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Abstract

We consider binary infinite order stochastic chains perturbed by a random noise. This means
that at each time step, the value assumed by the chain can be randomly and independently
flipped with a small fixed probability. We show that the transition probabilities of the perturbed
chain are uniformly close to the corresponding transition probabilities of the original chain. As
a consequence, in the case of stochastic chains with unbounded but otherwise finite variable
length memory, we show that it is possible to recover the context tree of the original chain,
using a suitable version of the algorithm Context, provided that the noise is small enough.
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1 Introduction

The original motivation of this paper is the following question. Is it possible to recover the context
tree of a variable length Markov chain from a noisy sample of the chain. We recall that in a variable
length Markov chain the conditional probability of the next symbol, given the past, depends on a
variable portion of the past whose length depends on the past itself. This class of models were
first introduced by [Rissanen| (1983) who called them finite memory sources or tree machines. They
recently became popular in the statistics literature under the name of variable length Markov chains
coined by Bithlmann and Wyner (1999)).

The notion of variable memory model can be naturally extended to a non Markovian situation
where the contexts are still finite, but their lengths are no longer bounded. We refer the reader
to |Galves and Locherbach| (2008) for a recent survey of the topic. This leads us to consider not
only randomly perturbed unbounded variable length memory models, but more generally randomly
perturbed infinite order stochastic chains.

We will consider binary chains of infinite order in which at each time step the value assumed by the
chain can be randomly and independently flipped with a small fixed probability. Even if the original
chain is Markovian, the perturbed chain is in general a chain of infinite order. (we refer the reader
to Fernandez et al.| (2001) for a self contained introduction to chains of infinite order). We show
that the transition probabilities of the perturbed chain are uniformly close to the corresponding
transition probabilities of the original chain. More precisely, we prove that the difference between
the conditional probabilities of the next symbol given a finite past of any fixed length is uniformly
bounded above by the probability of flipping, multiplied by a fixed constant. This is the content of
our first theorem.

Using this result we are able to solve our original problem of recovering the context tree of a chain
with unbounded variable length from a noisy sample. To make this point clear, we recall the notion
of context. In his original paper, Rissanen used the word context to designate the minimal suffix of
the string of past symbols which is enough to define the probability of the next symbol. Rissanen
also observed that the set of all contexts satisfies the suffix property, which means that no context
is a proper suffix of another context. This property allows to represent the set of all contexts as
the set of leaves of a rooted labeled tree, henceforth called the context tree of the chain. With
this representation the process is described by the tree of all contexts and an associated family of
probability measures over the set of symbols, indexed by the leaves of the tree. Given a context,
its associated probability measure gives the probability of the next symbol for any past having this
context as a suffix.

In his paper Rissanen not only introduced the class of variable memory models but he also intro-
duced the algorithm Context to estimate both the context tree and the associated family of probabil-
ity transition. The way the algorithm Context works can be summarized as follows. Given a sample
produced by a chain with variable memory, we start with a maximal tree of candidate contexts for
the sample. The branches of this first tree are then pruned until we obtain a minimal tree of contexts
well adapted to the sample.

From [Rissanen| (1983) to [Galves et al.| (2008)), passing by Ron et al.| (1996)) and Bithlmann and
Wymer| (1999), several variants of the algorithm Context have been presented in the literature. In
all the variants the decision to prune a branch is taken by considering a cost function. A branch is
pruned if the cost function assumes a value smaller than a given threshold. The estimated context
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tree is the smallest tree satisfying this condition. The estimated family of probability transitions is
the one associated to the minimal tree of contexts.

The proof of the weak consistency of the algorithm Context when the tree of contexts is finite was
done in Rissanen| (1983)). This result was extended inBithimann and Wyner| (1999) where the weak
consistency of the algorithm was proved in the finite case, but allowing the maximal length of the
memory to grow with the size of the sample. In both papers the cost function was defined using the
log likelihood ratio test to compare two candidate trees and the main ingredient of the consistency
proofs was the chi-square approximation to the log likelihood ratio test for Markov chains of fixed
order.

The unbounded case was considered by |Ferrari and Wyner| (2003), [Duarte et al.| (2006]) and |Csiszar
and Talatal (2006). The first two papers essentially extend to the unbounded case the original chi-
square approach introduced by Rissanen. Instead of the chi-square, the last paper uses penalized
likelihood algorithms, related to the Bayesian Information Criterion (BIC), to estimate the context
tree. We refer the reader to|Csiszar and Talatal (2006) for a nice description of other approaches and
results in this field, including the context tree maximizing algorithm by Willems et al.| (1995)).

In the present paper we use a variant of the algorithm Context introduced in|Galves et al.| (2008) for
finite trees and extended to unbounded trees in |Galves and Leonardi (2008). In this variant, the de-
cision of pruning a branch is taken by considering the difference between the estimated conditional
probabilities of the original branch and the pruned one, using a suitable threshold. Using exponen-
tial inequalities for the estimated transition probabilities associated to the candidate contexts, these
papers not only show the consistency of this variant of the algorithm Context, but also provide an
exponential upper bound for the rate of convergence.

This version of the algorithm Context does not distinguish transition probabilities which are closer
than the threshold level used in the pruning decision. Our first theorem proves that the conditional
probabilities of the original variable memory chain and of the perturbed one are uniformly close
if the probability of random flipping is small enough. Hence it is natural to expect that with this
version of the algorithm Context, one should be able to retrieve the original context tree out from
the noisy sample. This is actually the case, as we prove in the second theorem.

The paper is organized as follows. In section [2| we give the definitions and state the main results.
Section 3 and 4 are devoted to the proof of Theorem 1 and 2, respectively.

2 Definitions and results

Let A denote the binary alphabet {0, 1}, with size |A| = 2. Given two integers m < n we denote by
w’ the sequence w,,, ..., w, of symbols in A and A7, denotes the set of such sequences. The length
of the sequence w; is denoted by ¢(w; ) and is defined by {(w] ) = n —m + 1. Any sequence w,
with m > n represents the empty string. The same notation is extended to the case m = —oo0.

Given two sequences w and v, with £(w) < oo, we will denote by vw the sequence of length
£(v) + £(w) obtained by concatenating the two strings. We say that the sequence s is a suffix of
the sequence w if there exists a sequence u, with £(u) > 1, such that w = us. In this case we write
s <w. When s < w or s = w we write s < w. Given a finite sequence w we denote by suf(w) the
largest suffix of w.
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We consider a stationary ergodic stochastic process (X,);ez over A = {0,1}. Given a sequence
w EA:éo and a symbol a € A, we denote by

plaw)=PXo=a X 1 =w_;,X 3 =w_y,...)

the regular version of the conditional probability of the process. Given a finite sequence w € A:} we
denote by
p(w) = P(X~} =w)

the stationary probability of the cylinder defined by the sequence w.

We assume the process (X, ) satisfies the following conditions

1. Non-nullness, that is
a:=inf{p(alw): a €A,w EA:;} >0,

2. Summable continuity rate, that is

Bi=) fi < +oo,

keN
where the sequence {f}rcy is defined by

palw)|
play) I’

— . k
acAv,w EA_})O with w = v}.

Br = sup{ ‘1 -

k . .
Here, w = v means that there exists a sequence u with £(u) = k such that u < w and u < v.
The sequence {f }rey is called the continuity rate.

In this paper we are interested on the effect of a Bernoulli noise flipping, independent from the
successive symbols of the process (X,). Namely, let (£,),e; be an i.i.d. sequence of random variables
taking values in {0, 1}, independent of (X,), with

P(E,=0)=1—c¢,
where € is a fixed noise parameter in (0, 1). For a and b in {0, 1}, we define
a®b=a+b (mod?2),
and @ = 1 @ a. We now define the stochastically perturbed chain (Z,),c; by
Z, =X, ®E,.

In the case € = 1/2, (Z,) is an i.i.d. uniform Bernoulli. However, generically it is a process of infinite
order.

In what follows we will use the shorthand notation q(wi}) to denote IP’(Z:].1 = W:}). For any

sequence w = W:;o denote by
q(alW) = ]P(ZO =a | Z—l = W—l>Z—2 =W_o,.. )

the transition probabilities corresponding to the process (Z,). We can now state our first theorem.
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Theorem 1. For (X,) and (Z,) as above, for any € € (0,1) and for any k > 0,

4
sup {|g(alw) — p(a|lw)|: a €A,w EA:}(} < [1+ Wi’*l)] €,
where f3* = ]_[::8(1 —Br) < +oo.

Remark. Here and throughout the rest of the paper we accept conditional events defined by empty
sequences, for example the ones appearing in Theorem 1 when k = 0. In these cases the convention
is that these events are removed from the conditional expressions.

Definition 2.1. A sequence w eA:} is a context for the process (X, ) if it satisfies
1. For any semi-infinite sequence x:;o having w as a suffix
P(Xp=a |X:;o =x"1) = p(alw), foralla€cA.

2. No suffix of w satisfies (1).

1
00

1

An infinite context is a semi-infinite sequence w_ i

context.

such that any of its suffixes w_;, j=1,2,... isa

Definition implies that the set of all contexts (finite or infinite) can be represented as a rooted
tree. This tree is called the context tree of the process (X,) and will be denoted by &. The non-
nullness hypothesis implies that the context tree of the process (X,) is complete, i.e., any sequence
in A:éo belongs to & or has a suffix that belongs to . We say that the context tree J is bounded
if it has a finite number of sequences. In the infinite case we say that & is unbounded. Examples
of bounded and unbounded context trees related to renewal processes are presented in [Csiszar and
Talatal (2006).

Given an integer K we will denote by 7 | the tree I truncated to level K, that is

Tlk={weT: l(w)<K}U{w:L(w)=K and w < u, for some u € J}.

Our interest is to recover the truncated context tree of the process (X,) from a sample of the noisy
process (Z,). We will assume 21,2, ...,2, is a sample of the process (Z,). For any finite string w with
£(w) < n, we denote by N, (w) the number of occurrences of the string in the sample, that is

n—L(w)

{
N,(w) = Z Hz 10 = wi,
t=0

For any element a € A and any finite sequence w, the empirical transition probability §,(a|w) is

defined by N (wa) 4 1
2(wa) +

dn(alw) = N () T 1Al

where

Ny(w) = Ny(wb).
beA
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The variant of Rissanen’s context tree estimator is defined as follows. First of all, let us define for
any finite string w,
A, (w) = max|q,(alw) - g, (alsuf(w))].

The A,(w) operator computes a distance between the empirical transition probabilities associated
to the sequence w and the one associated to the sequence suf(w).

Definition 2.2. Given 6 > 0 and d < n, the context tree estimator 9;15"1 is the set containing all
sequences w EA:E such that A, (asuf(w)) > 6 for some a € Aand A,(uw) < 6 for all u eA:ﬁ(W).

In order to state our second theorem we need some definitions. Given an integer k > 1, define
6 = {ue Tl plalu) # p(alsuf(u)) for some a € A} and

D, = i — f .
« = min max|p(alu) ~ p(alsuf(u))}
From the definition we can see that D; > O for all k > 1.
The second main result in this paper is the following.

Theorem 2. Let K be an integer and let 2,2, ...,%, be a sample of the perturbed process (Z,). Then,
there exist constants c, ny and an integer d depending on the process (X,) such that for any € €
(0,D4/2c), any 6 € (ce,Dy — ce) and any n > ny we have

k 7T lk) < crexp[—cy(n—d)].

The constants are all explicit and are given by

_ 4p
1. C—2[1+m].

2. d = max,¢g y)<k Min {k: there exists w € 6 with w > u}.

_ 6
3 Mo = GG Di—d)—coad +d.

[min(6,Dy —8)—ce—6/(n—d)ad]%a*
256e(1+£)(d+1)

4. ¢, = 12e¢ 24 and Cy =

As a consequence we obtain the following strong consistency result.

Corollary 3. For any integer K and for almost all infinite sample 2,,2, ... there exists a i such that,
for any n > i1 we have
£0,d|
‘9;1 |K - glK:

where d and & are chosen as in Theorem [2

3 Proof of Theorem

We start by proving three preparatory lemmas.
Lemma 4. For any € € (0,1), any k > j > 0, any wgoo and any a,b €A,

|P(X0 =wy IX:].l =wL,X_j1=aZ_j = b:Z:,{_z = W:i_z) _P(W0|W:io)| <pB;-

j)
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Proof. We observe that for j > 0 it follows from conditioning on the values of X:I{_z and the inde-
pendence of the flipping procedure that
_ _ 2 2
P(X, :wO\X_}z wLX_j1=a,Z_j1=b,2" T =wl
Zu-{;—z p(u:;{_ awZ; WO)]P’(Z_i 1= w_;{ ’b |X_IJ< 1= u:]_za)

S 1 -2 51 —j2
Zu:{(-zp(u_;< aw_})P(Z_,i =w_, b|X =u “a)

It is easy to see using conditioning on the infinite past that

- —j-2 _
1nf p(wolv - _}) < p(w0|u_;< aw_}) sup p(w0|v_Oo _}). 3.1

v_. —j-1
—oo Voo

Then, using continuity we have
-1 _ < _j_z -1 < -1 .
pwolw_ ) = B; < pwolu_, “"aw_;) < p(wolw_ )+ B;
and the assertion of the Lemma follows immediately. O

Lemma 5. For any € € (0, 1), any k > 0 and any wo_k,
q(wolw=}) > a

and
P(Xo=wo|Zl=wl) = a

Moreover, for any 0 < j < k we have
P(X_jy=w_j | X =wll,z]°=w3 %) > ap".
Proof. We first observe that
qwolw=) = (1 — ) P(Xo = wo |27} = wii) + e P(Xo =W, | 220 = wT}).

It is therefore enough to prove the second assertion. From conditioning on the value of X :ll, the
independence of the flipping procedure and the inequalities in (3.1)) we have

P(X, = wo )Z:]} =w}) =

-1
O R p (vl PO = | XZ5t = Wil (e/(1 — )2k
1m -1
(e (1= X P(XT) = u} [ X2 = w6/ (1 — )2 ™

and for each [, the expression in the right hand side is lower bounded by a. Then, the same holds
for the limit when | — oo. For the last assertion we first observe that

P(X—j—l = W_j_1 |X_1 = W_:~l Z_IJ;_Z = W:}i_z
—j—2 — 2 —j—2 _ 2 2
ZXIZIP(Z_; - |X,J< x )}P’(X_.l_ - 1,X{< x_i )
Y P =w:;;‘2 X =x PR = }:Xii‘z =5
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Moreover,
-1 —j=2 _ _—j-2
]P(X—]]. Wi pX =X

P(XZ} =wll,X| 2—x B

_ 1 1p(W llx :§ %)l—[l ]+2p(x llx _)
o —1- —1- 2 —1-
]— P(X—l :W—llX_j ! :W_j 1:X_]J< :X )l_[l:j+2p(x—l|x_ 1)
—J=2,,-1-1
p(W—l|x — 1)
—i—2 Jj—
:p( —] 1| ] )l_[ _11 —1-1 ]2 —j—2
1PX =w_ X =wl T X =00

and using non-nullness and log-continuity this can be bounded below by

J
aJa-8i-0) = ap.
=1

This finishes the proof of the Lemma.

: 0
Lemma 6. For any € € (0,1), any k > j = 0 and any w_,,

P(X_j1=Ww_;q|Xt=wl,z['=w ") < a;*.
Proof. We have
P(X_j=W_jq | X =wl},z '=wl
B P(X_j_1 =W_]~_1,Z_j_1 =w_j_; |X_j1 =W_1 Z ]i 2 w:;( 2
B P(Z_j_1=w_j4 |X_.1 _},Z - 2 w_i 2
eP(X_jy=w_j | X} =wlz[P=w3 "’

— “1_ -1 =2 _ =j=2y °
P(Z—j—l = W—j—l |X—J = W—j’Z—k = W—k )

It follows from Lemma [5] that
_ _ _2 —j-2
P(Z_j1=w_j, IX_].l = w_]l,z J= =w_]

_ _ 2 2
=(1-e)PX_j_;=w_j, |X_} :W_Jl:Z zi W—i )

— 7 -1_ -1 »=j=2 _  —j=2
teP(X o =w_j 1 |Xj=wl;,Z; "=w

—k
> af*.
This concludes the proof of Lemma [6]
Proof of Theorem |1} We first observe that for any a € A and any W:; EAii

qalw-D)=1-e)P(Xo=a|Z_} =w })+eP(Xo=a |z} =wT}).
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Therefore,
lglalw= ) —P(Xo=a|zi =w})| < e
and if k = 0 the Theorem is proved. We will now assume k > 1 and we write

P(X,=a { Z7 =w) —P(Xg=a }X:; =wZ})

T
L

= [P(Xo=a|X} =wl}, z T =wlt

—.
Il
o

— P(Xo=al|XZ_,=wI]_,z *=w 9]

We will bound each term in the sum separately. We can write

_ -1_ -1 -1 _ 71 _ -1 _ ., -1 —j=2 _  —Jj—2
]P’(Xo—a|X_].—w_],Z =w_, )—P(Xo—a|X_j_1—w_j L2 T=w

_ _ —j—1 —j—1

Z [P(Xo=a|X}=wl,X_j=b2] '=wi")

be{0,1}

_ 2 —j-2
~P(Xo=a|X_} =wl ,Z7] *=w; )]
xP(X_j_1=b|X_} = —1211 w2 ™).

The above sum has two terms. For the term with b =w_;_; we can use Lemma@, Lemma@and the
inequalities in (3.1]) to obtain

— 1 — w1 — -j-1_ -l
‘P(XO =a | X =w_ s X—j—l = W_j_l, Z—k = W—k

—P(Xo=al|XZ_,=wI]_,z5 *=w?)|

—] 1 —k
X B(X =W |X[=wl,2] " = wi ) < igi ‘
For the other term with b = w_;_; we can write
[P0 =a | XZ} = w2}, Xjy = wojy, 257 = w3
~ P(Xo=a |X:}_1 = wf} 1 Z:}i_z _ w:£_2)|
X P(X__q=w_i|X T =wz] T =wl)
< Z |IF>(XO—a|X 1= _J,X_j_1=W—j—1: Z:;{_l :W:i_l
ce{0,1}
- P(Xo=a|XZ}, = W:} pZoa= ] =wi )
X P(Z_ja=c|X ) =wi] 2 P=w "
x P(X_jq=w_j1 |X_ =wl, z_i =wTh.

Note that the term with ¢ = w_;_; vanishes. For c =w_;_; we can use Lemmaand the inequalities
in (3.I) to bound above the last sum with

IP(Xo=a|XZ}=wil,X_; =w_;, z =T

X P(Z_j1=w_j|XZ} =wll_, 2P =w?) < 2pe.
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Putting all the above bounds together we get

2
|P(Zg=wo |22} =wi) —P(Xo=wo |X_f =wi})| < e+ a—/ie +2Be

and the Theorem follows. O

4 Proof of Theorem

The proof relies on five lemmas. The first one is Lemma 3.4 from |Galves and Leonardi (2008). For
the convenience of the reader we recall this result.

Lemma 7 (Galves, Leonardi). Let (X,) be a stationary stochastic process satisfying the non-nullness
and the summable continuity rate hypotheses. Then, there exists a summable sequence (p;);ey, Satisfy-

ing
sz < 1+7

such that for any i > 1, any k > i, any j > 1 and any finite sequence W , the following inequality holds

k+j 1
sup [PCGTTT = w) | X =x) - pw))| < Zpk ey
xj €Al =0

The constants a and f§ appearing in the statement of the lemma were defined in Section For
a probabilistic interpretation of the sequence (p;);ey We refer the reader to |Galves and Leonardi
(2008).

The above lemma will be used in the proof of the following result involving the same quantities «,
f and (p1)ien-

Lemma 8. There exists a summable sequence (p;)ens satisfj/ing
ZPI <2(1+ )
leN

such that for any i > 1, any k > i, any j > 1 and any finite sequence W , the following inequality holds
i—1
k
sup [Pz =w] | xi=xl, gl =0)—qw])| < Z kil -
xi, 6ieal 1=0

Proof. Observe that for any xi, 911 eAil, by the independence of the flipping procedure we have

k+j-1 _
(27 = w1 X) =x}, £ = 0)) —q(w))| =
k+j-1 k+j-1 Sk+j-1 i i i j
D PO =TT = w1 X =, 8 = 0]) —q(w))] =
k+j—1

J
X €AY

B IP’(ZH] =] | X = TP T = T X = X)) — gL

k+] 1
X
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The last term can be rewritten as

k+j—=1_ ,j
X €AY

k+j-1 _ k+ 1 k+j-1 k+j—1
(PO =x 7T X =x) PO = x0T

Using lemma (7], this last expression is bounded above by

> opET T =wiex T I)Zpk i+ = Zpk i+

xfjﬂ 1€AJ

This concludes the proof of Lemma O

The proof of the next lemma uses Proposition 4 from [Dedecker and Doukhanl (2003). For the
convenience of the reader, we recall this result.

Proposition 9 (Dedecker, Doukhan). Let (Y;);ey be a sequence of centered and square integrable
random variables and let .#; denote the o-algebra generated by Yy, ...,Y;. Define S, =Y, +...+7,
and

l
bin = max ||Yl-k2_iE(Yk |-

Then, for any p = 2,
n
1/2
IS4ll, < (20 b)) >
i=1

Lemma 10. For any finite sequence w and any t > 0 we have

t2

PN, (w) = (n = £(w) + 1)g(w)| > £) < e+ exp[ ;
de[n—L(w)+1]e(w)(1+ ;)

]

|A|+1

Moreover, for any a € A and any n > 5+ £(w) we have

_ 3 2 2
—toaon | d)
64el(wa)[1+ g]

) [t
P(Ign(alw) —gqlalw)] > t) < 3e: exp[—(n—£(w))

Proof. Observe that for any finite sequence w)1 EA]1

n—j j

i _
Np(wy) = Z l_[ Lix =wiligi=op + 1ix = g =13 )
=0 i=1

~+

Define the process {U,: t € Z} b

J .
= l_[ [, mwi Lig =0y + Lixg =i Lig=1p 1 — a(wy)
i=1
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and denote by .#; the o-algebra generated by Uy, ..., U;. Applying Proposition [9] we obtain for any
r=>2

n—j 4 1
j . j 2
I, ) = =+ DaCwl- < (2r 3 max 10,3 (U0 )

n—j n—j 1
< (2r YN0l Y IEUA2)l )
t=0 k=t

Note that ||Ut||§ <1 for any r > 2. On the other hand we have

t+j t+j t+j t+j
sup [E(UglUg =og)l=  sup  [E(UX,7 =%, 877 =6,)
oiEeA] xiﬂ, eltﬂ eAtlﬂ
k+j i1yt t+j Lt+j t+j j
= sup |]P>(Zk+i] :W“Xl ! =X ]’ 51 T = 91 ])—Q(Wi)|

X 01 eatt
Therefore, using Lemma [8| we obtain the bound

IN.(w) = (n = L(w) + Dgw)ll, < [4re(w)(n—£(w)+ 1A+ g)] 2,

LetB=4(w)(n—L(w)+1)(1+ g). Then, as in Dedecker and Prieur (2005) we obtain that, for any
t>0,

A

B(IN,(w) = (n — £w) + Dg(w)| > £) < min(1, E(IN(w) = (n —tf(w> - 1)q(w)|f))

min(1 [ 2]

The function r — (cr)2 has a minimum at ry = e—lc Then, comparing the value of this function with
1 and ry with 2 we can infer that

) rB
mm(l, t_z

A

2
) < exp(—e—B—i-e ).

[NIRY

We conclude that

)
BNy (w) — (1 — £(w) + Da(w)| > ¢) < et exp| :

1.

de[n — £(w)+17¢(w)(1 + &)
To prove the second assertion observe that
(n—L(w))g(wa)+1 < Al +1
(n—Lew)gw)+ A1 = (n—Lw))g(w)
Then, for all n > (|A| + 1)/tq(w) + £(w) we have that

P(|gq(alw) — q(alw)| > t)
N,(wa)+1 B (n—fw))gwa)+1 o Al +1
Ny(w)+ Al (n—£(w))g(w) + 14| (n—£(w))g(w)

|atalw) -

51@(‘

)
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Denote by t' =t — (JA| +1)/(n — £(w))q(w). Then

P N,(wa)+1 B (n—Lw))g(wa)+1 oy
(‘Nn(W')-F lAl - (n—L(w))g(w) + |A] )

< B(N,(wa) - (2 — ())g(wa)] > S [(n = Ew))g(w) + A1)

+> 0 P(

Now, we can apply the bound in the first assertion of the Lemma to bound above the last sum by

t/
2|Al

Ny(wb) = (n = €(w))g(wb)| > =—[(n — L(w))g(w) + |Al]).

_ 3 2 2
Lt~ Gtwpamm ) 90
64el(wa)[1+ g]

et exp[—(n— (W)

This concludes the proof of Lemma O
Lemma 11. For any § > 2(1 + = t)e, any w € 7, uw € 7,7 and
6
n > v y +d
(5 - 2[1 + min(a[a’*,l)]e)a

we have that

s _ 4B __ 3 2 _2d
(3 [1"'111111(01/5*,1)]e (n—d)ad] a ]

64e(1+L)d+1)

P(A,(uw) > &) < 12e: exp[—(n — d)

Proof. Recall that
Ap(uw) = max|g,(aluw) — g(alsuf(uw))l.
a

Note that the fact w € & implies that for any finite sequence u and any symbol a € A we have
p(aluw) = p(a|suf(uw)). Hence,

g, (aluw) — g, (alsuf(uw))| < 1§,(aluw) —q(aluw)| + Iq(aluw) — p(aluw)|
+ |q(alsuf(uw)) — p(alsuf(uw))|
+ 13, (alsuf(uw)) — q(alsuf(uw))|.

Then, using Theorem [Ijwe have that

5 4
P(ay(ww) > ) < 3 [P(ay(aluw) - qlalaw)] > § = e [1+ )
acA )
N o 4p
+ P(|g,(alsuf(uw)) — q(a|suf(uw))| > 5 € [1+ m])] )
Now, for
n > 6 +d
(6 —2[1+ i ledad
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we can bound above the right hand side of the expression above using Lemma [10] by

s _ 4B 3 2 2d
[3-0 min(af"1) (n—d)ad] a

2
64e(1+L)d+1)

Je —

12e: exp[—(n—d)

I
Lemma 12. There exists d such that for any 6 < Dy —2(1 + ﬁ%)a any w € 9;15"1, L(w) <K,
w ¢ T, and any

6
n > v . +d
[Dd -6 — 2(1 + m)e]a
we have
Dy—6 48 3 12,.2d
(= — O+ sntemD)e ~ ot @

P( () {Anuw) <8} < 6ee exp[—(n—d)

uw€9|d

64e(1+L)d+1)

Proof. Let

d= max min{k: there exists w € 6} with w > u}.
u¢ 7, L(u)<K

Then there exists uw € 7 |; such that p(aluw) # p(a|suf(uw)) for some a € A. We have

P( () {8auw) <8} < P(A,uw) < 6).

uweT |y

Observe that for any a € A,

|4, (alsuf(uw)) — g, (aluw)| > |p(alsuf(uw)) — p(aluw)| — |q,(alsuf(uw)) — q(alsuf(uw))|—
|qn(aluw) — q(afuw)| — |g(a|suf(uw)) — p(alsuf(uw))|—
lq(aluw) — p(aluw)|.

Hence, we have that for any a € A

4P

A (uw) =2 D; —2€(l+ ————
n(uW) = Dg = 2 +min(a[5*,1)

] = 1@n(alsuf(uw)) — q(alsuf(uw))| - 1@, (aluw) — q(aluw)|.

Therefore,

4
Dd—26[1+m]—5})

B(Aq(uw) < 5) < ([ |{1ga(alsuf(uw)) - qlalsuf(uiv)| = ;

acA

_AB q_
Dd - 26[1 + min(aﬁ*,l)] o })

2

+ P((){1aa(aluw) — qaluiv)| >
acA

As S <Dd—2e[1+#’;m] and

6
n > +d

48 d
[Dg—6—-2(1+ min(aﬁ*’l))e]a
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we can use Lemma [10|to bound above the right hand side of the last probability by

Dg—6 4B _ 3 2 2d
[=3 min(a[j*,l))e (n—d)ad] a ]

Ge: exp[—(n—d
er expl~(n—d) 64e(1+L)d+1)

This concludes the proof of Lemma O
Now we proceed with the proof of our main result.

Proof of Theorem 2} Define

o5=U U {aw>sy,

weg uweﬁnﬁ’d
L(w)<K

U ) {a.ww) <5}

Weﬁ;‘s’d uW€9|d
L(w)<K

and

Then, if d < n we have
5 K.d K.d
{zlﬁ’d |K 7é g.lK} g On,5 U Un)5 .

Therefore,

BTN AT < Y, D, BAaw)>8)+ Y P[] Ayuw)<8).
(o e weT wel
Applying Lemma [11]and Lemma [12] we obtain, for

6
n > +d,

[min(6,D4 —6) —2(1 + mm(aﬁ* 1))6](1

the inequality
P(jné’dh( #T k) < crexp[—cy(n—d)],

[min(6,D4—6)—2(1+ 1202

4B )
min(af*,1) (n— d)ad
256¢(1+L£)(d+1)
rem O

1
where ¢; = 12e% 29 and ¢, = . We conclude the proof of Theo-

Proof of Corollary[3] It follows from Theorem [2| using the first Borel-Cantelli Lemma and the fact
that the bounds for the error in the estimation of the truncated context tree are summable in n for
appropriate choices of d and 6. O
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