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Abstract. In this paper, we study the instability of the traveling waves of a gen-
eralized diffusion model in population problems. We prove that some traveling wave
solutions are nonlinear unstable under H? perturbations. These traveling wave solu-
tions converge to a constant as x — oo.
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1 Introduction

In this paper we consider the following equation

% + D*u + D*u = D*u® + g(u). (1.1)

The equation (1.1) arises naturally as a continuum model for growth and
dispersal in a population, see [1]. Here wu(z,t) denotes the concentration of
population, the term g(u) is nonlinear function, denotes reaction term or power
with typical example as g(u) = a(1 — u?),a > 0. During the past years, many
authors have paid much attention to the equation (1.1), see [2, 3, 4]. Liu and
Pao [2] based on the fixed point principle, proved the existence of classical
solutions for periodic boundary problem. Chen and Lii [3] proved the existence,
asymptotic behavior and blow-up of classical solutions for initial boundary value
problem. Chen [4] proved existence of solutions for Cauchy problem.

In this paper we study instability of the traveling waves of the equation (1.1)
for g(u) = a(l —u?),a > 0 . The stability and instability of special solutions
for the equation (1.1) are very important in the applied fields.

E. A. Carlen, M. C. Carvalho and E. Orlandi [8] proved the nonlinear stabil-
ity of fronts for the equation (1.1) with g(u) = 0, under L' perturbations. We
prove that it is nonlinearly unstable under H? perturbations, for some traveling
wave solution that is asymptotic to a constant as x — oco. Our proof is based
on the principle of linearization. We invoke a general theorem that asserts that
linearized instability implies nonlinear instability.

Our main result is as follows

Theorem 1.1 All the traveling waves p(x — ct) of the equation (1.1) satisfying
¢ € L®(R), o™ € L®(R) N L*(R) (n = 1,2,3,4) are nonlinearly unstable in
the space H?(R). Where 0™ denotes nth derivative of .
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This paper is organized as follows. We first find a exact traveling wave solution
for the equation(1.1) in Section 2, and then give the proof of our main theorem
in Section 3.

2 Exact Traveling Wave Solution

In this section, we construct an exact traveling wave which satisfies all conditions
of theorem 1.1.

If (z — ct) = p(2) is a traveling wave solution of (1.1), then ¢ satisfies the
ordinary differential equation

—e! + " = (30 — 1)¢" + 609" + a(l — p?). (2.1)
Let ¢! = 92 = k(1 — ¢?). Then
1 0 2 2 2
¢ = o (k(1 = ¢%) = —2k%p(1 - %),
o = %(,21@%(1 —p?) = 2k3 (=1 + 3p?) (1 — ?),
o = %(%BH +30%)(1 — %)) = 2k (8¢ — 126%)(1 — p?).

Substituting above equation into (2.1), we have
—ck(1 = ¢?) +2k*(8p — 12¢°)(1 — ¢?)
= (3¢p* = 1)¢" +60k*(1 — ¢*)* + a(l — ¢*).
Then comparing the order of ¢, we get
—ck = a,
16k* — 8k% = 0,
—24k* +12k* = 0.

A simple calculation shows that k = %, ¢ = —/2a. Hence, we obtain

1
A 17 2,
@ —2( ©°)

that is
1. 149 1
—In——=—2,
2 1-yp 2
i.e. L L
) evit —e V2¥ tanh 1
p(z) = = tanh —z.
e%zﬁ»e_%z \/§

We easily proved that
lim ¢(z)=1, lim ¢(z)=-1

z—400 zZ——00

and (z) satisfies the conditions of the theorem.
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3 Proof of the Result

To prove the theorem 1.1, we first consider an evolution equation

% = Lu+ F(u), (3.1)
where L is a linear operator that generates a strongly continuous semigroup
e on a Banach space X, and F is a strongly continuous operator such that
F(0) = 0. In [9] the authors considered the whole problem only on space X,
that is to say, the nonlinear operator maps X into X. However, many equations
possess nonlinear terms that include derivatives and therefore F' maps into a
large Banach space Z. Hence, they again got the following lemma.

Lemma 3.1 [5] Assume the following
(i) X, Z are two Banach spaces with X C Z and ||u||z < Cy||ul|x for u e X.
(ii) L generates a strongly continuous semigroup e on the space Z, and the
semigroup et maps Z into X fort >0, and fol llett|| z—xdt = Cy < o00.
(111) The spectrum of L on X meets the right half-plane, {ReX > 0}.
(iv) F: X — Z is continuous and 3 pg > 0, C5 > 0, a > 1 such that || F(u)]|z <
Csllull., for llullx < po.

Then the zero solution of (3.1) is nonlinearly unstable in the space X .

In this paper, we are going to use Lemma 3.1 for proof of the theorem.

Definition 3.1 A traveling wave solution p(x —ct) of the equation (1.1) is said
to be monlinearly unstable in the space X, if there exist positive g and Cy, a
sequence {u,} of solutions of the equation (1.1), and a sequence of time t, >0
such that ||un(0) — o(z)||x — 0 but ||un(tn) — @(- — ctn)|lx > €o.

If o(xz — ct) € H*(R) is a traveling wave solution of the equation (1.1), then
letting w(z,t) = u(x,t) — p(x — ct), we have

(W) + 05w+ ¢) = B[(w+¢)® - (w+¢)]+a(l—(w+p)?)
= 07w’ +3wp® + 3wp + ¢ —w — ¢

+a(l —w? — ¢? — 2wy),

that is
wy + Oqw = 02[w* + 3wp® + 3w?p — w] + a(—w? — 2wey),
ie.
wy + 02w — (3% — 1)0%w — 1209’ d,w — (6" + 60> — 2ap)w = F(w) (3.2)
where

F(w) = (39" — a)w? +12¢'wd,w + 6pwd?w + 60 (0,w)? + 6w (d,w)? + 3w? 0w,
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with initial value

w(z,0) = wo(x) = ug(x) — p(x). (3.3)
So the stability of traveling wave solutions of (1.1) is translated into the stability
of the zero solution of (3.2). In order to prove Theorem, taking Z = L?(R),
X = H?(R), we need to prove that the four conditions of Lemma 3.1 are satisfied
by the associated equation (3.2). The condition (i) is satisfied, by our choice of
Z and X.

Denote the linear partial differential operator in (3.2) by L = —(92 + 92) +
3207 + 120¢'0 + (60" + 69" — 2ap)] = Lo + [300; + 120¢' 0 + (600" +
6% — 2ap)] with Lo = —(9% + 02). Then (3.2) may be rewritten in the form
(3.1)

wy = Lw + F(w),
Note that F' maps H?(R) into L?(R), using Sobolev embedding theorem, we
have
| F(w)|z: < Cllw||32, C >0, for|w|g < 1. (3.4)

So, the condition (iv) is satisfied.
To prove condition (ii) in Lemma 3.1, we need the following two lemmas.

Lemma 3.2 Let Lo = —(0% + 02). Then
€L | grm —prm < €/* for m e RT, 0 <t < oo, (3.5)
letro o e < alt) =5t7Y4 for 0 <t < 1. (3.6)
Proof. We write u(z,t) = e'loug(x). By Fourier transformation,

(g, t) = e ME=Dgq(e).

% = / (1 -+ E2)mla(e, b)Pde

- /mﬂ+§We“W*ﬂm@W%
< wpa”““fﬂ/mu+f%mmaaﬁﬁ
£ER —oo

= "|uoll3.

Hence
20| gy < €',

On the other hand, letting s = £2, we have

|w;sMw@/|wm%

SERT —o0

with f(s) = (1 + s)2e~245"=9) ¢ > 0. Elementary computation shows that

n Ltq/z)et/z_

sup f(s) < ( 7

3
s>0 2
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Thus

1
e, Dz < (5 4+ —=t712)126 4y |1

SR

and
3 1
e limrs < (5 +5t™2) 2t < 57 o0 < 1 <1,

since et/* < e!/* < 2. Thus Lemma 3.2 has been proved.
Lemma 3.3 Let L = —(9% + 02) + [3020% + 12000, + (609" + 6p"% — 2a)] =
Lo + [3¢°07 + 1209'0, + (g + 69 — 2a¢)] with ¢ € L*(R), ¢’ € L*(R),
¢"” € L*(R). Then
el ez < CLt™Y% for 0 <t <1, (3.7)
et gope < Co <00 for 0<t<1. (3.8)
Proof. Consider the initial value problem

= Lu = Lou + 3¢°0%u + 1200 0u + (6" + 6% — 2a0)u,
u(z,0) = up(x).
Then u(z,t) = efug(x), t > 0, x € R. Thus

¢
u(z,t) = eFoug + / =L [3020%u + 120" Bpu 4 (6 + 69 — 2ap)u)dr.
0

Denote A = ||¢||L<, B = ¢ ||z~, C = ||¢" ||~ and M = 3A% +12AB+6AC +
682 + 2aA.

[[w()||

ool oo ol 2 + / e a2 Bl ol 3w 02l 2

IN

/ 10 2 g2 12]| | o 1 || = | Dl 27
/ le®0 2 126l pl| o I | o<l 2l
/ e Lo 1261 |3 ] 2

/ e=50 | . g 2allpl] oo | 2

< <>||uo|\Lz+M/ (t = 7)[u(r)l| 2,

where a(t) is defined in Lemma 3.2 and we use u(t) to denote u(-, ).
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By iteration,

[[w(®)]|

IN

a(t)||u0||L2+M/O a(t — )

[a(7)|uoll > + M/ a(t = s)|[u(s)| g=ds)dr

(3.10)
= a(t)|luollzz + M/ a(t — 7)a(7)||uol| L2dT
0
t T
+M? / / a(t — m)a(t — 8)||u(s)|| gzdsdr.
o Jo
The second term on the right of (3.10) is
¢
M/ a(t — 7)a(T)||uo||p2dr
0
¢
_ o \—1/4p_—1/4
= Mluols [ 5t =)~/ 157 ar (3.11)

t —1/4 —1/4
= il [ (=) () e

0
= 25MCst'/?|Jug| g2, for0<t <1,

where C3 = / (1 —r)~Y4=1/44r. By exchanging the order of integration, we

0
get from the third term on the right side of (3.10),

[ [ att—ratr— o asir = [ [ [ ottt — yir] o)
Now

t t
/S a(t — 1)a(t — s)dr = 25/S (t— 7')71/4(7' — 5)71/4d7' (3.12)
= 25C3(t —s)1/? < 25C3, for0 < s <t < 1.
Therefore (3.9)-(3.12) imply
[u@®)[|g2 < [a(t) +25C3M]||uo|| 2

t
1
+2503M2/ u(s)|| srods, for 0 <t < 1. (3.13)
0

t
Let v(t) :/ I[u(s)|| =ds. Then
0

du(t
Zi) < [a(t) + 25CsM]|Juol| L2 + 25C35M>v(t), for 0 <t < 1.
Multiplying both sides of the above inequality by e=2°¢*M°t  we have

d —25Cs M3t n
(6 - U( )) < 6725CSM2t[a(t) + 2503M]||UOHL2; for0 <t < 1.
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Integrating the above inequality with respect to t over (0,¢), we obtain

t
e BC My, (1) </ e~ 20 Ms g (5) + 25C3 M]ds||uol| L2,
0

that is

t
o(t) < €230sM* / ¢=25C3M3 (4 (5) + 25Cs M]ds uo|| =
0

t
Observing that v(t) = / |lu(s)]|g2ds, and substituting above inequality into
0
(3.13), we get
lu(®)|| gz < Crt™*4|ugl|2 for 0 <t <1, Cy > 0. (3.14)
Thus (3.7) has been proven. To prove (3.8), replacing the first term on the right
side of (3.9) by ||e*L0|| g2 g2 ||uo|| iz and using (3.5), we have

t
lu(®) ||z < et/*|uo g2 + M/ a(t — 7)||u(T)||gzdr for 0 <t < 1. (3.15)
0

Similarly iterating and computing as above, we obtain
llw(t)|| g2 < [2 + 25C3M] exp[25C3 M?]||uol| g2 = Co|uo| m2- (3.16)

Hence (3.8) is proven and proof of Lemma 3.3 is finished. By Lemma 3.3 con-
dition (ii) is proved.

We now proceed to verify condition (iii) of Lemma 3.1. Observing that if
u(z, t) satisfies

ou(z,t *u  0%u 9%u ou
((% ) =5 9.2 + 3@2@ + 12%0/% + (6" + 69" — 2ap)u

then u(x, s+ t) also satisfies the above equation. By uniqueness of solution, we
know that L generates a strongly continuous semigroup on the Banach space
H?(R) (see [6] p.344). By Fourier transformation, the essential spectrum of Lg
on H?(R) is
a(Lo) D {~€" + €| £ € R}.
The curve A = —&* + £€2 meets the vertical lines Re\ = a for —oco < a < 1/4
because —oo < —&* + €2 < 1/4.
We now prove that the same curve belongs to the essential spectrum of L.

Lemma 3.4 The essential spectrum of L on H?(R) contains that of Lg.

Proof. Let £ € R and let A\ = P(¢) = —¢* + €2 Following Schechter [7],
X € o(L) if there exists a sequence {£,} C H2(R) with

[€nlle =1, (L = N)énllgz — 0,
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and {&,} does not have a strongly convergent subsequence in H2(R). (here we
use the definition: A & o(L) if and only if L — X is Fredholm with index zero.)
Now let & # 0 be a C*° function with compact support in (0, 00). Define

gn(l‘) = Cn€i§$£0($/n)/\/ﬁa n= 172a"'7
where ¢, is chosen so that ||&,]| g2 = 1. In fact,
[&nllrz = enllollzz and 1 =& |2 < ken

for some positive constant k. Hence ¢, > 1/k > 0. Since ||{p]pe — 0 but
l€x L2 is bounded away from zero, {£,} can have no convergent subsequence in
L?*(R).
It remains to show that ||(L — A&, || gz — 0. We write
L—X=Lo—XA+30%0% + 12000, + (60" + 60" — 2ayp)

A simple calculation shows that

(Lo = V(@) = € 37 PO©ents” (2)/ (/).

1<s5<4

O(Lo ~ Nén(x) = i€(Lo = N (@) + € 37 PO©ents™ (1) (sln®>+),

1<s<4
and
92(Lo — N)én()
= —&(Lo — Na(x) + 2ies™ Y~ P (g)cngg“”(%) /(sIn3/2+5)
+ei€r N7 PO, §5+2>(1§;/§(451n5/2+5).
1<s<4
Thus

(Lo = Nén (@) 2
< AR Y IPDElealles” (Dllze/ (st /2

1<s<4
+2l¢] S [PO(E)en ||§“+”< M2/ (sin®/2+)
1<s<4
+ > [P(©)]en ||g<5+2>( Y22/ (sn®2F5) 0, as n — 0.

1<s<4

Moreover, for any positive integer m, ||07*&, ||~ — 0 as n — 00, so we have
13¢°026nl72 < 1076012113012 — O,

0213020261172 < 102601175 1301172 + 102601711604 [ 20 — O,
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and

102[3¢028n] |17
< 02nllT~ 1120472 + 102612 699" + 6672172 + [|028n]T  13¢%[|7~ — 0.

From the assumptions on ¢, we obtain
11200/ 0u€nllzz < 102607 120" (172 — O,

102 (12600 anlll 72 < 10560 170 11209112 + [10atnl|Z o< [1120090" + 12|72 — O,

and

1021200 0&nllFe < [102€nllZo0 11200 (172 + [1028nll7 12400 + 2472172
H|OabnllZ~ [1369"¢" + 120472 — 0.

In addition,
6 46 2 9 2 < 2 6 46 2 9 2 0
(609" + 6¢ ap)énllze < [[&nllz= 160" + 6¢ apl[z2 — 0,

[0:[(60¢" + 69" — 2ap)n] 15
< 026nll3 e 600" + 692 — 2ap|2 2 + [|En |3 ||18¢"¢" + 600" — 2a¢'(|2, — 0,

and

[02[(6p¢” + 69" — 2ap)n] 15
< NOZEnllE < 1600”4+ 69" — 2a0||7 2 + 2[|0:En7 < 180" ¢" + 600" — 2|17
H|&nll2 < 124" " + 18" + 60" — 2a¢" |2, — 0.

Thus
13020260 4 120" ubn + (60" + 66 — 2a0)&n || > — 0 as n — oo.
So from the estimates above,
L — XN)&nllgz — 0, asn — oo.

The proof of Lemma 3.4 is completed.
Therefore all the four conditions of Lemma 3.1 are satisfied by the linearized
equation (3.2) and theorem 1.1 has been proved.
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