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Abstract

Competing particle systems are point processes on the real line whose configurations X can
be ordered decreasingly and evolve by increments which are functions of correlated Gaussian
variables. The correlations are intrinsic to the points and quantified by a matrix Q = {g;;}. Quasi-
stationary systems are those for which the law of (X,Q) is invariant under the evolution up to
translation of X. It was conjectured by Aizenman and co-authors that the matrix Q of robustly
quasi-stationary systems must exhibit a hierarchical structure. This was established recently,
up to a natural decomposition of the system, whenever the set S, of values assumed by g;; is
finite. In this paper, we study the general case where S, may be infinite. Using the past incre-
ments of the evolution, we show that the law of robustly quasi-stationary systems must obey the
Ghirlanda-Guerra identities, which first appear in the study of spin glass models. This provides
strong evidence that the above conjecture also holds in the general case. In addition, it yields an
alternative proof of a theorem of Ruzmaikina and Aizenman for independent increments.
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1 Introduction

1.1 Background

Competing particle systems are point processes X = {X;} on R whose configurations can be ordered
in decreasing order X; > X, > .... We study a dynamics of X where the particles compete in the
sense that, at each time step, the positions are evolved by increments whose correlations depend on
intrinsic characteristics of the points. Precisely, we assign to each X a covariance or overlap matrix
Q = {q;;}. The overlap g;; quantifies the similarity between the i-th point and the j-th point. We set
the overlap to 1 when the particles are identical i.e. g;; = 1 for all i. As Q is a covariance matrix, it
follows that |q;;| < 1. The overlaps are not affected by the dynamics and are simply permuted under

evolution. Precisely, let v be some real function, the dynamics is (X,Q) — (X, Q) with

Xi = Xpw)+¥(Kzm)
Gii = a(i)n(i) 1

where 7 is a permutation of N which reorders X; and « is a Gaussian field independent of X with
covariance given by an entry-wise power of Q.

The question of interest is to characterize the distributions on the pair (X,Q) which are quasi-
stationary in the sense that the joint law of the gaps of X and Q is invariant under the stochastic
evolution (1) (see also [7] and [12] for related setups). The uncorrelated case where Q is the
identity was handled by Ruzmaikina and Aizenman in [14]. Under mild assumptions on X, it was
shown that quasi-stationarity implies that the statistics of the gaps are those of a Poisson process on
R with exponential density. The correlated case was first studied in [3]. It was proven that, under
some robustness conditions on the quasi-stationary property and up to a natural decomposition
of the system, Q must exhibit a hierarchical structure whenever the state space of the overlaps
was finite i.e. the possible values taken by g;;. The aim of this paper is to provide evidence that
the hierarchical structure is also necessary for quasi-stationarity to hold when the state space is
infinite (see also [11] for recent progress in this direction). Namely, we establish that Q must
satisfy constraining identities which are consistent with the hierarchical structure. These identities
are known as the Ghirlanda-Guerra identities in statistical mechanics [9]. In fact, the original
motivation of competing particle systems is to have a simple model to study the purported rich
structure of the Gibbs states of spin glasses (see [2] for the connection between the two). In this
regard our result provides a hint that the reason behind the hierarchical structure is the stationarity
under a competing dynamics.

For our purpose, we can assume that the process X has infinitely many particles a.s. because no
finite systems of more than one particle can be quasi-stationary due to the spreading of the gaps
under evolution [14]. As in [3], we restrict ourselves to X for which there exists § > 0 such that
Zi ePXi < 00 a.s. In this case, one can see (X,Q) as a Random Overlap Structure or ROSt (§,Q) by
mapping X to the exponentials of the position:

eﬁXi

2 ePr

Definition 1.1. A ROSt is a random variable on the space Q,; := P,, X & where P,, is the space of
sequences (&;,i € N) such that £ > &, > ... > 0 with 0 < Zi &; <1 and 2 is the space of positive
semi-definite symmetric matrices with 1 on the diagonal.

&= 2)
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We chose to exclude in the definition the cases where } . &; = 0 and ), &; = 1. The latter corre-
sponds to the system with only one particle (trivially quasi-stationary). The weights of the former
are all 0, hence this is the case of no particles. From the ROSt perspective, we can assume that Q
is supported on positive definite matrices, i.e. that |q;;| < 1. Indeed, if q;; = 1, particles i and j
must have the same overlap with any other particles, since Q is a Gram matrix. We can then identify
the two particles and sum their weight. The case g;; = —1 is trickier and can be ruled out in most
cases from quasi-stationarity considerations (see Section 2.3). From (2), we see that the competitive
evolution (1) becomes

giew(’ﬂ')
(x;)’
E:jgjew i

Again, 7 is the reshuffling induced by the mapping and the symbol | means that the weights are
reordered in decreasing order after evolution. The evolved weights are normalized to sum up to
1. For simplicity, we will sometimes drop the dependence on 1 and write ®, for the mapping (3)
where k has covariance Q*", the r-th entry-wise power of Q. Since the normalized weights depend
only on the gaps of X, quasi-stationarity of (X, Q) under (1) translates into the invariance of the law
of (£,Q) under ®,..

(g,Q)H‘Pw(K)(g,Q): ( iEN) ,7‘CoQo7T_1 . 3
1

Definition 1.2. Fix ) : R — R. A ROSt (&, Q) is quasi-stationary under ®,. if

3.(£,Q Z(£,Q)

where the symbol = means equality in distribution. It is said to be robustly quasi-stationary if it is
quasi-stationary under ®, for infinitely many r € N.

A quasi-stationary ROSt is said to be ergodic if the only functions f : Q,, — Q,, satisfying
E, [f (2.(£,Q)) \i,Q] = f(&,Q) a.s. are the constants.

A sufficient condition for the evolution (3) to be non-singular and for ®,.(£,Q) to be a ROSt is the
finiteness of the expectation of e¥®). Throughout this paper, 1) will be fixed and assumed to belong
to the following class of functions which ensures this condition. This class also allows a good control
on the evolution.

Assumptions 1.3. The function v : R — R is in C?>(R) with bounded derivatives. Furthermore, for
Y a standard Gaussian variable, the law of 1(Y) is absolutely continuous with respect to the Lebesgue
measure.

1.2 Main Results

The only known examples of quasi-stationary ROSt’s for all ¢ satisfying Assumption[1.3 are given
by the so-called Ruelle Probability Cascades or RPC’s [13; 6; 2]. The RPC’s are constructed from
Poisson-Dirichlet variables and the Bolthausen-Sznitman coalescent. This coalescent is a Markov
process I' = (~,, t > 0) on the space of equivalence relations on N for which i ~, j implies i ~; j
for all s > t. For more on these processes, the reader is referred to [5; 6].
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Definition 1.4. Let x : ¢ — x(q) be a distribution function on [0,1] with x(17) # 1. A RPC with
parameter x is the ROSt (§,Q) where & is a Poisson-Dirichlet variable PD(x(17),0) and Q is as follows.
Let T be a Bolthausen-Sznitman coalescent independent of &. Then

qij = x""(e”™)
where T;; :=min{t :i~, j}and x "1 is the right-continuous inverse of x. In particular P(q;; < q) =
x(q) foralli #j.
It was conjectured by Aizenman et al that the RPC’s were the only ROSt’s that are quasi-stationary
in a "robust” sense, where the notion of robustness was to still be determined [2]. The striking
point of the conjecture, if proven true, is the necessity of hierarchical correlations for stability under
competitive evolution. Indeed, the RPC inherits a hierarchical structure from the coalescent:

(qij=qand qjx =2 q) = qi =9 - 4

A proof of a version of the conjecture was given in [3] for systems with finite state-space i.e. for
which the random set S;, := {q;; : 1 <i < j < oo} is finite a.s. Such systems can be decomposed
into subsystems called Q-factors for which the sets Sy(i) := {q;; : j # i} are identical for each i.
It was proven that if (§,Q) is robustly quasi-stationary and ergodic for all multiples of a smooth
function 1, then each of its Q-factors is a RPC. Our first result is to show that the decomposition
into Q-factors is not necessary whenever quasi-stationarity is assumed under ¢ (ffx+h) forall r € N
provided v’(h) # 0.

Theorem 1.5. Let h € R be such that 1’(h) # 0. If a ROSt with finite state space is quasi-stationary
and ergodic under ®, with function Y (S« + h) for all B in a neighborhood of 0 and for all r € N, then
it is a RPC. In particular, Q satisfies almost surely.

In the general case where S, may be infinite, it was shown in [3] that:
Theorem 1.6 (Theorem 4.2 in [3]). Let (§,Q) be a ROSt that is robustly quasi-stationary and ergodic
for some function ) satisfying Assumption The following hold:

1. & is a Poisson-Dirichlet variable independent of Q;

2. Q is directed by a random probability measure u on a Hilbert space 5¢:
for i # j, qi; = (¢, ;) where (¢;,1 €N) are iid u-distributed.

In the case of finite state space, the directing measure is discrete. It is then possible to carry an
induction argument on the cardinality of the state space to prove that the directing measure is again
a cascade. In the present paper, we provide strong identities that must be generally satisfied by the
directing measure of a quasi-stationary ROSt. Our main result is:

Theorem 1.7. Let h € R be such that 1’(h) # 0. If a ROSt is quasi-stationary and ergodic under ®,
with function Y (B« + h) for all $ in a neighborhood of 0 and for every r € N, then for every s € N its
directing measure U satisfies

s—1
= [0 (1 €42)] = 12 [ (@2 €4 +1 T s ®
=1

where u®* denotes the product measure of u, x4 is the indicator function of the set AC [—1,1] and Z,
is the o-field generated by the Gram matrix of s vectors.
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More generally, we obtain an identity for the r-th moment whenever (£,Q) is invariant under ®,.
When 1 is linear, quasi-stationarity for § in an open interval is sufficient for the identities to be
valid. In fact, the assumption that O is in the interval is only needed to reduce the general case
to the linear one. The identities (5) are known as the Ghirlanda-Guerra identities in the study of
spin glass models [9; 8]. It is a non-trivial fact that they arise in the general setting of competing
particle systems. They are satisfied by the RPC’s and hence consistent with hierarchical overlaps.
The Ghirlanda-Guerra identities have a simple interpretation: conditionally on the inner product of
5 Vectors qig ... gs_1 ¢, the inner product of an additional vector drawn under u with a previous one
is independent of the given frame with probability 1/s or takes the value q;;, 1 <[ <s—1, each
with probability 1/s.

The main concept used to derive Theorems and [1.5]is the so-called past velocity. Precisely, in
Section 2, we consider independent time-steps of the evolution @, keeping track of the past time-
steps. The past velocity is simply defined as the time-average of the past increments. It is shown to
exist and to be common to all particles whenever the system is quasi-stationary. Similarly as in [3],
the study of the evolution for a generic 1 can be reduced to a linear 1y by a Central Limit Theorem
argument as explained in Appendix Bl It turns out that the collection of velocities obtained from
the different linear evolutions single out the parameter of the RPC thereby yielding Theorem
In Section 3, we used the fact that the velocity is common (and deterministic for ergodic systems)
to conclude that the distribution of Q satisfies the Ghirlanda-Guerra identities. The argument is
very similar to the proof of these identities for spin glass models in the sense that the common
velocity plays the role of the self-averaging of internal energy. A straightforward consequence of
the result (see Corollary[3.4) is an alternative proof, although under more restrictive assumptions,
of the Ruzmaikina-Aizenman theorem [14; 4]. Along the way we also prove that quasi-stationary
ROSt’s obey the so-called Aizenman-Contucci identities, which can be seen as a weaker version of
the Ghirlanda-Guerra identities [1].

2 The Past Velocity

2.1 Definition

The past velocity naturally appears when re-expressing the evolution (3) as a deterministic mapping
on a space that includes the past and future increments of the evolution.

Let v+ be the law of the Gaussian field k with covariance Q*" and P the law of some ROSt. We
consider P, the probability measure on Q,, X ]_[?io RY consisting of P, coupled through Q, with
independent copies of the field:

dP, = dP(&,Q) X ]_[ dvger (k(1)). (6)

t=0

Clearly, the future increments (k(t),t > 0) are exchangeable given (£,Q) as they are simply iid.
We are interested in extending the probability measure PP, in a consistent way to include the past
increments (x(t), t < 0) and thus get a probability measure on

Q:= 0, x | [RY.

teZ
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The relevant dynamics on the space £ is the evolution (3) on (&, Q) together with a time-shift of the
fields. We stress that the field x must also be reindexed after evolution.

Definition 2.1. Let ®,.) be of the form (3). We define the mapping A : Q —

A((x)) = A((E, Qs (K(t), te Z)) = (CI)'L[)(K(O))(ga Q)’ (Ki(t + 1)’ te Z))

where | stands for the reindexing of the Gaussian field with respect to the ordering of the points after
evolution by ®(0y)-

It is shown in Appendix/A that the extension of P, to 2 exists whenever the system is quasi-stationary.
Furthermore, similarly as for the future increments, the sequence of past increments is exchangeable
conditionally on (&, Q).

Lemma 2.2 (Appendix |A). Let (&,Q) be a quasi-stationary ROSt under ®, for some r € N. There
exists a unique A-invariant probability measure on Q whose restriction on Q. is the law of (§,Q). This
measure is ergodic under A if and only if (&,Q) is ergodic.

Moreover, the sequence of past increments (x(t), t < 0) is exchangeable under this probability measure
conditionally on (&,Q).

The reader would notice that the constructed measure on 2 now explicitly depends on the function
1. However, we will usually omit this dependence in the notation and simply write P, for the
extension of (6) to Q.

Definition 2.3. The past velocity of the i-th point is the time-average of its past increments i.e. for
w€eN

1 T
vi(w) = lim = > plie(~1)). %)
t=1

It is important to bear in mind that the velocity is in essence very different from the time-average
of the future increments due to the reordering. Indeed, the i-th point moved in front of all but
i — 1 points during the course of the competitive evolution. Thus its past increments are by na-
ture atypical. The existence of the limit (7) is a simple consequence of the exchangeability of the
increments.

Proposition 2.4. Let (&,Q) be a quasi-stationary ROSt under ®, for some r € N. For all i € N, the
limit v;(w) exists P.-a.s. and v;(w) € LP(P,) for any 1 < p < 0.

Moreover, the velocity is an intrinsic quantity of a particle in the sense that
Vi(w) = vy (Aw) ©))

where Tt is the permutation induced by the evolution w — Aw.

Proof. By de Finetti’s theorem and the exchangeability of the past increments asserted in Lemma
the fields (x(t),t < 0) are iid given (£,Q) and «a, the empirical distribution of (x(t),t < 0).
On the other hand, it is proven in LemmaA.2 of Appendix (A that E,. [ [ (k;(—1))| ~§,Q, a] < oo
a.s. Thus the first claim follows by the law of large numbers. Second, by a combination of Jensen’s
inequality, Fatou’s lemma and exchangeability, we have

E [ [vi()P 1 <E, [[Y(x,(—1)IP].

which is also finite by the proof of LemmalA.2| The equality (8) is clear as the past velocity depends
only on increments in the distant past. O
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2.2 The velocity is common

We now make rigorous the intuitive idea that the points must share a common velocity for the
system to be stable. In this section, we write I, , for the probability on Q constructed from a ROSt
that is quasi-stationary under ¢, with function Ay.

Proposition 2.5. If (§,Q) is a quasi-stationary ROSt under @, for all functions Ay, A in some open
set of R. Then vi(w) =v(w) for alli EN P, ;-a.s.

If it is ergodic, then the past velocity is deterministic and

v(w) =E,; [Z £ w(:«i(—l))] Poas.

Before proving the proposition, we need to introduce the generating function of the cumulants of
the past increments. Let (£,Q) be a ROSt. For A € R, we set

2.(2):=E, [logZ éieWKi“’”} : 9)

P,.(A) is well-defined in the case ) satisfies Assumption|1.3/since by Jensen’s inequality

)
ez/Z

02 (L)< logf My

r V2T

In the case where (&, Q) is quasi-stationary, it holds for all T € N that

1 _
Z,() = -E, [logz £t T ‘““f“”} . (10)

Indeed we write the right-hand side as a telescopic sum

3 £ et Dino (o)

T-1
E, |log ) &etZio Wl‘(f))} =Y E,; |log +2,(2)
i

t’'=1 Zi gieAZf:_ol P(x;(t))

and all the terms in the sum equals &,.(A) by stationarity.
The function £.(1) is a good tool to compare the past increments of a point i with the £-averaged
increment of the crowd, as the next lemma shows.

Lemma 2.6. Let (&,Q) be a quasi-stationary ROSt under ®, with function A for every A in some open
set of R. Define S;(T; w) := %Zzzlll)(l(‘i(—t)) and (S(T)),, := >.;&; Si(T;w). Then forall T € N
and A in the open set

d
ﬁgr(l) = Er,l [(S(T»w] = Er,l |:zl: gi "/)(Kl(—l))}
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and

1 d?
?WQ%(A) =E;, [Z &ilSi(T; ) — <S(T)>w|2:| .

In particular,

lim [Z Ei1Si(T; ) — <S(T)>w|2} =0. (1

Proof. We differentiate the right-hand side of (10) to get

T-1 . T-—1
Y £ 2o VD) 2 3 (1))
PRI EICIO)

which is simply E, ; [(S(T)),, ] by quasi-stationarity. The expressions for ;—A?}’r(k) then follows from
(10) and exchangeability of the past increment. The second derivative is handled the same way. The
condition that quasi-stationarity holds in an open set guarantees that the derivatives of the identity
(10) also correspond (this would not be generally true if the identity were to hold for a single 1).
The limit T — oo follows from the fact that #2.(A) has a finite second derivative. O

Proof of Proposition 2.5 We claim that there exists a sequence T, € N such that for all i € N as
n— oo
[S:(Tw; @) = (S(T))oo| = O Py p-as. (12)

Indeed, it follows from equation (11) of Lemma 2.6 that as T — oo
D EISI(T0) = (S(T)), 2 > 0in LI(P, ) .
i

This ensures the existence of the subsequence for which the convergence holds IP,. -a.s. for all
i € N. On this subsequence, we also have that S;(T,; w) — v;(w) a.s. for every i € N by Proposition
2.4, We conclude that v;(w) = lim,,_,»(S(T,)),, a.s. The first part of the proposition is proven.

As the past velocity is common, the following equality holds by equation (8)

T-1

v(w) = % Z v(Alw) .

t=0

We now take the limit T — oo. Birkhoff’s ergodic theorem can be applied as v(w) € Ll(IP’r,;L).
Indeed,

B [ (@)] =By | Jim [(S(T))ol | < By [Z 3 |¢(:<i(—1))|}
i
where we used Fatou’s lemma and exchangeability. The right-hand side is finite by the proof of

LemmaA.2| Therefore we have v(w) = E, [v(w)] P, -a.s. whenever (£, Q) is ergodic. In particular,
by dominated convergence and Lemmal2.6

B V()] = 5,y | lim (S(T) | =5, {Z 3 w(xi(—l))} .
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2.3 Velocity and Decomposability

The velocity and the generating function #.(A) take a simple form when the evolution ¢, is gov-
erned by a linear function.

Lemma 2.7. Let (£,Q) be a quasi-stationary ROSt under the evolution ®, for all linear functions
Y(x) = AK, A in some open set of R. One has

A2 (1
Z.(A) = ?J (1-q")dx(q) (13)
-1

where x(q) is the £-sampled distribution function E [Zi}j &i&; X{qiqu}]'
In particular, if (&§,Q) is ergodic

1
viw) = AJ (1-q") dx(q) P, ;-as. 14)
-1

Proof. We take the derivatives of (9) using the Gaussian differentiation formula (see e.g. Appendix
Ain [2])

d > ,g.g.elki(o)elkj(o) q’

—pMN=r|1-E, | =2 —| .

dA Zi’j gigjelki(o)e x;(0)

As the ROSt is quasi-stationary, the right-hand side simply becomes

1
M 1-E| D EE 4 =Af1(1—qf)dx(q).
L,] -

Integration over A yields the first assertion. The second is obtained from Lemma 2.6 and Proposition

O
The above lemma rules out pairs of particles with g;; = —1 for ergodic ROSt’s. Indeed, q;; = —1
implies v;(w) = —v;(w). Since the velocity is common, we would have v;(w) = 0. This leads to a

contradiction, since by (14) it would mean that E,. [Zi’ i &i&iq; J.] =1 thus that the overlaps must be
one for all particles. In addition, we remark that the full collection of velocities of the evolutions
&, r € N, singles out the probability measure dx(q) because it determines all the moments. This
simple observation is applied to prove Theorem/1.5|

Proof of Theorem By Lemma|B.1 proven in AppendixB, if (§,Q) is quasi-stationary for the func-
tions Y (fBk + h) for all B in a neighborhood of 0, then it must be quasi-stationary for the linear
functions. In particular, we can conclude from Theorem 4.4 in [3] that the Q-factors of (£,Q) must
be RPC’s. On the other hand, the velocities of each point must be common and deterministic by
Proposition [2.5] In particular, the velocities of each Q-factor must correspond for every evolution
®.. We deduce that the measure dx(q) of each Q factor is the same since the collection of ve-
locities determines the moments by equation (14). Recall from Definition 1.4 that the parameter
x(q) characterizes the law of a RPC. We conclude that (£,Q) has only one Q-factor and the claim
follows. O
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3 The Distributional Identities

We present the proof of Theorem [1.7 in this section. In essence, the Ghirlanda-Guerra identities
follow from the fact that the velocity is common to all particles and deterministic when the system
is ergodic under the considered evolutions. This property can be seen as the equivalent of the
self-averaging of the internal energy for spin glass models. As a first step, we remark that quasi-
stationary systems satisfy the weaker Aizenman-Contucci identities which were derived prior to the
Ghirlanda-Guerra identities for spin glasses [1].

3.1 The Aizenman-Contucci identities

It is convenient to introduce a notation for the &-sampled measure on overlaps. Namely, let F,(q) be
a bounded measurable function on the overlaps of s points, we write

EVIF@] =B | Y] &8y Fldyi her)

1oeees i

Plainly, such expectation is invariant under evolution for quasi-stationary ROSt’s: e.g. for linear 1)

& eMiu g eMi F(q)
..... e | ~EUR@I 12
Zil """" L Sie g et

In particular, the right-hand side of the above equation does not depend on A. This simple fact yields
moment relations for quasi-stationary ROSt’s.

E

Proposition 3.1. Let h € R be such that ’'(h) # 0. If (§,Q) is a quasi-stationary ROSt under ®, with
function Y (Bx + h) for all B in a neighborhood of 0, then for any s € N, its law satisfies

s—1 s+1
1 0 0] 5 @] 2 2 g0

Proof. By Lemma|B.1, (&, Q) is quasi-stationary under ®, for all linear functions Ax in an interval
containing 0. Therefore, equation (15) holds for these A. Straightforward Gaussian differentiation
with respect to A on both sides of (15) yields the desired relation. O

The above is a slight generalization of the Aizenman-Contucci identities derived for mean-field spin
glass models where F; is a polynomial [1]. It is a simple exercise to check that these identities
are implied by the Ghirlanda-Guerra identities (see e.g. [9]). Therefore, one could ask what extra
condition should the system fulfill in order to satisfy the latter. It turns out that ergodicity suffices.

3.2 The Ghirlanda-Guerra identities

The key lemma used in the proof of our main result is a factorization of the expectation for observ-
ables of a specific form. A similar factorization was used in the case of spin glass systems to prove
the Ghirlanda-Guerra identities (see equation (12) in [9]).
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Lemma 3.2. Let (&,Q) be a ROSt that is quasi-stationary and ergodic under ®, for all linear function
Y (k) = Ak for A in some some open set of R. Consider F,(q) a bounded function on the overlaps of s
points. Then the following holds

Er | 2 & ko (CDE(@) | =E, {Zai Ki(—l)] B9 [F(@)].- (16)

1seees is

Proof. The exchangeability in time of the past increments yields

T

1
E | 2 & kg (CDE@ | =K, | D) &, (;inl(—r.))a(q) (17)

S A . t=1

for all T € N. Recall that F; is bounded, say |F,(q)| < C for some C > 0, so

T
}Er D &g (%inl(—t)) Fy(q) }s CE, {Zgi |:<i(—1)|}
i t=1 i

which is finite by Lemma |A.2l Therefore we can take the limit T — oo of equation (17) and by
dominated convergence we get

1 T
MmE | D, (;Zm—w) Fq)| =E, [Zsi m(—l)} B [F(q)]

t=1

as the velocity is common and deterministic by Proposition O

The next proposition claims the moment version of the Ghirlanda-Guerra identities under the sta-
bility hypothesis.

Proposition 3.3. Let v, F, and (£,Q) be as in Proposition [3.1. If (§,Q) is also ergodic under the
considered evolutions, then for any s € N its law satisfies

s—1

1 1
ED gl @) | = SE@ L IEOIR(@] + - D EV[qLF(q)] (18)
=1

Proof. As in the proof of Proposition (3.1, (§,Q) must be quasi-stationary under &, for all linear
functions Ak for A in an interval containing 0. In particular, it fulfills the hypothesis of Lemma [3.2|
We take the A-derivative on both sides of the identity (16). A quick computation of the Gaussian
derivative of the left-hand side is possible as Proposition 3.1 and the factorization property show
that only the terms where k; is hit by the derivative are relevant. The straightforward calculation
yields for the left-hand side

s
ZE(S) I:qlrst(q)J — sEG+D [q;}sHFs(CI)] .
=1

The derivative of the r.h.s is simply (1 — E®[q},])E® [F,] by Lemma|[2.7. The claim follows by
combining both sides. O
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Before turning to the proof of Theorem 1.7, we remark that Proposition|3.3 provides an alternative
proof of the Ruzmaikina-Aizenman theorem[14; 4]. Indeed, when Q is the identity matrix, the
Ghirlanda-Guerra identities become identities for the moments of £. In fact they are known to
characterize the Poisson-Dirichlet variables (see Proposition 1.2.8 in [15]). Note however that our
hypotheses are stronger than in the original result, since the property is asked to hold in an open set
of the parameter.

Corollary 3.4. Let h € R be such that +’(h) # 0. If (§,{6,;}) is a quasi-stationary and ergodic ROSt
under ®, with function Y (fx + h) for all $ in a neighborhood of 0, then & is a Poisson-Dirichlet
variable.

Proof of Theorem|[1.7, By the hypothesis of the theorem, the ROSt is quasi-stationary under ®, for
all r € N. In particular, the identities hold for every r € N and hence for the distribution
conditioned on the o-field &, generated by the overlaps of s points

1 1 s—1
P (4,001 €412,) = FDar €A+ S > 1a(a)
=1

where A € [—1,1]. On the other hand, £ is 1ndependent of Q by Theorem 1.6/ Therefore equation
(18) actually holds for every fixed integer iy, ..., 1

s—1

1 1
P (ql's,im €A |975) = ;P(qiliz €A+ N ZXA(qil,is)'
=1

Moreover, we know that given the directing measure u on £, Q is constructed as the Gram matrix
of iid u-distributed elements. Hence the above can be rewritten as

E I:‘u®s (qs,s+1 €A|9s):| = % |: ®2 (q12 GA) ZZA(QZS

and the theorem is proven. O

A The evolution ® revisited

In this section, we prove Lemma|2.2 on the existence of a A-invariant probability measure on Q =
Qos X [ 1, EYN which extends the law of a quasi-stationary ROSt. The exchangeability of the past
time-steps of the evolution is also shown. We split the proof into two lemmas.

Lemma A.1. Let (&,Q) be a quasi-stationary ROSt under ®,. There exists a unique A-invariant prob-
ability measure on 2 whose restriction on Q. is the law of (§,Q). Moreover, this measure is ergodic
under A if and only if (£,Q) is ergodic.

Proof. For convenience, we denote the evolution () by @, to lighten notation. We also write
A for the map on the space Q_; := Q,; X [ | tZ—TRN whose action is to evolve the configuration
recording the present increment as the last one:

A Q_T — Q—T—l
(£,Q (k(£),t 2 =T)) = (®y (0 (&, Q) (ky (£ + 1), 6 = =T = 1))
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First, consider the collection of measures IF’&T) :=P.oA~", T €N, where P, is of the form (6). We
will prove that these measures are consistent: for all T € N,

pTD| - =), (19)
Q.

The extension of P, to €2 then follows by Kolmogorov’s extension theorem. By definition, IPET) is the
distribution of

(q)T—l 0...09,(&,Q),(k (t+T),t = —T)) (20)

under P,. Similarly, IP’(rTH) restricted to Q_; corresponds to the distribution of

(@r0...0®; (2(&,Q), (x| (t+T+1),t>-T)) .

By stationarity, ®,(&,Q), has the same distribution as (£,Q) though its law depends explicitly on
k(0). However, as the field (x(t + T + 1),t = —T) depends only on x(0) through Q and as the
distribution of Q is preserved under evolution, we have that the restriction of ]P’(rTH) is the law of

(@ro...0®(&,Q), (k) (t+T+1),t>—-T))

which only differs from (20) by a mere relabeling of t. Equation is established and the exis-
tence is proven. The invariance under A is straightforward from the construction of the measure.
Moreover, the extension is ergodic as it is extremal in the set of A-invariant measure if and only if
the law of (&,Q) is extremal. O

Lemma A.2. The sequence of past increments (k(t),t < 0) is exchangeable conditionally on (£,Q)
under the probability measure constructed in LemmalA.1.

Let a be the empirical measure of (k(—t),t € N). The random variables (k;(—t)) have finite p-
moments under the probability measure P.( - |£,Q,a) foranyi,t eNand 1 < p < 00 a.s.

Proof. Denote by o(X) the o-algebra generated by a random variable X. Define S;(T — 1) :=
th_Ol Y (x;(t)) where the indexing i is done through the ordering at time 0. We claim that

o (£Q(S(T=1,i €M) =0 (®7_10...024(&,Q),(5(T — 1),j €N)) 21)

where (S i(T—1),j €N):=(S5;(T—1),i €N), are the increments of the T time-steps reindexed with
respect to the ordering after evolution. To shorten notation, let us write ¢ for the left-hand side and
¢ for the right-hand side. For convenience, we write & for the evolved & after T time-steps i.e.

) £.eS(T-D
=l o—=7—,1EN]| .
Zk gkesk(T ]-) l
It is clear from the above expression that £ is 9-measurable. As the reindexing of Q and S;(T — 1)

induced by the evolution depends only on &, we see that actually ®;_; o...0 ®4(&,Q) and (§j(T —
1),j € N) are ¢¥-measurable. The 2 part of equation (21) is proven. For the C part, it is easy to

check that : srn)
g_e—Sj T-1 .
5 = (]"'fgk(’r_l)’] eN .
Zk gke !
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Similarly as before, we conclude that (§,Q) and (S;(T —1),i € N) are ¢-measurable. Equation (21)
is proven

Recall that the fields x(t) , 0 < t < T — 1, indexed by the ordering at time O are iid-distributed
conditionally on (&,Q). In particular, they are exchangeable given the sums (S;(T — 1),i € N).
Therefore, for any permutation p of T elements, the following holds

P.(k(t)€A, 0Zt<T—-1|9)=P.(k(pt)eA,, 0<t<T—-11|9)

for any A,, 0 < t < T — 1, Borel sets of RY. Moreover, the fields x(t) can be indexed with the
ordering at time T as this ordering is ¢4-measurable. From (21), it follows that

P.(k(t) €A, 0<t<T—-1|9) =P, (k(pt) €A, 0<t<T—1|¥9).
The first claim is obtained from the above by integrating over (3 ;(T—1),j € N), and using invariance
under A.

For the second claim, we can assume without loss of generality that p is an integer. By exchange-
ability in t, it suffices to prove the claim for y)(x;(—1)), i € N. The conclusion will be obtained by
proving that E, [ D& e (=) ] < 00. We have by definition of the past increment

0 £ 1 (i (0))IP
E, {Z £ w)o«i(—l))w} =E, [ S g, e .

The Cauchy-Schwarz inequality followed by applications of Jensen’s inequality with the functions
f(y)=y?and f(y) = 1/y? shows that the right-hand side is smaller than

1/2 1
E, |:Z giezw(xi(o)) w(Ki(O))ZP] E, [Z gie—zw(xi(o)):|

As «x is independent of & conditionally on Q, we can take the expectation over each k; through to

1/2 22
get (%g(Z)) g(—2)1/2 where g(A) := f]R %elw(z)dz. But this is finite whenever 1) satisfies
Assumption|1.3. O

/2

B Reduction to the linear case

The proof of the main theorem in [3] was achieved by reducing the evolution with a smooth
to an evolution with a linear ¢ by a central limit theorem argument. In brief, one considers T
independent steps of the evolution

P (x(T-1)) © -+ © P (0)) (22)

together with the scaling A — A/+/T. In the limit T — oo, the dynamics has simply Gaussian
increments with an effective covariance §;; := E[(x;)y(x;)]. We could conclude that the Q-factors
of (£,Q) are RPC’s from the analysis of the linear case. Monotonicity of the function q; i gi;(r) for
r large enough and properties of the RPC’s permitted to deduce that (£, Q) is a RPC whenever (£,Q)
is. A similar reduction to the linear case can be carried when quasi-stationarity is assumed for a
collection of functions Y (8 - +h). Under the new assumption, the limiting linear dynamics turns out
to be somewhat simpler as it produces the same effective covariance matrix as the original system.
The proof is very similar to the proof of Lemma 4.8 in [3]. We present it for completeness.

2114



Lemma B.1. Let h € R be such that ¢’(h) # 0. If (§,Q) is a quasi-stationary ROSt under &, with
function Y (B« +h) for all B in a neighborhood of 0, then (&, Q) is also quasi-stationary under ®, with
function Ak for all A in a neighborhood of 0.

Proof. First, we recall that the law of a ROSt is determined by the class of continuous functions that
depend only on a finite number of points (Proposition 1.2 in [3]). Let f : 2,, — R be a continuous
function depending on the first n points for some n € N ie. f(§,Q) = f(&q,...,&,;Q,) where
Qn = {4ij}1<ij<n- Consider T independent copies of the Gaussian field x: (x(t),0 <t < T —1).
Define the evolution by T independent steps

B1 1= By (r(T=1)+h) © = © Puy(Br(0)+h) - (23)

To prove the claim, we need to show that for any such f : Q,, — Q,, and under an appropriate
scaling of 3
E, [f(g:Q)] = Th—IEoEr [f(q)T(ng))] =E, [f(q)lk(g: Q)] (24)

for some A € R. The first equality holds by the quasi-stationarity hypothesis for all  in a neighbor-
hood of 0. We prove the second one.

We choose the scaling

A
PP W' (WIVT

It is straightforward to check, by expanding v around h and using the boundedness of the second
derivatives, that with this choice

T-1
YQQEQE{0MﬁmayHo—meOMﬁmuyHo—wmn\Q]=A%g.

Note that, because of the normalization of the dynamics, the effective increment of each particle
can be taken to be y(fBx; + h) —(h). Hence, by the finite-dimensional central limit theorem
and the above convergence, the increments of a fixed number of particles converge to a centered
Gaussian field with covariance matrix Azqir .. It remains to prove that the limit T — oo of (24) is
well-approximated by considering a large but finite number of particles.

For 6’,6 €(0,1] and &’ < &, we define the function f5 and f5 s as

fé(gla {Y3) ‘Sn; Qn) = f(glj SX3) gn; Qn)X{gnZE}

and

f5,5’(€1) (L) gn;Qn) ::fﬁ(gl/Nﬁ, (L) gn/NB’;Qn)

where N5/ := Zi:gizé’ &;. Clearly, fs — f a.s. when 6 — 0 as &, > 0 a.s. Notice also that N5y — 1
when &’ — 0. Therefore, by continuity

lm 1m £, 5(E1, v, €03 Qu) = £ (£, 0 Q) 5.

Let A}, ;5 , be the event that all evolved points in [67,1] after T steps come from the first N before

evolution. We write ®,.(&,Q)|y for the evolution restricted to the first N points of (&,Q). Because
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the function f5 5/(®,(&,Q)) on the event A} ,, .. is effectively a function of ¢,(&,Q)|y, one has

E, s (21(5,Q)) — E, [f5,5(@r(E Q)] | <
E, [ [f35/(@r(6,Q) — f35(@r (6 Q)| 1, ., |- @29

The limit (24) will thus hold by respectively taking the limits T — 0o, N — oo and 8,6 — 0 if we
can show that the probability of the event Ay s/ 1 is small for N large uniformly in T. But this is
clear from the fact that under the chosen scaling of  (see Lemma 4.6 of [3] for details) :

P (AN,S’,T) = KZE[&']

i>N

for some constant K that only depends on 1), 5" and A. O

Acknowledgments

The author thanks Michael Aizenman for helpful discussions and key insights. Support from NSF
grants DMS-0604869 and DMS-0602360 is gratefully acknowledged. Part of this work was achieved
while the author was a member of the Weierstrass Institute for Applied Analysis and Stochastics in
Berlin.

References

[1] Aizenman M., Contucci P On the Stability of the Quenched State in Mean Field Spin Glass Models,
J. Stat. Phys. 92 (1998) pp. 765-783 MR1657840

[2] Aizenman M., Sims R., Starr S. Mean Field Spin Glass Models from the Cavity-ROSt Perspective,
In Prospects in Mathematical Physics, AMS Contemporary Mathematics Series, vol. 437 (2007)
MR2354653

[3] Arguin L.-B, Aizenman M. On the Structure of Quasi-Stationary Competing Particle Systems, to
appear in Ann. Prob. (2008) arXiv:0709.2901

[4] Arguin L.-P A dynamical characterization of Poisson-Dirichlet distributions, Elect. Comm. in
Prob. 12 (2007) pp. 283-290 MR2342707

[5] Bertoin J., Random Fragmentation and Coagulation Processes, Cambridge University Press
(2006) 288 pp. MR2253162

[6] Bolthausen E., Sznitman A.-S. On Ruelle’s Probability Cascades and an Abstract Cavity Method,
Comm. Math. Phys. 197 (1998) pp. 247-276 MR1652734

[7] Chatterjee S., Pal S. A phase transition behavior for Brownian motions interacting through their
ranks, preprint (2008) arXiv:0706.3558

2116


http://www.ams.org/mathscinet-getitem?mr=1657840
http://www.ams.org/mathscinet-getitem?mr=2354653
http://www.ams.org/mathscinet-getitem?mr=2342707
http://www.ams.org/mathscinet-getitem?mr=2253162
http://www.ams.org/mathscinet-getitem?mr=1652734

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

Giardina C., Contucci P The Ghirlanda-Guerra Identities, J. Stat. Phys. 126 (2007) pp.917-931
MR2311890

Ghirlanda S., Guerra E General properties of overlap probability distributions in disordered spin
systems. Toward Parisi ultrametricity, J. Phys. A. 31 (1998) pp. 9149-9155 MR1662161

Mézard M., Parisi G. Virasoro M. Spin glass theory and beyond, World Scientific Lecture Notes
in Physics vol. 9, World Scientific Publishing, NJ (1987) MR1026102

Miller J. Quasi-stationary Random Overlap Structures and the Continuous Cascades, preprint
(2008) arXiv:0806.1915

Pal S., Pitman J. One-dimensional Brownian particle systems with rank dependent drifts, to ap-
pear in Ann. Appl. Prob. (2008) arXiv:0704.0957

Ruelle D. A Mathematical Reformulation of Derrida’s REM and GREM, Comm. Math. Phys. 108
(1987) pp. 225-239 MR0875300

Ruzmaikina A., Aizenman M. Characterization of invariant measures at the leading edge for
competing particle systems, Ann. Prob. 33 (2005) pp.82-113 MR2118860

Talagrand M., Spin Glasses: A Challenge for Mathematicians. Cavity and Mean Field Models,
Springer (2003) 586 pp. MR1993891

2117


http://www.ams.org/mathscinet-getitem?mr=2311890
http://www.ams.org/mathscinet-getitem?mr=1662161
http://www.ams.org/mathscinet-getitem?mr=1026102
http://www.ams.org/mathscinet-getitem?mr=0875300
http://www.ams.org/mathscinet-getitem?mr=2118860
http://www.ams.org/mathscinet-getitem?mr=1993891

	Introduction
	Background
	Main Results

	The Past Velocity
	Definition
	The velocity is common
	Velocity and Decomposability

	The Distributional Identities
	The Aizenman-Contucci identities
	The Ghirlanda-Guerra identities

	The evolution  revisited
	Reduction to the linear case
	References

