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1 Introduction

There are many variants of the mathematical model introduced by Watts and Strogatz (I15)
to describe the “small-world” networks popular in the social sciences; one of them, the great
circle model of Ball et. al. (4), actually precedes (15). See () for a recent overview, as well as
the books () and (¥). A typical description is as follows. Starting from a ring lattice with L
vertices, each vertex is connected to all of its neighbours within distance k£ by an undirected
edge. Then a number of shortcuts are added between randomly chosen pairs of sites. Interest
centres on the statistics of the shortest distance between two (randomly chosen) vertices, when
shortcuts are taken to have length zero.

Newman, Moore and Watts (12), (13) proposed an idealized version, in which the lattice is
replaced by a circle and distance along the circle is the usual arc length, shortcuts now being
added between random pairs of uniformly distributed points. Within their [NMW] model, they
made a heuristic computation of the mean distance between a randomly chosen pair of points.
Then Barbour and Reinert () proved an asymptotic approximation for the distribution of this
distance as the mean number %Lp of shortcuts tends to infinity; the parameter p describes the
average intensity of end points of shortcuts around the circle. In this paper, we move from
the continuous model back to a genuinely discrete model, in which the ring lattice consists
of exactly L vertices, each with connections to the k nearest neighbours on either side, but
in which the random shortcuts, being edges of the graph, are taken to have length 1; thus
distance becomes the usual graph distance between vertices. However, this model is rather
complicated to analyze, so we first present a simpler version, in which time runs in discrete
steps, but the process still lives on the continuous circle, and which serves to illustrate the main
qualitative differences between discrete and continuous models. This intermediate model would
be reasonable for describing the spread of a simple epidemic, when the incubation time of the
disease is a fixed value, and the infectious period is very short in comparison. In each of these
more complicated models, we also show that the approximation derived for the [NMW] model
gives a reasonable approximation to the distribution of inter-point distances, provided that p
(or its equivalent) is small; here, the error in Kolmogorov distance d is of order O(p% log(%))7
although the distribution functions are only O(p) apart in the bulk of the distribution.

The main idea is to find the shortest distance between two randomly chosen points P and P’
by considering the sets of points R(n) and R'(n) that can be reached within distance n from P
and P’, respectively, as n increases. The value of n at which R(n) and R’'(n) first intersect then
gives half the shortest path between P and P’.

Each of the sets R(n) and R/(n) consists of a union of intervals, which grow in size as n in-
creases. Their numbers may increase, because of new intervals added through shortcuts, and
they may decrease, if pairs of intervals grow into one another. This makes their evolution rather
complicated to analyze. However, in the tradition of branching process approximations in epi-
demic theory, there is a simpler process with branching structure which acts as a good enough
approximation until the value of n at which the first intersection takes place, and with which we
can work. Conditional on the number and sizes of the intervals in this process, the number of
intersections has a distribution which is close to Poisson, and removing the conditioning leads
to a mixed Poisson approximation for the number of intersections. To calculate the mixing
distribution, and thence to characterize the limiting distribution of the shortest path length, the
existence of the martingale limit for the branching process and its limiting distribution play a
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crucial role.

In Section Bl we introduce the continuous model in discrete time. Here, the branching approx-
imation is not a Yule process, as was the case for the continuous circle [NMW]| model treated
in (), and the distribution of its martingale limit is not available in closed form; as a result, our
limiting approximation to the shortest path length is not as explicit as it was there. Another
main difference from the [NMW] model is that the limiting distribution of the shortest path
length may be concentrated on just one or two points, when the probability of shortcuts is large;
the distribution is discrete but more widely spread if the probability of shortcuts is moderate;
and only if the probability of shortcuts is very small is the distribution close to the continuous
limiting distribution of the [NMW] model, for which (@) gives a closed-form expression.

The proofs of these results are to be found in Section Bl In Section Bl the mixed Poisson
approximation for the number of intersections in the approximating branching process is given
in Proposition Bl This is converted in Corollary B4l to an approximation to the probability
that the two original processes started at P and P’ have not yet met. The approximation is good
for the times that we are interested in. In Section B2 we give a limiting distribution for the
shortest path length in Corollary B, and a uniform bound for the distributional approximation
in Theorem BI0l Finally, in Section Bl we show that the limiting distribution in the [NMW]
model is recovered, if the probability of shortcuts is very small. For this, we employ a contraction
argument to show that the Laplace transforms of the two limiting distributions are close. The
resulting bound on the Kolmogorov distance between the limiting distribution in our model and
that for the [NMW] model is given in Theorem BTGl

Section Bl describes the discrete circle model in discrete time, which is the usual small-world
model, and gives the main results. Shortcuts now have length 1 instead of length 0, and so a
newly created interval, which consists of a single point, makes relatively little contribution to the
creation of new intervals at the next time step; there are only the possible shortcuts from a single
point available for this, whereas established intervals typically have 2k points to act as sources
of potential shortcuts. This leads to a hesitation in the growth of the process, with significant
consequences in the large p regime. Mathematically, the analysis becomes more complicated,
because we now have to consider a two-type branching process, the types corresponding to
newly created and established intervals. The largest eigenvalue and corresponding eigenvector
of the branching process mean matrix now play a major role in the martingale limit and in
the mixed Poisson approximation, and hence in the limiting distribution of the shortest path.
Again, this limiting distribution may be concentrated on just one or two points if the probability
of shortcuts is large; the distribution is discrete but spread out if the probability of shortcuts
is intermediate; and it approaches the limiting distribution of the [NMW] model only if the
probability of shortcuts is very small.

Section [ gives the proofs; its structure is similar to that of Section Bl Lemma B4l in Section B.1
gives the mixed Poisson approximation for the probability that there are no intersections, and
Theorem in Subsection converts the result into a uniform approximation for the dis-
tribution of the shortest path length. In Subsection B3l to assess the distance to the limiting
distribution for the [NMW] model, we again employ Laplace transforms and a contraction ar-
gument, leading to the uniform bound in Theorem BT4l

It should be noted that, in all our results, the probability of shortcuts and the neighbourhood
size are both allowed to vary with the circumference of the circle. Our approximations come
complete with error bounds, which are explicitly expressed in terms of these quantities. Limiting
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behaviour is investigated under conditions in which the expected number of shortcuts grows to
infinity.

2 The continuous circle model for discrete time

In this section, we consider the continuous model of (@), which consists of a circle C' of
circumference L, to which are added a Poisson Po (Lp/2) distributed number of uniform and
independent random chords, but now with a new measure of distance d(P, P') between points P
and P’. This distance is the minimum of d(v) over paths ~ along the graph between P and P’,
where, if 7 consists of s arcs of lengths Iy, ..., I connected by shortcuts, then d(vy) :=>">_,[l,],
where, as usual, [[] denotes the smallest integer m > [; shortcuts make no contribution to the
distance. We are interested in asymptotics as Lp — oo, and so assume throughout that Lp > 1.

We begin with a dynamic realization of the network, which describes, for each n > 0, the
set of points R(n) C C that can be reached from a given point P within time n, where time
corresponds to the d(-) distance along paths. Pick Poisson Po (Lp) uniformly and independently
distributed ‘potential’ chords of the circle C; such a chord is an unordered pair of independent
and uniformly distributed random points of C'. Label one point of each pair with 1 and the
other with 2, making the choices equiprobably, independently of everything else. We call the
set of label 1 points @, and, for each ¢ € Q, we let ¢ = ¢/(¢) denote the label 2 end point. Our
construction realizes a random subset of these potential chords as shortcuts.

We start by taking R(0) = {P} and B(0) = 1, and let time increase in integer steps. R(n) then
consists of a union of B(n) intervals of C. Each interval is increased by unit length at each
end point at time n + 1, but with the rule that overlapping intervals are merged into a single
interval; this results in a new union R'(n+ 1) of B’(n + 1) intervals; note that B’(n+ 1) may be
less than B(n).

Then, to get from R'(n+ 1) to R(n+ 1), we need to add any new one point intervals which are
connected to OR(n + 1) := R'(n+ 1) \ R(n) by shortcuts (since these are taken to have length
zero). These arise principally from those chords whose label 1 end points lie in dR(n + 1), and
whose label 2 end points lie outside R'(n + 1); thus shortcuts are in essence those chords whose
label 1 end points are reached before their label 2 end points. However, if both ends of a chord
are first reached at the same time point, then we flip a fair coin to decide whether or not to
accept it. Thus, for each ¢ € OR(n+1)NQ, we accept the chord {q,q¢'} if ¢ =¢'(¢) € R'(n+1),
we reject it if ¢ € R(n), and we accept the chord {q, ¢’} with probability 1/2 if ¢ € OR(n + 1),
independently of all else. Letting Q(n + 1) := {¢’ ¢ R'(n+ 1) : {q,q'} newly accepted}, take
R(n+1)=R'(n+1)uQ(n+1) and set B(n+1) = B'(n+1)+|Q(n+1)|. Note that B(n+1)
may be either larger or smaller than B(n), and that B = 1 a.s. After at most [L/2]
time steps, each of the potential chords has been either accepted or rejected independently with
probability 1/2, because of auxiliary randomization for those chords such that {q,¢'} € OR(n)
for some n, and because of the random labelling of the end points of the chords for the remainder.
Hence this construction does indeed lead to Po (Lp/2) independent uniform chords of C'.

We shall actually use the construction with different initial conditions. We shall start with
R(0) = {P,P'} and B(0) = 2, to realize the sets of points accessible from either of the two
points P, P' € C within distance n, for each n > 1; and with R(0) = P and B(0) = 1, but
then adding the point P’ to R(1) and increasing B(1) by 1, in order to realize the sets of points
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accessible either from P within distance n or from P’ within distance n — 1, for each n > 1.
In either case, we can also record, at each time n, the information as to which intervals are
accessible from P and which from P’ within the allotted distances. If, at time n, there is an
interval which is accessible from both P and P’, then there are some points in it (not necessarily
all of them) which can be reached from both P and P’; this implies that d(P, P’) < 2n with the
first initial condition, and that d(P, P’) < 2n — 1 with the second. If not, then d(P, P’) > 2n or
d(P,P") > 2n — 1, respectively. Thus whether or not d(P, P') < k is true for any particular k,
even or odd, can be determined by knowing whether, at the appropriate time step and with the
appropriate initial condition, there are intervals accessible from both P and P’.

For our analysis, as in (1), we define a closely related birth and growth process S*(n), starting
from the same initial conditions, using the same set of potential chords, and having the same
unit growth per time step. The differences are that every potential chord is included in S*, so
that no thinning takes place, and the chords that were not accepted for R initiate independent
birth and growth processes having the same distribution as S*, starting from their label 2 end
points. Additionally, whenever two intervals intersect, they continue to grow, overlapping one
another; in R, the pair of end points that meet at the intersection contribute no further to
growth, and the number of intervals in R decreases by 1, whereas, in S*, each end point of the
pair continues to generate further chords according to independent Poisson processes of rate p,
each of these then initiating further independent birth and growth processes.

This birth and growth process S*(n) agrees with R during the initial development, and only
becomes substantially different when it has grown enough that there are many overlapping
intervals. Its advantage is that it has a branching structure, and is thus much more easily
analyzed. For instance, with initial conditions as above, let S(n) denote the set of intervals
generated up to time n starting from P and let M (n) denote their number; let S’(n) and M'(n)
denote the same quantities generated starting from P’. Then M and M’ are independent pure
birth chains with offspring distribution 1 4+ Po (2p), and the centres of the intervals, excluding
P and P/, are independent and uniformly distributed on C. Hence EM (n) = (1 4+ 2p)™, and

W) == (142p)"M(n)
forms a square integrable martingale, so that
(1+2p) "M(n) — W, as. (2.1)

for some W), such that W, > 0 a.s. and EW, = 1. Note that Var W(n) <1 for all n. Similar
formulae hold also for M’, modified appropriately when the initial conditions are such that P’
only initiates its birth and growth process starting at time 1, rather than at time 0; for example,
we would then have EM'(n) = (1 +2p)" ! and W'(n) := (1 +2p)" "V M'(n) — W/; a.s.

Our strategy is to pick initial conditions as above, and to run the construction up to integer
times 7., chosen in such a way that R(n) and S*(n) are still (almost) the same for n < .. We
then use the probability that there is a pair of intervals, one in S(7) and the other in S'(7,),
that (i) intersect, but (ii) such that (roughly speaking) neither is contained in the other; this
we can use as an approximation for the probability that there are points accessible from both P
and P’ in R(7,). Note that a condition of the form (ii) has to be included, because the smaller
interval in any such pair would (probably) have been rejected in the R-construction; see the
discussion around () for the details. This is the only way in which the distinction between R
and S* makes itself felt.
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The time at which the first intersection occurs lies with high probability in an interval around

the value
_ | log(Lp)
no = |57 77 o>
2log(1 + 2p)

where | x| denotes the largest integer no greater than x. This is because then (14 2p)"™ =~ /Lp,
relevant for ‘birthday problem’ reasons to be explained below. It is in fact enough for the
asymptotics to consider the interval of times 7. = ng + r, for 7 such that

Ir|+1 <

1
= m log (Lp) - (2.2)

The choice of 6 in the denominator is such that, within this range, both n;(r,r’ )(Lp)_% and
n3(r,r’ )(Lp)_i7 quantities that appear in the error bounds in Corollaries B4 and B8l and The-
orem B8 are bounded (and mostly small); outside it, the intersection probability is close to
either 0 or 1.

For an r satisfying [ZZ) to exist, L and p must be such that Lp > (1 + 2p)%, a condition
asymptotically satisfied if Lp — oo and p remains bounded, but imposing restrictions on the
rate of growth of p as a function of L, if p — oco. In this choice, one already sees a typical
manifestation of the effect of discretization. In the continuous model of Newman, Moore and
Watts (13), either of L or p could have been arbitrarily fixed, and the other then determined by
the value of the product %L,o, the (expected) number of shortcuts, this being the only essential
variable in their model. Here, in the discrete variant, the values of L and p each have their
separate meaning in comparison with the value 1 of the discrete time step. In particular, if any
such r exists, then it follows that

log(Lp) < < 2log(Lp)

A 2.3
~ 3log(l+2p) — ™= 3log(1+2p)’ (23)

we shall for convenience also always assume that Lp > 10.
Let ¢o := ¢o(L, p) be defined by the equations

(1+2p)" = ¢ov/Ip and (1+2p)7" < ¢ < 1, (24)

so that ¢o = (Lp)~1/2(1 4 2p)™; note that ¢y ~ 1 if p is small. Then, writing R, = R(7.),
S, = S(7.) and M, = M(7,), we have EM, = ¢o\/Lp(1 + 2p)"; similarly, writing r' = r if M’
starts at time 0 and 7/ = r — 1 if M’ starts at time 1, we have EM! = ¢ov/Ip(1 + 2p)"". For
later use, label the intervals in S, as I1,..., I, and the intervals in S). as Jp, ..., Jyz, with the
indices respecting chronological order: if ¢ < j, then I; was created earlier than or at the same
time as ;.

At least for small p, we can make a ‘birthday problem’ calculation. There are about gb%Lp(l +
2p)’"+T/ pairs of intervals at time 7, such that one is in S, and the other in S/, and each is of
typical length p~'; thus the expected number of intersecting pairs of intervals is about

2 ! /
L—p¢3Lp(1 +2p)" " = 265(1 +2p)""",

and this, in the chosen range of r, grows from almost nothing to the typically large value
265(Lp)"/3.
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We now introduce the key event A, ,/, that no interval in R, can be reached from both P and P’
— equivalent to d(P, P") > 2(ng +r) if v/ = r, and to d(P,P') > 2(no+r)—1if ' =r—1
— whose probability we wish to approximate. We do so by way of an event defined in terms
of S, and S, which we show to be almost the same. Clearly, if the intervals of S, and S/ have
no intersection, then A, , is true. However, the event {I; N J; # 0} does not necessarily imply
that A,,s is not true, if either of I; or J; was ‘descended’ from one of the birth and growth
processes initiated in S or S’ independently of R, after a merging of intervals or the rejection
of a chord, or if either I; or J; was itself centred at the second end-point ¢’ of a rejected chord.
As indicated above, the only one of these possibilities that has an appreciable effect is when the
chord generating I; is rejected because its ¢’ belongs to the interval which grows to become J;
at time 7,., or vice versa.

More precisely, we formulate our approximating event using not only knowledge of S, and S/,
but also that of the auxiliary random variables used to distinguish rejection or acceptance of a
chord when both ¢ and ¢’ belong to dR(n + 1) for some n. We let (Z;, i > 1) and (Z}, j > 1) be
sequences of independent Bernoulli Be (%)fdistributed random variables which are independent
of each other and everything else, and if I; is such that, for some j, I; C J; but Ii1 ¢ Jj, where,
for an interval K = [a,b] C C, K! := [a—1,b+ 1], then we reject (accept) the (chord generating
the) interval [; in the construction of R if Z; = 0 (Z; = 1); the Z ]’ are used similarly to randomize
the acceptance or rejection of J;. Note that I; is always rejected if Il-l C Jj for some j, and
that I; is always accepted if I; is contained in none of the .J;. (Recall that I} C J; translates
into the process starting from P’ taking a shortcut into an interval that was already covered by
the process starting from P).

Then we define
Xij = LN J;# 0T ¢ J3{J) ¢ L1 — Ki)(1 - K7), (2.5)

where
K;; = 1{I; C Jj, Zi = 0}; Kjlz = 1{<]j c I, ZJ’, =0},

so that X;; certainly takes the value 1 if I; and J; are both realized in R and intersect one other,
but may also take the value 1 if, for instance, I; is not realized in R because Iil C Jj for some
i # 3.
We set

M, M

Vi = ZZXij’ (2.6)

i=1 j=1

noting that therefore {V,.,» = 0} C A,,s. In the next section, we show that these two events
are in fact almost equal. Furthermore, we are able to approximate the distribution of V;.,» by
a mixed Poisson distribution whose mixture distribution we can identify, and this gives us our
approximation to P[4, ,/].

After this preparation, we are in a position to summarize our main results. We let D denote
the small worlds distance between a randomly chosen pair of points P and P’ on C, so that, as
above,

P[D > 2ng+r+1'] = P[4, ]

)
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As approximation, we use the distribution of a random variable D* whose distribution is given
by
P[D* > 2ng+ 2] = E{e @02 WoWir g, (2.7)

where W, and W} are independent copies of the random variable defined in ([T]). The following
theorem (c.f. Theorem BI0) gives conditions for the approximation to be good asymptotically.
In this theorem, the parameter p may be chosen to vary with L, within rather broad limits. The
derived quantities ¢g and ng both implicitly depend on L and p, as does the distribution of D*.

Theorem 2.1. If Lp — oo and p = p(L) = O(LP), with 3 < 4/31, then
dix(L(D),L(D*)) — 0 as L — oo.
The limiting behaviour for the two different p(L)-regimes corresponding to Corollary BITl and

Theorem is described in the following theorems. Once again, derived quantities such as
¢, 1o, Nog and x¢ all implicitly depend on L and p.

Theorem 2.2. Let Ny be such that (1 + 2p)No < Lp < (14 2p)Not! and define o € [0,1) to
be such that Lp = (1 + 2p)No+a; then

P [D* > Ny + 1]
P [D* > Ny + 2]

1 (1+20)7

>
< (1+2p) T log{2(1+ p)},

so that D* concentrates almost all of its mass on Ng + 1 if p is large, unless a is very close to
0 orl.

Theorem 2.3. If p — 0, the distribution of p(D*—2ng) approaches that of the random variable T
defined in (%), Corollary 3.10:

e_y

—dy.
1+ e2ry y

Plp(D* —2ng) >z] — P[T >z] = /000

In the detailed versions below, the errors in these distributional approximations are also quan-
tified.

This latter result shows that, for p small and z = lp with [ € Z,

Pp(D* = 2n) > 7] = B{e 8042wy
~ E{e—eszW/} _ P[T>x]’ (28)

where W and W’ are independent negative exponential NE(1) random variables, i.e. P(W >
x) = e " for z > 0. Indeed, it follows from Lemma B4 below that W, —p W as p — 0. One
way of realizing a random variable T' with the above distribution is to realize W and W', and
then to sample T' from the conditional distribution

_ o2z /
PT >z |W,W'] = e WW
e exp{2z+log W+log W'}

e exp{2:137G17G2}7 (29)
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where G7 := —logW and G2 := —logW’ both have the Gumbel distribution. With this

construction,

x

P[QT—{Gl—i-GQ} >1‘“/V,W/] = e “,
whatever the values of W and W', and hence of G; and G5, implying that
2T =p G1+ G2 —Gs,

where G1,G92 and G3 are independent random variables with the Gumbel distribution (see
Janson (1) for an analogous result in a somewhat different context). The cumulants of 7' can
thus immediately be deduced from those of the Gumbel distribution, given in Gumbel (9):

ET = /2 ~ 0.2886;
VarT = =2/8.

Note that the conditional construction given above is visible in the arguments of the next sec-
tion. The proofs are based on first conditioning on the processes S and S’ up to time 7., and
Corollary B below justifies an approximation of the same form as in (&), with W and W’
replaced by W, and W/;' These random variables are, however, essentially determined by the
early stages of the respective pure birth processes; the extra randomness, once the values of W,
and W, have been fixed, comes from the random arrangement of the intervals of S, and S on
the circle C.

In the NMW heuristic, the random variable T is logistic, having distribution function
e’ (1+¢e?®)~1; note that this is just the distribution of 3 (G1 —Gs). Hence the heuristic effectively
neglects some of the initial branching variation.

3 The continuous circle model: proofs

3.1 Poisson approximation for the intersection probability

The first step in the argument outlined above is to establish a Poisson approximation theorem
for the distribution of V;.,, conditional on F, := o(M(l), M'(l), 0 <1 < 7). This is rather easy,
because V;.,s is a sum of dissociated random variables.

Proposition 3.1. Let V,.,» be defined as in (Z@). Then, if P and P' are chosen uniformly and
independently on C, we have

dTV{E(V}W | Fr), Po (A (M, M’))} < 8(M, + M;)TT/L,
where

M, M

A(M, M) = ) B{Xy; | Fr}

i=1 j=1
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Proof. Since, at time 7., each interval has length at most 27,, and because their centres are
independently and uniformly distributed on C, it follows that

E{X;;|F} < 4r.L7', E{X;X;|F} < 4n. L 'E{X;; | F}
and E{X;;Xy;|F} < 4n.L'E{X;; | 7},

for all 1 < i,k < M, and 1 < j,1 < M/, and that X; is independent of the random variables
{Xp, 1 <k #i< M,1<1+#j < M}. The proposition now follows directly from the
Stein—Chen local approach: see ((l), Theorem 1.A). O

Remark. If P and P’ are not chosen at random, but are fixed points of C, the result of
Proposition Bl remains essentially unchanged, provided that P and P’ are more than an arc
distance of 2ng +r 4" apart. The only difference is that then X1; = 0 a.s., and that \.(M, M’)
is replaced by A.(M,M') — 2(2ng + r + r')L~!, because the two points P and P’ are already
forced to be at least 2ng + r + 7’ apart in both directions on the circle. If P and P’ are less
than 2ng 4+ r + 1" apart, then P[4, /] = 0.

From Proposition B, P[V;.,» = 0] can be well approximated by E{e~*(M:M )1, provided that
we can show that 7,EM, /L is small. The next lemma shows that, with somewhat better
control of the distribution of M,, the probability P[A, ,/] that we are interested in is itself
well approximated by P[V,,» = 0]. To prove it, we compare suitably chosen random variables
in the joint construction.

Lemma 3.2. With notation as above, we have

0 < P[4,]— PV, =0]

<
< 1672L*E{M,M.(M, + M})(1 + log M, + log M})}.

Proof. The proof requires some extra notation, involving ancestry. Each interval I in S is created
at some time n by a single label 2 endpoint ¢’ of a chord {q, ¢'}, whose label 1 endpoint belonged
to the extension of an interval of S(n — 1). This latter interval is considered to be the parent
of I. Using this notion, we can construct a ‘family tree’ for the intervals of S. In particular, for
any [ > 1, we can take the set of intervals I; :== {I1,...,I;} to be ‘ancestor’ intervals, and then
determine, for each i, the index A'(7), 1 < A!(i) <, of the most recent ancestor of I; among I.
Then, letting S¢ := U#i I; and S!7 := Ul;ﬁj J;, we define

Hy = {LNSi#0)  Hp = |J ({IlﬂSf,;é(b}ﬂ{Al(z’):l}>

1<i<i
Hy = |J (thnsi#0pn{a@) =),
1<I<t
and set H; := 2:1 H,,; we also define H/,, 1 < v < 3 and H/ analogously. Thus H;; is the

event that the interval I; is not isolated in S,; H;s is the event that some ancestor of interval
I; is not isolated in S,; and H;3 is the event that some ancestor of interval I; intersects S,.; H;
summarises the event that I; or one or more of its ancestors intersect either S or the remainder

of S;.
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Then, with X;; defined as in (23),

{V;",r’ :0} C Ar,r’ C {‘7;",1"’ :0}7 (31)
where
M, M
= > > Xy I[H{)I[H,
i=1 j=1
so that
P[Ar r! \ {‘/r r = 0}] < P[V;" r! 7é ‘7;",1"’] S E(‘/r,r’ - ‘7;",7") (32)
M, M;
< E ZZXUZ w] + I[H},))
=1 j=1 v=1

Now, conditional on F,, the indicator X;; is (pairwise) independent of each of the events Hj,
and H/ , 1 <wv < 3, because H;, H;o and H', i3 are each independent of CJ’, the centre of J;, and

jv?
HYy, H}, and H;z are each independent of ;. Moreover, the event {Al(i) = 1} is independent of
M, M’ and all {;’s and Cj’.’s, and has probability 1/1, since the [ birth processes, one generated
from each interval I,,, 1 < v <[, which combine to make up S from time that I; was initiated
onwards, are independent and identically distributed. Hence, observing also that no interval at
time 7, can have length greater than 27,., it follows that

E{X,;I[Ha]|F} < 4n.L Y(M, - )E{X;; | F},

i—1
E{X;I[Hp]|F} < 4L '(M,—1)) I7'B{X;|F}

< 4L YM, — 1)log M,E{X,; | F,.}
and
E{X;;I[Hi3] | F+} < 4L 'M/log M,E{X;; | F.}.
Hence it follows that
M, M

ZZZE{XZ]I i) | Fr}

i=1 j=1v=1
< 47, LY (M, — 1)(1 +log M,) + M/ log M, I\, (M, M"),

and combining this with a similar contribution from the quantities E{X;;I[H],]| F;} gives

ZZXUZ w] + I[HL)) | Fr

=1 j=1 v=1
< 47, LY (M, + M —1)(1 + log M, + log M')\.(M, M").
Observing that \.(M, M’) < 47, L= M, M/ completes the proof. O
To apply Proposition Bl and Lemma B2 we need in particular to bound the moments of M,

appearing in Lemma B2 which we accomplish in the following lemma. The corresponding
results for M/ can be obtained by replacing r with 7.
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Lemma 3.3. The random variable M(n) has as probability generating function
GM(n) (8) = ESM(n) - f(n)(s)v f(S) = 8620(5—1)7
where f™ denotes the nth iteration of f. In particular, we have

EM, = ¢ov/Lp(1+2p)", EM} < 2¢5Lp(1+ 2p)”,
EM? < 6¢5(Lp)*?(1+2p)"

and
E{M,log M,} < {7log(1+2p)+ 2}do\/Lp(1+2p)",
E{Mlog M,} < 2{rlog(1+2p)+3}¢5Lp(1+2p)*".

Proof. Since M (n) is a branching process with 1+ Po (2p) offspring distribution, the probability
(1)

generating function is immediate, as is the formula for its first moment m,, := m;’ = (1 +
2p)", where we write m%”) := E{M"(n)}. Considering the outcome of the first generation, and

letting Z denote a Poisson random variable with mean 1 4 2p, we then have the recurrences

m® = m{ EZ+m? E{Z(Z-1)}
= (1+20)m +4p(1 + p)(1 + 2p)*"
and
m® = m® EZ+3m,_m® B{Z(Z-1)} +m}_B{Z(Z—1)(Z - 2)}

= (1+20)m)y +12p(1+ p)(1+2p)" 'l + 4p%(3 + 2p) (1 + 20)*" 7,

From the first recurrence, it follows easily that
m® < 214 p)(1+20)2""0 < 2(1+20)7", (3.3)
and then from the second that

m{® < {24p(1+p)> + 4073+ 2p) (1 +2p) } (1 +20)*" / {1 — (1 +2p)7%}
< 6(1+2p).

The bounds for the moments of M, follow by replacing n by 7,. The remaining bounds are
deduced using the inequality

logm < nlog(l+2p) +m(1+2p)~". O

These estimates can be directly applied in Lemma and Proposition Bl Define
m(r,r') = 704p%(no +r)*log (1 + 2p)d (1 + 2p)*+"'; (3.4)
ne(r,r’) = 16p(ng +1)¢o(1 +2p)", (3.5)
and note, for the calculations, that 37, log(1 + 2p) > 2, from (Z3)) and because Lp > 10.
Corollary 3.4. We have
0 < PlA] =PV =01 < mu(r,r')(Lp) '/,
and hence, recalling that A,,» = {D > 2ng+r + r'},
|P[D > 2ng + 1+ r'] — Eexp{—A-(M, M)} < {n(r,r") +na(r, ")} (Lp) /2. O
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3.2 The shortest path length: first asymptotics

In view of Corollary B4l the asymptotics of P[D > 2ng + r + 7’|, where D denotes the
“small world” shortest path distance between P and P’, require closer consideration of the
quantity E(exp{—\.(M,M")}). Now A.(M,M') can be expressed quite neatly in terms of the
processes M and M’. Such a formula is given in following lemma, together with a second, less
elegant representation, which is useful for the asymptotics. For a sequence H(-), we use the
notation VH (s) for the backward difference H(s) — H(s — 1). We define X (s) := M(s) — (1 +
2p)M (s — 1) and X'(s) := M'(s) — (1 +2p)M'(s — 1), and set M(—1) = M'(—1) = 0; we also
write

Tr
E (M, M') = > (2p{M(s = 1)X'(s) + M'(s = 1) X (5)} + X (s)X'(s))
s=2
— 3M(0)M'(0) + VM (1)VM'(1). (3.6)

Lemma 3.5. With the above definitions, we have

Tr—1 Tr
LA(M,M') = 4> M(s)M'(s) + MM, = > VM(s)VM'(s)
s=0 s=0

Tr—1

= 4(1—p%) > M(s)M'(s) + MM — E.(M, M)
s=1

Proof. Let the intervals I; and J; have lengths s; and u; respectively. By construction, both
lengths must be even integers, and the centres of the intervals are independently and uniformly
chosen on C'. Then, fixing I;, and supposing that u; < s; — 2, there are two intervals on C, each
of length u;, in whose union the centre of J; must lie, if I; and J; are to overlap without J;
being contained in I;; and there are two further intervals, each of length 1, for which one has
J; C I; but le ¢ I;, in which case E(1 — K};) = . From these and similar considerations, it
follows from (ZH) that

E{X;;|F.} = L_1{2 min(s;,u;j) +1— 581.,7”} =: L_lf(si,uj),

where 0y denotes the Kronecker delta and f(z,y) := 2min(z,y) + 1 — 6, . Hence

Tr  Tr

LM M) = Y S VMOVM () f(2(r —1),2(r = 1))
1=010'=0

= ETT {4 =) + DIVMOM' (= 1) + VMM - 1)}
=0
+ 4(r, — )VMOVM(1)}

Tr

= S {um -+ )VMOM W)} - VMOVMO)

=0

and summation by parts completes the proof of the first formula. The second follows from the
observation that VM (s) = X (s) 4+ 2pM (s — 1). O
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As a result of this lemma, combined with Corollary B4l, we can approximate the distribution of
the shortest path length D in terms of that of the random variable D*, introduced in (7).

Corollary 3.6. If p = p(L) is bounded above and Lp — oo, then, as L — oo,
IP[D > s] —P[D*>s]| — 0

uniformly in |s — 2ng| + 2 < %ﬁg)@'

Proof. For s in the given range, we write r = [(s — 2ng)/2] and ' = s — 2ng — r, and observe
that, under the stated conditions, 7, tends to infinity as L — oo at least as fast at clog(Lp), for
some ¢ > 0, because of Z3)). We also observe that

{m(r,r') +ma(r, ) }(Lp) ™2 — 0

uniformly in the given range of r.

Now W(n) = (1 4+ 2p)™"M(n) — W, as. and, for X(s) appearing in the definition (B8)
of E,.(M,M’), we have E{X(s) | M(0),...,M(s—1)} =0 and

Var X(s) = 2pEM(s—1) = 2p(1+2p)* Y (3.7)
furthermore, (1 4 2p)2"0 7+ = ¢2(1 4 2p)™+" Lp. Hence, and from Lemma [, it follows that

Tr—1
A(MM') ~ (142020047 LW, W {4<1 )Y (2 1}
=1
o1 fA(L = p?)
¢2Lp 1+2p 7’+7"L 1{7
oLl ) 4p(1 + p)

= ¢(1+2p)" W, W), (3.8)

2

+ 1} wW,W,

uniformly for r in the given range. This, together with the fact that
P[D* > 2ng +r+1] = E{ewg(uzp)zwpw,;}’

from (Z7), completes the proof. O

Hence P[D > s| can be approximated in terms of the distribution of D*, which is itself de-
termined by that of the limiting random variable W, associated with the pure birth chain M.
However, in contrast to the model with time running continuously, this distribution is not al-
ways the negative exponential distribution NE (1) with mean 1, but genuinely depends on p. Its
properties are not so easy to derive, though moments can be calculated, and, in particular,

EW, = 1, VarW, = 1/(1+2p); (3.9)

it is also shown in Lemma BT that £(WW,) is close to NE (1) for p small.
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3.3 The shortest path length: error bounds

The simple asymptotics of Corollary can be sharpened, to provide bounds for the errors
involved. The main effort lies in proving a more accurate approximation to A,.(M, M) than that

given in (BX).

At first sight surprisingly, it turns out that it is not actually necessary for the time 7. to tend
to infinity, since, for values of p so large that ng is bounded, the quantities W (n) are (almost)

constant for all n.

Lemma 3.7. We have
M (M, M) = (14 20)" g3{W (1) W (7,) + U},
where U,., given in {ZI1) below, is such that
E|U,| < 11(1 4 2p)8-7)/2,

Proof. We begin by observing that

Tr—1
p(L+2p)"CroFrr) S 7 M ()M (s)
s=1
Tr—1
= p>_ (1+20) W (r — W' (r, — 1)
=1
1 /
= m W (r )W'(1) — Up1 + Use,
where
W(TT)W/(TT)
Url )
414 p)(1 + 2p)2(7r*1)
Tr—1
U = p Y (1+2p) W (1)
=1
and

Wi == W(r — D)W (1. = 1) = W (1 )W'(7,).

Hence, since also
p(1+ 2p)_(2n0+r+r )MTM; = pW(r)W'(7),

we have shown that

Lp(1 +2p) =Gt \, (M, M)
= W(r)W' (1) +4(1 = p*) Uz — Up1) — Ups,

where
4

Us = p(L+2p) Crot ) B, (M) = 3V,

v=1
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with

Vo = 207 (1+42p) 271 W (s — HVIW/(s),
s=2

Vi = 20 (1+2p) 2 71O W (s)W(s — 1),
s=2

Vis = p > (1+20) 2" VW (5)VIW'(s)
s=2
and
Via = p(1+2p)" Gt Y M(1)VM'(1) - 35,0},
Thus we have assembled U,; recalling that (1 + 2p)?" = ¢ZLp from (), we have
U, = 4(1 = p*)(Upg — Uyp1) — Ups.
It remains to bound E|U,|. It is immediate that U,; > 0, so that

1
41+ p)(1 + 2p)2 =1

Then E|U,2| < /EU2; to bound the latter, we begin by defining
v = E{WIOWr(m)}, 1<i<m<r7 —1,

E|U| =

and vy, = vy if [ > m, so that

Tr—17r—1

BUS = p2 ), ) (1+2p) 2y,

=1 m=1

(3.11)

(3.12)

As W and W’ are independent martingales, with VIV (s) = (14 2p) *X(s), we have from (B3)

and (B) that

EW?(s) < 2, s>1;  E{(W(s)—W()?*} < 1+20) 6 1<s<t <o

Thus, for 1 <I<m <7 —1,
= B{W )Y
= E{W'(r, = D>YE{(W (7, — 1) = W(7))*}
+ E{W(r JE{(W' (7, — 1) = W'(7,))*}
4(1 4 2p)~ (=D,

Vim

IN

Hence it follows that

Tr—1
— (1+2p)7Y (e
EU2, < 2,2 5SS UE2T g gyt
4p? 1
— (142
a1t )
2 P’ —rp—1
— 4y — 142y
{p<1+p> }<1+2p>3—1( °)

< (A4p) 1 +20)7 7,
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and so
EU] < (14 p)7"(1+20)7/2 (3.14)

In order to bound E|U,3|, we begin by noting that EV,,; = EV,, = EV,3 = 0. Then, by the
orthogonality of the martingale differences VW (s) and VIW'(s), we have

BV = 4p') (1+2p) "I 2EW(s - DE{(VW'(5))*}
5=2
Tr—2
16p5 Z (1 + 2p)7(7T+3+31)
=0
8p*(1+2p)
14 2p + 4p?

IN

(1+20)"™ < 8p'(1+2p) "7,

and the same bound is true for EV/% as well. Then, similarly, we obtain the bound

Tr
EVE < p?) (1+2p) ) dp?(1 4 2p) 7%

s=2
3
14 (1+2p) —27, 3 —27,
— (1 +2 T< 2p7(1+2 r
1, (27 = 2001+ 2p)
and, finally,
E|Vi4| < p(1+2p) *" ! max{4p?, 3}.
Hence

E|Us| < 4V2p%(1 +2p) (mtD/2
+ V2032 (1 +2p) ™™ + dpmax{1, p*}(1 4 2p) 2+, (3.15)

Substituting from (FIZ), (BI4) and BI0) into ([BII), we obtain, after some calculation,
E|U,| < 11max{1,p*?}(1+2p)""/?,
proving the result. O
From Lemma B, observing that |[e™* —e™Y| < |x — y| for z,y > 0, we note that
Besxp (- (M, M)} — Bexp{~¢3(1 +20)*" W (r)W(r,)}]
< @(1+20) " EIU;| (3.16)
and, because also EW (n) =1 for all n, that
(Eexp{—¢%<1 +20)" T W ()W (1)} — Eexp{—o§(1 + 2p)" ™" W, W;}
< Q1L +20) TH{EIW, = W(r)| + E[W, — W(7,)[}. (3.17)

Using these results, we obtain the following theorem, giving a pointwise bound for the difference
between the distribution functions of D and D*.
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Theorem 3.8. If P and P’ are randomly chosen on C, then

|P[D > 2ng +r+1'] = P[D* > 2ng + r +1']|
< Am(r, ") +ma(r, ) H(Lp) ™2 4 ma(r, ) (Lp) ™4,

where n1,m2 are given in ([34) and (33),
na(r,r') = 136y %(1 4 2p) U2, (3.18)
and where, as before, D denotes the shortest distance between P and P’ on the shortcut graph.

Proof. We use Corollary B4, Lemma B and ([BI6]) and (BI7) to give

P[D >2ng+7r+7] - E{6*¢3(1+2p )W, W’}

< A{m(r, ")+ ma(r, ) HLp) V% + G3(1 + 2p) T E|U, |
+ @31+ 20) TTH{EIW, — W (r,)| + E[W, — W'(r,)]}, (3.19)

where E|U,| < 11(1 + 2p)3=7)/2, Now
B{(W,—W/(r)?} < (1+20)"
from BI3) (note that, if ' =r — 1, W' is a step behind W), and hence
EJW, — W(r)| + EIW, - W/(r,)| < 2(1+2p) /2

The theorem now follows from (7). O

For fixed p and r,7" bounded, the error in Theorem is of order (Lp)~'/*. However, if r + r’
grows, it rapidly becomes larger, because of the powers of (1 + 2p) appearing in the quantities
n(r,r"). Thus, in order to translate it into a uniform distributional approximation, a separate
bound for the upper tail of £(D*) is needed. This is given by way of the following lemmas.

Lemma 3.9. If X is a random wvariable such that
E{e "} <(1+0)7, (3.20)
then, for independent copies X1, X2 of X, we have
E (e—9X1X2) <0~ log(1 + 0).
In particular, for all 0,p > 0,
E (e*‘)WpWé) < 9~ log(1+0).

Proof. We begin by noting that

(1+06w)™! = 0_1/ e e 0 gt
0
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Hence, applying (B20) twice, and because the function (14¢)~! is decreasing in ¢ > 0, we obtain
E (e—9X1X2) < E{1+6X)7"}

= ¢! /OO Ee X171/ gt
0

< 0—1/ (14+t)"te 0 at
0
0

< 9—1/ (1+t)"tdt = 67 t1og(1+6),
0

as required.

Now, the offspring generating function of the birth process M satisfies
Fls) = 520D < s{142p(1—5)}7" = fi(s)
for all 0 < s < 1. Hence, with m =1 + 2p,

E(e ") = lim f0(e ") < lim {7 = (14+9)7

n—oo

The last equality follows from (8.11), p.17 in (L0), noting that the right-hand side is the Laplace
transform of the NE(1) - distribution. So (B20) holds, and the first part of the lemma applies,
giving the assertion. O

We can now prove the following uniform bound on the distance between the distributions of D
and D*. For probability distributions @ and Q" on R, we use di to denote the Kolmogorov
distance:

dk(Q,Q") = SSP|Q{(—OO’$]} — Q'{(—00,]}|.

Theorem 3.10. For D the shortest path between randomly chosen points P and P’ and D* with
distribution as in ([2.1), we have

dx (L(D),L(D*))

2
_ o<1og<];p)<1+2p>3/2@p>%+ (re57) <1+2p>1/2<Lp>?log3<Lp>>.

In particular, for p= p(L) = O(LP) with 3 < 4/31,
dix(L(D),L(D*)) — 0 as L — oo.
Proof. From Lemma B3 and ([Z7), it follows that

P[D* > 2ng + 2] < ¢y 2(1+2p) (1 + xlog(1 + 2p)) (3.21)
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for any = > 0, since ¢9 < 1 and log(1 +y) <1+ logy in y > 1. Then, for any = € Z, writing
r'(z) = |z/2] and r(z) = 2 — r'(z) < (z + 1)/2, it follows from Theorem B8 that

|P[D > 2ng + z] — P[D* > 2ng + x|
< {m(r(@),r'(2)) + ma(r(@), 7' () }(Lp) 2 + ns(r(2), 7" (2)) (Lp)~/*

p 2 1 2
- ((M) (1+2p)2 (Lp)~ 7 log®(Lp)
( plog(Lp)

log(1 + 2p)> (1+2p)2(Lp) 7+ (1+ 2P)3/2(Lp)7> ’

1 _
so long as z < LW] This is combined with the bound ([B2ZIl) evaluated at the value

_ r2log(Lp)—2log o
T = [ log(14+2p)
estimate follows.

The above bound tends to zero as L — oo as long as p = p(L) = O(LP) for § < 4/31. Thus the
theorem is proved. O

1, which gives rise to a term of order O ((Lp)f% log(Lp)), and the main

For larger p and for L large, it is easy to check that mg can be no larger than 4, so that
interpoint distances are extremely short, few steps in each branching process are needed, and
the closeness of £(D) and £(D*) could be justified by direct arguments. Even in the range
covered by Theorem B0 it is clear that £(D) becomes concentrated on very few values, once p
is large, since the factor ¢3(1 + 2p)* in the exponent in (Z7) is multiplied by the large factor
(1 + 2p) if z is increased by 1. The following corollary makes this more precise.

Corollary 3.11. If Ny is such that
(1+2p)™ < Lp < (1+2p)™*,
and if Lp = (14 2p)Note for some a € [0,1), then
PD*> Ny +1]>1—-(1+2p)" ¢,
and
P[D* > Ny +2] = Eexp{—(1+2p)" *W,W,;} < (1+2p) " *log{2(1+p)}.

Proof. The result follows immediately from Jensen’s inequality:

Eexp{—(1+2p)"*W,W,} > exp{—(1+2p) *EW,EW,}
> 1—(142p)°
as EW, = 1, and from Lemma B3 with 0 = (1 + 2p)1~2. O

Thus the distribution of D* is essentially concentrated on the single value Ny + 1 if p is large
and « is bounded away from 0 and 1. If, for instance, « is close to 1, then both Ny + 1 and
Ny + 2 may carry appreciable probability.
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If p — po as L — oo, then the distribution of p(D* —2ng) becomes spread out over Z, converging
to a non—trivial limit as L — oo along any subsequence such that ¢g = ¢o(L, p) converges. Both
this behaviour and that for larger p are quite different from the behaviour found for the [NMW]
model in (7). In the next section, we show that, if p becomes smaller, then the differences
become less.

3.4 Distance to the continuous circle model

We now show that, as p — 0, the distribution of p(D* — 2ng) approaches the limit dis-
tribution T obtained in (). Indeed, Theorem shows that P [p(D* — 2ng) > z] is close to
E{exp(—e%WpW/ﬁ)}. If W, and W, were replaced by independent standard exponential random
variables W and W', the result would be just P[T" > z]. Hence our argument is based on showing
that the distribution of W), is close to NE (1). We do so by way of Laplace transforms, showing
that the Laplace transform

p(0) = Ee M

of L(W,) is close to
@e(0) = (14+0)7", (3.22)

the Laplace transform of the NE (1) distribution, when p ~ 0. For this, we employ the character-
izing Poincaré equation for Galton—Watson branching processes (see Harris ((L(), Theorem 8.2,

p-15);

o((1+2p)0) = f(wp(0)). (3.23)

We show this to be the fixed point equation corresponding to a contraction ¥, which also almost
fixes ., thus entailing the closeness of ¢, and ¢.. The main distributional approximation
theorem that results is Theorem

To define the operator ¥, we first need the appropriate function spaces. Let
g = {g: [0,00) — [0,1] : |lgllg := sup 8~ 2|g(0)| < OO},
0>0
and then set

H = {x:1]0,00) = [0,1]: x(#) =1—0+ g(#) for some g € G}.

Then H contains all Laplace transforms of probability distributions with mean 1 and finite
variance. On H, define the operator ¥ by

wow = 1(x(2)).

fls) = se?te)
is the probability generating function of 1 + Po (2p), and

where

m=14+2p > 1.
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Thus, if x is the Laplace transform of a random variable X, and if X7, Xo,... are i.i.d. copies of
X, then Wy is the Laplace transform of Z = m™! leil X;, with N, independent of X1, Xo, ...,
having the distribution 1 4 Po (2p). The Laplace transform ¢, of interest to us is a fixed point
of U.

Lemma 3.12. The operator ¥ is a contraction, and, for all x,v € H,

1
Uy — U < —lx - .
[ox - Wy < — lx— vl

Proof. For all x,1 € H and 6 > 0, we have

02U (0) = p(0) = 07%|f <X (_)> -/ <¢ (%»‘
< s /)] 072 x (%) —v (%)‘

AN

3
=
<
S

as required. O

Lemma 3.13. For the Laplace transform p., we have

22
1w =gello < < P

1+2p)%
|\Ij906(‘9) — @6(9) 11 2/)‘9 —o-20
= _— 1 L m+6 — 1
02 v |\ Tmre)e

_ 1 200 >
— 214002 \m+60) "’

using the inequality |(1 4+ z)e™™ — 1] < ””2—2 for x > 0. The lemma now follows because m + 6 >
m=14+2pand 146 > 1. O

Proof. For all § > 0, we have

Lemmas and together yield the following result.

Lemma 3.14. For any p > 0,

— < .

1255



Proof. Note that indeed ¢, — ¢, € G. With Lemmas and BT3l it follows that

lep = @elle = [[¥pp — ellg
< ¥ep = Teellg + [[Tpe — @ellg
1 2p?
< e, — S
— m”‘PP @e”g + (1 + 2/))2
Thus, since m > 1, we obtain
lop—elly < o2 P
o Pelld = T+ 202 T 142
as required. O

As an immediate consequence, L(W,) — NE(1) as p — 0. This is the basis of our argument
for showing that the distribution of p(D* — 2ng) is like that of 7. What we actually need to
compare are the expectations Ee eWs and Ee*GWW/, for # = €%* and any z € R. The next
lemma does this.

Lemma 3.15. Let W, W' be independent NE (1) random variables. Then, for all 6 > 0, we have

e WoW) _ ge-tWW| ~ _4° g
- 142

Proof. We have
Ee—WoW) _ Rpe—tWW’
= E{E(e "))} — E{EE " W)}
Egpp(HW/g) — Ep.(0W)
= EVp,(0W,) — EVp (0W,) + EV. (6W,) — Ep.(01W})
+ Ege(61)) — B (W),

Since
Ep (W) = Ee ™Yo = Ep,(0W),

we obtain from the triangle inequality, (83) and Lemmas BI2], and B.T4] that

2/)2 2 2
< 2«9 E(Wp)

’ ’ 1
E oW, W, _ E —OWWwW < = o (92E 2
€ e € mHSOP @e”g (Wp)+ (1+2p)

+llop — el g0*E(WS)

262%(1 1 2p?
< (1+p) )Ly 2
1+2p 1+2p 1+2p  (1+2p)
< 4p 2
- 142
as required. O
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The quantity Ee "YW’ can be more neatly expressed:

E —OWwW’ /OO e Y d (3 24)
e = . .

From this, we obtain the following theorem.

Theorem 3.16. Let T' denote a random variable on R with distribution given by

P\T e’ d
>z = .
[ ] /(; 1 + yGQZ y

Then, for D* as in (2_1), we have

sup [P[p(D* = 2n0) > 2] = P[T > 2]| = O (p'*(1+10g(1/p)))
z€ER

Proof. We use an argument similar to that used for Theorem B Il First, writing A := D* —2ny,
it follows from (Z7), Lemma BTH and (B24) that

‘P[pA >z — /OO 2e_y dy‘ < ¥ (1+ 2p)%/r
o 1+ysg(l+2p)/r 1+2p
4p 4
< 2 Z. 2
< 1o e, zZ€Ep (3.25)

Define ¢(p) by requiring that (1 + 2p)/? = €2°P); then, in view of the fact that (1 + 2p)~"
¢o < 1, and because, for a,b > 0,

e eV |b— al
dy — dy| < —— 3.26
/0 1+ ay Y /0 1+ by y' ~ max{1,a,b}’ (3:26)

it also follows that

oo e—y
dy — P|T >
4p 622.

< -1 +207 <

(3.27)

Finally, again from (B2Z0), we have
IP[T > ze(p)] — PIT > ]| < 2|z|(1 — ¢(p)) min{1, e?*(P)}, (3.28)

Combining the bounds {2H), (E27) and FZR) for e2* < p~ /3 gives a supremum of order p'/3
for |P[p(D* —2ng) > z] — P[T > z]|; note that z may actually be allowed to take any real value
in this range, since T' has bounded density.

For larger values of z, we can use the bound
© o ydy 1
P[T > = / ety / W
o 1+ye* 1 + yes®
= e Zlog(1+e*) < p'Plog(l+p~ /%), (3.29)
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implying a maximum discrepancy of order O{p'/3(1 4 log(1/p))}, as required. Note that, in the
main part of the distribution, for z of order 1, the discrepancy is actually of order p. O

Numerically, instead of calculating the limiting distribution of W, as required for Theorem B0,
we would use E { e=900+20)" " W)W (1) L ipy place of E {e=¢00+20)""" WPW;} to approximate

P[D > 2ng +r+1']. The distributions of W (7,) and W'(7,.) can be calculated iteratively, using
the generating function from Lemma B2 As D is centred near 2ng = 2|4 |, and as r is of order

log(Lp) only order 1iog(Lp)

w, m iterations would be needed.

at most

4 The discrete circle model: description

Now suppose, as in the discrete circle model of Newman et al. (13), that the circle C' becomes
a ring lattice with A = Lk vertices, where each vertex is connected to all its neighbours within
distance k£ by an undirected edge. Shortcuts are realized by taking the union of the ring lattice
with a Bernoulli random graph G A2 having edge probability o/A. In contrast to the previous
setting, it is natural in the discrete model to use graph distance, which implies that all edges,
including shortcuts, have length 1. This turns out to make a significant difference to the results,
when shortcuts are very plentiful.

For comparison with the previous model, in which the k-neighbourhoods on a ring of Lk vertices
are replaced by unit intervals on a circle of circumference L, we would define p = ko, so that the
expected number of shortcuts, the edges in G AS that are not already in the ring lattice, is close
to the value Lp/2 in the previous model. The notation used by (13) is somewhat different.

The model can also be realized by a dynamic construction. Choosing a point P € {1,... A}
at random, set R(0) = {FPy}. Then, at the first step (distance 1), the interval consisting of P
is increased by k points at each end, and, in addition, a binomially distributed number Ml(l) ~
Bi (A — 2k — 1, §) of shortcuts connect P to centres of new intervals. At each subsequent step,
starting from the set R(n) of vertices within distance n of P, each interval is increased by the
addition of k points at either end, but with overlapping intervals merged, to form a set R’ (n+1).
This is then increased to R(n+1) by choosing as shortcuts the edges formed by a random subset
of pairs of points, one in R(n)\ R(n — 1) and one C'\ R(n — 1), each of the possible pairs being
independently chosen with probability o/A; those with second end-point in C'\ R'(n+1) actually
contribute new points to R(n + 1).

The main complication, compared to the continuous circle model in discrete time, arises from
shortcuts having length 1, instead of 0. An interval, when first ‘created’, consists of a single
point. At the next time step, it can start new intervals only from shortcuts originating at that
single point, whereas, at each subsequent step, there may be as many as 2k new points acting as
origins for new intervals. Thus there is a one-step hesitation in growth, which makes itself felt
if p is large. In the same way, because one-point intervals behave differently from all others, the
growth and branching analogue of the process needs to have two distinct types of individuals,
with type 1 individuals representing one-point intervals, and type 2 individuals representing all
others. The quantity corresponding to (1 4+ 2p) now becomes the largest eigenvalue A of the
mean matrix for this two-type branching process.
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In this growth and branching analogue, a type 1 interval at time n becomes a type 2 interval
at time n + 1, increasing its length by k vertices at each end, and, in addition, has a Bi (A, §)-
distributed number of type 1 intervals as ‘offspring’. A type 2 interval at time n stays a type 2
interval at time n+1, increasing its length by k vertices at each end, and each of the 2k vertices of
a type 2 interval that were added at time n is the ‘parent’ of an independent Bi (A, §)-distributed
number of type 1 intervals as offspring. Each new interval starts at an independent and uniformly
chosen point of the circle, and pairs of parent vertices and their offspring correspond to shortcuts.
The initial condition could be a single, randomly chosen point (type 1 interval) P, as above, or
a more complicated choice, as in Section B a pair of points P and P’ at time zero, or just P at
time 0, but with a second point P’ added at time 1.

In this model, we couple a pair of S- and R-processes by first realizing S, and then realizing R
as a sub-process of S, with the help of some extra randomization. In the process R, at each
time n + 1, n > 0, all shortcuts {l,1'} joining S(n) \ S(n — 1) to S(n — 1) are rejected; and if
and I’ both belong to S(n)\ S(n — 1), the shortcut {,1'} is accepted with probability 1/2 if just
one of the events E(l,l';n) and E(I',1;n) has occurred, where

E(l,I';n) = {S(n)\ S(n—1)>31,1'; I'is an offspring of [ at time n + 1}, (4.1)

and with probability 1 if both of these events have occurred. All descendants of rejected offspring
are also rejected, as are the descendants of shortcuts {l,1'} joining S(n)\ S(n—1) to S(n+1), to
avoid a vertex in R having shortcuts sampled more than once. Likewise, when intervals overlap,
so that the same vertex in .S has offspring assigned more than once, because it is in more than
one interval of S, only one set (chosen at random) is accepted for R.

For the growth and branching process S starting from a single point P, write

M(n) = < %E;EZ; ) n>0,

for the numbers of intervals of the two types at time n. Their development over time is given
by the branching recursion

M) ~ Bi ((M<1>(n — 1) + 2@ (n — 1))A, %) :
MPm) = MO(n-1)+MPD(n-1): (4.2)
MY©0) = 1,  MP0) = o
The total number of intervals at time n is denoted by
M*(n) = MY (n)+ M3 (n). (4.3)

As before, we use the branching process as the basic tool in our argument. It is now a two type
Galton—Watson process with mean matrix

o 2ko
A:<1 1 >

(t—1)(t—0) = 2o (4.4)

The characteristic equation
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of A yields the eigenvalues

A=X = Ho+1+(0+1)2+40(2k—1)} > o+ 1; (4.5)
A< X o= Ho+l-/(0+1)2+40(2k—-1)} < 0. (4.6)

We note a number of relations involving these eigenvalues, which are useful in what follows.
First, from [3) and (5], we have

)\2 = o+1-— )\, (47)
and, from (@4 and (),
A—1 < 2ko; (4.8)

then, from (@), and since va + b < \/a + vb in a,b > 0, we have

A< 140+ o(2k—-1); (4.9)
finally, again from (E4)),
2ko
0 <wi= —— =1-0/A < 1L 4.10
=Y T /A < (4.10)

From the equation fTA = Af7, we find that the left eigenvectors £, i = 1,2, satisfy

A= =), (4.11)

We standardize the positive left eigenvector f(I) of A, associated with the eigenvalue ), so that

N

D~ o), 1Y = (A —0)3; (4.12)

for @), we choose

Then, for i = 1,2, we have

~

E((fO) M1 | F(n)) = (FOTAM(n) = \(f@)"M(n),

~

where F(n) denotes the o-algebra o(M(0), ..., M(n)) and the superscript T' the vector trans-
pose. Thus, from EIT),

W) = XY M(n) (4.13)

7

= NP OED + (= o))
is a (non-zero mean) martingale, for ¢ = 1,2. Note that
EWOm) = ' = (FO78 = (FOT (w07 = g (4.14)
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for all n, by the martingale property. From (EEI3)) and (III), we also have
ADTANWO @) = MO () + (A= o) MO (n);
(f1(2))71)\gw(2) (n) = MD(n)+ A\ —o)MP(n),

and thus
MO () = )\nW(l)(n)J_i)‘Q(l)+)\3W(2)(n))‘;a(2); (4.15)
(A=) fy (A=) fq
N 1 1
TP = Ot et
(A= o) (A=) ff?
Define
Wio == lim W) as. = lim A\"(f)TM(n) as. (4.16)

n—oo n—oo
to be the almost sure limit of the martingale W) (n).
Our main conclusions can be summarized as follows; the detailed results and their proofs are
given in Theorems and Let D} denote a random variable on the integers with distri-
bution given by

)\2

(A= A2)
for any = € Z. Here, ng and ¢4 are such that \"d = ¢d(Aa)1/2 and A7 < ¢y < 1, and W, .

is an independent copy of W}, ,. Let Dy denote the graph distance between a randomly chosen
pair of vertices P and P’ on the ring lattice C.

Theorem 4.1. If Ao — oo and p = ko remains bounded, then dix(L(Dgq),L(D})) — 0. If
p — 0, then p(D} — 2ngq) —p T, where T is as in Theorem [Z.

P[D}; > 2n4+2] = Eexp {— (A— a)¢§XfWk,UW,;,J} : (4.17)

Note that, in (1), the expectation is taken with respect to independent random variables Wy,
and W,é »» €ach having the distribution of the martingale limit lim, W(l)(n) conditional on

the initial condition M (0) = ). We shall later need also to consider the distribution of Wj »
under other initial conditions.

5 The discrete circle model: proofs

As in the previous section, we run the growth and branching process starting from two initial
points P and P’, the second either being present at time 0 or else only at time 1; from the
branchlng property, we can regard the process as the sum of two independent processes M
and N having the same distribution, with N started either at time 0 or at time 1. We then
investigate, at times m > 1, whether or not there are intervals of M and N that overlap in a
way which implies that there are points of R which can be reached from P within distance m
and from P’ within distance m or m — 1, implying that the distance D between P and P’ is
no greater than 2m or 2m — 1, respectively. It is convenient to write the times m in the form
ng + r, where ng is such that \"¢ < (AU)1/2 < A"tl using notation of the form M, to denote
M (ng + ), and we write 27, := {2k(ng + 1) + 1} for the length of the longest possible interval
in the growth and branching process at time ng -+ 7.
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5.1 Poisson approximation for the intersection probability

The first step is to find an approximation to the event A, ,» := {Dg > 2nq+7r+7"} — where,
as before, 7/ = r if the process N starts at time 0, and 7/ = r — 1 if it starts at time 1 — which
can be represented as the event that a dissociated sum of indicator random variables takes the
value 0, enabling the Stein—Chen method to be used. If, at time ng 4+ r, the M;f = Mﬁl) + M,@
intervals of M and the Nj = ]\Afﬁl) + ]\77@) intervals of N are Iy, I, . .. 7IM:f and Ji, Jo, ..., JN#
respectively, we define

M N
Vip = ZZXU’
i=1 j=1
much as in (ZI), where

Xy o= WL J; #0{* ¢ W ¢ LY - Ky)(1 - Kj), i,5>1,  (5.1)

and
Ky = I cJ, Z;=0} K = 1{JF I,z =0},
and where (Z;, i > 2) and (Z}, j > 2) are sequences of independent Bernoulli Be (1/2) random
variables; for an interval K = [a, b], the notation K' once again denotes the interval [a —I,b+1].
This definition of V. ,» has some slight differences from that previously defined in (8), occasioned
largely because shortcuts are now taken to have length 1, rather than 0. It does not count
overlaps which result from links between S(n) \ S(n — 1) and S(n — 1), n > 1, which can
be distinguished at time ng + r because they give rise to intervals I; and J; such that either
{12k C J;} or {JJ% C I;}; and it only counts links between pairs of points in S(n)\ S(n—1) with
probability 1/2. These provisions ensure that the event {V, ,» = 0} is close enough to A, ,s, but
the two events are not exactly the same. The definition of X;; does not exclude any descendants
of rejected intervals from consideration, so that V. ,, counts more intersections than are actually
represented in R. Furthermore, with this definition of Xj;, if two vertices [,{" are in S(n)\S(n—1)
for some n, and E(l,1";n) and E(I',l;n) (as defined in ([])) both occur, then the pair contributes
0,1 or 2 to V;,/, depending on the values of the corresponding indicators Z; and ZJ’», instead
of the value 1 for the single intersection in R. Finally, note that, if ¥ = r — 1, the random
variable Z} needs to be defined, since it is possible to have JF C I; (when P’ = P); it is then
correct to take Z; = 1 a.s., since the point P’ is never rejected.
To address the possibility of there being pairs I,1" for which E(l,1’;n) and E(I’,l;n) both occur,
we define the event
N NG
Enp= |J U= 1751 1{G = € 1{¢ = &}, (5.2)

i=1j=1

where (;,&; and C]’-,S;- denote the centres and parent vertices of the intervals I; and Jj, re-
spectively: E, . is the event that there is some edge {l,!'} chosen simultaneously by both
growth and branching processes before time ng + r. Then, writing %, ,, for the o-algebra

o{(M(1),N(1)), 0 <1 < ng+r}, we have

ng+r

PEp | Frp] = > MOOND@)A, (5.3)
=1
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because two centres must coincide with specific points of C'. The possible overcounting in V. ,/

is accounted for just as in the proof of Lemma by defining a corresponding sum 17107,0/, and
then using the relationship

{‘/7‘,7‘/ = 0} \ Er,r’ C Ar,r’ C {‘7;“,7" = 0} U Er,r’a (54)
in place of BI]). This leads to the following analogue of Lemma The proof is very similar,
and is therefore omitted.

Lemma 5.1. With the above assumptions and definitions, it follows that
|P[Ar,r’] - P[V;“,T’ = 0”
< 1672ATZE{M," N7 (M," + N;F)(1 + log M," + log N,F)}

ng+r

+A72 > EMY N (@)},
=1

Then, defining
N N
A(M,N) = > B{X | Frd, (5.5)

i=1 j=1
an argument similar to that of Proposition Bl establishes the following result.

Proposition 5.2. We have
[PV, = 0| Frpr] — exp{=A(M,N)}| < 87,A LM + N;F). O

The next step is to establish fomulae for the moments appearing in the bounds of the previous
two results. The corresponding results are much more complicated that those of Lemma B3]
and their proofs are deferred to the appendix.

Lemma 5.3. For the means,

- 1

EMY(n) = e (Ao = X)) + X3 (A —0)) < A (5.6)
e L]
and
B O(0) + 240 m) = (0= /)N 4 (af) (3= o))
< 2kA™. (5.7)
For the variances, for j < n,
Var (W () =W () < w?(\—o) A7, (5.8)
Var (W3 (j) = W (n)) (5.9)



Then, for M*(n), we have

N 1
EM™T(n) = ﬁw“—xg“) < 2™ (5.10)
— A2
Var MT(n) < 4w2X?; E{M*(n)}? < 401 + A\, (5.11)
E{M"(n)log M (n)} < 2(4+nlog \)A"; (5.12)
and R X
E{(M™T(n))*logM*(n)} < 8(5+ nlog \)A?". (5.13)

Applying the bounds in the preceding lemma to Lemma BTl and Proposition B2l we deduce the
following approximation.

Lemma 5.4. With the above notation and definitions, we have

|P[Dg > 2ng +r + 7“/] — E(eXP{—j\r(M, N)})|
< 25672A 2N 114 4 3(ng 4 1) log A}
+ATH = 1) IR L 3o ATt

5.2 The shortest path length: error bounds

In order to make use of Lemma [54] we now need a simpler expression in place of A, (M N ).
We begin by deriving a computable representation in terms of the processes M and N.

Lemma 5.5. We have the expression

ng+r—1
AN(M,N) =4k > MY)N'() + 3kMIN
=0
ng+r ) . A )
~k-HY {M(l)(l)N(l)(l 1)+ MO - 1)N(1)(Z)}
=1
ng+r

—@k—1) Y MOONV() + F1{ND(0) =0, NV (1) = 1}.
=0

Proof. In view of the definition (H) of A, (M, N), we first need an expression for E{X;; | Fr.}.
This is a function of the lengths s; and u; of the corresponding intervals I; and J;, quantities
which are indeed F, ,»—measurable. Writing m;; := min(s;, u;), and recalling that both s; and u;
belong to the set 2kZ + 1, it follows from the definition (&) of X;; that

2(myj; — 1) + 3k if |s; — uj| > 4k;
E{Xi;||L] = si|Jj| =u;} = A" 20my—1)+2k+ 3 if [s; — uj| = 2k;
2(mij—1)+1 ifsi = uy,
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except that, if ' = r — 1, then X1y is special:

E{Xll |~7:r,r’} - A_1(2(m11 — 1) + 2k + 1)

~

Hence, rewriting the sum defining XT(M ,N) in terms of the steps of the processes M and N,
we find that

Nng+r ng+r
ANV, N ZZM“ (5)NO(s)
s=0 s'=
x {2(2r, — 1 — kaax(s,s ) +3k—(k—$)1{|s—s| =1} — (3k — 1)1{s = &'} }
—i—%(r -7
ng+r
> (M<1>(S)N+(s —9) + M*H(s — 2)N<1>(5)) (227, — 1 — 2ks) + 3k}
s=2
ng+r
+ Z ( ()N (s — 1) + MO (s — 1)N<1>(s)> (2027, — 1 — 2ks) + 2k + 1}
nd+r
+ZM (s){2(27 — 1 —2ks) + 1} + L (r —¢)
nd—l—r
> V{M T ()N (s)}{2(27, — 1 — 2ks) + 3k}
s=1
ng+r
~k-HY (Mﬂ)(S)N(l)(s 1)+ MW (s — 1)]\7(1)(3))
s=1
ng+r
—Bk—1) > MW (s)NV(s) + §(r — 1),
s=0

where we also use the fact that M+ (1 — 1) = M® (1) for each I. The lemma follows by partial
summation. 0

Armed with this expression for S\T(M , N ), we can now derive a more tractable approximation.
We introduce the notation

v = 7(k,0) := min{3, (log(A/|X2])/log A}. (5.14)

Note that, for fixed ko = p, simple differentiation shows that A; is an increasing function of o
and |A\z| a decreasing function, so that Ai(o) > A1(0), [A2(o)| < |A2(0)|, and hence

log(M|Aal) _ | loglhof _ | log(vI+8p—-1) 1
log A logA — log(v1I+8p+1) —

in p < 1. Thus, for p <1, we have v = %
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Lemma 5.6. We have the approximation

a° A A A2 /
)\T(M,N) - m()\ - U)(AU)_l)\Qnd'FT-FT Wk,JW]:;7U

< (Ao)™? {11)\()\ — ) AEImatrE = SN D g+ + 1)+ )\2} .

E

Proof. We give the argument only for the case v’ = r — 1, which is slightly more complicated;
note that, in this situation, L(N(s)) = L(M (s — 1)) for s > 1, and that N(0) = 0. We begin
by observing that, from [IH), (&8), D) and (B9), and from the definition of w in (EIM), we
have

E M(l)(s) . )‘SWk,U(U — )‘2)
(A= 2)fY
_ g XOT06) = Wil = 20) MWV () - [P A= 0) MO -o0)
(A= A) f{) (A= xa) f? A=
N1
< X WA

Mal*(A — o) (s 1 A2
— 11 2k — 1, —— . 5.15
+ P + o min )\%, Py )\%’ max 4 1, BWE ( )

Now, because min{z~!s, |\ —z|7!} < A7!(s+1) for z > 0 and because, from the definition of v
in (EId)), we have max{\!/2,|\a|} <A77, it follows from (EIH) that
NWyo(o = A2)

As(1=7) 2ko(s+ 1)\ | .
(A=) A—A2{(A_1)+(A_U)<H A >}

using (EEI0) and (), together with the fact that A2 < 0 < o, it now follows that

< X0 /A+s) (A =1} = x(s). (5.16)

E

MWD (s) —

NWy.o(o — A2)

E
(A= Ag) D

MO (s) —
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By a similar argument, we also obtain

. s+1
E M+(8) _ )‘7%
()\ - )\2) 1
. )\5+1(W(1)(8) . kag) )\§+1(W(2)(3) _ f1(2)) )\34—1
(A= o)V (A =201 Ao
<

)\s+1 ‘)\2’s+1 S 1 A s/2
Lo+ 2 14 [2komind =, ———— 1, —
Py v w vl ”“““{A%’\A—A%\} max{ ’rw}

s(1-7) o(s
< X0 D (12520
< XU+ VI +s)A - D) = x(s); (5.17)

the corresponding results for N(s) follow from these, since L(N(s)) = L(M (s — 1)) for s > 1.
Hence, and from (B6) and (BI0), noting also that

gl X Wiolo=X) | _ XO-1 _
A=x)fV J AR T

E )\s—l—ka’J _ )\s—l—l )\s
(A= X9) 1(1) AN ’

and that

IN

we have, for example, for substitution into Lemma BJ the inequalities

R R )\21+1W JW/
E |[MHO)N*() - 27 ke
(A= X2)2(f{)?
A N A1 AL A A
< E{NTO)E|MT() - 7%71) E{iwk’il)}E N*H(1) — 7’“’(1)
(A= A2)f1 (A= A2)fy (A=) fy

IN

X (1) + (1 — 1)

and
)\2l72Wk70W/§70(J — )\2)2

. (A = A2)2(fV)2

MOOND (1 —-1) - < A7) + Mx(1-2).
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Thus it follows from Lemma that

B[\ (M, N) = A=Wy oW} ,Ci (K, 0,7)| (5.18)
ng+r—1
< ARATT Y {20 x(s) + Ax(s — 1)}

s=1

+ 3k:A_1{2)\”d+7"_1x(nd +7) Ay (ng +r — 1)}

ng+r
+ (k- %)Af1 {1 + Z {)\872)((8) + Xx(s—2)+ 2)\571)((3 — 1)}}

ng+r

+ Bk — DAY AT x(s) + Xx(s — D} 4+ 3A7Y (5.19)
s=1

where

{0 =) 0Y2C (R, 0,7)

ng+r—1 ng+r
= Ak Y NPT gRA2 T 9k — 1) Y T AT T2 (0 — ))?
s=1 5=2
ng+r
—(Bk—1) > Ao — M)
s=1
A2(na+r)
= Sgop 3kAN2 —1) — (0 — \2)%(2k — 14+ A(3k — 1))}
A

a7 (RN = (0= X)?(A(2k — 1) + 3k — 1)}

The expression for {(A — A2) fl(l)}2C’1(k:, o,r) simplifies astonishingly. For the coefficient of
N2(na+7) using (@A) and (@) to express it in terms of X and o alone, one obtains Ao~ (2A—c—1),
which is just Ao~'(A — A2), again by ([ET). By the same strategy, the remaining term yields

A20) THA@RN = TA+3) —o(20% = B5A+ 1)},

which, since 0 < o < A, is in modulus less than o~'A% in A > 1. This implies that

{ON = M) FI1200 (K, 0,1) — (A = Ag)o IAZmatr 442 < =134 (5.20)
so that
N(\—o0) / M\ —0o)
AYEW, WL 1O (K — L NIt < ATHEW, )P —L < (Ao) TN
k, k,o 1( ,J,?“) O'()\—)\Q) = ( k, ) 0'()\_)\2)2 = ( J)

(5.21)

Next, substitute the expression (BI6) into the right-hand side of (EI9), and simplify. We use
the simple bound

X(s) < XU+ VA= D(ng + 7+ 1)},
express k in terms of A and o using (4], and note that

ACNmat) (1) @b = MY (A=1)

— (2=y)na+r+r'=yr’
A7 —1 Yo —1 =2 ’
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and that
B -1 +2}{2A77" +1} < 6A

in A > 1; collecting terms, we obtain at most

11(Ag) T IA\ — o)A@ natrdr’=ar' ey SN ) (g + 1+ 1)}, (5.22)
and the lemma follows from @I9), (EZ1)) and (E22). O

Lemma can now be combined with Lemma B4 to obtain our main approximation for the
shortest path length D;. Recall that ng is such that A" = ¢d(AU)1/ 2 where we require A1 <
¢q < 1, so that Lemma approximates \.(M, N) by

A2 e
m()\ — )N T Wi e Wi o

a quantity appearing in the definition [ETT) of £(D}). Recall also that 27, = 2k(ngq + 1) + 1,
and define the quantities

ni(rr’) = 64¢3{o(2k(ng + 1) + DY N {14 4 3(ng + r) log A};

(1) 16¢4{o(2k(ng +7) + 1) A"
W) = heReXTR L

and

(1) = 1167 AN = o)1+ V(A= 1)(na +r + IV
which are used to express the approximation. The quantity 7}(r,r’) comes from the approxi-
mation of A, by {V}.,» = 0} in Lemma B, n5(r,7") comes from the Poisson approximation of
Proposition B3, and 7 (r, ') comes from the approximation of A.(M, N) in Lemma [0t ns(r, ")
relates to elements of smaller order arising in Lemmas BTl and Then we have the following
analogue of Theorem

Theorem 5.7. With the above assumptions and definitions, for x € Z and v’ =1'(z) = |x/2],
r=r(x)=xz—r'(z) < (x+1)/2, we have

|P[Dg > 2ng4 + x| — P[D} > 2n4 + x|
< Ll (r ) + s (r, 7)Y (Aa) V2 () (M) T 4 () (Ao) T
In particular, if p = ko <1, then
’P[Dd > 2ng + 1‘] - P[D; > 2ng + .%'”
< () + 0h(r ) Y(A0) T2 () (M) T+l () (o) M

The theorem can be translated into a uniform bound, similar to that of Theorem To do
s0, we need to be able to control E{e”*"&eWio for large 4. The following analogue of Lemma
makes this possible. To state it, we first need some notation.

For Wy, as in @I0), let ¢ = ¢, = (M), p?) denote the Laplace transforms
e W(0) = B{eA e Wir | 11(0) = eV} (5.23)
#D(0) = E{c™A oo | 11(0) = e}
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of L(VX—0oWj,), where e is the #’th unit vector. Although we now need to distinguish
other initial conditions for the branching process, unconditional expectations will always in
what follows presuppose the initial condition MO = e, as before. Then, as in Harris (10), p.45,
 satisfies the Poincaré equation

PN = ¢ (0),0P(0) in RO>0; i=1,2, (5.24)

where ¢ is the generating function of My if My = e®:

[e.e]

gi(s1,82) = > pllri,ra)sitsy?,

r1,r2=0

where p’(r1,72) is the probability that an individual of type i has 71 children of type 1 and 7y
children of type 2. Here, from the binomial structure,

A
91(31,32) = 59 (%31 +1— %) < s9ef(s171)
and
2kA
9(s1,82) = s (%81 +1- %) < sgetkolor=l),

The Laplace transforms ¢y, , can be bounded as follows.

Lemma 5.8. For 6,0 > 0, we have

A0 = S0 < 1y
801(92()7(9) = 90(2)(‘9) = m,
and hence
E {e /0o Wio | 11(0) = 1'(0) = e} < 67 1og (146).
Proof. Put

S00) = E(efemwm(mmo):e@')), i=1,2.

We proceed by induction on n. First, we have

A0 = <
ORI 1+¢9(1)\—0)
Assume that
A6 < 1y
P2 0) < m-
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By the Poincaré recursion,

oD = g <s053) <X),s0§3) (;))

for ¢ = 1,2. Hence, using the induction assumption,

() - A A _
P (0) A+ 00r—0) GXP{J ()\+0 1)}

< A A0

T AM14+6)—00 A+0+ 60

B A(A+0)
AM1+0)A+0)+602(A—1—0)o

<

-1+

and, also from (E4)),

S0£L2J)r1(¢9) < mexp{2ka <)\L+9 —1)}
< A A+0
T A+O0+0N—0—1) A+ 0+ 2kob
B A A+0
A O0FI A=) A+ O+ (AN =1\ —0)f
B AN+ 0)
A+ A+0N—0)+ 02N —1—-0)(A—0)(A—1)

1
<
- 14+0(A—0)

Taking limits as n — oo proves the first two assertions. The last assertion follows from Lemma
0. ) O

Theorem 5.9. For Dy the shortest path length and D} with distribution given by [{.17), we
have

Ai(£(Da), (DY) = O ((A0)™/4= log(Aa))

uniformly in A, k and o such that ko < pg, for any fired 0 < pg < oo, where v is given as
in [0-14). Hence di(L(Dq),L(D})) — 0 if Ao — oo and ko remains bounded. In particular,
v =1/2 if ko < 1, and the approzimation error is then of order O(log(Aa)(Aa)~1/7).

Proof. Fix 0 < G < 1, and consider z satisfying x < LWJ; set r'(z) = |x/2],
r(z) =z —r'(z) < (z+1)/2. Then we have

(na+r(@)logA = O(log(Ar)),  o{2h(na+r(x))+1} = O<M>

log A
¢d}\r(z) < )\1/2(AJ)G/2 and gb?ﬂ)\r(:z:)Jrr’(alc) < (AU)G.
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Hence it follows from Theorem B and (EIM) that

|P[Dg > 2ng4 + 2] — P[D}; > 2ng4 + ||
< {nh(r(@),7’ (@) + my(r(@), ' () }(Ao) /2
+i(r (), 7' (2)) (Mo) ™"+ (r(x), v/ (2)) (M) /2

log(Ao) 2
= 0<A1/2 <’“%(AU)) (Ao)~1=39)/2 16g (Ao)

ko log(Ao) (-
1/2 g Ao)~1=D/2 160(A
/2 (EZERT)Y (0) 1002 g o)
+ A0 (Ao) L+ X2 (Ao) !

1/2
NG <W > ( AJ)—(w—Gm—w))/z) .
og

Noting that A\ = O(1 + o + Vko) from (EJ), that ko is bounded by some fixed pg, and re-
membering that v < 1/2, the final term is of largest asymptotic order. Also, from Lemma B8]

recalling from that o> 2ng+x] = BEexp —0W, , i wit = 25 (A —0)p2T,
lling f hat P[D* E OWy oW/ ith § = 2 (A—0)p2\"

(A=X2)
Glog(Ao)—2log ¢y

Tog -‘, we have the upper tail estimate

and taking x = {

2
P[D;>2ng+2] < A2\ —Xg)log <1 + 3 A 5 (AJ)G) (Ao)~¢
— N2

= 0 (lOg(AO‘)(AO‘)_G) .

Comparing the exponents of Ao, the best choice of G is G = /(4 — 7), which makes
G = (v — G(2 —v))/2, proving the theorem. O

Remembering that the choices ko = p and A = Lk match this model with that of Section B,
we see that Ao = Lp, and that thus Theorem matches Theorem B0 closely for p < 1, but
that the total variation distance estimate here becomes bigger as p increases. Indeed, if p — oo
and o = O(k), then v(k,0) — 0, and no useful approximation is obtained. This reflects the
fact that, when |Xa|/) is close to 1, the martingale W (1) (n) only slowly comes to dominate the
behaviour of the two-type branching process; for example, from (E4),

. 1 )\n+1 )\nJrl
+ - - |2 _w® _ 2 (2)
M™(n) P ( fl(l) W (n) f1(2) W (n))

then retains a sizeable contribution from W (%) (n) until n becomes extremely large. This is in
turn a consequence of taking the shortcuts to have length 1, rather than 0; as a result, the
big multiplication, by a factor of 2p, occurs only at the second time step, inducing substantial
fluctuations of period 2 in the branching process, which die away only slowly when p is large.
However, if p — oo and k = O(c!7%) for any € > 0, then liminfy(k,o) > 0, and it becomes
possible for £(D) and £(D*) to be asymptotically close in total variation. This can be deduced
from the proof of the theorem by taking k ~ L® and o ~ L**#, for choices of a and
which ensure that 2 dominates p. Under such circumstances, the effect of two successive
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multiplications by ¢ in the branching process dominates that of a single multiplication by 2p at
the second step, and approximately geometric growth at rate A ~ ¢ results. However, as in all
situations in which p is a positive power of A, interpoint distances are asymptotically bounded,
and take one or at most two values with very high probability; an analogue of Corollary BTl
could for instance also be proved.

5.3 The distance to the continuous circle — continuous time model

If p = ko is small, we can again compare the distribution of Wy, , with the NE(1) distribution
of the limiting variable W in the Yule process (see (1)), using the fact that its Laplace transforms,
given in (BZJ)), satisfy the Poincaré equation (i24]). The argument runs parallel to that in
Section B4, though it is rather more complicated. Define the operator =, analogous to the
operator ¥ in Section B4l by

i = 403 (5)
G <§> (%w) (§> o %>A;
o = 203 (5

AV AV AN
A PYAVEARP A)
Let

[71(0)]; [72(9)]

g 02

{v — (y1,79) £ 0,00)2 — [0,1] ¢ [yl = zugmax{
>

} < oo},
and

M= {1 = ($1,42) : [0,00)% = [0,1] : (1(8) — {1 = 0},42(8) — {1 —0(A — 0)}) €G}.
Then H contains ¢k, = (@1, p2) as defined in (BZJ), since

E{VA— oW, | M0O)=eD} = 1, B{VA— oWy, |M(0O)=e?} = -0,

and taking limits in (.8)) shows that Var W}, , exists. Furthermore, from ([&24)), = has ¢, as
a fixed point. We next show that = is a contraction on H.

Lemma 5.10. The operator = is a contraction on H, and, for all ¢, x € H,

2ko + 1
22

120 —Exlls < ( )nw—xug.

Remark. Note that

2ko +1

)\2

N—(A=1D(o+1)
)\2
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Proof. For all ¢, x € H and 6 > 0, observe that ¥ — x € G. We then compute
0 0
a(5) - (5)
0 0
(01 <X) - X1 (X) )

[(E)1(0) = Exn ()] <

so that

1 = xllg- (5.25)

Similarly,

+ 2ko

a(x) 0 (5)

|(E¢)2(0)9—2 E:0] (2’“;; 1) 1% = xllg-

Taking the maximum of the bounds finishes the proof. O

)

and

Thus, for any starting function v = (11,2) € H and for ¢y, = (M), p?) given in EZJ), we
have

leko —llg < NEpke — E¥lg + IEY — ¢llg

2ko + 1 _
< T\\wk,o—ngJrH:w—ng,
so that
)\2
— < - "= — . .2
love ~Uls < SrgreyD 20~ ¥l (5.26)

Hence a function 1 such that ||Z1 — 1)||g is small provides a good approximation to ¢y, ;.

As a candidate 1, we try

Y1(0) = ﬁ7
Ya(0) = m; (5.27)

Lemma shows that this pair dominates ¢y, ..
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Lemma 5.11. For v given in ([5.27), we have

2ko (A2 — Ao — 1+ ko)

=6 - vllg < N

Proof. For 6 > 0, we have

(E)1(0) —1(0)

B A 1 o A_ 1
A+ —0) AN+ 0)

1+6
- 1i«9{)\i(01(;\r€) ( A+9> }+R1’

where

PO S | PP W
R NI 5 ) AN+ 0) A+6

1;9 {)\—I):(;(—)\'—ﬁ)o—) (1 B Aa—f9> - 1}

B 620 (1 — \)
1+ + A=) (N +0)

Moreover,

From Taylor’s expansion, it follows that

AM(A - 1)020?

Bl < S =0 2+ 0P
- 2X%7
Hence
(E0L0) =00 oA-D+a) 525
Since

2N = Ao —14+ko) = 200 =1)+23k —1)o > 2(A—1) + 0,
this is enough for the first component.

Similarly,

(E¢)2(0) — ¢2(0)

A o kA 1
T X+0(h—0) <1_A()\+0)> T 1+600—0)
B 1 A1+0(A—0)) (,  2kad)
= 1+¢9()\—0){ N0 —o) (1 A+9> 1}+R2’
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where

A o kA 2kot
RR = ———Mm|[1 - ——< -1+
A+0(A—0) AXN+0) A+0

Using (E4)), we obtain

1 A1+60(A—0)) 2ko6
1100 —0) { N0 —o) (1_ A+9> _1}
200 — (A = 0)(1 + Ao — A2)
T+ 00— o)At (A —0)0) (A + 0)
2ka0?(1 + Ao — \?)

(1+0A=0) A+ A=0)0)(A+06)

From Taylor’s expansion, it now follows that

- 2kA(2kA — 1)\o20?

T 200+ (A —0)0) A2(\ + 0)2
2k2 5202

< -

| Ra|

Hence

[(E)2(0) — 2(0)] < 2ko(A2 — Xo — 1+ ko)
62 - A2 ’

completing the proof.

This enables us to prove the exponential approximation to £(W}, ,) when ko is small.

Theorem 5.12. As ko — 0, L(W,,) — NE(1).
Proof. Let ¢y, be as in (B2Z3), and ¢ as in (BZ0). Then (¢ )1 is the Laplace transform of
LOVA=0Wie) == LVA=—0 W | M(0) =e),
and ¢, that of NE(1), and (A — 0)/2 — 1 as ko — 0. Hence it is enough to show that
lim (g0~ vllg = 0.
However, using Lemma BT and (226]), we obtain

k0 — Yllg

)\2
< ([—2 ) |Ey —
< (se=izgm ) 120 - vls

N —)Xo—1+ko
< )
< 20 T ok
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Now, from (4], we have

M—-Xo—-1+ke  A-1+ 1)o

(3K
N —1-2kec (M- )(1+a)

- 1410 {1+%(’\_0)}

1+ 3(1+ 2ko),

IN

this last from (). Hence
ke —Ulg < ko(b+6ko) — 0, (5.29)

since ko — 0. This proves the theorem. O

Again we can use this result to derive an approximation to the distribution of the distance for
D, based on a corresponding distribution derived from the NE(1) distribution. The starting
point is the following result.

Lemma 5.13. Let W, W’ be independent NE(1) variables. Then, for all 6 > 0,

(Eexp {=00\ — ) Wi oW} o} — Be™W'| < 0%ko {25 + 24ko} .

Proof. As in the proof of Lemma BT with ¢y, o as in (5:23) and ¥ as in (521, we have
Eexp {—0(\ — o)Wy, W}, } — Be VW
= E{oL(0VA— oW )} — By (oW)
= E{Eoro0VA—aWi,) )~ E{EnOVA—aW,)}
+E {(Elﬂ)l(@m W/é,a)} -E {¢1(9m W/é,a)}
+E {1 (0VA =0 Wi,,)} — B (0W), (5.30)
Now (Z3) in the proof of Lemma ET0 gives
E{Eoon @AW} - E{E1 VAo Wi, }|
< 20— 0) S ke — VIGE{(WE, ) (5:31)
Since, from (ET3), (ETH), (EF) and (m),
E{(W,)*} < (1+w?)/(A-0) < 2/(A-0),

and since A> > X\ > o + 1 from (@5, it follows from (E29) that the expression (B3) can be
bounded by 20%ko (5 + 6ko). Similarly, from ([EZ8) in the proof of Lemma BETT]

B{EnOvi—ow )} - B{nevi—owi,)})

< 992 c{2(A—1)+ 0o} < o?(4k + 1)

< 50%k
N2 = l+to = o
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from [@X) and because A\?> > 1 + ¢. Then, with W ~ NE (1) independent of Wy ,» we have
E{u(0VA—aWi,)} = BE{ V"Wl — Bl (ow)},
and hence, from ([29) in the proof of Theorem B12 it follows that

E{viova=owi,)} - Buiow)

E{elom)} —Euow)|
< 20%ko(5 + 6ko).

The assertion now follows from (E30). O

Recalling from [B24]) that

E —oww’ /OO e Y d (5 32)
€ = .

we can now derive the analogue of Theorem

Theorem 5.14. Let T' denote a random variable on R with distribution given by

P|T v d
>z = .
| ] /0 1+ ye2* Y

Then

sup P [22(D;—2n4) > 2] —~P[T>2]| = O {(ka)1/3 1+ log(l/lm))} ,

uniformly in ko < 1/2, where L(D}) is as in (Z.17).
Remark. For comparison with Theorem BI6] note that % =p(1+0O(p)) as p=ko — 0, so

that p(D} — 2nq) can be approximated by 7" to the same order of accuracy.

Proof. We use an argument similar to the proof of Theorem BT6 Putting

log A log(1+2%)
o) = 22 = ,

A—1
255~
we have, as before,
A—1
L2 e 2 155
we also write
)\2¢2
A d_

Then, because A™! < ¢g < 1 and Ay < 0, and from (EH), we have

BA) < A< 140++o(2k—-1)
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and

1
2X—1—-o0

o+ 202k —1)
1_1+0+2\/0(T—U > 1-{o+2/o(2k—1)}.

B = (A=x)7 =

This in turn gives

IBA) =1 < o+2yo(2k—1) =: I'(0,k)
= O(J—F\/E).

For the main part of the distribution, writing Ay = D} — 2n4, we have

P [27A; > 2] - P[T > 7]

= P[21A;> 2] - /OO eV (1 - yﬂ(A)eQZCW)*l dy (5.33)
0
+ / e (1 + yﬁ()\)ezzc()‘)> Ty~ PIT > 2e(\)] (5.34)
0
+P[T > zc(\)] = P[T > z]. (5.35)

Now, considering first (B33), we combine (B32), Lemma BT and [TID) to yield

0 -1
'P [%Ad > z} — / e ¥ (1 + yﬁ()\)ezzc()‘)> dy'
0
- ‘E exp {—6()\)()\ — )2 W;wWép} _Eexp {—ﬁ(A)eQZCWWW’}
< B2 Vg {25 4+ 24ko} < A2e*Pko {25 + 24ko) .

With (B2Z6), we have, for (B34]), that

/oOO eV (1 + yﬁ(A)egzc(k)yl dy —PIT> Zc()\)]'

62,20(/\) ’ﬁ()‘) — 1‘
- max{l, ﬂ()\)elzc(/\) , 6220()\)}
6220()\)
max{l, 6220()\)} |ﬂ()\) - 1|
(o, k).

IN

Similarly, for (B233]), it follows that
|P[T > zc(\)] — P[T > z]|

/ e~ Y <1+y6220(>\))71 dy—/ oY (1+y62z)*1 dy
0 0

’672,2(170()\)) _ 1’

max{l, e2zc()\)’ €2Z} ’

622
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Now, for z > 0, because 0 < 1 — ¢(\) < % < ko and from Taylor’s expansion, this gives
|P[T" > zc(A\)] = P[T" > 2] < 22(1 —c(N) < 2koz;
if z <0, we have
IP[T > 2¢(\)] = P[T > 2]] < 2|2|(1 — ¢(A)e¥*WN < 2ko|z]e?* (1),
Hence we conclude that, uniformly in ko < 1/2,
P[22A; > 2] —P[T > 7]
< koe'®A2{25 + 24ko} + [(o, k) + 2ko|z| min{1, e2*(1 7k}
< {ka(e4z +1)+ \/k:a} , (5.36)

for some constant Cf.

For the large values of z, where the bound given in (B36]) becomes useless, we can estimate the
upper tails of the random variables separately. First, for x € Z, we have

P[Ag> 2] = Eexp {—BMWA" (A —o)WioWi,},
so that, by Lemma B8 it follows that
P [251A, > 2]
= Bexp { BV~ )W, Wi, |

IN

)\_2()\ — )\2)¢52@_220(>‘) IOg (1 + )\2()\ _ )\2)—1¢36ch(>\))

IN

e 22N log (1 + )\6220()\))
2X\e~22(17k9) |60 (1 + (1 +o+ \/m) 62Z> , ze 7.

For the upper tail of T, from ([BZd), we have

IN

P[T > 2] < e % log(l+e?*) < (14 2z2)e %,
so that, combining these two tail estimates,
P [2FA; > 2] —P[T>z]| < Oy(1+z)e 2177k, (5.37)

in z > 0, uniformly in ko < 1/2, for some constant Cy > 0. Applying the bound (B36) when
z < (6 — 2ko)~tlog(1/ko) and (E3D) for all larger z, and remembering that 7' has bounded
density, so that the discrete nature of D requires only a small enough correction, a bound of
the required order follows. O
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6 Appendix: proof of Lemma (.3

In this section, we make frequent use of the inequality [I0). From IH) and (EI4) we obtain

N - A—oO
EMD(n) = 222 | \n ;
(n) A=) A=)
. 1 1
EM®(n) = A\ — A2 ,
() G )

giving (B8); for (BI0), use 0 +1— A = Ag and 0 +1— Ay = A, from @T). Then, using the same
equations, we have

E{TD (n) + 2601 (n)} = ﬁ{(x 2R 4+ (1= e — 200}

= G =T+ k- DT - ),

and (1) follows because a™*! + b1 < a™(a + b) whenever 0 < b < a, and because A > 1.
Now define

X(n) == MO () —o{MDn—-1)+2kMP(n-1)}, n>1, (6.1)

noting that it has a centred binomial distribution conditional on F(n — 1); representing quanti-
ties in terms of these martingale differences greatly simplifies the subsequent calculations. For
instance,
WO (n+1) — wWO(n)
= AN D (1) + (A — o) M (n 4 1)
— MM () = N\ — o) MP (n)}
— AN O (04 1) = oMV (n) — 2ko M@ ()}
= NI X (), (6.2)

where we have used (\; — 1)(\; — o) = 2ko, from ([Z), and the branching recursion.

Since

E{X*(n+1)|F(n)} = % (1 - %) (MO () + 26N @ (n)}A
< (MW (n) + 24O ()},

and because, if X ~ Bi (n,p), then E{(X — np)3} = np(1 — p)((1 — p)? — p?), it follows that

E{X*(n+1)| F(n)} < %(1—%)3{M<1>(n)+2kM<2>(n)}A

< (MDY (n) +2kM® (n)}

also, we have
EX%(n+1) < 2koX" and EX3(n+1) < 2koA",
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from (7). Thus, immediately,
E{(WD(n+1)—WOhn)2} < 2ko(f7)2A7 272", (6.3)
Hence, for i = 1,2 and for any 0 < j < n,
Var (WO(j) = WO(n))

n—1
= Y E{WOk) - wO(k+ 1)}
) n—1
< Qka(fl(l))Q Z )\k}\;2(k+1)

=J
Do (AN . A7 , A\
S 2k0'(f1( ))2)\1 2 <F> min {m7 (n - J)} max <17 (F) ) )

and the formulae (§)) and (B9) follow.
Moreover, from (1) and [@IH), and then from E2) and EI3]), we have

. )\n—f—l )\n+1
1) f(2)
1 1
=1
where ' ' |
0 < ¢jn = AMHITT NI < gpntled (6.5)
Hence
(A= X2)?Var M*(n) = Zc Var X(j) < 8ko Y AZ=0-D
j=1
< 8k:a)\2”+1 JA=1) = dw?A2t2)
and

A= X)’E{(M*(n) —EM*(n Z s EX3(5)

< 16ko Y AT2UTD < 16k AT /(N — 1) = 8w,
j=1

(E11) is now immediate, using (EI0); furthermore,

E{(M"*(n))*}
= E{(M*(n) —EM"(n))3} +3EM™"(n) Var M*(n) + {EM*(n)}?
< 8N 4 240203 1 83 < 400",
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and the bounds in (BI2) and (BI3) follow because logz < nlog A + A™"x in = > 0. O
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