrary that Eq.(1.1) has a nonoscillatory solution x(t) such that lim inf_{t→∞} x(t) > 0. Without loss of generality, we assume there exits t_1 ≥ t_0 be such that x(t) > 0 and f(x) > 0 for t ≥ t_1. (the proof when x(t) is negative is similar since xf(x) > 0 for all x ≠ 0). From Theorem 2.1, since r(t) ≡ 0, we have from (2.7) that

−w(T_1) + t∫ T_1

p(s)Δs + T∫ T_1

[Q(x(s))w^2(s)/ √ a(s)]Δs ≥ A_1.

Proceeding as in Theorem 2.2, we see that w(t) → 0 as t → ∞, and (2.35) holds. The proof is complete.

Remark 2.2. The same arguments lead to the following conclusion for Eq.(1.1) under the weaker condition on the function p(t). Suppose that the assumptions on the function f be as defined above are satisfied and

∫_t

t_0 p(s)Δs is bonded below. If

(1.1) has a nonoscillatory solution x(t), then

w(t) = β − t∫ t_0

p(s)Δs + ∞∫ t [Q(x(s))w^2(s)/a(s)]Δs,

is satisfied for some constant β such that

lim_{t→∞} inf t∫ t_0

p(s)Δs ≤ β ≤ lim_{t→∞} sup t∫ t_0

p(s)Δs.

From Theorems 2.3 and 2.4, we have the following oscillation results for Eq.(1.1).

Theorem 2.6. Assume that (2.5), (2.31) and (2.33) hold. Then either

∫_∞ t [(h^∗_0(t))_+]^2Δt = ∞, where h^∗_0(t) = ∞∫ t p(s)Δs/ √ a(t),

or ∫_∞ t ([ h^∗_0(s) + L

∫_∞ t ( h^∗_0(s)/ √ a(t)

)_2] + ) Δs = ∞,

implies that every solution x(t) of (1.1) oscillates or satisfies lim inf_{t→∞} |x(t)| = 0.

Define

h^∗_1(t) = ∞∫ t [h^∗_0(s)_+]^2Δs and h^∗_{n+1}(t) = ∞∫ t ([h^∗_0(s) + Lh^∗_n(s)/ √ a(t)]_+)^2Δs,

for n = 1, 2, 3, ..., where L is a positive constant.

Theorem 2.7. Assume that (2.5), (2.31) and (2.33) hold. If there exists a positive integer N such that

h^∗_n exists for n = 0, 1, 2, 3, ..., N − 1 and h_N does not exist.

Then every solution x(t) of (1.1) oscillates or satisfies lim inf_{t→∞} |x(t)| = 0.

Remark 2.3. We note that our results in Theorem 2.5 and 2.6 improve the results that has been established for Eq.(1.1) by Saker [16], Bohner and Saker [7], Erbe, Peterson and Saker [13] since our results do not require that condition p(t) > 0. The results also improve the results that has been established by Erbe and Peterson [12], since our results do not require the condition (1.2) and improve the results that has been established by Bohner, Erbe and Peterson [5, Theorem 3.3], since our results do not require that the condition

∫_{±∞}

±t_0 du f(u) < ∞.

In the case when T = R, we note that Theorem 2.5 improve the results that has been established by Li [16, Theorem 3.1] and when a(t) = 1, Theorem 2.5 improve the results by Kwong and Wong [15, Theorem 3] for differential equations, where our results do not require that the condition

∫_{±∞}

±t_0 du f(u) < ∞ to be satisfied.

3 Examples

In this Section, we give some examples which demonstrate how the theory of previous section may be applied to specific problems.

Example 3.1. Consider the second-order nonlinear forced dynamic equation

x^{ΔΔ}(t) + 1 tσ(t) x^σ(1 + (x^σ)^2) = 1 tσ(t)

, for t ∈ [t_0, ∞)_T. (3.1)

Here p(t) = r(t) =^1_{tσ(t)} and f(u) = u(1 + u^2). It is easy to see that f(u) satisfies (2.5) with k = 1, and

∫_∞

t_0

p(t)Δt =

∫_∞

t_0

|r(t)| Δt =

∫_∞

t_0 1 tσ(t)

Δt =

∫_∞

t_0 ( − 1 t )_Δ

Δt = 1/t_0 < ∞.

On the other hand,

h_0(t) =

∫_∞ t (p(s) − γr(s))Δs =

(1 − γ) t > 0, for each 0 < γ < 1, t ≥ t_0 > 0,

h_1(t) =

∫_∞ t [h_0(s)]^2 Δs = (1 − γ)

∫_∞ t 1 s^2

Δs < ∞, for each 0 < γ < 1,

and by putting L = 1, we have

∫_∞ t [h_0(s) + h_1(s)] Δs =

∫_∞ t [ (1 − γ) s + (1 − γ)^2 (∫_∞ s 1 u^2 Δu )_2] Δs

≥ ∫_∞ t [ (1 − γ) s + (1 − γ)^2 (∫_∞ s 1 uσ(u) Δu )_2] Δs

= ∫_∞ t (1 − γ) s + (1 − γ)^2 (∫_∞ s ( 1 u )_Δ Δu )_2 Δs

= ∫_∞ t [ (1 − γ) s + (1 − γ)^2 1 s^2 ] Δs = ∞.

Hence, it follows from Theorem 2.3 that every solution x(t) of Eq.(3.1) is either oscillates or satisfies lim inf_{t→∞} |x(t)| = 0.

Example 3.2. Consider the second-order nonlinear forced dynamic equation

x^{ΔΔ}(t) + 1 tσ(t) x^σ(1 + (x^σ)^2) = − 1 tσ(t)

, for t ∈ [t_0, ∞)_T. (3.2)

Here p(t) =^1_{tσ(t)} , r(t) = −^1_{tσ(t)} and f(u) = u(1 + u^2). It is easy to see as above that f(u) satisfies the conditions of Theorem 2.3,

∫_∞

t_0

p(t)Δt =

∫_∞

t_0

|r(t)| Δt =

∫_∞

t_0 1 tσ(t)

Δt =

∫_∞

t_0 ( − 1 t )_Δ

Δt = 1/t_0 < ∞.

On the other hand,

h_0(t) =

∫_∞ t (p(s) − r(s))Δs = 2 t > 0,

∫_∞ t [h_0(s)]^2 Δs =

∫_∞ t 4 s^2

Δs < ∞, for t ≥ t_0.

and by putting L = 1, we have

∫_∞ t [h_0(s) + Lh_1(s)] Δs =

∫_∞ t [ 2 s + 16 (∫_∞ s 1 u^2 Δu )_2] Δs

≥ ∫_∞ t [ 2 s + 16 (∫_∞ s 1 uσ(u)

)_2 Δu ] Δs

= ∫_∞ t 2 s + 16 (∫_∞ s ( 1 u )_Δ Δu )_2 Δs

= ∫_∞ t [ 2 s + 16 s^2 ] Δs = ∞.

Hence, it follows from Theorem 2.3 that every solution x(t) of Eq.(3.2) is either oscillates or satisfies lim inf_{t→∞} |x(t)| = 0.

Example 3.3. Consider the second-order nonlinear forced dynamic equation

x^{ΔΔ}(t) + 1 tσ(t) x^σ(1 + (x^σ)^{13} ) = 1 tσ(t)

, for t ∈ [t_0, ∞)_T. (3.3)

Here p(t) =^1_{tσ(t)} , r(t) =^1_{tσ(t)} and f(u) = u(1+u^13 ). By Theorem 2.3, we can easily see that every solution x(t) of Eq.(3.3) is either oscillates or satisfies lim inf_{t→∞} |x(t)| = 0.

Note that the results that has been established by Bohner, Erbe and Peterson [5, Theorem 3.3] can not be applied for Eq.(3.3), since the condition

∫_{±∞}

±t_0 du f(u) < ∞ is

not satisfied. Also a special case when T = R, the results by Kwong and Wong [15] and Li [16] can not be applied for the equation

x^{′′} (t) + 1 t^2 x(1 + (x)^{13} ) = 1 t^2

, for t > 0,

since ∫_∞ du u(1 + u^13 )

= ∞.

Acknowledgement. The author thanks the referee for his/her suggestions that improved the statements of the results on this paper and also for his/her suggestion to add the reference number [9].

References

[1] R. P. Agarwal, M. Bohner and S. H. Saker, Oscillation of second-order delay dynamic equations, Canadian Appl. Math. Quart. (to appear).

[2] R. P. Agarwal, D. O’Regan and S. H. Saker, Oscillation criteria for second-order nonlinear neutral delay dynamic equations, J. Math. Anal. Appl. 300 (2004), 203-217.

[3] E. Akin-Bohner, M. Bohner and S. H. Saker, Oscillation criteria for a certain class of second order Emden-Fowler dynamic Equations, Elect. Transc. Numerical. Anal. (to appear).

[4] E. A. Bohner and J. Hoffacker, Oscillation properties of an Emden-Fowler type Equations on Discrete time scales, J. Diff. Eqns. Appl. 9 (2003), 603-612.

[5] M. Bohner, L. Erbe and A. Peterson, Oscillation for nonlinear second order dynamic equations on time scales, J. Math. Anal. Appl. 301 (2005), 491–507.

[6] M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Introduction with Applications, Birkhäuser, Boston, 2001.

[7] M. Bohner and S. H. Saker, Oscillation of second order nonlinear dynamic equations on time scales, Rocky Mountain J. Math. 34 (2004), 1239-1254.

[8] M. Bohner and S. H. Saker, Oscillation criteria for perturbed nonlinear dynamic equations, Math. Comp. Modelling 40 (2004), 249-260.

[9] M. Bohner and C. C. Tisdell, Oscillation and nonoscillation of forced second order dynamic equations, Pacific J. Math. (in press).

[10] L. Erbe and A. Peterson, Positive solutions for a nonlinear differential equation on a measure chain, Mathl. Comp. Modelling, Boundary Value Problems and Related Topics, 32 (2000), 571–585.

[11] L. Erbe and A. Peterson, Riccati equations on a measure chain, In G. S.

Ladde, N. G. Medhin, and M. Sambandham, editors, Proceedings of Dynamic Systems and Applications, volume 3, pages 193–199, Atlanta, 2001. Dynamic publishers.

[12] L. Erbe and A. Peterson, Boundedness and oscillation for nonlinear dynamic equations on a time scale, Proc. Amer. Math. Soc. 132 (2004), 735–744.

[13] L. Erbe, A. Peterson and S. H. Saker, Oscillation criteria for second-order nonlinear dynamic equations on time scales, J. London Math. Soc. 67 (2003), 701-714.

[14] S. Hilger, Analysis on measure chains—a unified approach to continuous and discrete calculus, Results Math. 18, (1990), 18–56.

[15] M. K. Kwong and J. S. W. Wong, An application of integral inequality to second order nonlinear oscillations, J. Math. Appl. 46 (1982), 63-77.

[16] W. T. Li, Oscillation of certain second-order nonlinear differential equations, J. Math. Appl. 217 (1998), 1-14.

[17] S. H. Saker, Oscillation of nonlinear dynamic equations on time scales, Appl.

Math. Comp. 148 (2004), 81-91.

[18] S. H. Saker, Oscillation criteria of second-order half-linear dynamic equations on time scales, J. Comp. Appl. Math. 177 (2005), 375-387.

[19] S. H. Saker, Boundedness of solutions of second-order forced nonlinear dynamic equations, Rocky Mountain. J. Math. (in press).

[20] S.H. Saker, Oscillation criteria for a certain class of second-order neutral delay dynamic equations, Dynamics of Continuous, Discrete and Impulsive Systems Series B: Applications & Algorithms (accepted).

[21] S. H. Saker, New oscillation criteria for second-order nonlinear dynamic equations on time scales, Nonlinear Fun. Anal. Appl. (in press).

(Received July 21, 2005)