Electronic Journal of Qualitative Theory of Differential Equations 2005, No. 17, 1-17, http://www.math.u-szeged.hu/ejqtde/

Existence Results for Nondensely Defined Semilinear Functional Differential Inclusions in Fréchet Spaces

Johnny Henderson^1 and Abdelghani Ouahab^2

1 Department of Mathematics, Baylor University Waco, Texas 76798-7328 USA e-mail: Johnny Henderson@baylor.edu 2 Laboratoire de Mathématiques, Université de Sidi Bel Abbès BP 89, 22000 Sidi Bel Abbès, Algérie e-mail: ouahab@univ-sba.dz

Abstract

In this paper, a recent Frigon nonlinear alternative for contractive multivalued maps in Fréchet spaces, combined with semigroup theory, is used to investigate the existence of integral solutions for first order semilinear functional differential inclusions. An application to a control problem is studied. We assume that the linear part of the differential inclusion is a nondensely defined operator and satisfies the Hille-Yosida condition.

Key words and phrases: Semilinear functional differential inclusions, integral solution, fixed point, controllability, Fréchet spaces, contraction. AMS (MOS) Subject Classifications: 34G20, 34K25

1 Introduction

This paper is concerned with an application of a recent Frigon nonlinear alternative for contractive multivalued maps in Fréchet spaces [20] to obtain the existence of integral solutions of some classes of initial value problems for first order semilinear functional differential inclusions. In Section 3, we will consider the first order semilinear functional differential inclusion of the form,

y^′(t) − Ay(t) ∈ F (t, y_t), a.e. t ∈ J = [0, ∞), (1)

y(t) = ϕ(t), t ∈ [−r, 0], (2)

where r > 0, F : J × C([−r, 0], E) → P(E) is a multivalued map with compacts value (P(E) is the family of all nonempty subsets of E), ϕ ∈ C([−r, 0], E), A : D(A) ⊂ E → E is a nondensely defined closed linear operator on E, and E is real Banach space with norm | · |. For any continuous function y defined on [−r, ∞) and any t ∈ [0, ∞), we denote by y_t the element of C([−r, 0], D(A)) defined by y_t(θ) = y(t + θ), θ ∈ [−r, 0]. Here y_t(·) represents the history of the state from time t−r, up to the present time t. in Section 4, we are concerned with the existence of integral solutions of the above problem subject to a control parameter. More precisely we consider the control problem,

y^′(t) − Ay(t) ∈ F (t, y_t) + (Bu)(t), a.e. t ∈ [0, ∞), (3)

y(t) = ϕ(t), t ∈ [−r, 0], (4) where F, A, ϕ are as in (1)-(2), B is a bounded linear operator from D(A) into D(A) and the control parameter u(·) belongs to L^2(J, U), a space of admissible controls, and U is a Banach space.

In the case where F is either a single or a multivalued map, and A is a densely defined linear operator generating a C_0-semigroup of bounded linear operators, the problems (1)–(2) and (3)–(4) have been investigated on compact intervals in, for instance, the monographs by Ahmed [1], Hale and Lunel [21], Wu [31], Hu and Papageorgiou [22], Kamenskii, Obukhovskii and Zecca [24], and in the papers of Benchohra, Ntouyas [9, 10, 11] for the controllability of differential inclusions with different conditions; see also the monograph of Benchohra, Ntouyas, Górniewicz [13] and the papers of Balachandran and Manimegolai [6], Benchohra et al [7], Benchohra and Ntouyas [8], and Li and Xue [23]and the references cited therein. On infinite intervals, and still when A is a densely defined linear operator generating C_0-semigroup families of linear bounded operators and F is a single map, the problems (1)–(2), (3)–(4) were studied by Arara, Benchohra and Ouahab [2] by means of the nonlinear alternative for contraction maps in Fréchet spaces due to Frigon and Granas [19]. Other recent results, on the controllablity question for problem (3)–(4) and other classes of equations, can be found, for instance, in the survey paper by Balachandran and Dauer [5] and in the references cited therein.

Recently, the existence of integral solutions on compact intervals for the problem (1)–(2) with periodic boundary conditions in Banach space was considered by Ezzinbi and Liu [18]. For more details on nondensely defined operators and the concept of integrated semigroup we refer to the monograph [1] and to the papers [3, 12, 16, 27, 30].

Our goal here is to give existence results for the above problems. These results extend some ones existing in the previous literature in the case of densely defined linear operators.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multivalued analysis which are used throughout this paper.

C([−r, 0], D(A)) is the Banach space of all continuous functions from [−r, 0] into D(A) with the norm ‖ϕ‖ := sup{|ϕ(θ)| : −r ≤ θ ≤ 0}.

B(E) is the Banach space of all linear bounded operator from D(A) ⊂ E into D(A) with norm ‖N‖_{B(E)} := sup{|N(y)| : |y| = 1}.

A measurable function y : [0, ∞) → E is Bochner integrable if and only if |y| is Lebesgue integrable. (For properties of the Bochner integral, see for instance, Yosida [32]).

L^1([0, ∞), D(A)) denotes the Banach space of functions y : [0, ∞) −→ E which are Bochner integrable normed by

‖y‖_L1 =

∫_∞ 0 |y(t)|dt.

Definition 2.1 [3]. We say that a family {S(t) : t ∈ IR} of operators in B(E) is an integrated semigroup family if:

(1) S(0) = 0;

(2) t → S(t) is strongly continuous;

(3) S(s)S(t) =

∫_s 0 (S(t + r) − S(r))dr for all t, s ≥ 0.

Definition 2.2 [25]. An operator A is called a generator of an integrated semigroup if there exists ω ∈ IR such that (ω, ∞) ⊂ ρ(A) (ρ(A) is the resolvent set of A) and there exists a strongly continuous exponentially bounded family (S(t))_{t≥0} of bounded operators such that S(0) = 0 and (λI − A)^{−1} = λ

∫_∞ 0 e^{−λt}S(t)dt exists for all λ with λ > ω.

Lemma 2.1 [3] Let A be the generator of an integrated semigroup (S(t))_{t≥0}. Then for all x ∈ E and t ≥ 0,

∫_t 0 S(s)xds ∈ D(A) and S(t)x = A

∫_t 0 S(s)xds + tx.

Definition 2.3 We say that a linear operator A satisfies the ”Hille-Yosida condition” if there exist M ≥ 0 and ω ∈ IR such that (ω, ∞) ⊂ ρ(A) and

sup{(λ − ω)^n|(λI − A)^{−n}| : n ∈ IN, λ > ω} ≤ M.

If A is the generator of an integrated semigroup (S(t))_{t≥0} which is locally Lipschitz, then from [3], S(·)x is continuously differentiable if and only if x ∈ D(A) and (S^′(t))_{t≥0} is a C_0- semigroup on D(A). Here and hereafter, we assume that (H1) A satisfies the Hille-Yosida condition.

Let (S(t))_{t≥0} be the integrated semigroup generated by A. Then we have the following from [3] and [25].

Theorem 2.1 Let f : [0, T ] → E be a continuous function. Then for y_0 ∈ D(A), there exists a unique continuous function y : [0, T ] → E such that (i) ∫_t 0 y(s)ds ∈ D(A), t ∈ [0, T ],

(ii) y(t) = y_0 + A

∫_t 0 y(s)ds +

∫_t 0 f(s)ds, t ∈ [0, T ],

(iii) |y(t)| ≤ Me^{ωt}(|y_0| +

∫_t 0 e^{−ωs}|f(s)|ds), t ∈ [0, T ].

Moreover, y satisfies the following variation of constant formula:

y(t) = S^′(t)y_0 + d dt ∫_t 0 S(t − s)f(s)ds, t ≥ 0. (5)

Let B_λ = λR(λ, A), where R(λ, A) := (λI − A)^{−1}, then for all x ∈ D(A), B_λx → x as λ → ∞. As a consequence, if y satisfies (5), then

y(t) = S^′(t)y_0 + lim_{λ→∞}

∫_t 0 S^′(t − s)B_λf(s)ds, t ≥ 0.

For properties from semigroup theory, we refer the interested reader to the books of Ahmed [1], Engel and Nagel [17] and Pazy [28].

Given a space X and metrics d_α, α ∈ ⋀ on X, define P(X) = {Y ⊂ X : Y ≠ ∅}, P_{cl}(X) = {Y ∈ P(X) : Y closed}, P_b(X) = {Y ∈ P(X) : Y bounded}. We denote by D_α, α ∈ ⋀ , the Hausdorff pseudometric induced by d_α; that is, for A, B ∈ P(X), D_α(A, B) = inf { ε > 0 : ∀x ∈ A, ∀y ∈ B, ∃x̄ ∈ A, ȳ ∈ B such that d_α(x, ȳ) < ε, d_α(x̄, y) < ε } with inf ∅ = ∞. In the particular case where X is a complete locally convex space, we say that a subset A ⊂ X is bounded if D_α({0}, A) < ∞ for every α ∈ ⋀ .

Definition 2.4 A multi-valued map F : X → P(E) is called an admissible contraction with constant {k_α}_{α∈}⋀ if for each α ∈ ⋀ there exists k_α ∈ (0, 1) such that i) D_α(F (x), F (y)) ≤ k_αd_α(x, y) for all x, y ∈ X. ii) for every x ∈ X and every ε ∈ (0, ∞) ⋀ , there exists y ∈ F (x) such that d_α(x, y) ≤ d_α(x, F (x)) + ε_α for every α ∈ ⋀ . Lemma 2.2 (Nonlinear Alternative, [20]). Let E be a Fréchet space and U an open negihborhood of the origin in E, and let N : U → P(E) be an admissible multi-valued contraction. Assume that N is bounded. Then one of the following statements holds: (C1) N has a fixed point;

(C2) there exists λ ∈ [0, 1) and x ∈ ∂U such that x ∈ λN(x).

For applications of Lemma 2.2 we consider H_d : P(X) × P(X) −→ IR_+ ∪ {∞}, given by H_d(A, B) = max { sup_{a∈A} d(a, B), sup_{b∈B} d(A, b) } , where d(A, b) = inf_{a∈A} d(a, b), d(a, B) = inf_{b∈B} d(a, b).

Then (P_{b,cl}(X), H_d) is a metric space and (P_{cl}(X), H_d) is a generalized metric space see [26]. In what follows, we will assume that the function F : [0, ∞) × C([−r, 0], E) → P(E) is an L^1_{loc}- Carathéodory function, i.e.

(i) t −→ F (t, x) is measurable for each x ∈ C([−r, 0], E); (ii) x −→ F (t, x) is continuous for almost all t ∈ [0, ∞); (iii) For each q > 0, there exists h_q ∈ L^1_{loc}([0, ∞), IR_+) such that ‖F (t, x)‖ ≤ h_q(t) for all ‖x‖ ≤ q and for almost all t ∈ [0, ∞).

3 Functional Differential Inclusions

The main result of this section concerns the IVP (1)-(2). Before stating and proving this one, we give first the definition of its mild solution.

Definition 3.1 A function y ∈ C([−r, ∞), D(A)) is said to be an integral solution of (1)–(2) if there exists a function v ∈ L^1(J, E) such that v(t) ∈ F (t, y_t) a.e t ∈ [0, ∞) and y(t) = S^′(t)ϕ(0) + A

∫_t 0 y(s)ds +

∫_t 0 v(s)ds,

∫_t 0 y(s)ds ∈ D(A), for t ∈ [0, ∞), and y(t) = ϕ(t), t ∈ [−r, 0].

We assume hereafter the following hypotheses:

(H2) There exists a continuous nondecreasing function ψ : [0, ∞) −→ (0, ∞) and p ∈ L^1_{loc}([0, ∞), IR_+) such that

‖F (t, x)‖ ≤ p(t)ψ(‖x‖) for a.e. t ∈ [0, ∞) and each x ∈ C([−r, 0], D(A)) with ∫_∞ 1 ds s + ψ(s)

= ∞.

(H3) for all R > 0 there exists l_R ∈ L^1_{loc}([−r, ∞), IR_+) such that

H_d(F (t, x), F (t, x)) ≤ l_R(t)‖x−x‖ for all x, u ∈ C([−r, 0], E) with ‖x‖, ‖x‖ ≤ R, and d(0, F (t, 0)) ≤ l_R(t) for a.e. t ∈ J.

For each n ∈ IN we define in C([−r, ∞), D(A)) the semi-norms by ‖y‖_n = sup{e^{−(ωt+τ Ln(t))}|y(t)| : t ≤ n}, where L_n(t) =

∫_t

0 Ml_n(s)ds. Then C([−r, ∞), D(A)) is a Fréchet space with the family of semi-norms {‖ · ‖_n}. In what follows we will choose τ sufficiently large. Theorem 3.1 Suppose that hypotheses (H1)-(H3) are satisfied. Then problem (1)–(2) has at least one integral solution on [−r, ∞).

Proof Transform the problem (1)–(2) into a fixed point problem. Consider the operator N : C([−r, ∞), D(A)) → P(C([−r, ∞), D(A))) defined by,

N(y) = h ∈ C([−r, ∞), D(A))| h(t) = ϕ(t), t ∈ [−r, 0], S^′(t)ϕ(0) +^d_{dt}

∫_t 0 S(t − s)v(s)ds, t ∈ [0, ∞), where v ∈ S_{F,y} = {u ∈ L^1(J, E) | u ∈ F (t, y_t) a.e t ∈ J}.

Clearly, the fixed points of the operator N are integral solutions of the problem (1)–(2). Let y be a possible solution of the problem (1)–(2). Given n ∈ IN and t ≤ n, then y ∈ N(y), and there exists v ∈ S_{F,y} such that, for each t ∈ [0, ∞), we have y(t) = S^′(t)ϕ(0) + A

∫_t 0 y(s)ds +

∫_t 0 v(s)ds.

Then |y(t)| ≤ Me^{ωt} [ |ϕ(0)| +

∫_t 0 e^{−ωs}p(s)ψ(‖y_s‖)ds ] . We consider the function μ defined by μ(t) = sup{|y(s)| : −r ≤ s ≤ t}, 0 ≤ t ≤ n.

Let t^∗ ∈ [−r, t] be such that μ(t) = |y(t^∗)|. If t^∗ ∈ [0, n], by the previous inequality we have for t ∈ [0, n] e^{−ωt}μ(t) ≤ M[‖ϕ‖ +

∫_t 0 e^{−ωs}p(s)ψ(μ(s))ds] = M‖ϕ‖ + M

∫_t 0 e^{−ωs}p(s)ψ(μ(s)))ds.

If t^∗ ∈ [−r, 0], then μ(t) = ‖ϕ‖ and the previous inequality holds. Let us take the right-hand side of the above inequality as v(t). Then we have μ(t) ≤ e^{ωt}v(t) for all t ∈ [0, n], and v(0) = M‖ϕ‖, v^′(t) = e^{−ωt}Mp(t)ψ(μ(t)).

Using the increasing character of ψ we get ψ(μ(t)) ≤ ψ(e^{ωt}v(t)), t ∈ [0, n], v^′(t) ≤ e^{−ωt}Mp(t)ψ(e^{ωt}v(t)), a.e. t ∈ [0, n].

Since (e^{ωt}v(t))^′ = ωe^{ωt}v(t) + v^′(t)e^{ωt}, a.e. t ∈ [0, n], then for a.e. t ∈ [0, n] we have

(e^{ωt}v(t))^′ ≤ m(t)[e^{ωt}v(t) + ψ(e^{ωt}v(t))] where m(t) = max(ω, Mp(t)). Thus ∫_{eωtv(t)}

v(0) du u + ψ(u) ≤ ∫_n 0 m(s)ds < ∞.

Consequently, from (H2) there exists a constant d_n such that e^{ωt}v(t) ≤ d_n, t ∈ [0, n], and hence ‖y‖_n ≤ max(‖ϕ‖, d_n) := M_n. Set

U = {y ∈ C([−r, ∞), E) : sup{|y(t)| : t ≤ n} < M_n + 1 for all n ∈ IN}. Clearly, U is a open subset of C([−r, ∞), E). We shall show that N : U → P(C([−r, ∞), D(A))) is a contraction and admissible operator.

First, we prove that N is a contraction; that is, there exists γ < 1, such that H_d(N(y), N(y)) ≤ γ‖y − y‖_n for each y, y ∈ C([−r, ∞), D(A)).

Let y, y ∈ C([−r, ∞), D(A)) and h ∈ N(y). Then there exists v(t) ∈ F (t, y_t) such that for each t ∈ [0, n] y(t) = S^′(t)ϕ(0) + A

∫_t 0 y(s)ds +

∫_t 0 v(s)ds.

From (H3) it follows that H_d(F (t, y(t)), F (t, y(t))) ≤ l(t)‖y_t − y_t‖.

Hence there is w ∈ F (t, y_t) such that |v(t) − w| ≤ l(t)‖y_t − y_t‖, t ∈ J.

Consider U_∗ : [0, n] → P(E), given by U_∗(t) = {w ∈ E : |v(t) − w| ≤ l(t)‖y_t − y_t‖}.

Since the multi-valued operator V_∗(t) = U_∗(t) ∩ F (t, y_t) is measurable (see Proposition III.4 in [14]), there exists a function v(t), which is a measurable selection for V_∗. So, v(t) ∈ F (t, y_t) and |v(t) − v(t)| ≤ l(t)‖y_t − y_t‖, for each t ∈ [0, n].

Let us define for each t ∈ [0, n] h(t) = S^′(t)φ(0) + d dt ∫_t 0 S(t − s)v(s)ds, t ∈ [0, n].

Then |h(t) − h(t)| ≤ | | |^d_{dt}

∫_t 0 S(t − s)[v(s) − v(s)]ds | | | ≤ Me^{ωt}

∫_t 0 l_n(s)e^{−ωs}e^{τ Ln(s)}e^{−τ Ln(s)}‖y_s − y_s‖ds ≤^M_τ e^{ωt}

∫_t 0 (e^{τ Ln(s)})^′ds‖y − y‖_n ≤^1_τ e^{(ωt+τ Ln(t))}‖y − y‖_n.

Therefore, ‖h − h‖_n ≤ 1 τ ‖y − y‖_n.

By an analogous relation, obtained by interchanging the roles of y and y, it follows that H_d(N(y), N(y)) ≤ 1 τ ‖y − y‖_n.

So, N is a contraction. Let y ∈ C([−r, ∞), D(A)). Consider N : C([−r, n], D(A)) → P_{cl}(C([−r, n], D(A)), given by

N(y) = h ∈ C([−r, n], D(A)) : h(t) = ϕ(t), t ∈ [−r, 0],

S^′(t)ϕ(0) +^d_{dt}

∫_t 0 S(t − s)v(s)ds, t ∈ [0, n],

where v ∈ S^n_{F,y} = {h ∈ L^1([0, n], D(A)) : v ∈ F (t, y_t) a.e.t ∈ [0, n]}. From (H1)-(H3) and since F is a multi-valued map with compact values, we can prove that for every y ∈ C([−r, n], D(A)), N(y) ∈ P_{cp}(C([−r, n], D(A))), and there exists y_∗ ∈ C([−r, n], E) such that y_∗ ∈ N(y_∗). Let h ∈ C([−r, n], D(A)), y ∈ U and ε > 0. Assume that y_∗ ∈ N(y), then we have ‖y(t) − y_∗(t)‖ ≤ ‖y(t) − h(t)‖ + ‖y_∗(t) − h(t)‖

≤ ‖y − Ny‖_ne^{−ωt−τ Ln (t)} + ‖y_∗(t) − h(t)‖.

Since h is arbitrary we may suppose that h ∈ B(y_∗, ε) = {h ∈ C([−r, n], D(A)) : ‖h − y_∗‖_n ≤ ε}. Therefore,

‖y − y_∗‖_n ≤ ‖y − Ny‖_n + ε.

If y_∗ ∉ N(y), then ‖y_∗ − N(y)‖ ≠ 0. Since N(y) is compact, there exists x ∈ N(y) such that ‖y_∗ − N(y)‖ = ‖y_∗ − x‖. Then we have ‖y(t) − x(t)| ≤ ‖y(t) − h(t)‖ + ‖x(t) − h(t)‖

≤ ‖y − Ny‖_ne^{−ωt−τ Ln (t)} + ‖x(t) − h(t)‖.

Thus, ‖y − x‖_n ≤ ‖y − Ny‖_n + ε.

So, N is an admissible operator contraction. By Lemma 2.2, N has a fixed point y, which is a integral solution to (1)–(2).

4 Controllability Functional Differential Inclusions

In this section we are concerned with the existence of integral solutions for problem (3)–(4).

Definition 4.1 A function y ∈ C([−r, ∞), D(A)) is said to be an integral solution of (3)–(4) if there exists v ∈ S_{F,y} such that y is the solution of the integral equation y(t) = S^′(t)ϕ(0) + A

∫_t 0 y(s)ds +

∫_t 0 v(s)ds +

∫_t 0 (Bu)(s)ds,

∫_t 0 y(s)ds ∈ D(A), t ∈ [0, ∞) and y(t) = ϕ(t), t ∈ [−r, 0].

From the definition it follows that y(t) ∈ D(A), t ≥ 0. Moreover, y satisfies the following variation of constant formula:

y(t) = S^′(t)y_0 + d dt ∫_t 0 S(t − s)v(s)ds + d dt ∫_t 0 S(t − s)(Bu)(s)ds, t ≥ 0. (6) Let B_λ = λR(λ, A). Then for all x ∈ D(A), B_λx → x as λ → ∞. As a consequence, if y satisfies (6), then

y(t) = S^′(t)y_0 + lim_{λ→∞}

∫_t 0 S^′(t − s)B_λ[v(s) + (Bu)(s)]ds, t ≥ 0.

Definition 4.2 The system (3)–(4) is said to be infinite controllable if for any continuous function ϕ on [−r, 0] and any x_1 ∈ E and for each n ∈ IN there exists a control u ∈ L^2([0, n], U) such that the integral solution y of (3) satisfies y(n) = x_1. Let us introduce the following hypotheses:

(A1) For each n > 0 the linear operator W : L^2([0, n], U) → E defined by W u =

∫_n 0 S^′(n − s)Bu(s)ds, has an invertible operator W^{−1} which takes values in L^2([0, n], U)\KerW and there exist positive constants M_1, M_2 such that ‖B‖ ≤ M_1 and ‖W^{−1}‖ ≤ M_2, Remark 4.1 The question of the existence of the operator W and its inverse is discussed in the paper by Quinn and Carmichael [29].

Theorem 4.1 Assume that hypotheses (H1)-(H3) and (A1) hold. Then the problem (3)–(4) is controllable.

Proof. Using hypothesis (A3) for each y(·) and v ∈ S_{F,y}, and for each n ∈ IN, define the control

u^n_y (t) = W^{−1} [ x_1 − S^′(n)ϕ(0) − lim_{λ→+∞}

∫_n 0 S^′(n − s)B_λv(s)ds ] (t).

Consider the operator N_1 : C([−r, ∞), D(A)) −→ P(C([−r, ∞), D(A))) defined by:

N_1(y) h ∈ C([−r, ∞), D(A))/h(t) = ϕ(t), t ∈ [−r, 0], S^′(t)ϕ(0) +^d_{dt}

∫_t 0 S(t − s)v(s)ds +^d_{dt}

∫_t 0 S(t − s)Bu^n_y (s)ds, t ∈ [0, ∞), where v ∈ S_{F,y}. It is clear that the fixed points of N_1 are integral solutions to problem (3)–(4).

Let y ∈ C([−r, ∞), D(A)) be a possible solution of the problem (3)–(4). Then there exists v ∈ S_{F,y} such that for each t ∈ [0, ∞),

y(t) = S^′(t)ϕ(0) + d dt ∫_t 0 S(t − s)v(s)ds + d dt ∫_t 0 S(t − s)Bu^n_y (s)ds.

This implies by (H2) and (A1) that, for each t ∈ [0, n], we have

|y(t)| ≤ Me^{ωt}‖ϕ‖ + Me^{ωt}

∫_t 0 e^{−ωs}p(s)ψ(‖y_s‖)ds + Me^{ωt}

∫_t 0 e^{−ωs}|(Bu^n_y )(s)|ds ≤ Me^{ωt}‖ϕ‖ + Me^{ωt}

∫_t 0 e^{−ωs}p(s)ψ(‖y_s‖)ds +Me^{ωt}M_1M_2n ( |x_1| + Me^{ωn}‖ϕ‖ + Me^{ωn}

∫_n 0 e^{−ωs}p(s)ψ(‖y_s‖)ds ) . We consider the function μ defined by μ(t) = sup{|y(s)| : −r ≤ s ≤ t}, 0 ≤ t ≤ n.

Let t^∗ ∈ [−r, t] be such that μ(t) = |y(t^∗)|. If t^∗ ∈ [0, n], by the previous inequality, we have for t ∈ [0, n],

e^{−ωt}μ(t) ≤ M‖ϕ‖ + M

∫_t 0 e^{−ωs}p(s)ψ(‖y_s‖)ds +MM_1M_2n ( |x_1| + Me^{ωn}‖ϕ‖ + Me^{ωn}

∫_n 0 e^{−ωs}p(s)ψ(‖y_s‖)ds ) . If t^∗ ∈ [−r, 0], then μ(t) = ‖ϕ‖ and the previous inequality holds. Let us take the right-hand side of the above inequality as v(t). Then we have μ(t) ≤ e^{ωt}v(t) for all t ∈ [0, n], v(0) = M‖ϕ‖ + nMM_1M_2 ( |x_1| + Me^{ωn}‖ϕ‖ + Me^{ωn}

∫_n 0 e^{−ωs}p(s)ψ(μ(s))ds ) , and v^′(t) = Me^{−ωt}p(t)ψ(μ(t)), a.e. t ∈ [0, n].

Using the increasing character of ψ we get v^′(t) ≤ Me^{−ωt}p(t)ψ(e^{ωt}v(t)) a.e. t ∈ [0, n].

Then for each t ∈ [0, n] we have (e^{ωt}v(t))^′ = ωe^{ωt}v(t) + v^′(t)e^{ωt} ≤ ωe^{ωt}v(t) + Mp(t)ψ(e^{ωt}v(t)) ≤ m_1(t)[e^{ωt}v(t) + ψ(e^{ωt}v(t))], t ∈ [0, n].

Thus ∫_{eωtv(t)}

v(0) du u + ψ(u) ≤ ∫_n 0 m_1(s)ds < +∞.

Consequently, by (H2), there exists a constant d_n such that e^{ωt}v(t) ≤ d_n, t ∈ [0, n], and hence ‖y‖_n ≤ max(‖ϕ‖, d_n) := K_n. Set

U_1 = {y ∈ C([−r, ∞), D(A)) : sup{|y(t)| : t ≤ n} < K_n + 1 for all n ∈ IN}. For each n ∈ IN, we define in C([0, ∞), D(A)) the semi-norms by ‖y‖_n = sup{e^{−(ωt+τ Ln(t))}|y(t)| : t ≤ n}, where L_n(t) =

∫_t

0 l̄_n(s)ds and l̄_n(t) = max(Ml_n(t), M_1M^2M_2e^{ωn}‖l_n‖_{L1([0,n])}). We shall show that the operator N_1 is a contraction and admissible operator. First, we prove that N_1 is contraction. Indeed, consider y, y ∈ C([−r, ∞), D(A)).

Thus for each t ∈ [0, n] and n ∈ IN, and h ∈ N(y), there exists v(t) ∈ F (t, y_t) such that for each t ∈ [0, n],

h(t) = S^′(t)ϕ(0) + d dt ∫_t 0 S(t − s)v(s)ds + d dt ∫_t 0 S(t − s)Bu^n_y (s)ds.

From (H2) it follows that H_d(F (t, y(t)), F (t, y(t))) ≤ l(t)‖y_t − y_t‖.

Hence there is a w ∈ F (t, y_t) such that |v(t) − w| ≤ l(t)‖y_t − y_t‖, t ∈ J.

Consider U_∗ : [0, n] → P(E), given by U_∗(t) = {w ∈ E : |v(t) − w| ≤ l(t)‖y_t − y_t‖}.

Since the multi-valued operator V_∗(t) = U_∗(t) ∩ F (t, y_t) is measurable (see Proposition III.4 in [14]), there exists a function v(t), which is a measurable selection for V_∗. So, v(t) ∈ F (t, y_t), and |v(t) − v(t)| ≤ l(t)‖y_t − y_t‖, for each t ∈ [0, n].

Let us define for each t ∈ [0, n],

h(t) = S^′(t)ϕ(0) + d dt ∫_t 0 S(t − s)v(ss)ds + d dt ∫_t 0 S(t − s)Bu^n_y (s)ds.

Then

|h(t) − h(t)| = | |_d dt ∫_t 0 S^′(t − s)[(Bu^n_y )(s) − (Bu^n_y )(s)]ds +^d_{dt}

∫_t 0 S^′(t − s)[v(s) − v(s)]ds | | | ≤ Me^{ωt}

∫_t 0 e^{−ωs}‖B‖|u^n_y (s) − u^n_y (s)|ds +Me^{ωt}

∫_t 0 l_n(s)e^{−ωs}‖y_s − y_s‖ds ≤ e^{ωt}

∫_t 0 l_n(s)‖y_s − y_s‖ds + Me^{ωt}M_1

∫_t 0 e^{−ωs}|W^{−1}[x_1 − S^′(n)ϕ(0) − lim_{λ→+∞}

∫_n 0 S^′(n − s)B_λf(r, y_r)drds] − W^{−1}[x_1 − S^′(n)ϕ(0) − lim_{λ→+∞}

∫_n 0 S^′(n − s)B_λf(r, y_r)drds| ≤ e^{ωt}

∫_t 0 e^{−ωs}l_n(s)‖y_s − y_s‖ds +M_1M^2M_2e^{ωn}e^{ωt}

∫_t 0 e^{−ωs}

∫_n 0 |f(r, y_r) − f(r, y_r)|drds ≤ e^{ωt}

∫_t 0 l_n(s)e^{−ωs}‖y_s − y_s‖ds +M_1M^2M_2ne^{ωn}e^{ωt}

∫_t 0 e^{−ωs}

∫_t 0 l_n(s)‖y_s − y_s‖ds ≤ 2e^{ωt}

∫_t 0 e^{−ωs}l_n(s)‖y_s − y_s‖ds ≤ 2e^{ωt}

∫_t 0 l_n(s)e^{τ Ln(s)}e^{−(ωs+τ Ln(s))}‖y_s − y_s‖ds ≤ 2e^{ωt}

∫_t 0 (e^{τ Ln(s)})^′ds‖y − y‖_n ≤ 2 τ e^{(ωt+τ Ln(t))}‖y − y‖_n.

Therefore, ‖h − h‖_n ≤ 2 τ ‖y − y‖_n.

By an analogous relation, obtained by interchanging the roles of y and y, it follows that H_d(N_1(y), N_1(y)) ≤ 2 τ ‖y − y‖_n.

So, N_1 is a contraction, and as in Theorem 3.1, we can prove that N_1 is an admissible multivalued map. From the choice of U_1 there is no y ∈ ∂U_1 such that y ∈ λN_1(y) for some λ ∈ (0, 1). As a consequence of the nonlinear alternative [20] we deduce that N_1 has at least one fixed point which is a integral solution to (3)–(4).

5 An Example

As an application of our results we consider the following partial neutral functional differential inclusion, ∂z(t, x) ∂t − Δz(t, x) ∈ Q(t, z(t − r, x)), t ∈ [0, ∞), 0 ≤ x ≤ π, (7)

z(t, 0) = z(t, π), t ∈ [0, ∞), (8) z(t, x) = ϕ(t, x), −r ≤ t ≤ 0, 0 ≤ x ≤ π, (9) where r > 0, ϕ ∈ C([−r, 0] × [0, π], IR), Q : [0, ∞) × [0, π] → P(IR), is a multivalued map with compacts values, and there exist constants k_p > 0 such that H_d(Q(t, x), Q(t, y)) ≤ k_q‖x − y‖ for all x, y ∈ [0, π], t ∈ [0, ∞), and H_d(0, Q(t, 0)) ≤ k_q.

Consider E = C([0, π], IR) the Banach space of continuous functions on [0, π] with values in IR. Define the linear operator A in E by Az = Δz, in

D(A) = {z ∈ C([0, π], IR) : z(0) = z(π) = 0, Δz ∈ C([0, π], IR)}, where Δ is the Laplacian operator in the sense of distributions on [0, π]. Now we have D(A) = C_0([0, π], IR) = {z ∈ C([0, π], IR) : z(0) = z(π) = 0}.

It is well known from [16] that Δ satisfies the following properties:

(i) (0, ∞) ⊂ ρ(Δ),

(ii) ‖R(λ, Δ)‖ ≤ 1 λ , for some λ > 0.

It follows that Δ satisfies (H1) and hence it generates an integrated semigroup (S(t))_t, t ≥ 0 and that |S^′(t)| ≤ e^{−μt}, for t ≥ 0 and some constant μ > 0. Let

F (t, w_t)(x) = Q(t, w(t − x)), 0 ≤ x ≤ π.

Then problem (7)-(9) takes the abstract form (1)-(2). We can easily see that all hypotheses of Theorem 3.1 are satisfied. Hence from Theorem 3.1 the problem (7)-(9) has at last on integral solution on [−r, ∞).

Acknowledgements. This work we done while A. Ouahab was visiting the Abdus Salam International Centre for Theoretical Physics in Trieste (Italy). It is a pleasure for that author to acknowledge its financial support and its warm hospitality.

References

[1] N.U. Ahmed, Semigroup Theory with Applications to Systems and Control, Pitman Res. Notes in Math. Ser. 246, Longman Scientific and Technical and John Wiley, London, New York, 1991.

[2] A. Arara, M. Benchohra, and A. Ouahab, Some uniqueness results for controllability functional semilinear differential equations in Fréchet spaces, Nonlinear Oscl. 6 (3) (2003), 287-303.

[3] W. Arendt, Resolvent positive operators and integrated semigroup, Proc. London Math. Soc. 3 (54) (1987), 321-349.

[4] W. Arendt, Vector valued Laplace transforms and Cauchy problems, Israel J.

Math. 59 (1987), 327-352.

[5] K. Balachandran and J. Dauer, Controllability of nonlinear systems in Banach spaces: a survey. Dedicated to Professor Wolfram Stadler, J. Optim. Theory Appl. 115 (1) (2002), 7-28.

[6] K. Balachandran, and P. Manimegalai, Controllability of nonlinear abstract neutral evolution integrodifferential systems, Nonlinear Funct. Anal. Appl. 7 (2002), 85–100.

[7] M, Benchohra, E. P, Gatsori, L. Górniewicz and S.K. Ntouyas, Controllability results for evolution inclusions with non-local conditions, Z. Anal. Anwendungen 22 (2003), 411–431.

[8] M, Benchohra and S.K. Ntouyas, Existence and controllability results for multivalued semilinear differential equations with nonlocal conditions, Soochow J. Math. 29 (2003), 157–170.

[9] M. Benchohra and S. K. Ntouyas, Existence of mild solutions for certain delay semilinear evolution inclusions with nonlocal condition, Dynam. Systems Appl. 9 (3) (2000), 405-412.

[10] M. Benchohra and S. K. Ntouyas, Nonlocal Cauchy problems for neutral functional differential and integrodifferential inclusions in Banach spaces, J. Math. Anal. Appl. 258 (2) (2001), 573-590.

[11] M. Benchohra and S. K. Ntouyas, Existence of mild solutions of semilinear evolution inclusions with nonlocal conditions, Georgian Math. J. 7 (2) (2002), 221 - 230.

[12] S. Busenberg and B. Wu, Convergence theorems for integrated semigroups, Differential Integral Equations 5 (3) (1992), 509-520.

[13] M. Benchohra, S.K. Ntouyas, L. Górniewicz, Controllability of some nonlinear systems in Banach spaces (The fixed point theory approch), Plock Univ Press, (2003).

[14] C. Castaing and M. Valadier, Convex Analysis and Measurable Multifunctions, Lecture Notes in Mathematics, vol. 580, Springer-Verlag, Berlin-Heidelberg-New York, 1977.

[15] H. Covitz and S. B. Nadler Jr., Multivalued contraction mappings in generalized metric spaces, Israel J. Math. 8 (1970), 5-11.

[16] G. Da Prato and E. Sinestrari, Differential operators with non-dense domains, Ann. Scuola Norm. Sup. Pisa Sci. 14 (1987), 285-344.

[17] K.J. Engel and R. Nagel, One-Parameter Semigroups for Linear Evolution Equations, Springer-Verlag, New York, 2000.

[18] K. Ezzinbi and J. Liu, Periodic solutions of non-densely defined evolution equations, J. Appl. Math. Stochastic Anal. 15 (2) (2002), 113-123.

[19] M. Frigon and A. Granas, Résultats de type Leray-Schauder pour des contractions sur des espaces de Fréchet, Ann. Sci. Math. Québec 22 (2) (1998), 161-168.

[20] M. Frigon, Fixed point resultats for multivalued contractions on gauge spaces, SIMAA 4 (2002), 175-181.

[21] J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations, Applied Mathematical Sciences. 99, Springer-Verlag, New York, 1993.

[22] Sh. Hu and N. Papageorgiou, Handbook of Multivalued Analysis, Volume I: Theory, Kluwer, Dordrecht, 1997.

[23] G. Li and X. Xue, Controllability of evolution inclusions with nonlocal conditions, Appl. Math. Comput. 141 (2003), 375–384.

[24] M. Kamenskii, V. Obukhovskii and P. Zecca, Condensing Multivalued Maps and Semilinear Differential Inclusions in Banach Spaces, Walter de Gruyter & Co. Berlin, 2001.

[25] H. Kellermann and M. Hieber, Integrated semigroup, J. Funct. Anal. 84 (1989), 160-180.

[26] M. Kisielewicz, Differential Inclusions and Optimal Control, Kluwer, Dordrecht, The Netherlands, 1991.

[27] F. Neubrander, Integrated semigroups and their applications to the abstract Cauchy problems, Pacific J. Math. 135 (1988), 111-155.

[28] A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer-Verlag, New York, 1983.

[29] M.D. Quinn and N. Carmichael, An approach to nonlinear control problem using fixed point methods, degre theory, pseudo-inverse, Numer. Funct. Anal. Optim. 7 (1984-85), 197-219.

[30] H. Thieme, Integrated semigroups and integrated solutions to abstract Cauchy problems, J. Math. Anal. Appl. 152 (1990), 416-447.

[31] J. Wu, Theory and Applications of Partial Functional Differential Equations, Applied Mathematical Sciences. 119, Springer-Verlag, New York, 1996.

[32] K. Yosida, Functional Analysis, 6th edn. Springer-Verlag, Berlin, 1980.

(Received June 6, 2005)