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EIGENVALUE PROBLEMS FOR A THREE-POINT
BOUNDARY-VALUE PROBLEM ON A TIME SCALE

ERIC R. KAUFMANNT AND YOUSSEF N. RAFFOUL#

ABSTRACT. Let T be a time scale such that 0,7 € T. We us a cone theo-
retic fixed point theorem to obtain intervals for A for which the second order

dynamic equation on a time scale,
AV —
u™V (t) + Xa(t) f(u(t)) =0, te€ (0, T)NT,
u(0) =0, au(n) =w(T),

where n € (0,p(T)) NT, and 0 < o < T'/m, has a positive solution.

1. INTRODUCTION

Stefan Hilger [4] introduced the concept of time scales as a means of unifying
differential and difference calculus. In this paper we obtain eigenvalue intervals
for which a second order multi-point boundary value problem on a time scale has
positive solutions. This work not only carries the works [11], (difference equation),
and [12], (differential equation), to the case of time scales, but also generalizes
some of the results in [1] and [6] as well as presents new results. For a thorough
treatment of the theory of dynamical systems on time scales see the books by
Bohner and Peterson [2] and by Kaymakcalan et. al. [5]. We begin by presenting
some basic definitions, which can be found in [2], concerning time scales.

A time scale T is a closed nonempty subset of R. For ¢ < supT and r >
inf T, we define the forward jump operator, o, and the backward jump operator, p,

respectively, by

ot)=inf{reT|7>t}eT,

p(ry=sup{r €T |7 <r}eT,
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for all t € T. If o(¢t) > t, ¢ is said to be right scattered, and if o(t) = t, ¢ is said to
be right dense, (rd). If p(t) < t, t is said to be left scattered, and if p(t) = t, t is
said to be left dense, (1d).

For x : T — R and t € T, (assume ¢ is not left scattered if ¢ = supT), we
define the delta derivative of x(t), 2®(t), to be the number (when it exists), with

the property that, for each € > 0, there is a neighborhood, U, of ¢ such that
|2(0(1)) — x(s) — 22 (t)(o(t) — 5)| < elo(t) — s,

for all s € U.
For z: T — R and t € T, (assume ¢ is not right scattered if ¢ = inf T'), we define
the nabla derivative of z(t), zV (t), to be the number (when it exists), with the

property that, for each € > 0, there is a neighborhood, U, of ¢ such that

|2(p(t)) — @(s) — ¥ (£)(p(t) — 5)| < elp(t) — ],

forall s e U.

Remarks: If T = R then z2(t) = 2V(t) = 2/(t). If T = Z then z2(t) =
x(t + 1) — (t) is the forward difference operator while zV (t) = z(t) — z(t — 1) is
the backward difference operator.

We consider the three-point dynamic equation on a time scale

u®V () + Aa(t) f(u(t)) =0, te(0,T)NT, (1.1)

u(0) =0, oau(n) =u(T), (1.2)

where n € (0,p(T))NT,0 < a<T/n.

Ma [8] used cone theoretic techniques to show the existence of positive solu-
tions to the second order three-point boundary value problem u” + a(t) f(u(t)) =
0,u(0) = 0,au(n) = u(l) where n € (0,1),0 < an < 1. Subsequent works by Ma
[9], Ma [10], and Cao and Ma [3] generalized these results in the case of differential
equations. Recently, Raffoul [12] generalized [8] by considering u” + Aa(t) f (u(t)) =
0,u(0) = 0, au(n) = u(l) where n € (0,1),0 < an < 1. In [12], the author consid-

ered combinations (two at a time) of (L1)lim,_,o f(z”;) = 00, (L2)limy 0 @ =

00, (L3)limy o L% = 0, (L4) lim, oo 12 = 0,(L5)lim, o L2 = 1,0 < 1 <
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00, (L6) limy— 0o L,0 < L < oo, and found intervals filled with eigenvalues
A and showed the existence of positive solutions. Later on, in [11], the above men-
tioned second order three-point value boundary in the discrete case was considered
but only under the assumption that A = 1 and f is either linear or super-linear.
Anderson [1], and later Kaufmann [6], showed the existence of multiple positive

solutions for the time scale equation (1.1), (1.2) in the case when A\ = 1.

Throughout the paper we assume that
(1) f:]0,00) — [0,00) is continuous, and
(2) a:(0,7)NT — [0, 00) is 1d-continuous and there exists to € (1, 7)NT such
that a(to) > 0.

In addition we will assume that one of the following conditions holds.

(H1) There are x,, — 0 such that f(z,) >0forn=1,2,....
(H2) f(z) >0 for x > 0.

In section 2 we present some important lemmas and a fixed point theorem. We
also define an operator whose fixed points are solutions to (1.1), (1.2). In section 3,
we state several theorems giving eigenvalue intervals for the existence of a positive
solution to (1.1), (1.2). In the final section, section 4, we present eigenvalue intervals

and conditions under which there exists two positive solutions of (1.1), (1.2).

2. PRELIMINARIES
We begin this section by stating five preliminary lemmas concerning the bound-
ary value problem,
AV _
u=v () + A y(t) =0, te (0, T)NT, (2.1)
u(0) =0, au(n) =u(T). (2.2)
The proofs of Lemmas 2.1 through 2.5 follow along the lines of the proofs given in

[8] for the continuous case, [11] for the discrete case and [1] for time scales in the

case A = 1, and will be omitted.
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Lemma 2.1. If an # T then for y € Ciq(T,R) the boundary-value problem (2.1),
(2.2) has the unique solution

at

wt) = A= [t vs - 2 [ vs

T —an

t
T—an

/ (0 9(s) Vs

Lemma 2.2. If u(0) = 0 and Y < 0, then 2 < “8 for gl st € (0,T]NT

S

with t < s.

Lemma 2.3. Let 0 < a < T/n. If y € Cia(T,R) and y > 0 then the solution u of
boundary-value problem (2.1), (2.2) satisfies u(t) >0 for all t € [0,T] N T.

Lemma 2.4. Let an > T. If y € Ciq(T,R) and y > 0 then the boundary-value

problem (2.1), (2.2) has no nonnegative solution.

We use the Banach space B = Ciq(T,R) with norm [[ul| = sup,cp rjqr |u(t)]-
Define the operator I: B — B by

Tu(t) = )\[ /Ot(ts)a(s)f(u(s))VS

Lt
T—an

/0 (T — $)a(s)f(u(s)) Vs

The first two terms on the right hand side are non-positive and so

Tu(t) < AT

T
ST oy /0 (T — s)a(s) f(u(s))Vs.

Also, as in [1], [6], and [12] we can show that

AN T
) 2 g [ )ats) () s

To simplify some expression we define the quantities

= T ! — Ss)al\s S
A= / (T - $)a(s) ¥ (2.3)

T—an

and

T
— n
B= T an /0 (T —s)a(s) Vs (2.4)
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Lemma 2.5. Let 0 < an <T. Ify € C14(T,[0,00)), then the unique solution u of
(2.1), (2.2) satisfies

i ) > 2.5
te[rﬁlTr]lmTU()_VIIuII (2.5)
where
. fan o(T —n) 77}
— il el SV N 2.
7 mm{T’T—an’T (26)

In view of Lemma 2.5, we define the cone P C B, by

P={ueB:u(t)>0,teTand min u(t)>v|u|}.
te[n,T]NT

From Lemma 2.5 we have I: P — P. Standard arguments show that the operator
I is completely continuous.
We use Theorem 2.6 below, due to Krasnosel’skil [7], to obtain fixed points for

the operator I : P — P.

Theorem 2.6. Let B be a Banach space and let P C B be a cone. Assume Q1, Qs
are bounded open balls of B such that 0 € Q; C Q; C Qa. Suppose that

IZPQ(QQ\Ql)—)’P

is a completely continuous operator such that, either

(1) | Tu|l < |lull, w e PNOQY and ||[Tul| > ||u|l, e PNoQs, or
(2) [Tu|l = |lu|l, we PNoQY and ||Tu| < ||lu|, ue PNoQs.

Then I has a fized point in P N (Qz \ Q).
We will use the following lemma in the proofs of our main theorems.

Lemma 2.7. Assume that there exist two positive numbers a and b such that a # b,

a
< — 2.
Oglggaf(w) VL (2.7)
and
min  f( )>—b (2.8)
vb<z<b T = AB '

Then there exists § € Q which is a fixed point of I and satisfies min{a, b} < ||y|| <

max{a,b}.
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Proof. Let Q¢ = {w € B : ||lw|| < £}. Assume that a < b. Then, for any y € B
which satisfies ||y|| = a, in view of (2.7), we have

T
AL @ =9al&)Vs )y @ (2.9)

(Tu)(t) < T—an MNA T MA

That is, || Ty|| < ||y|| for y € 9Q,. For any y € B which satisfies ||y|| = b, we have

n [ (T —s)a(s)Vs  p b
(Iy)(n) > A T an ‘3B ZAB-E. (2.10)

That is, we have |[Iy|| > ||y|| for y € 0. In view of Theorem 2.6, there exists
Yy € B which satisfies a < ||g|| < b such that Iy =7. If a > b, (2.9) is replaced by
(Ty)(t) > b in view of (2.8), and (2.10) is replaced by (Iy)(t) < a in view of (2.7).

The same conclusion then follows. The proof is complete. O

3. POSITIVE SOLUTIONS

Before we state and prove our main theorems we define two functions ¢ and p by

r
= 1
0) = T (3.1)
where A is defined in (2.3), and
r
p(r) (3.2)

- Bmin,, <<, f(z)’
where B is defined in (2.4). The function ¢ is well defined if (H1) holds. Further-
more, in this case, ¢ : [0,00) — [0, 00) is continuous. The function p is well defined

if (H2) holds and, in this case, p : [0,00) — [0, 00) is continuous.

Theorem 3.1. Suppose either

1. (H1), lim,_ f=) 00, and lim,_, | o Maxp<zy<r fz) _ hold, or

- =

II. (H2), lim,_ fa) 0, and lim, _ oo Minyr<z<y 12) — o hold.

x T

Then for any X € (0,+00), there exists at least one positive solution of (1.1), (1.2).

f@) _

£ 00, and lim,_, 4o maxg<z<r f(rl) = 0 hold.

Proof. Suppose (H1), lim,_.¢
Consider ¢q : [0,+00) — [0,400) as defined in (3.1). Then lim,_,og(r) = 0 and

lim, 00 q(r) = +00. Let A € (0,00). By the intermediate value theorem, there
EJQTDE, 2004 No. 2, p. 6



exists an a such that g(a) = A. That is, a/(Amaxo<y<, f(x)) = A. Consequently,
maxo<z<q f(z) = a/(AA). Thus we have f(z) < a/(AA) for all z € [0, al.

Since lim,_.g f( ) — o, there exists a b € (0,a) such that @ > 1/(\yB) for
all x € (0,b). In particular, f(z) > b/(AB) for all z € [yb,b]. An application of
Lemma 2.7 leads to a positive solution of (1.1), (1.2).

[~
=
8

)

Now suppose that (H2), lim,_q @ = 0, and lim, 4 oo Miny << =~ = 00

hold. Consider p : (0,4+00) — (0,+00) as defined in (3.2). Since lim,_.o f(l) =0
and lim, 4 oo Miny, <<, me) = 00, we have lim,_,¢ p(r) = 400 and lim,_, y o p(r) =
0. Let A € (0, +00). By the intermediate value theorem, there exists a b such that
p(b) = A. That is, b/(Bminyp<z<p f(x)) = A\. And so, f(z) > b/(AB) for all
x € [yb,b]. Since lim,_g f(l) = 0, there exists an a < b such that @ < 1/(AA)
for all z € (0,a]. Thus, f(x) < a/(AA) for all € (0,a]. Again, an application of

Lemma 2.7 yields a positive solution of (1.1), (1.2). O

The proofs of the remaining theorems in this section are similar to the proof of

Theorem 3.1. We will present only sketches of their proofs.

Theorem 3.2. Suppose (H1), lim,_q f( ) — = 00, and limg_, 4 oo MaxXg<z<r f@) _ g,

hold. Then for any A € (0
(1.2).

, 57 ), there exists at least one positive solution of (1.1),

Proof. Consider q : [0, +00) — [0,400) as defined in (3.1). Since lim,_,g f( ) =
and limg,_, 4 o Mmaxo<g<r f(f)
1/(AL). Let A € (0, 5+) and let a be such that ¢(a) = A. Then, f(z) < a/(AA).
Since lim,_,o f(m) = 00, there exists a b € (0,a) such that @ > 1/(\yB).
And so for all x € (vb,b) we have f(x) > b/(AB). Apply Lemma 2.7 to get the

result. O

= L we have lim,_g¢(r) = 0 and lim, o ¢q(r) =

7AL

f(=)

Theorem 3.3. Suppose (H2), lim, o min,,<.<, =~ = £, and lim,_, 1 @

=00
hold. Then for any A € (0, ﬁ), there exists at least one positive solution of (1.1),

(1.2).

Proof. Consider p : [0, +00) — [0, 400) as defined in (3.2). By limy_. 4o 22 =

x

8

we have lim, 4 p(r) = 0. By lim, o min,,<z<, @ = ¢ we have lim,_,o p(r) =
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2. Let A € (0,1/(B()) and let b be such that p(b) = A. Then, f(z) > a/(AB) for
all € [yb, b].

Since lim;_, s @ _ () there exists a a > b such that f@) < 1/(M\A) for all
+ z

x

x > a. Let 6 = maxo<y<q f(2). Then f(z) < a1/(AA) for all x € [0,a1] where

a1 > a and a; > AJA. Apply Lemma 2.7 to get the result. O

Theorem 3.4. Suppose (H1), lim,_o @ =0, and lim,_ 4 o MaXg<z<r @ =L

hold. Then for any A € (ﬁ,—i—oo), there exists at least one positive solution of

(1.1), (1.2).

@) _

Proof. Again we use ¢ as given in (3.1). Since lim, .o = = 0, we have ¢(r) — oo

as 7 — 0 and by lim,_ 4o maxp<z<y, f(f) = L we have ¢(r) — 1/(AL) as r — oo.
Pick A € (A—lL, +00). As in preceding proofs there exists a and b such that 0 < b < a,
f(z) < a/(AA) for all x € [0,a], and f(z) > b/(AB) for all z € [yb,b]. The result
follows by Lemma 2.7. a
f(z)

x

f@ _y

Theorem 3.5. Suppose (H2), lim,_ 4 =0, and lim, o min,,<z<r, =

hold. Then for any \ € (BAZ,—i-oo), there exists at least one positive solution of

(1.1), (1.2).

f(z)

x

Proof. Again we use p as given in (3.2). By lim,_, 4 = 0, we have p(r) — o0

as 7 — oo and by lim, o miny, <, <, f(f) = ¢ we have p(r) — 1/(BY¢) asr — 0. Pick
A e (ﬁ, +00). As in preceding proofs there exists ¢ and b such that 0 < a < b,
f(x) > b/(AB) for all z € [yb,b], and f(z) < a/(AA) for all z € [0,a]. The result
follows by Lemma 2.7. |

4. MULTIPLE POSITIVE SOLUTIONS

In this section we determine intervals over which the eigenvalue problem (1.1),
(1.2) has at least two positive solutions. To the authors’ knowledge this is the first

such criterion for the existence of at least two positive solutions.

Theorem 4.1. Suppose (HI1), 1imz_,o@ = oo and limméJroo@ = oo hold.

Then for any A € (0, \*), the boundary value problem (1.1), (1.2) has at least two
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positive solutions, where
1 T

A=—sup————
A r>0 MaxXo<z<r f(.’l?)

)

and A is defined by (2.3).

Proof. Let q(r) = r/(Amaxo<g<r f(2)). In view of (HI1), we have that ¢ €
C((0,0), (0,00)). Furthermore lim,_,¢ ¢(r) = lim, o ¢(r) = 0. Thus, there exists
ro > 0such that ¢(rg) = max,~g ¢(r) = A*. For any A € (0, \*), by the intermediate
value theorem, there exist a1 € (0,79) and as € (rp, 00) such that g(a1) = ¢q(az) = .

Thus, we have f(z) < ai/(AA) for z € [0,a1] and f(z) < as/(AA) for € [0, az).
f(z) f@) _

(0,a1) and by € (az,o0) such that f(z)/z > 1/(MyB) for x € (0,b1] U [bay, 00).
That is, f(z) > b1/(AB) for x € [b1y,b1] and f(x) > be/(AB) for © € [ba7y,b2]. An

Since lim,_,q = oo and lim, 4o 00, we see that there exist b €

application of Lemma 2.7 leads to two distinct solutions of equation (1.1), (1.2). O

Theorem 4.2. Suppose (H2), lim,_,o @ =0 and limy_ 1 o % =0 hold. Then
for any A > X**, the boundary value problem (1.1), (1.2) has at least two positive

solutions, where
r

1
A" = — inf

B TI>10 minvrﬁwﬁ?“ f(.’l?) ’

and B is defined by (2.4).

Proof. Let p(r) = r/(Bminy,<.<r f(z)). Clearly, p € C((0,0),(0,00)). From
lim, o @ =0 and limg_ 4o @ = 0, we see that lim,_op(r) = lim, o p(r) =
00. Thus, there exists ro > 0 such that p(rg) = min,~o p(r) = \**. For any A > \**,
there exist by € (0,79) and by € (19, 00) such that p(b1) = p(b2) = A. Thus, we have
f(z) > b1/(AB) for © € [yb1,b1] and f(x) > by/(AB) for x € [yba, ba).

Since lim, o @ = 0, we see that f(0) = 0 and that there exists a; € (0, b1) such
that f(z)/x < 1/(AA) for = € (0,a1]. Thus, we have f(z) < a;/(AA). In view of
1) — 0, we see that there exists a € (by,00) such that f(z)/z < 1/(AA)

x

for z € [a,00). Let § = maxo<y<q f(x). Then we have f(z) < az/(AA) for

1imm_,+oo

x € [0, as], where ag > a and as > AJA. An application of Lemma 2.7 leads to two

distinct solutions of (1.1), (1.2). O
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