Electronic Journal of Qualitative Theory of Differential Equations
2004, No. 16, 1-17; http://www.math.u-szeged.hu/ejqtde/

Asymptotic behavior for minimizers of a
p-energy functional associated with
p-harmonic maps

YUTIAN LEI
Depart. of Math., Nanjing Normal University, Nanjing 210097, P.R.China
E-mail: leiyutian@njnu.edu.cn

Abstract The author studies the asymptotic behavior of minimizers wu.
of a p-energy functional with penalization as ¢ — 0. Several kinds of
convergence for the minimizer to the p-harmonic map are presented under
different assumptions.

Keywords: p-energy functional, p-energy minimizer, p-harmonic map
MSC 35B25, 35J70, 49K20, 58G18

1 Introduction

Let G C R? be a bounded and simply connected domain with smooth boundary
G, and By = {z € R? or the complex plane C;z? + 23 < 1}. Denote S =
{x € R% 23 +23 =123 =0} and S? = {x € R% 2% + 23 + 23 = 1}. The vector
value function can be denoted as u = (u1, us,u3) = (v',u3z). Let g = (¢’,0) be
a smooth map from G into S*. Recall that the energy functional

1 1

with a small parameter ¢ > 0 was introduced in the study of some simplified
model of high-energy physics, which controls the statics of planner ferromagnets
and antiferromagnets (see [9] and [12]). The asymptotic behavior of minimizers
of E.(u) had been studied by Fengbo Hang and Fanghua Lin in [7]. When the
term % replaced by % and S? replaced by R?, the problem becomes the
simplified model of the Ginzburg-Landau theory for superconductors and was
well studied in many papers such as [1][2] and [13]. These works show that the
properties of harmonic map with S!-value can be studied via researching the
minimizers of the functional with some penalization terms. Indeed, Y.Chen and
M.Struwe used the penalty method to establish the global existence of partial
regular weak solutions of the harmonic map flow (see [4] and [6]). M.Misawa
studied the p-harmonic maps by using the same idea of the penalty method in
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[11] NOW, the functional
E( G):—I/W |1d +—1 / 2d > 2
u u X Uaax
€ ) 2 D 3 I p 9

which equipped with the penalization 51 [, u3dz, will be considered in this
paper. From the direct method in the calculus of variations, it is easy to see
that the functional achieves its minimum in the function class Wy (G, S?).
Without loss of generality, we assume us > 0, otherwise we may consider |us|
in view of the expression of the functional. We will research the asymptotic
properties of minimizers of this p-energy functional on W, (G, S?) as e — 0,
and shall prove the limit of the minimizers is the p-harmonic map.

Theorem 1.1 Let uc be a minimizer of E-(u,G) on WP(G,5%). Assume
deg(g’,0G) = 0. Then

hII(l)’LLE = (Up,O), in WLP(G7SQ>,
E—>
where uy, is the minimizer of [ |VulPdx in W} P(G,0By).

Remark. When p = 2, [7] shows that if deg(¢’,0G) = 0, the minimizer of
E.(u) in Hy(G,S8?) is just (ug,0), where uy is the energy minimizer, i.e., it is
the minimizer of [, [Vu[?dz in H}(G,dB;). When p > 2, there may be several
minimizers of E.(u,G) in W,*?(G, S?). The author proved that there exists a
minimizer, which is called the regularized minimizer, is just (up,0), where u,
is the minimizer of [, |[Vu[Pdz in W, P(G,dB;). For the other minimizers, we
only deduced the result as Theorem 1.1.

Comparing with the assumption of Theorem 1.1, we will consider the prob-
lem under some weaker conditions. Then we have

Theorem 1.2 Assume u. is a critical point of E.(u,G) on ng*p(G, S?). If
E.(ue, K)<C (1.1)

for some subdomain K C G. Then there exists a subsequence u., of us such
that as k — oo,

ue, — (up,0), weakly in W'P(K,R%), (1.2)

where uy is a critical point of [, |VulPdx in WhP(K,0B1), which is named
p-harmonic map on K. Moreover, for any ¢ € C§°(K), when e — 0,

[ ua s — [ (9w (1.3)
K K
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1
—p/Kuskngas — 0. (1.4)

€k

The convergent rate of |u.| — 1 and uz — 0 will be concerned with as e — 0.

Theorem 1.3 Let u. be a minimizer of E.(u,G) on WyP(G,S?). If (1.1)
holds, then there exists a positive constant C, such that as e — 0,

1
/ |V|u’5||pdx—|—/ |Vu53|pdx—|——/ ulsde < CeP,
K K e? Jk

where B =1 — % when p € (2,po]; B = % when p > po. Here pg € (4,5) is a

constant satisfying p> — 4p® — 2p +4 = 0.

2 Proof of Theorem 1.1

In this section, we always assume deg(g’, 0G) = 0. By the argument of the weak
low semi-continuity, it is easy to deduce the strong convergence in W sense
for some subsequence of the minimizer u.. To improve the conclusion of the
convergence for all u., we need to research the limit function: p-harmonic map.

From deg(g’, 0G) = 0 and the smoothness of G and g, we see that there is
a smooth function ¢g : 0G — R such that

g=¢€"  on 0G. (2.1)

Consider the Dirichlet problem
—~div(|VO[P~2V®) =0, in G, (2.2)
Dloc = do. (2.3)

Proposition 2.1 There exists the unique weak solution ® of (2.2) and (2.3) in
WLP(G, R). Namely, for any ¢ € Wol’p(G, R), there is the unique ® satisfies

/G |VOP2VOVodr =0 (2.4)

Proof. By using the method in the calculus of variations, we can see the
existence for the weak solution of (2.2) and (2.3).

If both ®; and ®, are weak solutions of (2.2) and (2.3), then, by taking the
test function ¢ = ®; — Py in (2.4), there holds

/ (|V<I>1|p_2V<I)1 - |Vd>2|p_2V<I)2)V(<I>1 - (I)Q)dl‘ =0.
G
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In view of Lemma 1.2 in [5] we have
/ |V(q>1 - <I>2)|pdx S 0
e}

Hence, &1 —®, = Const. on G. Noting the boundary condition, we see &1 —Po =
0 on G. Proposition is proved.

Recall that u € ng’p(G, 0By) is named p-harmonic map, if it is the critical
point of [, |Vul[Pdz. Namely, it is the weak solution of

—div(|Vul|P~2Vu) = u|Vul? (2.5)

on G, or for any ¢ € C$°(G, R? or C), it satisfies

/ |Vu[P~2VuV ¢pdx = / u|VulPpdz. (2.6)
G G
Assume @ is the unique weak solution of (2.2) and (2.3). Set

u, =e®, on G. (2.7)

Proposition 2.2 u, defined in (2.7) is a p-harmonic map on G.

Proof. Obviously, u, € W;*?(G,9B;) since ® Wdi’)p(G,R). We only need
to prove that u, satisfies (2.6) for any ¢ € C§°(G,C). In fact,

fG(|Vup|p72VupV¢ — upd|Vup|P)dx
=i [, [VO[P-2VB(e* Vo + ieVdp)da = i [, |VOP-2VOV () dx

for any ¢ € C§°(G,C). Noting ¢®¢ € Wy (G,C) and ® is the weak solution
of (2.2) and (2.3), we obtain

/ |Vup|p72VupV¢dx — / up@|Vup|Pde =0
G G
for any ¢ € C§°(G, C). Proposition is proved.

Since W, ?(G,0B1) # 0 when deg(g’,0G) = 0, we may consider the mini-
mization problem

Min{ / VulPde;u € WHP(G,0B,)) (2.8)
G

The solution is called p-energy minimizer.

Proposition 2.3 The solution of (2.8) exists.
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Proof. The weakly low semi-continuity of [, |Vu[Pdz is well-known. On the
other hand, if taking a minimizing sequence uy, of [ [Vul|Pdz in W, *(G,0By),
then there is a subsequence of uy, which is still denoted wy itself, such that as
k — 00, uy, converges to ug weakly in WP (G, C). Noting that W) *(G, 9By ) is
the weakly closed subset of W1P(G, C) since it is the convex closed subset, we
see that ug € W,'P(G,dB;). Thus, if denote

a= Inf{/ |[VulPdx;u € ng’p(G,aBl)},
G

then
a < / |[Vup|Pde < li_mk_,oo/ [Vug|Pdx < a.
G G

This means ug is the solution of (2.8).
Obviously, the p-energy minimizer is the p-harmonic map.

Proposition 2.4 The p-harmonic map is unique in ng*p(G, 0Bs).

Proof. It follows that u, = e'® is a p-harmonic map from Proposition 2.2. If
u is also a p-harmonic map in ng*p(G, 0B1), then from deg(g’,0G) = 0 and
using the results in [3], we know that there is ®5 € W1?(G, R) such that

u:ei%, on 6,
Dy =g, on OG.

Substituting these into (2.6), we see that ®¢ is a weak solution of (2.2) and
(2.3). Proposition 2.1 leads to ®9 = ®, which implies v = u,.

Now, we conclude that ug in Proposition 2.3 is just the p-harmonic map u,.
Furthermore, the p-energy minimizer is also unique in ng’p (G,0By).

Proof of Theorem 1.1. Noticing that u. is the minimizer, we have
E.(ue,G) < E.((up,0),G) < C (2.9)

with C' > 0 independent of €. This means

/ |[Vuc|Pdx < C, (2.10)
G

/Gu§3dz < CeP. (2.11)
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Using (2.10), |us] = 1 and the embedding theorem, we see that there exists a
subsequence u., of u. and u, € WHP(G, R3), such that as g, — 0,

Ue, — Ux, weakly in WUP(G,S?), (2.12)

Ue, — Uy, in C*(G,S?), ae€(0,1-2/p). (2.13)

Obviously, (2.11) and (2.13) lead to u. € W, ?(G,S").
Applying (2.12) and the weak low semi-continuity of fG |VulPdx, we have

/ [V |Pdx < li_mek_,o/ |Vue, |Pdx.
G G
On the other hand, (2.9) implies

/|Vu€k|pdx§/ IV (up, 0)|Pdx,
G G

hence,

/|Vu;|pdz§/ [Vup|Pde.
G G

This means that u/, is also a p-energy minimizer. Noting the uniqueness we see
Uy = Up. Thus

/|Vup|pdx§h_m5k_)0/ |Vu€k|pdzgﬂskﬁo/ |Vu€k|pdz§/ [Vup|Pde.
G G G G

/ Ve, [P — / V.
G G

Combining this with (2.12) yields

When ¢, — 0,

lim Vu., = V(up,,0), in LF(G,S?).

k—o0

In addition, (2.13) implies that as ¢ — 0,
ue, — (up,0), in LP(G,S?).

Then
lim we, = (up,0), in WHP(G,S?).

k—o0

Noticing the uniqueness of (uy,0), we see the convergence above also holds for
all ue.

EJQTDE, 2004 No. 16, p. 6



3 Proof of Theorem 1.2

In this section, we always assume that u. is the critical point of the functional,
and E:(ue, K) < C for some subdomain K C G, where C is independent of ¢.
The assumption is weaker than that of Theorem 1.1. So, all the results in this
section will be derived in the weak sense.

The method in the calculus of variations shows that the minimizer u. €
W, P(G, S?) is a weak solution of

—div(|VulP~2Vu) = u|VulP + Eip(uug —uges), on G, (3.1)
where e3 = (0,0, 1). Namely, for any v € Wol’p(G, R3), u. satisfies
/ |VulP~2VuVide =/ up|Vu|Pdx + i/ Y(uui — uzez)dz. (3.2)
G G el Ja
Proof of (1.2). E.(u, K) < C means

/ Vu|Pdz < C, (3.3)
K

/K uZydr < CeP, (3.4)

where C' is independent of e. Combining the fact |u.| = 1 a.e. on G with (3.3)
we know that there exist u, € WP(K,0B;) and a subsequence u., of u., such
that as e, — 0,

Ue, — (up,0), weakly in WHUP(K), (3.5)

ue, — (up,0), in CYK), (3.6)

for some o € (0,1— %
of (2.5).

Let B = B(z,3R) CC K. ¢ € C°(B(x,3R);[0,1]),¢ = 1 on B(z, R),¢ = 0
on B\ B(z,2R) and |V¢| < C, where C is independent of €. Denote u = u,,

in (3.2) and take ¥ = (0,0, ¢). Thus

). In the following we will prove that u, is a weak solution

1
/|Vu|p72VU3V¢dx+—p/ |u’|2gim3dx:/ uzp|VulPdz.
B € JB B

Applying (3.3) we can derive that

1
—p/ |u’|2q§|U3|dm§/ |Vu|pq§dx+/ VuPVeldz < C. (3.7)
€ JB B B
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From (3.6) it follows |u/| > 1/2 when ¢y, is sufficiently small. Noting ¢ = 1 on

B(z, R), we have
1

—- lugldz < C. (3.8)
€k B(z,R)

Taking % =&, Iy = %(Uakugkg — ug,3e3) in Lemma 3.11 of [8], noting |F| =
%|U3||u’| and applying (3.5) and (3.8) we obtain that for any ¢ € (1,p), as
er — 0, Vue, — Vuy, in LY(B(z, R)). Since B(x, R) is an arbitrary disc in K,
we can see that as e — 0, for any ¢ € C5°(B, R?) there holds

/B|Vu€k|p_2Vung§da:—>/B|Vup|p_2VupV£dx. (3.9)

Now, denote u’ = u., = (u1,ug). Taking ¥ = (uz,0,0)¢ and ¢ = (0,u1,0)¢
in (3.2), respectively, where ¢ € C§°(B, R), we have that for m,j € {1,2}, and
m#j,

% [ udumuiCde + [5umu;¢|VulPde
= [5|VulP~2Vu, Vu;¢dz + [5u;|VulP~?Vu,, V(de.
One equation subtracts the other one, then
0= / |VulP~2(u A Vu)Vde, (3.10)
B
where u A Vu = u1Vus — uaVui. On the other hand, since
[ u2| VulP=2Vu  Vde — [ upe|Vup|P >V, Vde
= fB(|Vu|p’2Vu1 — | Vup P72V up Jupe VEdz
T [ VUl 2V Ve (g — wye)da,
we obtain that as e, — 0,
/ ua|Vu|P~2Vu, V¢dr — / Upa | Vup P2V, Vdr (3.11)
B B
by using (3.3)(3.6) and (3.9). Similarly, we may also get that
lim / up |[VuP~2Vua V(dr = / Up1 | Vup [P 2V, V(dr. (3.12)
e~ JB B

(3.12) subtracts (3.11), then

lir% |VulP~2(u A Vu)Vidr = / |V P2 (up A Vuy,)Vdz.
e=YJB B
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Combining this with (3.10), we have
/B |V, |P~2(up A Vuy,)VEdr = 0. (3.13)
Let uy = up1 + tupy : B — C. Thus
|Vu|? = [Vuy,|?. (3.14)

It is easy to see that u, Vu. = V(|Jux|?) + (ux A V)i = 0+ (ux A V)i since
[t |? = |up1|? + |upe|®> = 1. Substituting this into (3.13) yields

—i / |V P2 Vu. Vidr = 0
B

for any ( € C§°(B,R). Taking ( = Re(u«¢;) and ¢ = Im(u.¢;) (j = 1,2),
respectively, where ¢ = (¢, ¢2) € C5° (B, R?), we can see that

/ |V, [P~ 20, Vu, V Re(usp)dr + z/ |V, [P~ 20, Vu, VIm(u.g)de = 0.
B B

Namely
0= / |V [P~ 20 Vu, V (usd) d.
G

Noting w,Vu, = —u.Vu,, we obtain
0 = [5IVu[P7?Vu.Vode — [, |Vu.|P~?u, Vi, Vu.pdx
= [ |Vu. |P2Vu,Vode — [ |Vu.|Pu.pde == J
By using (3.14) and Re(J) =0, Im(J) = 0, we have

/ |V, [P~ 2Vuy Vodr = / |Vup [Pup gpdx (3.15)
B B

and
/|Vup|p72Vup2V¢dx:/ |Vup [Pupapde.
B B

Combining this with (3.15) yields that for any ¢ € C§°(B, R?),

/|Vup|p72VupV¢dx=/ |Vuy Puypda.
B B

It shows that u, is a weak solution of (2.5). (1.2) is completed.
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Proof of (1.3). For simplification, denote £, = €. From (3.3) and (3.6) it is
deduced that as ¢ — 0,

|/ U§C|Vu|pdx| < sup(1 — [u'|?) - / |VulPdx — 0, (3.16)
K K K

|fK wupC|VulPde — fK ¢|VulPdx| = |fK(u’up — upp)(|VulPdz| 517
< supy [u — up| - | [i up|VulPdz] — 0,

and
/ (u — (up,0))¢|Vul|Pdx < sup |u — (up,0)] - |/ up|VulPdz| — 0. (3.18)
K K K

Similarly, (3.4) and (3.6) imply that as ¢ — 0,

1 1 1
55 [ cda— 5 [ - udyisl < supl— Pl 5| [ wddel =0 (3.19)

and
1
|—

ep

1 1
/ upCu'uidr — —/ Cu3dr| < sup |u' — up| - —|/ upuidz| — 0. (3.20)
K e’ JKk K &P Jk
Letting ¢ — 0 in (3.2) we have

limsao[fK uh|Vul|Pdx + Elp fK P(uui — uzes)dr)

(3.21)
= fK |Vup,|P~2V (up, 0)Vepdz = fG(up,O)¢|Vup|pdx.
Take 9 = (0,0, u3¢) where ¢ € C§°(K) we have
1
1im[/ u3C|VulPdr + —/ u3C(u3 — 1)dz] = 0.
=0k e’ Jk
Combining this with (3.16) we derive
Jin, — u2¢(uz —1)dz =0
SR NS =V
Substituting this into (3.19) yields
lim — 2¢dr =0 (3.22)
lim = Ku3§ x = 0. .

Hence, as ¢ — 0,

1 1
E—p|/Kuu§§dz| < E—p/}(u%(dzﬂ().
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Thus, for any ¢ € W, *(K, R®), there holds

.1 2 _
Eh_% > /K uuztpdr = 0. (3.23)
In addition, substituting (3.22) into (3.20) leads to
: 1 7,2 _
ili% = /K upCu'uzdr = 0. (3.24)

Take ¥ = (up(,0) in (3.21) we have

1
1im[/ u'upC|Vu|pdx+—/ upg“u'ugdm]:/ |Vu,|PCdz,
=0k e’ Jk K

which, together with (3.24), implies

lim/ u/upC|Vu|pdx:/ [Vup [P{de.
e—0 J i K

Combining this with (3.17) we can see (1.3) at last.

Proof of (1.4). Obviously, (3.18) and (1.3) show that as ¢ — 0,
| [xc ulVulPdz — [i(up, 0)|Vuy|Pipda|

< | g (= (up, 0)|VulPypdz| + | [ (up, 0)(|Vul? — [Vup|P)tpdx| — 0.

Substituting this and (3.23) into (3.21), we see that the left hand side of (3.21)

becomes
lime o[ [ ud|VulPdz + & [ ¥ (uud — uges)da]

= [ (up, 0)|Vup[Pepda — lim. o & [} Yusesdz.
Comparing this with the right hand side of (3.21), we have

o1
;1_% > /K Yugesdr = 0.

This is (1.4). Theorem 1.2 is proved.

4 A Preliminary Proposition

To present the convergent rate of |u’| — 1 and u.z3 — 0 in WP sense when
e — 0, we need the following

Proposition 4.1 Assume u. is a minimizer of Ec(u,G) on W. If E.(u., K) <
C for some domain K C G. Then there exists a positive constant C which is
independent of € € (0,1), such that

u/

1 1 1
—/ |vu€|sz+—/ uggdang{:‘Q/er—/ |V —=|Pdz. (4.1)
D JK e? Jk D JK

Ju]
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Proof. Denote w = ‘ | Choose R > 0 sufficiently small such that B(z,3R) C
K. It follows from (3.6) that
[ul] > 1/2 (4.2)

on B(z,3R) as e sufficiently small. This and (3.3) imply

/ |Vw|Pdz < 2p/ [ul|P|Vw[Pdz < C/ |Vue[Pdx < C.
B(z,3R) B(z,3R) B(z,3R)

(4.3)
Applying (1.1) and the integral mean value theorem, we know that there is a
constant r € (2R, 3R) such that

1 1
- / |Vuc|Pde + — u?ydr = Co(r)E-(ue, Bsg \ Bar) < C. (4.4)
P JoB(z,r) 2eP OB(z,r)

Consider the functional
1 1
E(p,B) = = 2 4 1)P/2q —/17 2q
(0.8) = 5 [ (VoP 1y + o [ (1= o,

where B = B(x,r). It is easy to prove that the minimizer p; of E(p, B) on
VVﬁf‘ (B, R U {0}) exists and solves

—div(vP=2/2vp) = p(1 —p) on B, (4.5)
€
plos = [ugl, (4.6)
where v = |Vp|? + 1. Since 1/2 < |ul| < 1, it follows from the maximum
principle that on B,
1
5 <p1 <1 (47)

Clearly, (1 — |[u/])? < (1 — |[¢/|*)? = uj < ui. Thus, by noting that p; is a

minimizer, and applying (1.1) we see easily that
E(p1,B) < E(|u.|,B) < CE.(u., B) < C. (4.8)

Multiplying (4.5) by (v - Vp), where p denotes p1, and integrating over B,
we have

— [opv® D2 (v - Vp)2d¢  + [Lu"D/2Vp V(v Vp)da

% [,(1 = p)(v-Vp)dz

(4.9)

where v denotes the unit vector on B, and it equals to the unit outside norm
vector on JB.
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Using (4.8) we obtain
| [pv®=2/2Vp - V(v - Vp)dal

< C [ 2\Vp2da + 1| [, vP=D/2 (v Vv)dz|

<C+ %| [pv - V(@V)dz| < C+ % [ |div(vP/?v) — vP/2divy|dax
<C+ % Jop vP/2dE.

Combining (4.6), (4.4) and (4.8) we also have
L [ =p)(v - Vp)dz| < 55| [5(1 = p)2divvdr — [,,(1 — p)2de]
< 5 [p(1 = p)Pldivvlde + 55 [,5(1 — p)2dé < C.

Substituting these into (4.9) yields

1
[ oD vppag <o [ o (4.10)
dB P JoB

Applying (4.6), (4.4) and (4.10), we obtain for any ¢ € (0, 1),
Jop vP/?dE = [, v D21+ (7 V)2 + (v - Vp)?]dE
< faB vP=2)/2q¢ + faB vP=2/2(y . Vp)2de
gy 07/2dE) DI ([ - VIul P
< C(8) + (% +20) [y vP/2dE,

where 7 denotes the unit tangent vector on 0B. Hence it follows by choosing
4 > 0 so small that

/ vP/2dg < C. (4.11)
oB
Now we multiply both sides of (4.5) by (1 — p) and integrate over B. Then
1
[ 2rwpan s [ 0= pian=— [ 02020 v g,
B e’ Jp oB
From this, using (4.4), (4.6), (4.7) and (4.11) we obtain
Elp1, B) < C| [, 0®2/2(v - Vp)(1 — p)dé
< C| [y v 2dg| 07| fop(1 — p)?de]V/?P (4.12)

<O [op(1 = Jut])?de? < Ce
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Since ue is a minimizer of E.(u,G), we have

Es(uaa G) < EE(U) G),

where
U= (prw,\/1—p?) on B; U=u. on G\B.
Namely,
E. (ue,G) < E.(p1w, B) + E-(ue, G\ B).
Hence

(UE’ ) < Ea(plwaB)

1 (4.13)
== [5(IVp1? + pi|Vw|?) P2y 4 5 [ (1
where w = ‘Z;‘. On one hand,
IB(|VP1|2+p%|Vw|2)p/2dm Jsp 3 Vw[?)P/2dx
1 p—
=5 [5 Lo lIVe + P3| Vw|?)P=2)/25
(4.14)

+(pR | Vw?) P22 (1 = 5)]ds|V pa|*da
< C [p(Val? + Vi P[Vw[P=2)da

On the other hand, by using (4.12) and (4.3) we have
/ V12| Vw[P~2de < (/ |Vp1|pdx)2/p-(/ |Vw[Pdz)P=2/P < Ce?/P. (4.15)
B B B
Combining (4.13)-(4.15), we can derive
1
E.(u.,B) < —/ PP |Vw|Pdx 4+ Ce/P.
pJB

Thus (4.1) can be seen by noticing (4.7).

5 Proof of Theorem 1.3

Assume that u. is a minimizer, and B = B(z,r). By noting p > 2 and using
Jensen’s inequality, we have

1 1 1 1
E.(ue, B) > —/ |Vh|pdas+—/ hp|Vw|pdx+—/ |VU3|pdx+—/ u3dz,
PJB PJB PJB 2e? Jp
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where h = |ul|. Thus, from (4.1) it follows that,

5 Je(IVRP +[Vus|P)dz + 5 [5(h? —1)|VwlPde + 55 [z uzde )
< E.(ue, B) — %fB |Vw[Pdz < Ce?/P.
Since |us| <1 and (1.1), we have
lus(x) — us(y)| < Cllugllwrn iyl = y|' =27 < Clo —y' =27, Va,y e K.
Hence, u3(z) > (|Juz(y)| — Ce'=2/P)? when 2 € B(y,¢). Substituting this into
(3.4) we obtain

w(lus(y)| — Cel=2/P)22 < / W2(2)da < CeP

B(y,e)

for any y € K. This implies

sup |us(y)| < Cel=2/p,
yeK

Thus, by using (4.2) and (3.3), we have that for any constant § € (0,1),

L[ =h2)|Vulrds < Z [ (1 - hP)h?|Vw|Pde

(5.2)
< C [pu3|Vue|Pde < Ce'=2/P,
Substituting this into (5.1), we can derive
/ |Vh|sz+/ |Vus|Pdx + —/ 2de < O(172/P 4 &2/p)y, (5.3)

If p < 4, then we have finished. If p > 4, we will prove

Theorem 5.1 Let py € (4,5) satisfy p> —4p?> —2p+4 =0. Then
1
/ |Vh|pdac+/ |Vus|Pdx + E_P/ uidr < Ce'=2/P when pe (4,po);
B B B
1 2
/ |Vh|pdm+/ [Vus|Pdz + E_P/ uide < Cer’~2z, when p > po.
B B B

Proof. Step 1. The idea of Proposition 4.1 is used. At first, from (5.3) it

follows that
/ uzde < Cevt?,
B
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Using this and the integral mean theorem, we see that there exists ro € (2R, 7)

such that
/ ugdm < Cer P,
OB(x,r2)

Next, consider the minimizer ps of the functional

1 1
E(p, B(x,r2)) = - / (Vo[ + 1)P/2di + — / (1 - p)da,
p B(x,r2) 2eP B(z,rz2)

in Wlt’,p‘ (B(z,r2), RT U{0}). By the same argument of (4.12) we also obtain

E(p2, B(z,12)) < Cer(GHP),

Then, similar to the derivation of (4.1) we can see that

1 2 (2

Ex(uz, B(z,7m2)) < = / Vw|Pds + Cer TP,

pJB

At last, by processing as the proof of (5.3) we have
1 2 1-2/ 2% (2+p)
|Vh|Pdz + |Vus|Pdx + — uzdr < Ce" =P 4gp2ip 7).
B(z,r2) B(z,r2) eP Jp(

x,72)

Step 2. Replacing (5.3) by the inequality above, and via the similar argument
of Step 1, we also deduce that there exist r; € (2R,r;-1) such that for any
j = 17 27 Y

1
/ |Vh|pdz+/ |VU3|pdz+—/ ulde < C(e'2/P4e%), (5.4)
B(ar;) B(a,r;) ¥ JB(

z,r5)

where a1 = % and a; = p%(aj,l +p) for j = 2,3,---. Obviously, {a;} is

a increasing and bounded sequence. So we see easily that its limit is pr 5

Letting j — oo in (5.4) we have proved Theorem 5.1.
Combining Theorem 5.1 and (5.3) yields that Theorem 1.3 is proved.
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