Electronic Journal of Qualitative Theory of Differential Equations 2004, No. 13, 1-12; http://www.math.u-szeged.hu/ejqtde/

Fredholmness of an Abstract Differential Equation of Elliptic Type

Aissa Aibeche Département de Mathématiques, Université Ferhat Abbes Route de Scipion 19000 Setif, Algeria

E-mail; aibeche@wissal.dz

Abstract

In this work, we obtain algebraic conditions which assure the Fredholm solvability of an abstract differential equation of elliptic type. In this respect, our work can be considered as an extension of Yakubov’s results to the case of boundary conditions containing a linear operator. Although essential technical, this extension is not straight forward as we show it below. The obtained abstract result is applied to a non regular boundary value problem for a second order partial differential equation of an elliptic type in a cylindrical domain. It is interesting to note that the problems considered in cylindrical domains are not coercive.

Keywords:Ellipticity, Abstract Differential Equation, Fredholmness, Non regular elliptic problems.

AMS Subject Classification:35J05, 35P20, 34L10, 47E05.

Contents

1 Introduction 1

2 Preliminaries 2

3 Homogeneous Abstract differential equation 2

4 Non homogeneous abstract differential equation 5

5 Fredholmness for an abstract differential equation 7

6 Fredholmness for non regular elliptic problems 9

1 Introduction

Many works are devoted to the study of hyperbolic or parabolic abstract equations [12, 13, 7]. In [12, 15] regular boundary value problems for elliptic abstract equations are considered. A few works are concerned with non regular problems, essentially done by Yakubov but he did not consider boundary conditions containing linear operators. We shall be interested to this type of problems, in particular, differential operator equation with a linear operator in the boundary conditions, for which we shall prove the Fredholmness in spite of non regularity. The non regularity here means that the boundary conditions do not satisfy the Shapiro-Lopatinski conditions, because they are not local, the problem is in fact a two-points problem.

Consider in the space L_p(0, 1; H) where H is a Hilbert space, the boundary value problem for the second order abstract differential equation.

L(D)u = −u^{′′}(x) + Au(x) + A(x)u(x) = f(x) x ∈ (0, 1), (1)

L_1u = δu(0) = f_1 L_2u = u^′(1) + Bu(0) = f_2 (2)

A, A(x), B are linear operators and δ is a complex number. The idea is to write (1), (2) as a sum of two problems, where the first one is a principal problem with a parameter which gives an isomorphism and we establish a non coercive estimates for its solution and the second one is a compact perturbation of the first. Then we use the Kato perturbation theorem to conclude. Finally, we apply the abstract results obtained to a non regular boundary value problem for a concrete partial differential equation in a cylinder. This paper is organized as follows. In the second section, we give some preliminaries. In the third section, we study an homogeneous abstract differential equation, we prove the isomorphism and the non coercive estimates for the solution, an estimates which is not explicit with respect to the spectral parameter. In the fourth section, we consider a non homogeneous abstract differential equation, splitting the solution into two parts, the first part is the solution of a homogeneous problem and the second part is a solution of an abstract differential equation on the whole axis. Using results of the previous section and the Fourier multipliers we obtain analogous results as in the previous section. In the fifth section, we consider a general problem, then we use the Kato perturbation theorem. In the sixth section, we apply the obtained abstract results to a boundary value problem for a concrete partial differential equation.

2 Preliminaries

Let H_1, H be Hilbert spaces such that H_1 ⊂ H with continuous injection. We define the space W^2_p (0, 1; H_1, H) = {u; u ∈ L_p(0, 1, H_1), u” ∈ L_p(0, 1, H)}

provided with the finite norm

‖u‖_W 2_{p (0,1;H1 ,H)} = ‖u‖_{Lp(0,1;H1)} + ‖u^{′′}‖_{Lp(0,1;H)}

Let E_0, E_1 be two Banach spaces, continuously embedded in the Banach space E, the pair {E_0, E_1} is said an interpolation couple. Consider the Banach space

E_0 + E_1 = {u : u ∈ E, ∃u_j ∈ E_j , j = 0, 1, with u = u_0 + u_1} ,

‖u‖_{E0+E1} = inf

u=u_0 +u_1 , u_j ∈E_j � ‖u_0‖_{E0} + ‖u_1‖_{E1} � , and the functional

K(t, u) = inf

u=u_0 +u_1 , u_j ∈E_j � ‖u_0‖_{E0} + t ‖u_1‖_{E1} � . The interpolation space for the couple {E_0, E_1} is defined, by the K-method, as follows

(E_0, E_1)_{θ,p} = � u : u ∈ E_0 + E_1, ‖u‖_{θ,p} =

�_∞ 0 t^{−1−θp}K^p(t, u)dt

� 1_p < ∞ � , 0 < θ < 1, 1 ≤ p ≤ ∞.

(E_0, E_1)_{θ,∞} = � u : u ∈ E_0 + E_1, ‖u‖_{θ,∞} = sup_{t∈(0,∞)} t^{−θ}K(t, u)dt < ∞ � ,

0 < θ < 1.

Let A be a closed operator in H. H(A) is the domain of A provided with the hilbertian norm ‖u‖^2_{H(A)} = ‖Au‖^2 + ‖u‖^2 , u ∈ D(A).

3 Homogeneous Abstract differential equation

Looking to the principal part of the problem (1), (2) with a parameter

L(D)u = −u^{′′}(x) + (A + λI)u(x) = 0 x ∈ (0, 1), (3)

L_1u = δu(0) = f_1 L_2u = u^′(1) + Bu(0) = f_2 (4)

Theorem 3.1 Assume that the following conditions are satisfied

1. A is positive linear closed operator in H.

2. δ ≠ 0.

3. B is continuous from H(A) in H(A^{1/2}) and from H(A^{1/2}) in H.

Then the problem (3), (4) for f_1 ∈ (H, H(A))_{1−} 1_{2p ,p}, f_2 ∈ (H, H(A))_{12 − 12p ,p} and λ such that |arg λ| ≤ ϕ < π, |λ| −→ ∞, has a unique solution in the space W^2_p (0, 1; H(A), H), with p ∈ (1, ∞), and for the solution of the problem (3), (4) the following non coercive estimate holds ‖u^{′′}‖_{Lp(0,1;H)} + ‖Au‖_{Lp(0,1;H)}

≤ C(λ) � ‖f_1‖_{(H,H(A))1− 12p ,p} + ‖f_2‖_{f2 ∈(H,H(A)) 12 − 12p ,p} � . (5)

Proof.

The solution u, belonging to W^2_p (0, 1; H(A), H), of the equation (3) is in the form

u(x) = e^{−xA} 1 2 λ g_1 + e^{−(1−x)A} 1 2 λ g_2 (6)

with A_λ = A+λI, g_1 and g_2 belong to (H, H(A))_{1−1/2p,p}. Indeed let u ∈ W^2_p (0, 1; H(A), H) be a solution of (3). Then we have � D − A^{12}_λ � � D + A^{12}_λ � u(x) = 0.

Note by v(x) = � D + A^{12}_λ � u(x).

From [17, p.168] v ∈ W^1_p (0, 1; H(A^{12} ), H) and � D − A^{12}_λ � v(x) = 0. (7) So v(x) = e^{−(1−x)A} 1 2 λ v(1). (8) where, according to [14, p.44],

v(1) ∈ � H(A^{12} ), H � 1 p ,p = � H, H(A^{12} ) � 1−^1_p ,p .

From (7) , (8) we have

u(x) = e^{−xA} 1 2 λ u(0) + x� 0 e^{−(x−y)A} 1 2 λ e^{−(1−y)A} 1 2 λ v(1)dy

= e^{−xA} 1 2 λ u(0) + 1 2 A^{− 12}_λ � e^{−(1−x)A} 1 2 λ − e^{−xA} 1 2 λ e^{−A} 1 2 λ � v(1),

where u(0) ∈ (H(A), H) 1_{2p ,p} [14, p.44]. Now,

A^{12} : (H, H(A)) 1_{2 −} 1_{2p ,p} → (H, H(A)) p−1_{2p ,p} = (H, H(A))_{1−} 1_{2p ,p}

is an isomorphism. Consequently the last inequality is in the form (6).

Let us show the reverse, i.e. the function u in the form (6) with g_1 and g_2 in (H, H(A))_{1−1/2p,p}, belongs to W^2_p (0, 1; H(A), H). From interpolation spaces properties see [11], [14, p.96] and the expression (6) of the function u we have

‖u‖_W 2_{p (0,1;H(A),H)} ≤ � AA^{−1}_λ � � + 1� � � � � � 1� 0 � � � �A^λe^{−xA} 1 2 λ g_1 � � � � p dx � � 1 p

+ � � 1� 0 � � � �A^λe^{−(1−x)A} 1 2 λ g_2 � � � � p dx � � 1 p � � �

≤ C � ‖g_1‖_{(H,H(Aλ ))1−1/2p,p} + ‖g_2‖_{(H,H(Aλ ))1−1/2p,p} �

≤ C(λ) � ‖g_1‖_{(H,H(A))1−1/2p,p} + ‖g_2‖_{(H,H(A))1−1/2p,p} � . (9)

The function u satisfies the boundary conditions (2) if � � � δg_1 + δe^{−A} 1 2 λ g_2 = f_1

−A^{12}_λ e^{−A} 1 2 λ g_1 + Bg_1 + A^{12}_λ g_2 + Be^{−A} 1 2 λ g_2 = f_2

which we can write in matrix form as: � � � δI 0

B A^{12}_λ � + � � 0 δe^{−A} 1 2 λ −A^{12}_λ e^{−A} 1 2 λ Be^{−A} 1 2 λ � � � � � g_1 g_2 � = � f_1 f_2 � . (10)

The first matrix of operators is invertible, its inverse is �_1

δ I 0

−^1_δ A^{− 12}_λ B A^{− 12}_λ � . (11)

Multiplying the two members of (10) by the matrix inverse (11), we get the following system: � � � g_1 + e^{−A} 1 2 λ g_2 =^1_δ f_1

e^{−A} 1 2 λ g_1 + g_2 = −^1_δ A^{− 12}_λ Bf_1 + A^{− 12}_λ f_2

we can solve it by Cramer’s method, because the coefficients of the linear system are

bounded linear operators. The determinant is given by I + e^{−2A} 1 2 λ which is invertible

as a little perturbation of unity, in fact � � �e^{−2A} 1 2 λ � � � ≤ q < 1.

Hence the solution is written as � g_1 =^1_δ f_1 + R_{11}(λ)f_1 + R_{12}(λ)f_2

g_2 = −^1_δ (I + T (λ)) A^{− 12}_λ Bf_1 + (I + T (λ)) A^{− 12}_λ f_2 + R_{21}(λ)f_1

(12)

where R_{ij} (λ) are given by � � � � � R_{11}(λ) = −^1_δ (I + T (λ)) e^{−2A} 1 2 λ +^1_δ (I + T (λ)) A^{− 12}_λ e^{−A} 1 2 λ B R_{12}(λ) = − (I + T (λ)) A^{− 12}_λ e^{−A} 1 2 λ R_{21}(λ) =^1_δ (I + T (λ)) e^{−A} 1 2 λ and satisfy ‖R_{ij} (λ)‖ → 0 when |λ| → ∞. (I + T (λ)) is the inverse of I +e^{−2A} 1 2 λ obtained from the corresponding Neumann series. Finally the solution u is given by

u(x) = e^{−xA} 1 2 λ � 1 δ f_1 + R_{11}(λ)f_1 + R_{12}(λ)f_2 �

+e^{−(1−x)A} 1 2 λ � − 1 δ (I + T (λ)) A^{− 12}_λ Bf_1 + (I + T (λ)) A^{− 12}_λ f_2 + R_{21}(λ)f_1 � . From the assumptions of theorem (3.1) and the properties of interpolation spaces, the following applications are continuous,

(I + T (λ)) A^{− 12}_λ B : (H, H(A))_{1−1/2p,p} −→ (H, H(A))_{1−1/2p,p} ,

(I + T (λ)) A^{− 12}_λ : (H, H(A))_{1/2−1/2p,p} −→ (H, H(A))_{1−1/2p,p} .

Then we have the estimates � � �(I + T (λ)) A^{− 12}_λ Bf1 � � �_{(H,H(A))1−1/2p,p} ≤ C ‖f1‖_{(H,H(A))1−1/2p,p}

and � � �(I + T (λ)) A^{− 12}_λ f2 � � �_{(H,H(A))1−1/2p,p} ≤ C ‖f2‖_{(H,H(A))1/2−1/2p,p} .

This give a bound of g_k in function of f_k,namely

‖g_k‖_{(H,H(A))1−1/2p,p} ≤ C � ‖f_1‖_{(H,H(A))1−1/2p,p} + ‖f_2‖_{(H,H(A))1/2−1/2p,p} � . Finally, taking into account of the estimate (9) we obtain the following non coercive estimate

‖u‖_W 2_{p (0,1;H(A),H)} ≤ C (λ) � ‖f_1‖_{(H,H(A))1−1/2p,p} + ‖f_2‖_{(H,H(A))1/2−1/2p,p} � . 4 Non homogeneous abstract differential equation

Consider, now, the principal problem for the non homogeneous equation with a parameter

L_0(λ, D)u = −u^{′′}(x) + A_λu(x) = f(x) x ∈ (0, 1), (13)

L_{10}u = δu(0) = f_1 L_{20}u = u^′(1) + Bu(0) = f_2 (14)

We have the result.

Theorem 4.1 Suppose the following conditions satisfied

1. A is a positive linear closed operator in H.

2. B is continuous from H(A) in H(A^{1/2}) and from H(A^{1/2}) in H.

3. δ ≠ 0.

Then the problem (13),(14), for f, f_1 and f_2 in L_p(0, 1; H), (H, H(A))_{1−} 1_{2p ,p} and (H, H(A))_{12 − 12p ,p}

respectively, and for λ such that |arg λ| ≤ ϕ < π, |λ| −→ ∞, has a unique solution belonging to the space W^2_p (0, 1; H(A), H), for p ∈ (1, ∞), and the following non coercive estimate holds ‖u^{′′}‖_{Lp(0,1;H)} + ‖Au‖_{Lp(0,1;H)} ≤

C(λ) � ‖f‖_{Lp(0,1;H)} + ‖f_1‖_{(H,H(A))1− 12p ,p} + ‖f_2‖_{f2 ∈(H,H(A)) 12 − 12p ,p} � (15)

Proof.

In the theorem (3.1) we proved the uniqueness. Let us show, now, that the solution of the problem (13), (14) belonging to W^2_p (0, 1; H(A), H) can be written in the form u(x) = u_1(x) + u_2(x), u_1(x) is the restriction to [0, 1] of ~u_1(x) where ~u_1(x) is the solution of the equation L_0(λ, D)~u_1(x) = ~f(x), x ∈ R, (16)

with ~f(x) = f(x) if x ∈ [0, 1] and ~f(x) = 0 otherwise. u_2(x) is the solution of the problem

L_0(λ, D)u_2 = 0, L_{10}u_2 = f_1 − L_{10}u_1, L_{20}u_2 = f_2 − L_{20}u_1. (17)

The solution of the equation (16) is given by the formula

^u_1(x) = 1 √ 2π � R e^{iμx}L_0(λ, iμ)^{−1}^~f(μ)dμ (18)

where ^~f is the Fourier transform of the function ~f(x), L_0(λ, s) is the characteristic pencil of the equation (16) i.e. L_0(λ, s) = −s^2I + A + λI. From (18) it follows that:

‖^u_1‖_W 2_{p (0,1;H(A),H)} ≤ ‖^u_1‖_{Lp(R;H(A))} + ‖^u^{′′}_1 ‖_{Lp(R;H)} ≤ � � �F^{−1}L0(λ, iμ)^{−1}F ~f(μ) � � �_{Lp(R;H(A))} + � � �F^{−1}(iμ)^2L0(λ, iμ)^{−1}F ~f(μ) � � �_{Lp(R;H)} ≤ � �F_{−1}AL_0(λ, iμ)_{−1}F ~f(μ) � � L_p(R;H) + � �F_{−1}(iμ)_2L_0(λ, iμ)_{−1}F ~f(μ) � � L_p(R;H)

(19)

where F is the Fourier transform. Let’s prove that the functions

T_{k+1}(λ, μ) = (iμ)^2A^{1−k}L_0(λ, iμ)^{−1}, k = 0, 1; (20)

are Fourier multipliers of type (p, p) in H.

From condition (1) of theorem (4.1) for |arg λ| ≤ ϕ < π, |λ| → ∞ and μ ∈ R we have � �L_0(λ, iμ)^{−1} � � = � �(A + λI + μ^2I)^{−1} � � ≤ C(1 + � �λ + μ^2 � �)^{−1} ≤ C |μ|^{−2} (21) � AL_0(λ, iμ)^{−1} � = � A(A + λI + μ^2I)^{−1} � ≤ C (22)

From (20) , (21) , (22) we have

‖T_1(λ, μ)‖_{B(H)} ≤ C � AL_0(λ, iμ)^{−1} � B(H) ≤ C (23)

‖T_2(λ, μ)‖_{B(H)} ≤ Cμ^2 � L_0(λ, iμ)^{−1} � B(H) ≤ C (24)

Since ∂ ∂μ T_{k+1}(λ, μ) = 2ki^{2k}μ^{2k−1}A^{1−k}L_0(λ, iμ)^{−1}

−i^{2k+1}μ^{2k}A^{1−k}L_0(λ, iμ)^{−1} ∂ ∂μ L_0(λ, iμ)L_0(λ, iμ)^{−1},

then � � � � ∂ ∂μ T_{k+1}(λ, μ) � � � �_{B(H)} ≤ C |μ|^{−1} . (25)

According to Mikhlin-Schwartz theorem [6, p.1181], from (23) , (24) , (25) it follows that the functions μ → T_{k+1}(λ, μ) are Fourier multipliers of type (p, p) in H. Then, from (19) we have

‖~u_1‖_W 2_{p (R;H(A),H)} ≤ C � � � ~f � � �_{Lp(R,H)}

hence u_1 ∈ W^2_p (0, 1; H(A), H) and from [14, p.44] we have

u^′_1(0) ∈ (H(A), H) 1_{2 +} 1_{2p ,p} = (H, H(A)) 1_{2 −} 1_{2p ,p},

u_1(0) ∈ (H, H(A))_{1−} 1_{2p ,p}.

Therefore L_{10}u_1 ∈ (H, H(A))_{1−} 1_{2p ,p} and L_{20}u_1 ∈ (H, H(A)) 1_{2 −} 1_{2p ,p}. From theorem (3.1), the problem (17) when |arg λ| ≤ ϕ < π, |λ| → ∞ has a solution u_2(x) which is in W^2_p (0, 1; H(A), H). So, from the theorem (3.1) and the estimate (5) we obtain the desired inequality (15).

5 Fredholmness for an abstract differential equation

We can, now, find conditions for Fredholm solvability the problem (1), (2). It is more practical to formulate this in terms of unbounded Fredholm operators in Banach spaces.

Let’s define L by

L : W^2_p (0, 1; H(A), H) → L_p(0, 1; H) ⊕ (H, H(A))_{1−} 1_{2p} ⊕ (H, H(A)) 1_{2 −} 1_{2p} u → (L(D)u, L_1u, L_2u)

where D (L) = � u; u ∈ W^2_p (0, 1; H(A), H); L(D)u ∈ L_p(0, 1; H),

L_1u ∈ (H, H(A))_{1−} 1_{2p ,p}, L_2u ∈ (H, H(A)) 1_{2 −} 1_{2p ,p} � L(D)u, L_1u and L_2u are defined previously..

Theorem 5.1 Suppose the following conditions satisfied

1. A is a linear closed positive operator in H. The injection of H(A) in H is compact.

2. B is continuous from H(A) in H(A^{1/2}) and from H(A^{1/2}) in H.

3. δ ≠ 0.

4. A(x) : H(A) → H(A^{12} ) is compact for almost all x ∈ [0, 1] .

∀ε > 0, for almost all x ∈ [0, 1] ,

‖A(x)u‖_{H(A} 1_{2 )} ≤ ε ‖u‖_{H(A)} + C(ε) ‖u‖_H , u ∈ D(A).

The functions A(x)u, when u ∈ H, are measurable from [0, 1] in H(A^{12} ).

Then a - ∀u ∈ W^2_p (0, 1; H(A), H), and for |arg λ| ≤ ϕ < π, |λ| −→ ∞, p ∈ (1, ∞), the non coercive estimate holds

‖u^{′′}‖_{Lp(0,1;H)} + ‖Au‖_{Lp(0,1;H)} ≤ C(λ) � ‖L(D)u‖_{Lp(0,1;H)}

+ ‖L_1u‖_{(H,H(A))1− 12p ,p} + ‖L_2u‖_{f2∈(H,H(A)) 12 − 12p ,p} + ‖u‖_{Lp(0,1;H)} � . (26)

b - L : u −→ (L(D)u, L_1u, L_2u) from W^2_p (0, 1; H(A), H) to L_p(0, 1; H)⊕(H, H(A))_{1−} 1_{2p} ⊕ (H, H(A)) 1_{2 −} 1_{2p} is a Fredholm.

Proof.

a- Let u be a solution of (1), (2) belonging to W^2_p (0, 1; H(A), H). Then u is a solution of the problem L_0(λ, D)u = f(x) + λu(x) − A(x)u(x) x ∈ (0, 1), (27) L_{10}u = δu(0) = f_1 L_{20}u = u^′(1) + Bu(0) = f_2. (28) From theorem (4.1) we get the estimate

‖u^{′′}‖_{Lp(0,1;H)} + ‖Au‖_{Lp(0,1;H)} ≤ C(λ) � ‖f(.) + λu(.) − A(.)u(.)‖_{Lp(0,1;H)}

+ ‖f_1‖_{(H,H(A))1− 12p ,p} + ‖f_2‖_{f2∈(H,H(A)) 12 − 12p ,p} � . (29) Condition (4) of theorem and [16, lemme 1.2, p.162] yield the compacity of the operator u → λu − A(.)u W^2_p (0, 1; H(A), H) → L_p(0, 1; H).

And from [16, lemme 2.7, p.53] ∀ε > 0 we have ‖f(.) + λu(.) − A(.)u(.)‖_{Lp(0,1;H)} ≤ C � ‖f‖_{Lp(0,1;H)} + ε � ‖u‖_{Lp(0,1;H)} + ‖Au‖_{Lp(0,1;H)} � + C(ε) ‖u‖_{Lp(0,1;H)} � . Substituting in (29) we obtain the desired estimate. b- The operator L can be written in the form L = L_{0λ} + L_{1λ} (30) where

D (L_{0λ}) = � u; u ∈ W^2_p (0, 1; H(A), H); L_0(λ, D)u ∈ L_p(0, 1; H), L_{10}u ∈ (H, H(A))_{1−} 1_{2p ,p}, L_{20}u ∈ (H, H(A)) 1_{2 −} 1_{2p ,p} �

L_{0λ}u = (L_0(λ, D)u, L_{10}u, L_{20}u) L_0(λ, D)u = −u^{′′}(x) + (A + λI)u(x), x ∈ [0, 1] L_{10}u = δu(0) L_{20}u = u^′(1) + Bu(0) and L_{1λ}u = (−λu(x) + A(x)u(x), 0, 0) , condition (4) implies that D (L) = D (L_{0λ}) . According to the theorem (4.1), when λ → ∞,the operator

L_{0λ} : W^2_p (0, 1; H(A), H) → L_p(0, 1; H) ⊕ (H, H(A))_{1−} 1_{2p} ⊕ (H, H(A)) 1_{2 −} 1_{2p}

has an inverse. Always, from condition (4) of the theorem and from [16, lemme 1.2, p.162] we show that the operator L_{1λ}u from W^2_p (0, 1; H(A), H) in L_p(0, 1; H)⊕(H, H(A))_{1−} 1_{2p} ⊕ (H, H(A)) 1_{2 −} 1_{2p} is compact. Applying the perturbation theorem on Fredholm operators (see [12] or [10, p.238]), to the operator (30) we get the desired result.

6 Fredholmness for non regular elliptic problems

The Fredholm property for regular elliptic boundary value problems has been proved, in particular in, [1, 2, 3, 8]. In the case of non regular problems it has been done for a class of elliptic problems which still coercive, in [4, 5]. Here, we establish the same property, but for a class of elliptic problems which are not coercive. In [17, 18] other non regular boundary conditions for the same type of equations are considered and analogous results are proved.

Consider in the domain [0, 1] × [0, 1] the non regular boundary value problem for a second order elliptic equation

L(x, y, D_x, D_y)u = D^2_xu(x, y) + D_y(a(y)D_yu(x, y)) + A(x)u(x, .)|_y = f(x, y), (x, y) ∈ [0, 1] × [0, 1] , (31)

P_1u = D^{m1}_y u(x, 0) + � j≤m_1 −1

a_j D^j_yu(x, 0) = 0, x ∈ [0, 1] , (32)

P_2u = D^{m2}_y u(x, 1) + � j≤m_2 −1

b_j D^j_yu(x, 1) = 0, x ∈ [0, 1] ,

L_1u = δu(0, y) = f_1(y), y ∈ [0, 1] , (33) L_2u = D_xu(1, y) + Bu(0, y) = f_2(y), y ∈ [0, 1] ,

where 0 ≤ m_1, m_2 ≤ 1, a_j , b_j , δ ∈ C , D_x =^∂_{∂x} , D_y =^∂_{∂y} . Note, as in [14, p.186,317], � L_2 (G) , W^2_2 (G) � θ,p = B^{2θ}_{2,p} (G) where G ⊂ R^r is a bounded domain.

Theorem 6.1 Suppose

1. a ∈ C^1 (0, 1) , ∃ρ > 0 such that a(y) ≥ ρ.

2. A(x) : W^2_2 (0, 1; P_su = 0) in W^1_2 (0, 1; P_su = 0, m_s = 0) are compact for almost all x ∈ [0, 1] ; ∀ε > 0 and for almost all x ∈ [0, 1] ‖A(x)u‖_W 1_{2 (0,1)} ≤ ε ‖u‖_W 2_{2 (0,1)} + C(ε) ‖u‖_{L2(0,1)} ∀u ∈ W^2_2 (0, 1; P_su = 0); the function x → A(x)u from [0, 1] in W^1_2 (0, 1) are measurable.

3. B is continuous from H(A) in H(A^{1/2}) and from H(A^{1/2}) in H.

Then the operator L : u → (L(x, y, D_x, D_y)u, L_1u, L_2u) from W^2_p (0, 1; W^2_2 (0, 1; P_su = 0), L_2(0, 1)) in L_p(0, 1; W^1_2 (0, 1; P_su = 0, m_s = 0)) 2� k=1 B^{k+1− 1p} 2,p � 0, 1; P_su = 0, m_s< k+ 1 2 − 1 p ; P_s(a(y)u^′(y))^′ = 0, m_s< k− 3 2 − 1 p �

is a Fredholm. Proof.

Set H = L_2(0, 1), and define the operators A and A(x) by the equalities D_A = W^2_2 (0, 1; P_su = 0) Au = −D_y(a(y)D_yu(y)), D_{A(x)} = W^1_2 (0, 1; P_su = 0, m_s = 0) A(x)u = A(x)u|_y.

The problem (31) , (32) , (33) can be written as u”(x) − Au(x) + A(x)u(x) = f(x), (34) δu^′(0) = f_1 u^′(1) + Bu(0) = f_2 (35) with u(x) = u(x, .), f(x) = f(x, .) and f_k = f_k(.) are functions with values in the Hilbert space H = L_2(0, 1).

Applying the theorem (5.1) to the problem (34) (35) . From condition (1) the operator A is positively defined in H and from [14, p.344] the injection W^2_2 (0, 1; P_su = 0) ⊂ L_2(0, 1) is compact, then the condition (1) of the theorem (5.1) is satisfied. From [9] (see also [14, p.321]) we have (H, H(A))_{θ,p} = � L_2(0, 1), W^2_2 (0, 1; P_su = 0) � θ,p = B^{2θ}_{2,p} (0, 1; P_ku = 0, m_k < 2θ − 1/2) .

Therefore (H, H(A))_{1/2} = B^1_{2,2} (0, 1; P_ku = 0, m_k = 0) = W^1_2 (0, 1; P_ku = 0, m_k = 0) , and (H, H(A)) 2p−jp−1_{2p ,p} = B^{2−j−1/p}_{2,p} (0, 1; P_ku = 0, m_k < 3/2 − j − 1/p) .

So, for the problem (34) (35) , all the conditions of theorem (5.1) are satisfied. From which it may be concluded the assertion of the theorem (6.1) .

Consider, now, in the cylindrical domain [0, 1]×G where G ⊂ R^r is a bounded domain, the boundary value problem for the second order elliptic equation

L(x, y, D_x, D_y)u = D^2_xu(x, y) + r� i,j=1

D_i(a_{ij} (y)D_j u(x, y)) + A(x)u(x, .)|_y

= f(x, y), (x, y) ∈ [0, 1] × G, (36)

P u = � |η|≤m

b_ηD^η_y u(x, y^′) = 0, (x, y^′) ∈ [0, 1] × Γ, (37)

L_1u = δu(0, y) = f_1(y), y ∈ [0, 1] , (38) L_2u = D_xu(1, y) + Bu(0, y) = f_2(y), y ∈ [0, 1] , where m ≤ 1; δ ∈ C^∗, D_x =^∂_{∂x} , Γ = ∂G is the boundary of G. D_x =^∂_{∂x} D^η_y = D^{η1}_1 · · · D^{ηr}_r , D^{ηj}_j =^∂_{∂yj} , η_= (η_1, · · · , η_r) , |η| = η_1 + · · · + η_r. Theorem 6.2 Suppose

1. a_{ij} ∈ C^1 � G � , b_η ∈ C^{2−m} � G � , Γ ∈ C^2.

2. a_{ij} (y) = a_{ji}(y); ∃γ > 0 such that^r � k,j=1

a_{kj} (y)σ_k σ_j ≥ γ^r � k=1 σ^2_k, y ∈ G, σ ∈ R^r

3. A(x) : W^2_2 (G; P u = 0) in W^1_2 (G; P u = 0, m = 0) are compact for almost all x ∈ G; ∀ε > 0 and for almost all x ∈ [0, 1] we have ‖A(x)u‖_W 1_{2 (G)} ≤ ε ‖u‖_W 2_{2 (G)} + C(ε) ‖u‖_{L2(G)} ∀u ∈ W^2_2 (G; P u = 0); the functions x → A(x)u from [0, 1] in W^1_2 (G) are measurable.

4. B is continuous from H(A) in H(A^{1/2}) and from H(A^{1/2}) in H. Then the operator L : u → (L(x, y, D_x, D_y)u, L_1u, L_2u) from W^2_p (0, 1; W^2_2 (G; P u = 0), L_2(G)) in L_p(0, 1; W^1_2 (G; P u = 0, m = 0)) 2� k=1 B^{k+1− 1p} 2,p � �G; P u = 0, m < k+1 2 − 1 p ; P r� i,j=1

D_i(a_{ij} (y)D_j u(y)) = 0, m< k− 3 2 − 1 p � � is a Fredholm. Proof.

Set H = L_2(G), the operators A are A(x) defined by the equalities

D_A = W^2_2 (G; P u = 0) Au = − r� i,j=1

D_i(a_{ij} (y)D_j u(y)),

D_{A(x)} = W^1_2 (G; P u = 0, m = 0) A(x)u = A(x)u|_y . The problem (36) , (37) , (38) can be written in the form (34) , (35) i.e. u”(x) − Au(x) + A(x)u(x) = f(x), δu^′(0) = f_1 u^′(1) + Bu(0) = f_2 with u(x) = u(x, .), f(x) = f(x, .) and f_k = f_k(.) are functions with values in the Hilbert space H = L_2(0, 1). The rest of the proof is similar of the one of the theorem (6.1) .

References

[1] S. Agmon, On the Eigenfunctions and Eigenvalues of General Boundary Value Problems, Comm. Pure Appl. Math., 15 (1962), 119-147.

[2] S. Agmon and L. Nirenberg, Properties of Solutions of Ordinary Differential Equation in Banach Spaces, Comm. Pure Appl. Math., 16 (1963), 121-239.

[3] M. S. Agranovic and M. L. Visik, Elliptic Problems with a Parameter and Parabolic Problems of General Type, Russian Math. Surveys, 19 (1964), 53-161.

[4] A. Aibeche, Coerciveness Estimates for a Class of Elliptic Problems, Diff. Equ.

Dynam. Sys., 4 (1993), 341-351.

[5] A. Aibeche, Completeness of Generalized Eigenvectors for a Class of Elliptic Problems, Result. Math., 31 (1998), 1-8.

[6] N. Dunford and J. T. Schwartz, Linear Operators Vol.II, Interscience 1963. [7] H. O. Fattorini, Second Order Linear Differential Equations in Banach Spaces, North- Holland, Amsterdam, 1985.

[8] G. Geymonat and P. Grisvard, Alcuni Risultati di Teoria Spettrale, Rend. Sem. Mat.

Univ. Padova, 38 (1967), 121-173.

[9] P. Grisvard, Caractérisation de Quelques Espaces d’Interpolation, Arch. Rat. Mech.

Anal.,25 (1967), 40-63.

[10] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, New-York 1966. [11] H. Komatsu, Fractional Powers of Operators II. Interpolation spaces, Pacif. J. Math., 21 (1967), 89-111.

[12] S. G. Krein, Linear Differential Equations in Banach Spaces, Providence, 1971. [13] H. Tanabe, Equations of Evolution, Pitman, London,1979.

[14] H. Triebel, Interpolation Theory, Functions spaces, Differential Operators, North holland, Amsterdam 1978.

[15] S. Y. Yakubov, Linear Differential Equations and Applications, Baku, elm 1985. (in Russian).

[16] S. Y. Yakubov, Completeness of Root Functions of Regular Differential Operators, Longman, Scientific and Technical, New-York 1994.

[17] S. Y. Yakubov, Noncoercive Boundary Value Problems for Elliptic Partial Differential and Differential-Operator Equations, Result. Math., 28 (1995), 153-168.

[18] S. Y. Yakubov, Noncoercive Boundary Value Problems for the Laplace Equation with a Spectral Parameter, Semigroup Forum, 53 (1996) 298-316.

[19] S. Y. Yakubov and Y. Y. Yakubov, Differential-Operator Equations. Ordinary and Partial Differential Equations, CRC Press, New York, 1999 .

(Received December 6, 2002)