E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 6 (2001) Paper no. 5, pages 1–15.

Journal URL

http://www.math.washington.edu/~ejpecp/

Paper URL

http://www.math.washington.edu/~ejpecp/EjpVol6/paper5.abs.html

STATISTICALLY STATIONARY SOLUTIONS TO THE 3-D NAVIER-STOKES EQUATION DO NOT SHOW SINGULARITIES

Franco Flandoli Dipartimento di Matematica Applicata, Universitá di Pisa, via Bonanno 25/b, 56126 Pisa, Italy

Marco Romito Dipartimento di Matematica, Universitá di Firenze, viale Morgagni 67/a, 50134 Firenze, Italy

Abstract If μ is a probability measure on the set of suitable weak solutions of the 3-D Navier- Stokes equation, invariant for the time-shift, with finite mean dissipation rate, then at every time t the set of singular points is empty μ-a.s. The existence of a measure μ with the previous properties is also also proved; it may describe a turbulent asymptotic regime.

Keywords Navier-Stokes equations, suitable weak solutions, stationary solutions.

Mathematics Subject Classification 2000 35Q30, 76D06

Submitted to EJP on April 5, 2000. Final version accepted on August 17, 2000.

1 Introduction

Consider the three dimensional Navier-Stokes equation in a domain D, describing the dynamic of a viscous incompressible Newtonian fluid: ∂u ∂t + (u · ∇) u + ∇p = ν△u + f (1) div u = 0.

The vector field u(t, x) is the velocity field, p(t, x) is the pressure, f(t, x) the body force, ν > 0 the kynematic viscosity. We assume that D is a bounded regular open domain, with homogeneous Dirichlet boundary conditions; however it seems that the results proved below can be adapted to the case of the full space R^3, or the torus T^3 with periodic boundary conditions (see Remarks 6 and 10).

One of the main open questions concerning equation (1) is the possible emergence of singularities. This problem is fundamental from the viewpoint of the mathematical analysis (the well-posedness of equation (1), with given initial and boundary conditions, is an open problem), but it is also related to the understanding of the evolution of 3-D structures like thin vortex filaments, the intensity of vortex stretching, the rate of transfer of energy from larger to smaller scales, so it is relevant for the physical understanding of fluids.

In the sequel, a point (t, x) ∈ (0, ∞) × D will be called regular if it has a neighborhood where u is essentially bounded. This mild regularity condition implies stronger local regularity of u and its derivatives as soon as the data have a certain regularity (see [16], and comments in [2]). The points which are not regular will be called singular, and S ⊂ (0, ∞) × D will denote the set of all singular points. For every t, we denote by S_t ⊂ D the set of singular points at time t: S_t = { x ∈ D | (t, x) ∈ S }. Since we deal with families of solutions, we also write S(u) and S_t(u) to denote the sets S and S_t corresponding to a solution u. We shall recall below the definition of suitable weak solution; such solutions exist globally in time, but their uniqueness is not known. It is not known whether S is empty or not. When ν = 0 some numerical investigations (see for instance [1], [3], [8], [9]) support the belief that S is not empty, but for ν > 0 the answer is even less clear. Scheffer (see [14] and references therein) and Caffarelli, Kohn, and Nirenberg [2] have proved that, for certain weak solutions, S is small in the sense of the Hausdorff dimension. The result of [2], the best known at present, states that for the suitable weak solutions H^1(S) = 0, H^d(·) denoting the d-dimensional Hausdorff measure. See for instance also [7], [11] for other proofs or comments.

Having in mind the research of Lanford [10], Sigmund-Schultze [17] and other authors who prove existence of solutions to very difficult dynamical problems for a.e. initial condition with respect to some time-invariant or space-homogeneous measure, we study the problem of singularities not for an individual solution, but for a stochastic process solution to (1), stationary in time. The case of space-homogeneous fields seems to be tractable as well, but we do not solve it here. We recall also the intensive activity of C. Foias, M. I. Vishik, A. V. Fursikov and others in similar directions.

Let us state our main result. A stochastic process u, solution of equation (1), can be identified with a probability measure on the set W of all (deterministic) solution of (1). We prefer to express the result in terms of measures instead of processes. With the definitions and notations given in the next section, we prove the following result.

Theorem 1 On the set W of all suitable weak solutions u of equation (1), let μ be a probability measure, invariant for the time-shift, with finite mean dissipation rate. Then, at every given time t ≥ 0, we have S_t(u) = ∅ for μ − a.e. u ∈ W.

In Theorem 5 below we prove that there exists a measure μ with such properties. Roughly speaking, in terms of processes, we prove that a time-stationary suitable weak solution u of equation (1), with finite mean dissipation rate, has the property that, at every given time t ≥ 0, the set S_t is empty with probability one. In a sense, at every time t ≥ 0, we cannot see the singularities: only a negligible set of paths may have singularities at time t. On the contrary, we do not prove that μ-almost all the individual trajectories do not have singularities in time-space (S = ∅). The counterexample at the end of the paper shows that our approach is not strong enough to attack this more difficult question.

Our result partially confirms (and it has been strongly motivated by) some physical intuition, see for instance Chorin [4], p. 93, about the fact that very strong vorticity intensification (and possible blow-up) typical of 3-D fluids is mitigated in the stationary regime. Finally we remark that S = ∅ is known for constant in time solutions (a particular case of stationary solutions). In contrast, the stationary solutions considered here may describe a fluid in the turbulent regime. In a work in progress we also generalize the result of [2] and the previous theorem to stochastic Navier-Stokes equations.

1.1 Notations

We shall use the function spaces

H = { ϕ : D → R^3 | ϕ ∈ [L^2(D)]^3, div ϕ = 0, ϕ · n|_{∂D} = 0 }

where n is the outer normal to ∂D (cf. [19] for more details, and in particular for the interpretation of the condition ϕ · n|_{∂D} = 0), and

V = { ϕ ∈ [H^1(D)]^3 | div ϕ = 0, ϕ|_{∂D} = 0 }

(H^α(D) denotes the classical Sobolev space). We denote by | · | and ⟨·, ·⟩ the norm and inner product in H. Identifying H with its dual space H^′, and identifying H^′ with a subspace of V^′ (the dual space of V ), we have V ⊂ H ⊂ V^′ and we can denote the dual pairing between V and V^′ by ⟨·, ·⟩ when no confusion may arise. Moreover, we set D(A) = [H^2(D)]^3 ∩ V , we denote by D(A^{−1}) the dual space of D(A), and we perform identifications as above to get the dense continuous inclusions D(A) ⊂ V ⊂ H ⊂ V^′ ⊂ D(A^{−1}). With D(A) defined above, we define the linear operator A : D(A) ⊂ H → H as Au = −P Δu, where P is the orthogonal projection in [L^2(D)]^3 over H. The operator A is positive selfadjoint with compact resolvent (see [21], Ch. III, Section 2.1); we denote by 0 < λ_1 ≤ λ_2 ≤ . . . the eigenvalues of A, and by e_1, e_2, . . . a corresponding complete orthonormal system of eigenvectors. The fractional powers A^α of A, α ≥ 0, are simply defined by A^αx = ∞∑ i=1 λ^α_i ⟨x, e_i⟩e_i with domain D(A^α) = { x ∈ H | ‖x‖_{D(A}α_) < ∞ } where

‖x‖^2_{D(A}α_) = ∞∑ i=1 λ^{2α}_i ⟨x, e_i⟩^2 = |A^αx|^2. The space D(A^α) is an Hilbert space with the inner product ⟨x, y⟩_{D(A}α_) = ⟨A^αx, A^αy⟩, with x, y ∈ D(A^α).

Since V coincides with D(A^{1/2}) (see [20] Section 2.2, or [21], Ch. III, Section 2.1), we can endow V with the norm ‖u‖ = |A^{1/2}u|. We remark that ‖u‖^2 ≥ λ_1|u|^2. 2 Definition and existence of a stationary measure on weak solutions

Let us first recall the definition of suitable weak solution given in [2] (the regularity of p can be improved, see [18], [11], but we do not need it here). A minor difference with respect to [2] is that we do not call solution the pair (u, p), but only the velocity u (the pressure appears as an auxiliary variable). The definitions are equivalent for all purposes, but it is slightly easier to put a topology only on the set W of fields u.

Throughout the paper, we assume that f is given and time-independent, with the regularity f ∈ [ L^2(D)

]_3 , div f = 0^1.

We have assumed that f is independent of time since we are interested in stationary solutions, so we need an autonomous dynamic; the extension to the case when f is a stationary stochastic process (possibly a generalized one, as a white noise) is meaningful, and will be treated in a work in preparation.

1The regularity given by [2] is q >^5_2 , but it is easy to see that, going along their proofs, the same results are valid for f 2 L^{q1} (0, T ; L^{q2} (D)), with q1, q2 >^3_2 and^2_{q1} +^3_{q2} < 2. In this situation we have q1 = 1 and so the previous condition means q2 >^3_2 ; moreover we need f 2 L^2(D) in order to get existence for the solutions (see also [13]).

Definition 2 A suitable weak solution to equation (1) in (0, ∞) × D is a vector field

u ∈ L^∞ (0, T ; H) ∩ L^2 (0, T ; V ) for all T > 0,

weakly continuous in H, such that there exists

p ∈ L^{54}_{loc}((0, ∞) × D)

such that equation (1) holds true in the sense of distributions on (0, ∞) × D, the classical energy inequality ∫ D |u(t)|^2 + 2ν ∫_t s ∫ D |∇u|^2 ≤ ∫ D |u(s)|^2 + 2 ∫_t s ∫ D f · u holds true for almost all s ≥ 0 and all t > s, and also the following Local Energy Inequality holds true ∫ D |u(t)|^2φ + 2ν ∫_t 0 ∫ D φ|∇u|^2 ≤ ∫_t 0 ∫ D |u|^2 ( ∂φ ∂t + ν△φ )

+ ∫_t 0 ∫ D (|u|^2 + 2p)(u · ∇)φ + 2 ∫_t 0 ∫ D (f · u)φ for every smooth function φ : R × D → R, φ ≥ 0, with compact support in (0, ∞) × D, and for all t > 0.

We have included in the definition the classical energy inequality and the weak continuity of u (as a function of t) with values in H, properties not stated in the definition of [2], since they hold true for the solutions constructed in [2] and are classical in the theory of 3-dimensional Navier-Stokes equations.

Denote by W the set of all suitable weak solutions of the Navier-Stokes equation (1) in (0, ∞)×D. It has been proved in [2] that W ≠ ∅. Let us define the following metric on W (many of the ideas below concerning the framework of the path space are taken from Sell [15]; see also [5]):

d(u^{(1)}, u^{(2)}) = ∞∑ n=1 2^{−n} ( 1 ∧ ∫_n 0 ∫ D |u^{(1)} − u^{(2)}|^2dx dt ) , u^{(1)}, u^{(2)} ∈ W.

The metric space (W, d) is presumably not complete; a little modification of the definition of suitable weak solution would give us a complete metric space: one has to exclude t = 0 as in [15]. Here we do not need completeness.

Let C_b(W ) be the space of all bounded continuous functions ϕ : W → R, with the uniform topology. Let B denote the Borel σ-algebra of (W, d), and let M_1(W ) be the set of all probability measures on (W, B). We denote by μ(ϕ) the integral ∫ W ϕ(u) μ(du), for all μ ∈ M_1(W ) and ϕ ∈ C_b(W ).

Let τ_t : W → W , t ≥ 0, be the time-shift, defined as (τ_tu)(s, x) = u(t + s, x). It is easy to verify the following properties:

i) τ_tu ∈ W for all u ∈ W and t ≥ 0, ii) the mapping (t, u) → τ_tu is continuous from [0, ∞) × W to W .

See also [15]. We denote by τ_t also the induced mapping on C_b(W ) defined as

(τ_tϕ)(u) = ϕ(τ_tu) ϕ ∈ C_b(W ).

We write τ_tμ for the image measure of μ under τ_t (often denoted by μ(τ^{−1}_t )). We have

(τ_tμ)(ϕ) = μ(τ_tϕ)

for all μ ∈ M_1(W ) and ϕ ∈ C_b(W ).

Definition 3 A probability measure μ ∈ M_1(W ) will be called time-stationary if τ_tμ = μ for all t ≥ 0. We say that μ has finite mean dissipation rate if ∫ W (∫_T 0 ∫ D |∇u|^2dx dt ) μ(du) < ∞ for all T > 0.

The measurability of ∫_T 0 ∫ D |∇u|^2dx dt as a function from (W, B) to R is obvious by the lower semicontinuity of the integral.

We prepare the existence of time-stationary measures with the following compactness criterium.

Lemma 4 Given a function k : [0, ∞) → [0, ∞), the set K = { u ∈ W | ‖u‖_L∞_{(0,T ;H)} + ‖u‖_L2_{(0,T ;V )} ≤ k(T ), ∀T > 0 } is relatively compact in (W, d).

Proof. Given a sequence {u_n} ⊂ K, we have to prove that there exists a subsequence {u_ν} which converges to some u ∈ W in the metric d, i.e. in the strong topology of L^2(0, T ; H) for all T > 0.

Let {p_n} ⊂ L^{5/4}_{loc} ((0, ∞) × D) be a sequence corresponding to {u_n} as in the definition of suitable weak solution. Since u_n satisfies equation (1) in the sense of distributions, one has ‖ ‖^{du}n_{dt} ‖ ‖_{L2(0,T ;D(A−1))} ≤ C(n, T ) where C(n, T ) depends only on the norms of u_n in L^∞(0, T ; H)

and L^2(0, T ; V ). The proof of this result is classical; see for instance [11] Lemma 2.3, that we use again in the sequel of this proof. From the bound in the definition of K it follows that there exists a constant C(T ) independent of n such that ‖ ‖du^n dt ‖ ‖ L2(0,T ;D(A^−1)) ≤ C(T ). The boundedness of {u_n} in L^2(0, T ; V ) and L^2(0, T ; D(A^{−1})) implies the existence of a strongly convergent subsequence in L^2(0, T ; H), by a classical compactness result (see [19]). We apply this argument iteratively on [0, n]: first we extract a subsequence {u_n(1) } strongly convergent in L^2(0, 1; H) to some u^{(1)}, then from {u_n(1) } we can extract a subsequence {u_n(2) } strongly convergent to some u^{(2)} in L^2(0, 2; H), and so on. Since a fortiori {u_n(2) } also converges strongly to u^{(2)} in L^2(0, 1; H), u^{(1)} and u^{(2)} coincide over [0, 1]; a similar identification holds true for the other limit functions. The procedure can be formalized by induction. Then it is sufficient to take the diagonal sequence to have a subsequence {u_ν} of the original sequence {u_n}, and a function u, such that {u_ν} converges strongly to u in L^2(0, T ; H) for every T > 0. If we pass to a further subsequence, we also have that {u_ν } converges strongly to u in H for a.e. t, weakly to u in L^2(0, T ; V ) and in W^{1,2}(0, T ; D(A^{−1})), and weak star in L^∞(0, T ; H), for every T > 0, so in particular u has these regularity properties. By a classical result, from the properties L^∞(0, T ; H) and C([0, T ]; D(A^{−1})) (that follows from W^{1,2}(0, T ; D(A^{−1}))), there exists a representative in the equivalence class of u that is weakly continuous in H; we consider it in the sequel.

From [11] Lemma 2.3, for every closed set B ⊂ D there exists a constant C(B, n, T ), depending only on the norms of u_n in L^∞(0, T ; H) and L^2(0, T ; V ), such that ‖p_n‖_L5/4_{((0,T )×B)} ≤ C(B, n, T ). From the bound in the definition of K it follows that there exists a constant C(B, T ) independent of n such that ‖p_n‖_L 5_{4 ((0,T )×B)} ≤ C(B, T ). Therefore, up to a further subsequence, we can assume that {p_ν} converges weakly to some p in L^{5/4}_{loc} ((0, ∞) × D).

The proof is complete if we show that u is a suitable weak solution of equation (1) (with the pressure p). We have already proved all the regularity properties of u and p, so we have only to prove, by a passage to the limit, that u satisfies equation (1) in the sense of distributions, that the classical energy inequality holds true, and that the local energy inequality holds true. The passage to the limit in the local energy inequality is less classical and more difficult, and essentially contains all the main ingredients or ideas to prove the others (that can be found for instance in [19]), so we restrict ourselves to this point. We follow the proof of a similar fact given in the appendix of [2].

Fix some T > 0. Since p_n are bounded in L^{5/4}_{loc} , then, up to a subsequence, p_n converges to p in L^{5/4}(0, T ; L^{5/3}_{loc} (D)) (the argument to show this can be found in [2], p. 781-782). Moreover, since u_n converges to u in L^2((0, T ) × D) and the u_n are bounded in L^{10/3}((0, T ) × D) by Sobolev inequalities and the bounds in the definition of K, we have

u_n → u strongly in L^s((0, T ) × D), s ∈ [2, 10 3 ). (2)

Using again Sobolev inequalities and the bounds in the definition of K, we know that the u_n are bounded in L^{20/3}(0, T ; L^{5/2}(D)). Since we know that u_n converges to u in L^{5/2}((0, T ) × D), we can conclude that u_n → u strongly in L^5(0, T ; L^{5/2}(D)). (3)

Now we have all the convergence properties we need to prove that for each positive function φ ∈ C^∞_c ((0, ∞) × D), 2ν ∫_t 0 ∫ D φ|∇u|^2 ≤ ∫_t 0 ∫ D |u|^2 ( ∂φ ∂t + ν△φ ) + ∫_t 0 ∫ D (|u|^2 + 2p)(u · ∇)φ +2 ∫_t 0 ∫ D (f · u)φ.

In fact the integral ∫ ∫ φ|∇u|^2 is lower semicontinuous and so ∫_t 0 ∫ D φ |∇u|^2 ≤ lim inf_{n→∞} ∫_t 0 ∫ D φ |∇u_n|^2 , while the other terms converge thanks to (2), (3) and the fact that p_n converges to p in L^{5/4}(0, T ; L^{5/3}_{loc} (D)). At last the complete local energy inequality can be obtained with an argument similar to the one used in [2], p. 783.

Theorem 5 There exists a time stationary probability measure μ ∈ M_1(W ), with finite mean dissipation rate, for the Navier-Stokes equation (1). For any such measure μ, there exists a constant C_μ > 0 such that for all t ≥ s ≥ 0 we have ∫ W (∫_t s ∫ D |∇u|^2dx dt ) μ(du) = C_μ(t − s). (4) Proof. Step 1. We apply the classical Krylov-Bogoliubov method to the semigroup τ_t in W . Let v_0 ∈ M_1(W ) be the δ-Dirac measure concentrated at some given element u^∗ ∈ W (W is non empty): v_0 = δ_u∗ . Let v_t = τ_tv_0 = δ_{τtu}∗

μ_t = 1 t ∫_t 0 v_s ds, t ≥ 0. It is not difficult to see (using property (ii) of τ_t) that v_t and μ_t are well defined elements of M_1(W ). We shall show in Step 2 that there exists a compact set K ⊂ W such that τ_tu^∗ ∈ K for all t ≥ 0, so v_t(K) = 1 and thus μ_t (K) = 1

for all t ≥ 0. Then (μ_t)_{t≥0} is tight. We can apply Prohorov theorem (notice that completeness of (W, d) is not required in the part of Prohorov theorem we use here); hence there is a sequence μ_{tn} weakly convergent to some μ ∈ M_1(W ): μ_{tn} (ϕ) → μ(ϕ) ∀ϕ ∈ C_b(W ).

Now for t ≥ 0 we have (ϕ ∈ C_b(W ))

(τ_tμ)(ϕ) = μ(τ_tϕ) = lim_{n→∞} μ_{tn} (τ_tϕ) (since τ_tϕ ∈ C_b(W ))

= lim_{n→∞} 1 t_n ∫_{tn} 0 (τ_sv_0) (τ_tϕ) ds

= lim_{n→∞} 1 t_n ∫_{tn} 0 v_0(τ_sτ_tϕ) ds = lim_{n→∞} 1 t_n ∫_{tn} 0 v_0(τ_{s+t}ϕ) ds = lim_{n→∞} 1 t_n ∫_{t+tn} t v_0(τ_rϕ) dr = lim_{n→∞} μ_{tn} (ϕ) + lim_{n→∞} 1 t_n (∫_{t+tn} tn v_0(τ_rϕ) dr − ∫_t 0 v_0(τ_rϕ) dr )

= μ(ϕ) (v_0(τ_rϕ) is bounded in r).

Therefore μ is time-stationary.

Step 2. We denote u∗ by u for simplicity. As announced in Step 1, we have to prove that τtu ∈ K for all t ≥ 0, for a suitable compact set K. In view of Lemma 4 and the definition of τ_tu, it is sufficient to prove that for all T > 0 there exists a constant C(T ) > 0 such that sup s∈[t,t+T ] ∫ D |u(s, x)|^2dx + ∫_{t+T} t ∫ D |∇u|^2dx dr ≤ C(T ), (5) uniformly in t ≥ 0.

From the classical energy inequality, for almost all s ≥ 0 and all t > s we have ∫ D |u(t, x)|^2dx + ν ∫_t s ∫ D |∇u|^2dx dr ≤ ∫ D |u(s, x)|^2dx + C_ν ∫_t s ‖f‖^2_V ′ dr (6) for some constant C_ν. Poincaré inequality implies the existence of a constant λ_1 > 0 such that ∫ D |u(t, x)|^2dx + νλ_1 ∫_t s ∫ D |u|^2dx dr ≤ ∫ D |u(s, x)|^2dx + C_ν‖f‖^2_V ′ (t − s). Denote ∫ D |u(t)|^2dx by v(t), νλ_1 by λ, C_ν‖f‖^2_V ′ by C. We have, for all s ≥ 0 and all t > s, v(t) ≤ v(s) − ∫_t s λv(r)dr + C(t − s). (7) Let t ∉ N , where N is the set of Lebesgue measure zero for which (7) does not hold, and let u(s) = −v(t − s) for s ∈ [0, t]. It is easy to see that for each s ∈ [0, t] such that t − s ∉ N , we have u(s) ≤ u(0) + ∫_s 0 λu(r)dr + Cs and by Gronwall lemma u(s) ≤ u(0)e^{λs} + C λ (e^{λs} − 1).

Come back to function v to obtain v(t) ≤ v(t − s)e^{−λs} + C λ (1 − e^{−λs}) and then we can conclude that for all t ∉ N

v(t) ≤ sup_{0≤s≤1} v(s) + C λ . In our application, this means that ∫ D |u(t, x)|^2dx ≤ C_ν‖f‖^2_V ′ νλ_1 + sup_{0≤s≤1} ∫ D |u(s, x)|^2dx (8) holds true for all t ≥ 0 (by the weak continuity of u in H). Given T > 0, for all t > 0 we have from (6) and (8) ν ∫_{t+T} t ∫ D |∇u|^2dx dr ≤ C_ν‖f‖^2_V ′ νλ_1 + sup_{0≤s≤1} ∫ D |u(s, x)|^2dx + C_νT ‖f‖^2_V ′ so there exists a constant C_1(T ) such that ∫_{t+T} t ∫ D |∇u|^2dx dr ≤ C_1(T ) uniformly in t ≥ 0. A similar estimate sup s∈[t,t+T ] ∫ D |u(s, x)|^2dx ≤ C_2(T ) is a straightforward consequence of (8), so (5) is proved. This proves the claim left open in Step 1 and completes the proof of the existence of a time-stationary measure μ. Step 3. Let us prove an important identity. Recall some facts and notations from Section 1.1. For all h ∈ V we have ∫ D |∇h|^2dx = lim_{N→∞} n∑ n=1 λ_n⟨h, e_n⟩^2. From the monotone convergence theorem it follows that for every function h ∈ L^2(0, T ; V ) we have ∫_t 0 ∫ D |∇h|^2dx dt = lim_{N→∞} n∑ n=1 λ_n ∫_t 0 ⟨h(t), e_n⟩^2dt. The shift invariance on μ implies that ∫ W ϕ(τ_tu)μ(du) = ∫ W ϕ(u)μ(du) for all t ≥ 0 and all continuous bounded functions ϕ on W . Therefore, for every real R > 0 and natural N > 0, we have ∫ W ( R ∧ n∑ n=1 ∫_t s λ_n⟨u(r), e_n⟩^2dr ) μ(du) = ∫ W ( R ∧ n∑ n=1 ∫_{t−s} 0 λ_n⟨u(r), e_n⟩^2dr ) μ(du) for all t > s ≥ 0. The same identity holds true, by monotone convergence, without cut-off: ∫ W (∫_t s ∫ D |∇u|^2dr ) μ(du) = ∫ W (∫_{t−s} 0 ∫ D |∇u|^2dr ) μ(du). (9) Both members can be infinite, at this stage of the proof.

Step 4. We have to prove that μ has finite mean dissipation rate. Given T > 0, from (6) there exists a constant C_{T,f} > 0 such that ∫_t 0 ∫_t s ∫ D |∇u(r, x)|^2dx dr ds ≤ ∫_t 0 ∫ D ‖u(s, x)|^2dx ds + C_{T,f} whence ∫_t 0 ∫_r 0 ∫ D |∇u(r, x)|^2dx ds dr ≤ ∫_t 0 ∫ D |u(s, x)|^2dx ds + C_{T,f} yielding ∫_t 0 r ∫ D |∇u(r, x)|^2dx dr ≤ ∫_t 0 ∫ D |u(s, x)|^2dx ds + C_{T,f} Therefore, for all δ > 0, ∫_t δ ∫ D |∇u(r, x)|^2dx dr ≤ 1 δ (∫_t 0 ∫ D |u(s, x)|^2dx ds + C_{T,f} ) . (10)

The claim of finite mean dissipation rate will follow as soon as we prove that ∫ W (∫_t 0 ∫ D |u(s, x)|^2dx ds ) μ(du) < ∞ (11) for all T > 0. Indeed, the left-hand-side of (10) will be μ-integrable, so by the identity (9) we get ∫ W (∫_{T −δ} 0 ∫ D |∇u(r, x)|^2dx dr ) μ(du) < ∞ which is the required property. We have ∫ W (∫_t 0 ∫ D |u(s, x)|^2dx ds ) ν_t(du) = ∫_{t+T} t ∫ D |u(s, x)|^2dx ds ≤ C_t by the estimates of Step 2. By convex combination, the same estimate is true for μ_t in place of ν_t. Thus for every R > 0 we have ∫ W (∫_t 0 ∫ D (|u(s, x)|^2 ∧ R) dx ds ) μ_t(du) ≤ C_t. Taking t = t_n, the sequence found in Step 1, we get in the limit as n → ∞ ∫ W (∫_t 0 ∫ D (|u(s, x)|^2 ∧ R) dx ds ) μ(du) ≤ C_t for every R > 0, which implies (11) by monotone convergence.

Step 5. Let us prove (4). Let ϑ(t) be the real valued function ϑ(t) = ∫ W (∫_t 0 ∫ D |∇u|^2dr ) μ(du). By identity (9) we get ϑ(t + s) = ϑ(t) + ϑ(s), for all t, s ≥ 0. Moreover, ϑ(t) is non decreasing. These two properties imply that it is linear. The proof of the theorem is complete.

Remark 6 In the same way an existence result can be obtained for stationary solutions in the periodic case. An existence theorem for deterministic suitable weak solutions with periodic boundary conditions can be found in P. L. Lions (Theorem 3.2, [12]).

As it may concern the case of the whole space, a different approach has to be used, since it is not possible to use Poincarè inequality to obtain the uniform estimates used to control the mean dissipation rate. A way to show the claim is to proceed by approximating a stationary solution in the whole space by means of (statistically) stationary solutions with periodic boundary conditions and then taking the limit as the characteristic length goes to infinity (a more detailed proof of these facts can be found in [13]).

In order to be convinced that the mean dissipation rate remain finite also in the case of the whole space, we use the classical energy inequality. In fact, once we have proved that the mean dissipation rate is finite, we can see that it does not depend on the geometry of the domain we consider, but only on the amplitude of the external force and on the viscosity. Consider for example a stationary solution u^L_{st} of law μ^L with periodic boundary conditions. If we take the expectation in the classical energy inequality, using stationarity, we get νE ∫_T 0 ∫ Q_L |∇u|^2 ≤ T ‖f‖^2_V ′_L , where Q_L = ( −^L_2 ,^L_2

)_3 is the periodic domain, and so C_μL ≤ 1 ν ‖f‖^2_V ′_L . 3 Proof of Theorem 1

Let us recall the fundamental criterium of regularity proved by Caffarelli, Kohn and Nirenberg [2]: if u is a suitable weak solution, there exists ε > 0 such that any point (t, x) ∈ (0, ∞) × D satisfying

lim sup r→0 1 r ∫_{t+r}2 t−r2 ∫ Br(x) |∇u|^2 ≤ ε (12) is a regular point for u. Here B_r(x) is the ball of radius r centered at x.

Lemma 7 Let μ be a time-stationary measure for the Navier-Stokes equation (1), with finite mean dissipation rate. Let r_n = 2^{−n}. For every t ≥ 0, we have lim_{n→∞} 1 r_n ∫_{t+r}2_n t−r2_n ∫ D |∇u|^2 = 0 for μ-a.e. u ∈ W.

Proof. Let us introduce the random variable X_n(u) = 1 r_n ∫_{t+r}2_n t−r2_n ∫ D |∇u|^2, defined on W . We have ∫ W X_n dμ = C_μr_n where C_μ is the constant given by Theorem 5. Given δ > 0, we thus have μ(X_n > δ) ≤ C_μ δ r_n so that_∞ ∑ n=1 μ(X_n > δ) < ∞. By Borel-Cantelli Lemma, there exists a set W_t ⊂ W of μ-measure one, such that for all u ∈ W_t there exists n_0(u) such that for all n > n_0(u) we have u ∈ (X_n < δ), i.e. X_n(u) < δ. Taking a sequence δ_k → 0, the previous statement (with n_0(u) depending on k) holds true for all k and all u in a set of μ-measure one, proving the claim.

Corollary 8 For every t ≥ 0, we have lim_{r→0} 1 r ∫_{t+r}2 t−r2 ∫ D |∇u|^2 = 0 for μ-a.e. u ∈ W.

The proof of the first claim follows from the inequality 1 r ∫_{t+r}2 t−r2 ∫ D |∇u|^2 ≤ 2 1 r_n ∫_{t+r}2_n t−r2_n ∫ D |∇u|^2 for r ∈ (r_{n+1}, r_n). The claim of Theorem 1 is now a simple consequence of the criterium of Caffarelli, Kohn and Nirenberg [2] recalled above and the previous corollary. Remark 9 With a similar proof as in Corollary 8, it is possible to give a stronger estimate of the quantity in (12), namely

lim_{r→0} 1 r^{2−ε} ∫_{t+r}2 t−r2 ∫ D |∇u|^2 = 0 for μ-a.e. u ∈ W for every ε > 0.It is not known if this estimate can improve the result in Theorem 1 (see also the counterexample in the next section).

Remark 10 In view of Remark 6, we can see that Theorem 1 holds also for statistically stationary solutions with periodic boundary conditions and in the whole space.

3.1 A counterexample

We do not know whether the following result is true: for μ-a.e. u ∈ W the set S(u) is empty. In this section we only show that it is difficult to obtain such a result with the present approach. More precisely, we show that the following abstract condition, corresponding to the basic properties we have in our approach, are not sufficient to prove the better statement on S(u). Having in mind the process Y_t(u) = ∫ D |∇u(t)|^2dx, assume that a real valued stochastic process (Y_t)_t on (W, B, μ) fulfills the conditions: 1) Y_t is stationary, 2) Y_t ≥ 0, 3) t → Y_t is integrable μ-a.s. 4) ∫ W Y_tdμ < ∞. In fact these properties are a little stronger than those satisfied in the Navier-Stokes problem. We show that these conditions do not imply that for μ-a.e. u ∈ W

lim_{r→0} 1 r ∫_{t+r}2 t−r2 Y_s = 0 for all t, (13)

i.e. the condition of Corollary 8 that implies Theorem 1. Consider the torus T^1 and let ϕ : T^1 → R^+ be a function which is regular except at 0, where it has a singularity such that ∫ T^{1 ϕ < ∞ but}

∫_r2 −r2 ϕ = 1 log r^{−1} . We do not have lim_{r→0} 1 r ∫_r2 −r2 ϕ = 0

(and even with arbitrary powers of r). On W = T^1 consider the Borel sets with the Haar measure μ and the process Y_t(u) = ϕ(t + u). For all u ∈ T^1 it has a singularity at t = −u and condition (13) is violated. On the other side it satisfies the assumptions (1)-(4) above. Finally, notice that it does not contradict the theorems proved above: given t, for μ-a.e. u we have

lim_{r→0} 1 r ∫_{t+r}2 t−r2 Y_s(u) = 0.

Indeed, it holds true for all u ≠ −t: 1 r ∫_{t+r}2 t−r2 Y_s(u) ds = 1 r ∫_{t+r}2 t−r2 ϕ(s + u) ds = 1 r ∫_{t+u+r}2 t+u−r2 ϕ(s^′) ds^′ and at t + u ≠ 0 the function ϕ is regular. This expression diverges only at t + u = 0.

References

[1] J. Bell, D. Marcus, Vorticity intensification and the transition to turbulence in the threedimensional Euler equation, Comm. Math. Phys. 147 (1992), 371-394.

[2] L. Caffarelli, R. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the Navier-Stokes equations, Comm. Pure Appl. Math. XXXV (1982), 771-831.

[3] A. J. Chorin, The evolution of a turbulent vortex, Comm. Math. Phys. 83 (1982), 517-535. [4] A. J. Chorin, Vorticity and Turbulence, Springer-Verlag, New York 1994. [5] F. Flandoli, B. Schmalfuss, Weak solutions and attractors for the 3 dimensional Navier-Stokes equations with non-regular force, J. of Dynamics and Diff. Eq. 11, Nr. 2 (1999), 355-398.

[6] A. V. Fursikov, Statistical extremal problems and unique solvability of the three dimensional Navier-Stokes system under almost all initial conditions, PMM USSR 46, n. 5, 637-644 (1983).

[7] G. Gallavotti, Ipotesi per una introduzione alla Meccanica dei Fluidi, Quaderni CNR-GNFM, Roma 1996.

[8] R. Grauer, T. Sideris, Numerical computation of 3D incompressible ideal fluids with swirl, Phys.

Rev. Lett. 67 (1991), 3511-3514.

[9] R. Kerr, Evidence for a singularity of the three dimensional incompressible Euler equation, Phys.

Fluids A 6 (1993), 1725-1739.

[10] O. E. Lanford III, Time evolution of large classical systems, in Dynamical systems, theory and applications, Lecture Notes in Physics, Vol. 38, 1-111, Springer Verlag, Berlin 1975.

[11] F. Lin, A new proof of the Caffarelli-Kohn-Nirenberg theorem, Comm. Pure Appl. Math. LI (1998), 241-257.

[12] P. L. Lions, Mathematical Topics in Fluid Mechanics, Vol. I, Clarendon Press, Oxford 1996. [13] M. Romito, Ph.D. thesis, Pisa, Ottobre 2000.

[14] V. Scheffer, The Navier-Stokes equation on a bounded domain, Comm. Math. Phys. 73 (1980), 1-42.

[15] G. Sell, Global attractor for the 3D Navier-Stokes equations, J. Dynam. Diff. Eq. 8 (1), 1996. [16] J. Serrin, On the interior regularity of weak solutions of the Navier-Stokes equations, Arch. Ration.

Mech. Anal. 9 (1962), 187-195.

[17] R. Siegmund-Schultze, On non-equilibrium dynamics of multidimensional infinite particle systems in the translation invariant case, Comm. Math. Phys. 100 (1985), 245-265.

[18] H. Sohr, W. von Wahl, On the regularity of the pressure of weak solutions of Navier-Stokes equations, Arch. Math. (Basel) 46 (1986), 428-439.

[19] R. Temam, The Navier-Stokes Equations, North Holland, 1977.

[20] R. Temam, Navier-Stokes Equations and Nonlinear Functional Analysis, SIAM, Philadelphia, 1983. [21] R. Temam, Infinite Dimensional Dynamical Systems in Mechanics and Physics, Springer-Verlag, New York, 1988.

[22] M.I. Vishik, A.V. Fursikov, Mathematical Problems of Statistical Hydromechanics, Kluwer, Dordrecht, 1980.