Electronic Journal of Qualitative Theory of Differential Equations 2005, No. 5, 1-6; http://www.math.u-szeged.hu/ejqtde/

ASYMPTOTIC ESTIMATES FOR PDE WITH p-LAPLACIAN AND DAMPING.

ROBERT MAŘÍK^1

AMS. Class.: 35B05 Keywords: quasilinear equation, elliptic partial differential equation, p-Laplacian, Riccati equation, positive solution

Abstract. We study the positive solutions of equation

div(||∇u||^{p−2}∇u) + ⟨ ⃗b(x), ||∇u||^{p−2}∇u ⟩ + c(x)|u|^{q−2}u = 0,

via the Riccati technique and prove an integral sufficient condition on the potential function c(x) and the damping ⃗b(x) which ensures that no positive solution of the equation satisfies a lower (if p > q) or upper (if q > p) bound eventually.

1. Introduction

In the paper we investigate the equation with p-Laplacian and Emden-Fowler type nonlinearity

(1) div(||∇u||^{p−2}∇u) + ⟨ ⃗b(x), ||∇u||^{p−2}∇u ⟩ + c(x)|u|^{q−2}u = 0,

where p, q are real numbers satisfying p, q > 1, || · || is the usual Euclidean norm and ⟨·, ·⟩ is the usual scalar product in R^n. Equation (1) is sometimes referred as a quasilinear equation. We focus our attention to the case when the equation lacks the homogeneity property, i.e., when p ≠ q.

The potential function c(x) is supposed to be locally Hölder continuous, there are no other restrictions. Among others, we don’t assume anything concerning either the fixed sign or the radial symmetry of the potential c(x).

Equation (1) arises in many important physical and biological problems. The reader is referred to [3] and the references therein for a more detailed list of applications.

An important case p = q has been studied extensively in the last years. It turned out that in this case an oscillation theory similar to theory of linear equations can be established. If p = q, then equation (1) has the homogeneity property (a constant multiple of a solution is a solution as well) and from this reason is (1) with p = q called half-linear equation. Following this terminology, we will refer to the case q < p as to the sub-half-linear case and q > p will be the super-half-linear case.

The fact that the properties of a half-linear equation and equation (1) with condition p ≠ q are very different is known already from the study of one-dimensional ordinary differential equation

(2) (|u^′|^{p−2}u^′)^′ + b(x)|u^′|^{p−2}u^′ + c(x)|u|^{q−2}u = 0.

This equation is usually studied under sign restriction — the function c(x) is supposed to be either positive or negative. For recent results about equation (2) or some its special cases or generalizations see [1, 2, 6, 7, 8, 9]

Important investigations about equation (1) concern the radial solutions of the equation with radial potential, proved often by a moving plane procedure, see e.g. [4, 5] and the references therein.

The aim of this paper if to study the asymptotic behavior of the solutions of (1) on exterior domains. More precisely, we present sufficient conditions which ensure that no solution of the equation possesses a lower or upper bound by the function φ(||x||) for ||x|| sufficiently large.

1Supported by the Grant 201/04/0580 of the Czech Grant Agency.

EJQTDE, 2005 No. 5, p. 1

Namely, given a function φ(r), we derive a sufficient condition which ensure that no positive solution of the equation satisfies inequality |u(x)|^δ ≤ φ(||x||) for ||x|| > r_0 no matter how large the number r_0 is. The coefficient δ is a real number which is positive in the super-half-linear case and negative in the sub-half-linear case. Taking the function φ to be a suitable power function, this yields also results concerning integrability or quadratic integrability of the solution, which is an important problem from the physicist’s point of view.

As far as the author knows, the results are new also in the case of one-dimensional ordinary differential equation, since most of the papers dealing with this equation use a sign restrictions, which are not necessary here.

Notation. We will use the following notation for sets in R^n: Ω(r) := {x ∈ R^n : ||x|| ≥ r}, S(r) := ∂Ω(r) = {x ∈ R^n : ||x|| = r}, Ω(a, b) := Ω(a) \ Ω(b) = {x ∈ R^n : a ≤ ||x|| < b}.

The conjugate number to the number p will be denoted by p^∗. Hence 1 p + 1 p^∗

= 1 and p^∗ = p p − 1 . The number ω_n denotes the surface of the n-dimensional unit sphere in R^n, i.e. ω_n = ∫ S(1) dσ ,

where dσ is the integral element on the sphere.

Remind that the integration over the sets like Ω(a, b) is performed using hyperspherical coordinates on the spheres S(r) first and the integration over r ∈ (a, b) follows.

2. Main results Theorem 1. Suppose that there exist positive functions a(x) ∈ C^1(Ω(1), R^+), φ ∈ C([1, ∞), R^+) and a constant l > 1 such that

(3) lim_{r→∞} ∫ Ω(r_0 ,r)

P_{a,φ,l}(x) dx = ∞ and (4) lim_{r→∞}

∫_r

φ(r) ( r^{n−1}ã(r)

)_{−p}∗_{/p} dr = ∞,

where ã(r) is the mean value of the function a(x) on the sphere S(r), i.e.

ã(r) = 1 ω_nr^{n−1} ∫ S(r)

a(x) dσ ,

and the function P_{a,φ,l}(x) is defined by the relation

(5) P_{a,φ,l}(x) = a(x)c(x) − 1 p ||⃗b(x)a(x) − ∇a(x)||^p [ 1 l (q − 1)p^∗φ(||x||)a(x)

]_{−p/p}∗ . Then equation (1) has no positive solution which satisfies

(6) |u(x)|^{q−pp−1} ≥ φ(||x||) for large ||x||.

Remark 1. Let us emphasize that inequality (6) presents either a bound from below or from above, depending on the mutual relationship between p and q. If p > q, then (6) is equivalent to

(7) u(x) ≥ φ^{p−1q−p} (||x||) EJQTDE, 2005 No. 5, p. 2 and if p < q, then (6) can be written in the form

(8) u(x) ≤ φ^{p−1q−p} (||x||).

Thus, in the super-half-linear case we have a bound from below and in the sub-half-linear case a bound from above.

Proof of Theorem 1. Suppose, by contradiction, that there exits a real number T > 1 such that equation (1) possesses a positive solution u which satisfies (6) for ||x|| ≥ T . The n-vector function

(9) ⃗w(x) =

||∇u(x)||^{p−2}∇u(x) u^{q−1}(x) is well-defined on the domain Ω(T ) and a direct computation shows

div ⃗w = div(||∇u||^{p−2}∇u) u^{q−1}

+ (1 − q)

||∇u||^p u^q . According to (1), the function ⃗w satisfies the equality

div ⃗w + c(x) + ⟨ ⃗b(x), ⃗w ⟩ + (q − 1)|| ⃗w||^{p∗} u^{q−pp−1} (x) = 0.

In view of (6) we conclude for x ∈ Ω(T ) the inequality

div ⃗w + c(x) + ⟨ ⃗b(x), ⃗w ⟩ + (q − 1)|| ⃗w||^{p∗} φ(||x||) ≤ 0.

Multiplying this relation by the positive function a(x) and splitting the expression (q−1)|| ⃗w||^{p∗} φ(||x||) into two parts using identity^1_l +^1_{l∗} = 1 we get

(10) div(a ⃗w) − ⟨ ⃗w, ∇a⟩ + ac + ⟨ a⃗b, ⃗w ⟩ + q − 1 l aφ|| ⃗w||^{p∗} + q − 1 l^∗ aφ|| ⃗w||^{p∗} ≤ 0,

where an explicit dependence on x is suppressed for brevity. Using the well-known Young inequality

||X||^{p∗}

p^∗

± ⟨X, Y ⟩ +

||Y ||^p p ≥ 0 we get q − 1 l aφ|| ⃗w||^{p∗} + ⟨ ⃗w,⃗ba − ∇a ⟩

= [ || ⃗w||^{p∗}

[_{q−1}

l aφp^∗

]_{1/p}^∗ ]^{p∗}

p^∗ + ⟨ ⃗w [ q − 1 l aφp^∗

]_{1/p}∗ , (⃗ba − ∇a) [ q − 1 l aφp^∗

]_{−1/p}∗ ⟩

≥ − ||⃗ba − ∇a||^p

[_{q−1} l aφp^∗

]_{−p/p}^∗ p . The substitution into (10) yields

div(a ⃗w) + ac −

||⃗ba − ∇a||^p

[_{q−1} l aφp^∗

]_{−p/p}^∗ p + q − 1

l^∗ aφ|| ⃗w||^{p∗} ≤ 0

which, in the notation of this theorem, reads as div ( a(x) ⃗w(x) ) + P_{a,φ,l}(x) + q − 1

l^∗ a(x)φ(||x||)|| ⃗w(x)||^{p∗} ≤ 0, EJQTDE, 2005 No. 5, p. 3 where we again wrote the dependence on the variable x. Recall that the last inequality is satisfied for all x ∈ Ω(T ). Integrating this inequality over the domain Ω(T, r) and using the Gauss– Ostrogradski theorem we get ∫ S(r)

a(x) ⃗w(x)⃗ν(x) dσ − ∫ S(T )

a(x) ⃗w(x)⃗ν(x) dσ + ∫ Ω(T,r)

P_{a,φ,l}(x) dx + ∫ Ω(T,r)

q − 1

l^∗ a(x)φ(||x||)|| ⃗w(x)||^{p∗} dx ≤ 0.

From (3) and from the fact that the second term in the last inequality is finite we conclude that there is a number T_0 > T such that

(11) ∫ Ω(T,r)

q − 1 l^∗ a(x)φ(||x||)|| ⃗w(x)||^{p∗} dx ≤ − ∫ S(r)

a(x) ⃗w(x)⃗ν(x) dσ

holds for all r ≥ T_0.

Denote

(12) Z(r) = ∫ Ω(T,r)

a(x)φ(||x||)|| ⃗w(x)||^{p∗} dx .

With this definition we have

Z^′(r) = φ(r) ∫ S(r)

a(x)|| ⃗w(x)||^{p∗} dσ

and the Hölder inequality gives ± ∫ S(r)

α(x) ⃗w(x)⃗ν(x) dσ ≤ (∫ S(r)

α(x)|| ⃗w(x)||^{p∗} dσ

)_{1/p}∗ (∫

S(r)

α(x) dσ

)_{1/p}

= (∫ S(r)

α(x)|| ⃗w(x)||^{p∗} dσ

)_{1/p}∗ ( ω_nr^{n−1}ã(r)

)_{1/p}

= (Z^′(r))^{1/p∗} ( ω_nr^{n−1}ã(r)

)_{1/p} . Using this estimate in (11) and using notation (12) we obtain for all r ≥ T_0 the inequality

(13) q − 1 l^∗

Z(r) ≤ ( Z^′(r) φ(r)

)_{1/p}∗ ( ω_nr^{n−1}ã(r)

)_{1/p}

and equivalently

(14) ( q − 1

l^∗

)_p∗

φ(r) ( ω_nr^{n−1}ã(r)

)_{−p}∗_{/p} ≤ Z^′(r) Z^{p∗} (r) . An integration of this inequality on the interval (T_0, ∞) gives a convergent integral on the right side and the divergent one on the left side (see (4)). This contradiction proves the statement of the theorem. □

We formulate several corollaries of the main Theorem hereinafter. To simplify our further investigations, we focus our attention to the undamped case of the equation (1), i.e. we will consider the equation (15) div(||∇u||^{p−2}∇u) + c(x)|u|^{q−2}u = 0.

Corollary 1. Let

(16) lim_{r→∞} ∫ Ω(r_0,r)

c(x) dx = ∞.

EJQTDE, 2005 No. 5, p. 4

Then equation (15) possesses no positive solution satisfying inequality (17) |u(x)|^{q−p} ≥ ||x||^{n−p} on Ω(r) for arbitrary large r.

Proof. Choose a(x) = 1 and φ(r) = r^{n−pp−1} . With this choice we have P_{a,φ,l}(x) = c(x) for any l and ã(r) = 1. This shows that (3) takes the form (16). Further φ(r) ( r^{n−1}ã(r)

)_{−p}∗_{/p}

= r^{n−pp−1} r^{−(n−1)p∗/p} = r^{n−pp−1 − n−1p−1} = r^{−1} and hence (4) holds. Now Theorem 1 can be use to conclude the statement. □ Another simple condition which ensures (3) arises in the case when the functions a and φ are such that the integral of the second part of the definition (5) of the function P_{a,φ,l}(x) is convergent. In this case the divergence of the integral ∫ Ω(r_0,r) a(x)c(x) dx is a condition which implies (3). In

the following we focus our attention to the more delicate case, when integral of both parts of the function P_{a,φ,l}(x) diverges.

Corollary 2. Let α ≠ 0 and β := α(p − 1) − (n − p) ≠ 0 be real numbers. Suppose that there exists a real number l > 1 such that (18) lim_{r→∞} ∫ Ω(r_0,r) [ ||x||^β c(x) − 1 p |β|^p

( q − 1 l p^∗

)_{−p/p}∗ 1 ||x||^n ] dx = ∞.

Then equation (15) possesses no positive solution satisfying inequality (19) |u(x)|^{q−pp−1} ≥ ||x||^α on Ω(r) for arbitrary large r.

Proof. Choose φ(r) = r^α, a(x) = ||x||^β . Then ã(r) = r^β and φ(r) ( r^{n−1}ã(r)

)_{−p}∗_{/p} = r^αr^{−(n−1+β)p∗/p} = r^{−1} and hence (4) holds. Further P_{aφ,l}(x) = ||x||^β c(x) − 1 p ( |β|||x||^{β−1}

)_p( q − 1 l p^∗||x||^{α+β}

)_{−p/p}∗

= ||x||^β c(x) − 1 p |β|^p

( q − 1 l p^∗

)_{−p/p}∗ ||x||^{(β−1)p−(α+β)p/p∗} and a direct computation shows that (β − 1)p − (α + β)p/p^∗ = −n.

Hence (3) takes the form (18). The assumptions of Theorem 1 are satisfied and (19) follows from (6). □ The following corollary presents a more effective condition than (18) since the number l > 1 is removed from this condition.

Corollary 3. Replace (18) in Corollary 2 by the condition (20) lim inf_{r→∞} 1 ln r ∫ Ω(r_0,r)

||x||^β c(x) dx > 1 p |β|^p [ (q − 1)p^∗

]_{−p/p}∗

ω_n.

Then the conclusion of Corollary 2 remains intact. EJQTDE, 2005 No. 5, p. 5

Proof. Inequality (20) implies that there exist numbers l > 1, ε > 0 and R > r_0 such that ∫ Ω(r_0 ,r)

||x||^β c(x) dx ≥ 1 p |β|^p

[ q − 1 l p^∗

]_{−p/p}∗ ω_n ln r + ε ln r

for all r > R. This inequality is equivalent to the inequality ∫ Ω(r_0 ,r) [ ||x||^β c(x) − 1 p |β|^p

[ q − 1 l p^∗

]_{−p/p}∗ 1 ||x||^n ] dx ≥ ε ln r

and the limit process r → ∞ yields (18). □

References

[1] M. Cecchi, Z. Došlá, M. Marini, On the dynamics of the generalized Emden–Fowler equation, Georg. Math. J.

7, No. 2 (2000), 269–282.

[2] T. Chantladze, N. Kandelaki, A. Lomtatidze, On quadratically integrable solutions of the second order linear equation, Arch. Math. (Brno), 37 (2001), 57–62.

[3] J. I. Díaz, Nonlinear partial differential equations and free boundaries, Vol. I Elliptic equations, Pitman publ.

(1985).

[4] M. Franca, Classification of positive solutions of p-laplace equation with a growth term, preprint. [5] M. Franca, Non-autonomous quasilinear elliptic equations and Wazevski’s principle, preprint. [6] T. Kusano, M. Naito, Oscillation theory of enitre solutions of second order superlinear elliptic equations, Funkc.

Ekvac. 30 (1987), 269–282.

[7] T. Kusano, T. Tanigawa, Positive solutions to a class of second order differential equations with singular nonlinearities, Applo. Anal. 69 (1998), 315–331.

[8] T. Kusano, N. Yoshida, Nonoscillation theorems for a class of quasilinear differential equations of second order, J. Math. Anal. Appl. 189 (1995), 115–127.

[9] A. Lomtatidze , Oscillation and nonoscillation of Emden–Fowler type equation of second order, Arch Math.

(Brno) 32 (1996), 181–193.

(Received January 6, 2005)

Dept. of Mathematics, Mendel University, Zemědělská 3, 613 00 Brno, Czech Republic E-mail address: marik@mendelu.cz

EJQTDE, 2005 No. 5, p. 6