E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 11 (2006), Paper no. 34, pages 860–892.

Journal URL http://www.math.washington.edu/∼ejpecp/

Curvilinear Integrals Along Enriched Paths

Denis Feyel Département de Mathématiques, Université d’Evry-Val d’Essonne Boulevard Francois Mitterrand, 91025 Evry cedex, France

Denis.Feyel@univ-evry.fr

Arnaud de La Pradelle Laboratoire d’Analyse Fonctionnelle, Université Paris VI Tour 46-0, 4 place Jussieu, 75052 Paris, France Université Pierre-et-Marie Curie

adlp@ccr.jussieu.fr

Abstract

1 Inspired by the fundamental work of T.J. Lyons (loc.cit), we develop a theory of curvilinear integrals along a new kind of enriched paths in IR^d. We apply these methods to the fractional Brownian Motion, and prove a support theorem for SDE driven by the Skorohod fBM of Hurst parameter H > 1/4.

Key words: Curvilinear integrals, Hölder continuity, rough paths, stochastic integrals, stochastic differential equations, fractional Brownian motion

AMS 2000 Subject Classification: Primary 26B20, 26B35, 34A26, 46N30, 53A04, 60G15, 60H10.

Submitted to EJP on August 2 2003, final version accepted September 12 2006.

1The first version of this paper has been substantially improved in the first part. The part relative to the fBM follows the same line and results.

I. Introduction

In a remarkable work, T. Lyons [20,21,24] defined a differential calculus along continuous rough paths X(t). He used the notion of multiplicative functional which are bounded in p-variation. He then developped a calculus for geometric rough path for any p. In the case p < 3, the calculus also holds for the non-geometric case.

Here we extend a calculus even for the non-geometric case p < 4, with application to the Skorohod-fractional Brownian motion. We are led to a new notion of enriched paths, and the calculus works for Lyons enhanced path, if it is also enriched.

In fact we only use the α-Hölder continuity, this is not a restriction (cf. below).

Section I is the Introduction. In Section II, we prove a fundamental lemma (independant of the theory of rough paths, the so-called sewing lemma), which allows us to prove the convergence of very general Riemann-type sums. The proof uses a Hölder control, but it also holds with any control function as explained in corollary 2.3. Examples are given: existence of the Young integral, stochastic integral (Ito or Stratonovich), fractional Brownian motion, and also a very simple proof of the theorem of Lyons concerning the almost rough paths.

In Section III, we introduce the notion of an enriched path, which allows us to define curvilinear integrals (α ∈]0, 1] arbitrary). Notice that for α > 1/3, this notion is equivalent to the notion of p-rough path (p < 3). The equivalence does not hold for α ≤ 1/3. An application is given to enrich the Peano curve.

In Section IV, we deal with the case α > 1/3 for to solve the differential equation naturally associated to the theory of enriched paths. Here, an important tool is the Schauder fixed point theorem which applies thanks to the linearity of the enrichement (α > 1/3). For the unicity, we use the Banach fixed point theorem (of course with stronger hypotheses).

In this Section is also included a precise comparison with the theory of Lyons.

In Section V, in view of application to the fBM, we deeply study the case α > 1/4. It turns out that for to solve a differential equation by the Picard iteration procedure, the good hypothesis is to have an enriched and enhanced path. Then the procedure works even in the non-geometric case.

In Section VI, we deal with the fBM with Hurst parameter H > 1/4. We first approximate the geometric rough path by C^∞ functions thanks to a martingale procedure. In a second time, this allows us to approximate the Skorohod fBM. Using the results of Section V, we solve SDE driven by the fBM.

In Section VII, we prove a support theorem for general stochastic enriched paths including the geometric or the Skorohod fBM.

Section VIII is an appendix: a technical lemma extending the Kolmogorov lemma, in relation with the sewing lemma.

We also show how to reparametrize a continuous bounded p-variation function F (s, t) to obtain a 1/p-Hölder control function.

We must point out two interesting alternative approaches on connected subjects ([13],[14]).

II. The sewing lemma: Abstract Riemann sums

2.1 Lemma : Let μ be a continuous function on [0, T ]^2 with values in a Banach space B, and ε > 0. Suppose that μ satisfies

|δμ(a, b, c)| = |μ(a, b) − μ(a, c) − μ(c, b)| ≤ K|b − a|^{1+ε} (2.1)

for every a, b, c ∈ [0, T ] with c ∈ [a, b]. Then there exists a function φ(t) unique up to an additive constant such that for a ≤ b

|φ(b) − φ(a) − μ(a, b)| ≤ Cst |b − a|^{1+ε} (2.2)

Moreover the least constant is at most Kθ(ε) with θ(ε) = (1 − 2^{−ε})^{−1}.

Proof : Put μ_n(a, b) =

2^n−1�

i=0 μ(t_i, t_{i+1}) where t_i = a + (b − a)i/2^n. We get

|μ_{n+1}(a, b) − μ_n(a, b)| ≤ K � i |t_{i+1} − t_i|^{1+ε} = K|b − a|^{1+ε}2^{−nε}

Hence the sequence μ_n(a, b) has a uniform limit u(a, b) which satisfies

|u(a, b) − μ(a, b)| ≤ K � n≥0 |b − a|^{1+ε}2^{−nε} = Kθ(ε)|b − a|^{1+ε}

Moreover u is semi-additive, that is u(a, b) = u(a, c) + u(c, b) everytime c is the midpoint of [a, b], as follows from the equality μ_{n+1}(a, b) = μ_n(a, c) + μ_n(c, b). This is the unique semiadditive function such that |u(a, b) − μ(a, b)| ≤ Cst |b − a|^{1+ε}, for if v is another such function, the difference w = v − u satisfies

|w(a, b)| ≤ Cst |b − a|^{1+ε} ⇒ |w(a, b)| ≤ |w(a, c)| + |w(c, b)| ≤ Cst |b − a|^{1+ε}2^{−ε}

By induction we get |w(a, b)| ≤ Cst |b − a|^{1+ε}2^{−nε} for every n, and w = 0.

Let k be an integer, and put v(a, b) =

�_{k−1} i=0 u(a + (b − a)i/k, a + (b − a)(i + 1)/k). Then v is semi-additive and has |v(a, b) − μ(a, b)| ≤ Cst |b − a|^{1+ε}. Hence v = u by uniqueness. It then follows that u(a, b) = u(a, c) + u(c, b) for every rational barycenter c ∈ [a, b]. The same holds for every c ∈ [a, b] by continuity of u. Putting φ(t) = u(0, t) gives the result. The uniqueness of φ follows in the same way as u.

2.2 Remark: Suppose μ is continuous and satisfies only the inequality |δμ(a, b, c)| ≤ |V (b) − V (a)|^{1+ε} with a non-decreasing continuous function V on [0, T ]. Then the reparametrization t^′ = λt + V (t) with λ > 0 yields a function φ such that |φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)|λ(b − a) + V (b) − V (a)|^{1+ε}. By unicity φ does not depend on λ so that |φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)|V (b) − V (a)|^{1+ε}.

2.3 Corollary: Suppose μ is continuous and satisfies |δμ(a, b, c)| ≤ ω(a, b)^{1+ε} where ω is a continuous control function as in [24]. Then there exists a unique function φ such that

|φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)ω(a, b)^{1+ε}

Proof : Recall that according to Lyons [24], ω is super-additive. If α ∈ [0, T ] we get a function φ on [α, T ] such that |φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)|ω(α, b) − ω(α, a)|^{1+ε} for [a, b] ⊂ [α, T ]. We have a fortiori |φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)|ω(α, b) − ω(α, a) + ω(β, b) − ω(β, a)|^{1+ε} for [a, b] ⊂ [β, T ] ⊂ [α, T ]. By unicity φ does not depend on α, that is φ_α = φ_β up to a constant on [β, T ]. Hence for [a, b] ⊂ [0, T ] we get by taking a = α

|φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)|ω(a, b) − ω(a, a)|^{1+ε} = θ(ε)ω(a, b)^{1+ε}

2.4 Corollary: (Riemann sums) Let σ = {t_1, . . . , t_n} an arbitrary subdivision of [a, b] with mesh δ = Sup_i ω(t_i, t_{i+1}). Define the Riemann sum

J_σ = � i μ(t_i, t_{i+1})

then J_σ converges to φ(b) − φ(a) as δ shrinks to 0.

Proof : |φ(b) − φ(a) − J_σ| ≤ � i |φ(t_{i+1}) − φ(t_i) − μ(t_i, t_{i+1})| ≤ θ(ε)ω(a, b)δ^ε which converges to 0 as δ → 0.

Applications

Example 1. The Young integral: Let x and y be α and β-Hölder continuous functions with α + β > 1, and put μ(a, b) = x_a(y_b − y_a). Then the sewing lemma yields a function φ, and the difference φ(b) − φ(a) is called the Young integral �_b a x_t dy_t

Another way to define the Young integral is to take μ^′(a, b) = � [a,b] xt dyt where [a, b] is the

oriented line segment from the point (x_a, y_a) to the point (x_b, y_b). The resulting function φ is the same as above, as follows from the estimate |μ^′(a, b) − μ(a, b)| ≤ Cst |b − a|^{α+β} .

It should be remarked that this extends to Banach valued functions x and y with a bilinear continuous map B(x, y) by putting μ(a, b) = B(x_a, y_b − y_a). The Young integral obtained can be denoted �_b a B(x_t, dy_t)

Example 2. The stochastic integral: Let X_t be the IR^d-valued standard Brownian motion. If f is a C^2-vector field, consider the scalar product

μ(a, b) = f(X_a).(X_b − X_a) +

�_b a � ∇f(X_a)(X_t − X_a) � . dX_t (2.3) with the Ito integral in the right member. The sewing lemma applies thanks to

N_p(δμ(a, b, c)) ≤ Cst |b − a|^{3/2}

As easily verified, the obtained difference φ(b) − φ(a) is the Ito integral of f(X_t) dX_t. Now, if we had taken_∘ μ(a, b) = f(X_a).(X_b − X_a) +

�_b a � ∇f(X_a)(X_t − X_a) � ∘ dX_t (2.4)

we would have obtained a similar estimate, and the obtained φ(b) − φ(a) would have been the Stratonovich integral of f(X_t)∘ dX_t. Moreover, observing that ∘ μ −μ = 1 2 div f(X_a)(b − a)

we recover the well known difference 1 2 �_b a div f(X_t) dt between the two integrals.

Example 3. The fractional Brownian motion: Let X^H_t be the IR^d-valued fractional Brownian motion with the Hurst parameter H > 0 defined by

X^H_t = c(H)

�_t 0 (t − s)^{H−1/2} dX_s

with c(H) = 1/Γ(H + 1/2). In the very regular case H > 3/2, t → X^H_t is an L^p-valued C^1

function so that

�_b a P (X^H_t ) dX^H_t has an obvious meaning for every polynomial P . We proved in [10] that this integral has an L^p-valued analytic continuation for H > 1/4. Moreover we have the estimates for i = 0, 1, 2

N_p

�_b a (X^H_t − X^H_a )^{⊗i} ⊗ dX^H_t � ≤ Cst |b − a|^{(i+1)H}

The same trick as above (2.4) allows us to define the integral �_b a f(X^H_t ) dX^H_t

for H > 1/3. For H > 1/4 we must put

μ(a, b) = f(X^H_a ).(X^H_b − X^H_a ) +

�_b a � ∇f(X^H_a )(X^H_t − X^H_a ) � dX^H_t + 1 2 �_b a � ∇^2f(X^H_a ).(X^H_t − X^H_a )^{⊗2} � dX^H_t

For H = 1/2 we recover the Stratonovich integral. As we shall see below, we can also extend the “Ito integral” with respect to dX^H_t for H > 1/4.

Exemple 4. The Chen-Lyons multiplicative functionals: An n-truncated multiplicative functional in the sense of Chen-Lyons is a sequence X_{ab} = (1, X^1_{ab}, X^2_{ab}, . . . , X^n_{ab}) where X^k_{ab} belongs to T^k(V ) the k-tensor product of a linear space V , indexed by the pairs {a, b} ⊂ [0, S] ⊂ IR, and satisfying the multiplicative relation X_{ab} = X_{ac}X_{cb} for a ≤ c ≤ b, that is for every k ≤ n (for more clarity we dropped the symbol ⊗)

X^k_{ab} = k� i=0 X^i_{ac}X^{k−i}_{cb}

It is continuous if every function (a, b) → X^k_{ab} is continuous (we suppose V of finite dimension). An n-truncated series is an n-almost multiplicative functional if for every a ≤ c ≤ b, we have only |X^k_{ab} − (X_{ac}X_{cb})^k| ≤ ω(a, b)^{1+ε} with a control ω and an ε > 0. Hence we have the following, substantially due to Lyons [24, theorem 3.2.1]:

2.5 Theorem: Let X be an n-truncated continuous multiplicative functional, and let Y^{n+1}_{ab} ∈ T^{n+1}(V ) be continuous and such that Y = (1, X^1, X^2, . . . , X^n, Y^{n+1}) is an n + 1-almost multiplicative functional. Then there exists a unique X^{n+1}_{ab} such that Z = (1, X^1, X^2, . . . , X^n, X^{n+1}) is an n + 1-multiplicative functional with the condition |X^{n+1}_{ab} − Y^{n+1}_{ab} | ≤ Cst ω(a, b)^{1+ε} The least constant is at most θ(ε) = (1 − 2^{−ε})^{−1}. Proof : Put μ(a, b) = Y^{n+1}_{ab} + n� k=1 X^k_{0a}X^{n+1−k} ab For a ≤ c ≤ b we get δμ(a, b, c) = Y^{n+1}_{ab} − Y^{n+1}_{ac} − Y^{n+1}_{cb} − n� k=1 X^k_{ac}X^{n+1−k} cb hence |δμ| ≤ ω(a, b)^{1+ε}. By the sewing lemma, we get a function φ(t) ∈ T^{n+1}(V ) such that |φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)ω(a, b)^{1+ε}

Put X^{n+1}_{ab} = φ(b) − φ(a) − n� k=1 X^k_{0a}X^{n+1−k} ab we then get X^{n+1}_{ab} − X^{n+1}_{ac} − X^{n+1}_{cb} = n� k=1 X^k_{ac}X^{n+1−k} cb and |X^{n+1}_{ab} − Y^{n+1}_{ab} | = |φ(b) − φ(a) − μ(a, b)| ≤ θ(ε)ω(a, b)^{1+ε} Uniqueness follows by the routine argument.

2.6 Remark: Suppose moreover than we have |X^k_{ab}| ≤ ω(a, b)^{kα} for every k ≤ n, and that (n + 1)α > 1 (cf. also [24, theorem 3.1.2]). Then (1, X^1, X^2, . . . , X^n, 0) is an n + 1-almost multiplicative functional, so that we can take Y^{n+1}_{ab} = 0. We then get (with ε = (n + 1)α − 1)

|X^{n+1}_{ab} | ≤ θ(ε)ω(a, b)^{(n+1)α} Repeating this process yields an infinite Chen-Lyons series X = (1, X^1, X^2, . . .) with

|X^{n+p}_{ab} | ≤

�_p � k=1 θ[(n + k)α − 1] � ω(a, b)^{(n+p)α}

Observe that the infinite product converges, so that we have for every p |X^{n+p}_{ab} | ≤ K(α, n)ω(a, b)^{(n+p)α} for every p, with a universal constant. After computations we get the estimate K(α, n) ≤ θ[(n + 1)α − 1]^{θ(α)}.

III. Enriching the paths (α > 1/(m + 2))

In this section we consider an IR^d valued-path y defined on [0, T ] which is α-Hölder continuous with α > 1/(m + 2) where m ≥ 1 is an integer.

Let P_m be the space of all real polynomials on IR^d with degree ≤ m. We assume that we are given a linear map denoted P → I(P ) with values in the space C^α([0, T ], IR^d). We shall also denote I_{ab}(P ) = I(P )(b) − I(P )(a) We suppose the following property: for every ξ belonging to the convex hull of the image y[a, b] and every linear function f on IR^d we have for k ∈ {0, . . . , m} � �Iab[f^k(· − ξ)] � � ≤ Cst ‖f‖^k|b − a|^{(k+1)α} (3.1)

The least constant in (3.1) is denoted ‖I‖_α.

If we take P = 1, we get a C^α-function x with values in IR^d. We can introduce the notation I_{ab}(P ) =

�_b a P (y_t) dx_t

By a canonical tensor extension, we define �_b a P (y_t) ⊗ dx_t ∈ IR^n ⊗ IR^d

for every IR^n-valued polynomial on IR^d. We then get � � � �_b a (y − ξ)^{⊗k} ⊗ dx_t � � � ≤ ‖I‖^α|b − a|^{(k+1)α} (3.2)

3.1 Definition: The pair (y, I) is called an enriched path, I is the enrichment of the path y.

3.2 Remark: Even if y or x is C^∞, the definition does not necessarily agree with the usual path integral.

3.3 Theorem: Let f be a C^{m+1} function on IR^d. There exists a function φ(t) unique up to an additive constant, such that for every a, b ∈ [0, 1] � � �φ(b) − φ(a) −

�_b a T (y_a, y_t) dx_t � � � ≤ Cst |b − a|^{(m+2)α}Q^{ab}(∇^{m+1}f) (3.3)

where T (y_a, y) is the Taylor polynomial of f at the point y_a of degree m and Q_{ab} the uniform norm on the image y[a, b].

Proof : Put μ(a, b) =

�_b a T (y_a, y_t) dx_t (3.4)

We have for c ∈ [a, b]

δμ = μ(a, b) − μ(a, c) − μ(c, b) =

�_b c [T (y_a, y_t) − T (y_c, y_t)] dx_t (3.5)

Put ξ_s = y_a + s(y_c − y_a) for s ∈ [0, 1], and ψ(s) = T (ξ_s, y_t). We get

ψ^′(s) = (m!)^{−1}∇^{m+1}f(ξ_s).(y_c − y_a).(y_t − ξ_s)^{⊗m}

where the dots stand for contracted tensor products. Hence

δμ = −(m!)^{−1}

�_1 0 ds �_b c � ∇^{m+1}f(ξ_t).(y_c − y_a).(y_t − ξ_s)^{⊗m} � dx_t (3.6)

|δμ| ≤ (m!)^{−1}‖y‖_α‖I‖_αQ_{ab}(∇^{m+1}f)|b − a|^{(m+2)α} (3.7) where ‖y‖_α is the norm of y in C^α. As (m+2)α > 1 the result follows from theorem 2.1. Besides, the least constant in (3.7) is ≤ θ((m + 2)α − 1)M‖x‖_α.

We shall denote �_b a f(y_t) dx_t = φ(b) − φ(a)

In particular, if f is a polynomial of degree m, we recover the integral

�_b a f(y_t) dx_t, since f coincides with every of its Taylor polynomial of degree m.

IV. The case (α > 1/3) The hypotheses are the same as in section III, with m = 1. 4.1 Proposition: Put z_t =

�_t 0 y_s ⊗ dx_s (4.1) We then have |z_b − z_a − y_a ⊗ (x_b − x_a)| ≤ ‖I‖_α|b − a|^{2α} (4.2) Conversely, let x and z be C^α-functions with values respectively in IR^d and IR^d ⊗ IR^d such that (4.2) holds. Then we can define an enrichment of y by putting �_b a dx_t = x_b − x_a,

�_b a y_t ⊗ dx_t = z_b − z_a

Proof : Obvious.

4.2 Lemma : Assume that x ∈ C^α, α ≤ 1 and 0 < H ≤ T . On the space C^α[0, T ], the following semi-norms are equivalent ‖x‖_{α,H} = Sup{|x_t − x_s|/|b − a|^α � 0 < |b − a| ≤ H} Proof : Obviously ‖x‖_{α,H} ≤ ‖x‖_{α,K} for H ≤ K, and ‖x‖_{α,2H} ≤ 2^{1−α}‖x‖_{α,H}

4.3 Proposition: Let K_H (R) be the set of couples (y, z) ∈ C^α[0, T ] × C^α[0, T ] such that y_0 = 0 and for |b − a| ≤ H |y_b − y_a| ≤ R|b − a|^α and |z_b − z_a − y_a ⊗ (x_b − x_a)| ≤ R|b − a|^{2α} This is a non void convex set, and it is compact in the topology induced by C^β [0, T ] × C^β [0, T ] for β < α.

Proof : Left to the reader.

Iteration Let x_t and y_t be two enriched paths, such that I_{ab}(1) = J_{ab}(1) = x_b − x_a. We shall use the notations

X^1_{ab} = x_b − x_a, Y^1_{ab} = y_b − y_a, X^2_{ab} =

�_b a X^1_{at} ⊗ dx_t, Y^2_{ab} =

�_b a Y^1_{at} ⊗ dx_t (4.3) Observe that Y^2_{ab} = z_b − z_a − y_a ⊗ (x_b − x_a).

Let σ be a matrix valued C^2 function, put (with the dot for the matrix product) y_t =

�_t 0 σ(y_s). dx_s 4.4 Proposition: There exists a C^α function z_t such that |Y^2_{ab}| = |z_b − z_a − y_a ⊗ X^1_{ab}| ≤ Cst |b − a|^{2α} Proof : Put μ^2(a, b) = y_a ⊗ X^1_{ab} + σ(y_a).X^2_{ab} where the dot is a natural contracted tensor product. We have δμ^2(a, b, c) = −

�_c a [σ(y_t) − σ(y_a)]. dx_t � ⊗ X^1_{cb} − [σ(y_c) − σ(y_a)].X^2_{cb} which implies |δμ^2| ≤ Cst |b − a|^{3α} Applying the sewing lemma yields the expected function z_t. We shall denote z_t =

�_t 0 y_s ⊗ dx_s

Denote C^2_b the space of functions which are bounded with its derivatives up to order 2. 4.5 Theorem: Suppose that σ ∈ C^2_b . The set K_H (R) is invariant under the map (y, z) → (y, z) for R large enough and H sufficiantly small. Proof : Put σ_a = σ(y_a), σ^′_a = ∇σ(y_a) and as above μ^1(a, b) = σ_a.X^1_{ab} + σ^′_a.Y^2_{ab}, μ^2(a, b) = y_a ⊗ X^1_{ab} + σ_a.X^2_{ab} then δμ^1(a, b, c) = (σ_a − σ_c + σ^′_aY^1_{ac}).X^1_{cb} + (σ^′_a − σ^′_c).Y^2_{cb} δμ^2(a, b, c) = (y_a − y_c + σ_aX^1_{ac}) ⊗ X^1_{cb} + (σ_a − σ_c).X^2_{cb} First we have |μ^1(a, b)| ≤ M|b − a|^α + MR|b − a|^{2α} Assume that RH^α ≤ 1, then for |b − a| ≤ H |μ^1(a, b)| ≤ 2M|b − a|^α, ⇒ |δμ^1| ≤ 6M|b − a|^α |y_b − y_a| ≤ 2M(1 + 3θ)|b − a|^α ⇒ ‖y‖_{α,H} ≤ 2M(1 + 3θ) Take R ≥ 2M(1 + 3θ), then ‖y‖_{α,H} ≤ R. Using again RH^α ≤ 1, we get � � �_c a (σ_t − σ_a) dx_t � � ≤ M[1 + 6θ]|b − a|^α

|δμ^2| ≤ M^2(1 + 6θ)|b − a|^{2α} + MR|b − a|^{3α} = M^′|b − a|^{2α} |Y^2_{ab}| ≤ |μ^2(a, b) − y_aX^1_{ab}| + θ|δμ^2| ≤ (M + θM^′)|b − a|^{2α} Hence we can take finally R ≥ 2M(1 + 3θ), R ≥ (M + θM^′), H^α ≤ 1/R

4.6 Corollary: The map (y, z) → (y, z) has a fixed point in K_H (R).

Proof : K_H (R) is convex and compact in C^β × C^β for β < α by proposition 4.3, moreover the map is obviously continuous in this topology. So the Schauder theorem applies.

4.7 Corollary: Assume that σ is C^2_b . Then the “differential equation”

y_t =

�_t 0 σ(y_s). dx_s, z_t =

�_t 0 y_s ⊗ dx_s (4.4)

with |z_b − z_a − y_a ⊗ (x_b − x_a)| ≤ Cst |b − a|^{2α} has a solution.

Uniqueness 4.8 Proposition: (Variation of the sewing lemma) Assume that ν_t(a, b) is continuous with respect to the three variables (t, a, b) with |ν_t(a, b) − ν_t(a, c) − ν_t(c, b)| ≤ M|b − a|^{1+ε} for a ≤ c ≤ b Then μ_t =

�_t 0 ν_s ds has the same property, and the resulting function φ_t is derivable in t.

Proof : Let ψ_t be the unique function such that ψ_t(0) = 0 and |ψ_t(b) − ψ_t(a) − ν_t(a, b)| ≤ Mθ(ε)|b − a|^{1+ε}

It is continuous with respect to (t, a, b). We get the result by putting φ_t(x) =

�_t 0 ψ_s(x) ds

4.9 Theorem: Assume that σ is C^3_b . Let (y, z) be such that the inequality |z_b −z_a −y_a ⊗X^1_{ab}| ≤ R|b − a|^{2α} holds. Put as in proposition 4.4 y_b − y_a =

�_b a σ(y_t). dx_t, z_b − z_a =

�_b a y_t ⊗ dx_t with (y, z) ∈ K_H (R). Suppose that (y + u, z + v) is another couple belonging to K_H (R). Then (y, z) is weakly derivable in the direction of (u, v). Moreover the map (y, z) → (y, z) is a contraction in the set K_H (R) for R large enough, H and T small enough, in the the topology of C^α × C^α.

Proof : Write again μ^1(a, b) = σ(y_a).X^1_{ab} + σ^′(y_a).Y^2_{ab}, μ^2(a, b) = y_a ⊗ X^1_{ab} + σ(y_a).X^2_{ab} Put μ^1_t (a, b) = σ(y_a + tu_a).X^1_{ab} + σ^′(y_a + tu_a).(Y^2_{ab} + tU^2_{ab}) μ^2_t (a, b) = (y_a + tu_a) ⊗ X^1_{ab} + σ(y_a + tu_a).X^2_{ab} Denote D the derivative at t = 0, and assume that ‖u‖_α ≤ ρ, |U^2_{ab}| ≤ ρ|b − a|^{2α} and RT^α ≤ 1 Dμ^1(a, b) = σ^′(y_a).u_a.X^1_{ab} + σ^{′′}(y_a).u_a.Y^2_{ab} + σ^′(y_a).U^2_{ab} Dμ^2(a, b) = u_a ⊗ X^1_{ab} + σ^′(y_a).u_a.X^2_{ab} Denote M a constant only depending on X and σ. We have

|Dμ^1(a, b)| ≤ MρT^α|b − a|^α + MρT^αR|b − a|^{2α} + Mρ|b − a|^{2α} ≤ 3MρT^α|b − a|^α

δDμ^1(a, b, c) = [σ^′(y_a) − σ^′(y_c) + σ^{′′}(y_a)Y^1_{ac}].u_a.X^1_{cb} + [σ^{′′}(y_a) − σ^{′′}(y_c)].u_a.Y^2_{cb} + [σ^′(y_a) − σ^′(y_c)].U^2_{cb} − σ^{′′}(y_c).U^1_{ac}.Y^2_{cb}

As RT^α ≤ 1, each term in the right hand side is majorized by MRρ|b − a|^{3α}, so that |δDμ^1| ≤ 4MRρ|b − a|^{3α}. By proposition 4.8, the variation u = Δy satisfies ‖u‖_α ≤ (3 + 4θ)MT^αρ ≤ kρ with k = (3 + 4θ(3α − 1))T^α < 1 for T small enough.

Now compute the variation of Y^2, denoted U^2. Let Δμ^2 be the variation of μ^2. We have U^2_{ab} = Δμ^2(a, b) − u_a ⊗ X^1_{ab} + � n δΔμ^2_n(a, b) where μ^2_n is defined as in the proof of the sewing lemma. We have |Δμ^2(a, b) − u_a ⊗ X^1_{ab}| = |[σ(y_a + u_a) − σ(y_a)].X^2_{ab}| ≤ MρT^α|b − a|^{2α} Next we have to estimate δΔμ^2. As above, we estimate δDμ^2 = Dδμ^2. Recall that δμ^2 = −[y_c − y_a − μ^1(a, c)] ⊗ X^1_{cb} − σ^′(y_a).Y^2_{ac} ⊗ X^1_{cb} + [σ(y_a) − σ(y_c)].X^2_{cb} with dots as contracted tensor products. We get Dδμ^2 = − [u_c − u_a − Dμ^1(a, c)] ⊗ X^1_{cb} − σ^{′′}(y_a).u_a.Y^2_{ac} ⊗ X^1_{cb} − σ^′(y_a).U^2_{ac} ⊗ X^1_{cb} + [σ^′(y_a).u_a − σ^′(y_c).u_c].X^2_{cb}

As seen above, the first term is majorized by MRρ|b − a|^{4α} ≤ Mρ|b − a|^{3α}, the other ones are also majorized by Mρ|b − a|^{3α}. We then get � � � � n δΔμ^2_n(a, b) � � � ≤ 4θM|b − a|^{3α} ≤ M^′ρT^α|b − a|^{2α}

Finally we obtain |U^2_{ab}| ≤ (M + M^′)ρT^α|b − a|^{2α} ≤ kρ|b − a|^{2α} with k = (M + M^′)T^α < 1 for T small enough.

4.10 Corollary: The differential equation (4.4) has a unique solution.

Proof : The Picard sequence converges in K_R(T ), so that the fixed point is unique.

4.11 Remark: In the frame of enhanced paths, this theorem is due to Lyons [24, corollary 6.2.2].

Comparison with the Lyons rough paths

First observe that X = (1, X^1, X^2) defined in formulae (4.3) is a rough path in the sense of Lyons, which is easy to verify. Conversely, if we are given a rough path X = (1, X^1, X^2), we can put v_t = x_0 ⊗ X^1_{0t} + X^2_{0t}, or equivalently

�_b a (x_t − x_a) ⊗ dx_t = X^2_{ab}

We then get an enriched path (x, v).

If we are given an enriched path y with X^1_{ab} =

�_b a dx_t then (Y^1, Y^2) defined in proposition 4.4 satisfies Y^2_{ab} = Y^2_{ac} + Y^1_{ac} ⊗ X^1_{cb} + Y^2_{cb}

Conversely if we are given the couple (Y^1, Y^2), satisfying the preceding relation, putting y_t = Y^1_{0t}, and z_t = y_0 ⊗ X^1_{0t} + Y^2_{0t} is an enriched path (y, z) in the sense of proposition 4.4.

Miscellaneous 4.12 Proposition: Let (x_t, z_t) be an enriched path, then η_t = x ⊗ x � �^t_0 −

�_t 0 (x_s ⊗ dx_s + dx_s ⊗ x_s) is a symmetric tensor of class C^{2α}. Moreover, if we put z_t =

�_t 0 x_s∘ dx_s =

�_t 0 x_s ⊗ dx_s + 1 2 η_t we get �_b a x_s∘ dx_s +

�_b a dx_s∘x_s = x ⊗ x � �^b_a We then say that z_t is a normal enrichment of x_t, it is the normal part of z_t. Proof : Left to the reader.

4.13 Remark: We also have

z_t = 1 2 x ⊗ x � �^t_0 + 1 2 �_t 0 x_s ⊗ dx_s − dx_s ⊗ x_s = 1 2 x ⊗ x � �^t_0 + 1 2 �_t 0 x_s∘ dx_s − dx_s∘x_s

If we write dη_t = dx_t ⊗ dx_t, we can write d(x_t ⊗ x_t) = x_t∘ dx_t + dx_t∘x_t = x_t ⊗ dx_t + dx_t ⊗ x_t + dx_t ⊗ dx_t Observe that dx_t ∘ dx_t = 0.

4.14 Theorem: Let f be of class C^3. We then have an “Ito formula” f(x_b) − f(x_a) =

�_b a ∇f(x_t).dx_t + 1 2 �_b a ⟨∇^2f(x_t), dx_t.dx_t⟩ where the last integral is Young, or in differential form d[f(x_t)] = ∇f(x_t).dx_t + 1 2 ⟨∇^2f(x_t), dx_t ⊗ dx_t⟩ Proof : Obvious.

4.15 Remark: Taking the normal part z_t of z_t we get d[f(x_t)] = ∇f(x_t)∘dx_t

4.16 Corollary: Put m_t = exp[⟨k, x_t⟩ −^1_2 ⟨k ⊗ k, η_t⟩]. We then have

m_b − m_a =

�_b a m_t⟨k, dx_t⟩

An example: The enriched Peano’s curve There is a description of the curve γ(t) = z_t = (x_t, y_t) in Favard [7]. Recall that we have a sequence of piecewise linear curves t → z^n_t = (x^n_t , y^n_t ) ∈ IR^2 with vertices for t = k.9^{−n}, 0 ≤ k < 9^n. The sequence uniformly converges to a continuous curve z_t, which is the Peano curve.

Let Δ_n be the set of numbers k.9^{−n}, Δ = � n≥0 Δ_n. The sequence z^n is stationnary at each point of Δ. One then has |z_t′ − z_t| ≤ √ 2 |t^′ − t|^{1/2} for every t ∈ Δ_n, and t^′ = t + 9^{−n}.

Hence, there exists by the the combinational lemma of the appendix, a constant M_1 such that |z_b − z_a| ≤ M_1|b − a|^{1/2} for every a, b, so that z_t is 1/2-Hölder continuous.

Put A^n_{ab} =

�_b a (z^n_t − z^n_a ) ⊗ dz^n_t . We first have A^k_{01} =^1_2 z_1 ⊗ z_1 for every k (easy computation), so that by the similarities of the Peano curve A^{n+k}_{tt′} = 1 2 z_{tt}′ ⊗ z_{tt}′ for t ∈ Δ_n, t^′ = t + 9^{−n} and k ≥ 0. Next, if t^{′′} = t^′ + 9^{−n} we have A^{n+k}_{tt′′} = A^{n+k}_{tt′} + A^{n+k}_{t′t′′} + z_{tt}′ ⊗ z_t′_t′′ Hence for every a, b ∈ Δ, the sequence A^n_{ab} converges stationarily to a limit A_{ab}. Now, for t ∈ Δ_n and t^′ = t + 9^{−n}, we have |A_{tt}′ | ≤ |t^′ − t|, and for a ≤ c ≤ b ∈ Δ |A_{ab} − A_{ac} − A_{cb}| = |z_{ac} ⊗ z_{cb}| ≤ M^2_1 |c − a|^{1/2}|b − c|^{1/2} From the combinational lemma we first deduce an M_2 such that |A_{ab}| ≤ M_2|b − a| for every n ≥ 0, a, b ∈ Δ, next that A extends continuously on [0, 1]^2. Finally (1, z, A) is a rough path, and we have an α-enriched curve for α = 1/2 > 1/3.

V. The case α > 1/4

Suppose that x and y are two enriched paths in the sense of section III, with I(1)_{ab} = J(1)_{ab} = x_b − x_a. Put

Y^1_{ab} = y_b − y_a, Y^2_{ab} =

�_b a Y^1_{at} ⊗ dx_t, Z_{ab} =

�_b a (Y^1_{at})^{⊗2} ⊗ dx_t

5.1 Proposition: For a ≤ c ≤ b we have

Y^2_{ab} − Y^2_{ab} − Y^2_{ab} = Y^1_{ac} ⊗ X^1_{cb} (5.1)

Z_{ab} − Z_{ac} − Z_{cb} = (Y^1_{ac})^{⊗2} ⊗ X^1_{cb} + Y^1_{ac} ⊗ Y^2_{cb} + S(Y^1_{ac} ⊗ Y^2_{cb}) (5.2) where S is the symmetry of the tensor product defined by S(u ⊗ v ⊗ w) = v ⊗ u ⊗ w.

Proof : Straightforward.

5.2 Remark: These two relations (5.1) and (5.2) are the only ones we need to compute integrals as in section III, for m = 2. Indeed, we have (formula (3.3)) � � �φ(b) − φ(a) −

�_b a [f(y_a) + ∇f(y_a).Y^1_{at} + 1 2 ∇^2f(y_a).Y^1_{at}^{⊗2}]. dx_t � � � ≤ Cst |b − a|^{4α}

that is � � �φ(b) − φ(a) − f(y_a).X^1_{ab} − ∇f(y_a).Y^2_{ab} − 1 2 ∇^2f(y_a).Z_{ab} � � ≤ Cst |b − a|^{4α}

Let σ be a C^3 matrix function on IR^d. We want to define a triple (Y^1, Y^2, Z) with the same properties as the triple (Y^1, Y^2, Z). First define

y_t =

�_t 0 σ(y_s) ⊗ dx_s, Y^1_{ab} = y_b − y_a =

�_b a σ(y_s) ⊗ dx_s

Hypothesis: there exists X^3 such that (1, X^1, X^2, X^3) is a rough path, and Y^3 such that for a ≤ c ≤ b Y^3_{ab} = Y^3_{ac} + Y^1_{ac} ⊗ X^2_{cb} + Y^2_{ac} ⊗ X^1_{cb} + Y^3_{cb} (5.3) and |Y^3_{ab}| ≤ Cst |b − a|^{3α} (5.4)

Iteration

5.3 Proposition: Put

μ^2(a, b) = y_a ⊗ X^1_{ab} + σ(y_a).X^2_{ab} + ∇σ(y_a).Y^3_{ab}

where the dots are obvious contracted tensor products. There exists a function U such that |U_b − U_a − μ^2(a, b)| ≤ Cst |b − a|^{4α}. Put Y^2_{ab} = U_b − U_a − y_a ⊗ X^1_{ab}, we then have for a ≤ c ≤ b

Y^2_{ab} = Y^2_{ac} + Y^1_{ac} ⊗ X^1_{cb} + Y^2_{cb} and |Y^2_{ab}| ≤ Cst |b − a|^{2α}

Proof : Put σ_a = σ(y_a), σ^′_a = ∇σ(y_a). We get for a ≤ c ≤ b

δμ^2(a, b, c) = [y_a − y_c + σ_a.X^1_{ac} + σ^′_a.Y^2_{ac}] ⊗ X^1_{cb} + [σ_a − σ_c + σ^′_a.Y^1_{ac}] ⊗ X^2_{cb} + [σ^′_a − σ^′_c].Y^3_{cb}

Every term is majorized by Cst |b − a|^{4α}, so that the sewing lemma applies, and the function U exists. The last claims are straightforward.

5.4 Proposition: Put μ^3(a, b) = y_a ⊗ X^1_{ab} ⊗ x_b + Y^2_{ab} ⊗ x_b − y_a ⊗ X^2_{ab} − σ_a.X^3_{ab} There exists a function V such that |V_b − V_a − μ^3(a, b)| ≤ Cst |b − a|^{4α}. Put Y^3_{ab} = y_a ⊗ X^1_{ab} ⊗ x_b + Y^2_{ab} ⊗ x_b − y_a ⊗ X^2_{ab} − (V_b − V_a) We then have for a ≤ c ≤ b Y^3_{ab} = Y^3_{ac} + Y^1_{ac} ⊗ X^2_{cb} + Y^2_{ac} ⊗ X^1_{cb} + Y^3_{cb} and |Y^3_{ab}| ≤ Cst |b − a|^{3α} Proof : Write μ^3 = A + B − C − D, so that δμ^3(a, b, c) = δA + δB − δC − δD. We get δA = y_a ⊗ X^1_{ac} ⊗ X^1_{cb} − Y^1_{ac} ⊗ X^1_{cb} ⊗ x_b δB = Y^2_{ac} ⊗ X^1_{cb} + Y^1_{ac} ⊗ X^1_{cb} ⊗ x_b δC = y_a ⊗ X^1_{ac} ⊗ X^1_{cb} − Y^1_{ac} ⊗ X^2_{cb} δD = σ_a.X^2_{ac} ⊗ X^1_{cb} + σ_a.X^1_{ac} ⊗ X^2_{cb} + (σ_a − σ_c).X^3_{cb} Hence δμ^3 = [Y^2_{ac} − σ_a.X^2_{ac}] ⊗ X^1_{cb} + [Y^1_{ac} − σ_a.X^1_{ac}] ⊗ X^2_{cb} − (σ_a − σ_c).X^3_{cb} Every term is majorized by Cst |b − a|^{4α}, so that the sewing lemma applies, and the function V exists. The last claims are straightforward.

5.5 Proposition: Put ν(a, b) = y^{⊗2}_a ⊗ X^1_{ab} + y_a ⊗ Y^2_{ab} + S(y_a ⊗ Y^2_{ab}) +

�_b a [σ(y_a).X^1_{at}]^{⊗2} ⊗ dx_t Then ν satisfies the conditions of the sewing lemma. Let W be a function such that |W_b − W_a − ν(a, b)| ≤ Cst |b − a|^{4α}. Then Z_{ab} = W_b − W_a − [y^{⊗2}_a ⊗ X^1_{ab} + y_a ⊗ Y^2_{ab} + S(y_a ⊗ Y^2_{ab})] satisfies the following relation Z_{ab} − Z_{ac} − Z_{cb} = Y^1_{ac}^{⊗2} ⊗ X^1_{cb} + Y^1_{ac} ⊗ Y^2_{cb} + S(Y^1_{ac} ⊗ Y^2_{cb}) |Z_{ab}| ≤ Cst |b − a|^{3α}

Proof : If a function u(a, b) is such that u(a, b)/|b − a|^{4α} is bounded, then we write u ≈_{4α} 0. In the same way we write u ≈_{4α} v for u − v ≈_{4α} 0. We have ν(a, b) = A + B + S(B) + C For a ≤ c ≤ b, we have δν(a, b, c) = δA + δB + S(δB) + δC δA = (y^{⊗2}_a − y^{⊗2}_c ) ⊗ X^1_{cb} = [(Y^1_{ac})^{⊗2} − y_c ⊗ Y^1_{ac} − Y^1_{ac} ⊗ y_c] ⊗ X^1_{cb} δB = y_a ⊗ Y^1_{ac} ⊗ X^1_{cb} − Y^1_{ac} ⊗ Y^2_{cb}

δC ≈_{4α}

�_b c [(σ_c.X^1_{at})^{⊗2} − (σ_c.X^1_{ct})^{⊗2}] ⊗ dx_t

δC ≈_{4α} (σ_c.X^1_{ac})^{⊗2}X^1_{cb} + σ_c.X^1_{ac} ⊗ σ_c.X^2_{cb} + S(σ_c.X^1_{ac} ⊗ σ_c.X^2_{cb}) Hence δν ≈_{4α} [(σ_c.X^1_{ac})^{⊗2} − (Y^1_{ac})^{⊗2}] ⊗ X^1_{cb} + D + S(D) (5.5) with D = σ_c.X^1_{ac} ⊗ σ_cX^2_{cb} − Y^1_{ac} ⊗ Y^2_{cb} As we have Y^1_{ac} = σ_c.X^1_{ac} +

�_c a (σ_t − σ_c). dx_t we infer that the first term in (5.5) is ≈_{4α} 0. As we have Y^2_{cb} ≈_{4α} σ_c.X^2_{cb} +

�_b c σ^′_c.Y^1_{ct}.dx_t ⊗ X^1_{tb} we infer that D ≈_{4α} 0. Finally δν ≈_{4α} 0.

It remains to prove the last claims, this is straightforward.

Let (1, X^1, X^2, X^3) be a rough path. Let Y = (Y^1, Y^2, Y^3, Z) as above. As we have seen, there exists Y = (Y^1, Y^2, Y^3, Z) with the same properties as Y . By induction we get a sequence Y_n = (Y^1_n , Y^2_n , Y^3_n , Z_n) of enriched paths with respect to X. The problem is to know if this sequence converges as for α > 1/3. For σ ∈ C^3_b , a proof analogous to the case α > 1/3 could be possible, by the use of many tedious computations, which are left to an upcoming paper. In the particular case of geometric rough paths, this problem was solved by Lyons [24, theorem 6.3.1].

VI. The Fractional Brownian Motion

Many authors have studied the fBM with Hurst index H > 1/4, recent publications are [3,4,5,6,8,9,10,12,13].

Let X_t be the IR^d-valued linear standard Brownian motion. For H > 0, put X^H_t = c(H)

�_t 0 (t − r)^{H−1/2} dX_r, with c(H) = 1 Γ(H + 1/2) We get a fractional Brownian motion with Hurst parameter H. Recall that we have for s, t ≥ 0 N_2(X^H_t − X^H_s ) ≤ K_H |t − s|^H where K_H is a continuous function of H > 0. Besides, for every H^′ < H, there exists a function F which belongs to every L^p(μ) and such that |X^H_t − X^H_s | ≤ |t − s|^{H′} F so that almost every path belongs to C^{H′} .

Let c_n be a Hilbert basis of L^2([0, 1]), such that each c_n is C^∞ with compact support in ]0, 1[. If x_t is the standard linear Brownian motion, put U_n =

�_1 0 c_n(t) dx_t We get a Hilbert basis of the fist Wiener chaos. One has x_t = � n≥1 U_ns_n with s_n(t) =

�_t 0 c_n(u) du

Hence the linear fractional Brownian motion writes x^H_t = � n≥1 U_ns^H_n (t)

with s_n(t) = c(H)

�_t 0 (t − r)^{H−1/2}c_n(r) dr If n is an integer, put x^{H,n}_t = � i≤n U_is^H_i (t) Then the process x^{H,n} has C^∞ paths. Moreover x^{H,n} is a L^p- martingale with values in the separable Banach space C^{H′}_0 which is the closure of C^∞ in C^{H′} . (Recall that H^′ < H). Hence x^{H,n} converges to x^H in the space L^p(C^{H′}_0 ) for every p ≥ 1, and almost everywhere.

6.1 Proposition: Let y ∈ C^H (L^2) be a process which is independant of x. Put J^n_{ab} =

�_b a [y_t − y_a] dx^{H,n}_t = � i≤n j^iU_i

Then J^n_{ab} converges as n → ∞ to a process J_{ab} =

�_b a [y_t − y_a] dx^H_t and N_2(J ) ≤ Cst |b − a|^{2H} (6.1) Proof : Put j^n = c(H − 1)

�_b a [y_t − y_a] dt

�_t 0 (t − r)^{H−3/2}c_n(r) dr =

�_b 0 Z_rc_n(r) dr where W_r = c(H − 1)

�_b a∨r [y_t − y_a](t − r)^{H−3/2} dt Then we have for r < a

N_2(W_r) ≤ |c(H − 1)|K_H |b − a|^H

�_b a (t − r)^{H−3/2}c_n dt ≤ c(H)K_H |b − a|^H χ^H (r) with χ^H (r) = (b − r)^{H−1/2} − (a − r)^{H−1/2} For r > a, one has W_r = U_r + V_r with U_r = c(H − 1)[y_r − y_a]

�_b r (t − r)^{H−3/2} dt = c(H)[y_r − y_a](b − r)^{H−1/2}

V_r = c(H − 1)

�_b r [y_t − y_r](t − r)^{H−3/2} dt N_2(V_r) ≤ |c(H − 1)|k

�_b r (t − r)^{2H−3/2} dt ≤ k(b − a)^{2H−1/2} We get IE([J^n]^2) = � i≤n IE([j^n]^2) ≤ IE

�_b 0 W^2_r dr ≤ Cst |b − a|^{4H} so that the sequence J^n_{ab} is bounded. The convergence and (6.1) follow from the Pythagoras theorem.

6.2 Definition: For H > 1/4, we put �_b a (y_t − y_a) dx^H_t = Lim_{n→∞} J^n_{ab} 6.3 Proposition: Assume that y belongs to C^H (L^4) and is independant from x. Put K^n =

�_b a [y_t − y_a]^2 dx^{H,n}_t

Then K^n converges as n → ∞ to a limit K and N_2(K) ≤ Cst |b − a|^{3H} (6.2)

Proof : Observe that y^2 belongs to L^2 so that K = �_b a [y_t − y_a]^2 dx^H_t is defined. Introduce as above W_r = c(H − 1)

�_b a∨r [y_t − y_a]^2(t − r)^{H−3/2} dt For r < a

N_2(W_r) ≤ |c(H − 1)|K_H |b − a|^{2H}

�_b a (t − r)^{H−3/2}c_n dt ≤ c(H)K_H |b − a|^{2H} χ^H (r) For r > a, one has W_r = U_r + V_r with U_r = c(H − 1)[y_r − y_a]^2

�_b r (t − r)^{H−3/2} dt = c(H)[y_r − y_a]^2(b − r)^{H−1/2}

V_r = c(H − 1)

�_b r [y_t + y_r − 2y_a][y_t − y_r](t − r)^{H−3/2} dt

N_2(V_r) ≤ 2|c(H − 1)|k|b − a|^H

�_b r (t − r)^{2H−3/2} dt ≤ k(b − a)^{3H−1/2} Finally IE([J^n]^2) = IE

�_b 0 W^2_r dr ≤ Cst |b − a|^{6H} Hence the sequence J^n_{ab} is bounded, the convergence and (6.2) follow as above.

6.4 Definition: For H > 1/4, we put �_b a (y_t − y_a)^2 dx^H_t = Lim_{n→∞} K^n_{ab}

Application: If x and x are two independant linear Brownian motions, one can define �_b a (x^H_t − x^H_a ) dx^H_t ,

�_b a (x^H_t − x^H_a )^2 dx^H_t by propositions 6.1 and 6.3 �_b a (x^H_t − x^H_a ) dx^H_t = 1 2 (x^H_b − x^H_a )^2,

�_b a (x^H_t − x^H_a )^2 dx^H_t = 1 3 (x^H_b − x^H_a )^3 �_b a (x^H_t − x^H_a )(x^H_t − x^H_a ) dx^H_t = 1 2 (x^H_b − x^H_a )^2(x^H_b − x^H_a ) − 1 2 �_b a (x^H_t − x^H_a )^2 dx^H_t

All of these expressions are analytic functions of H > 1/4, and are all majorized by Cst |b − a|^{2H} for the three first, and by Cst |b − a|^{3H} for the last ones.

6.5 Proposition: Let X^H_t an IR^d-valued fBM as defined in the beginning of this section. Denote X^H_{ab} = X^H_b − X^H_a as usual, and put

X^{H,2}_{ab} =

�_b a X^H_{at} ⊗ dX^H_t , Z^H_{ab} =

�_b a (X^H_{at} )^{⊗2} ⊗ dX^H_t

X^{H,3}_{ab} =

�_b a X^H_{at} ⊗ dX^H_t ⊗ X^H_{at} all these expressions are defined, they are analytic functions of H > 1/4. For a ≤ c ≤ b, one has X^{H,2}_{ab} − X^{H,2}_{ac} − X^{H,2}_{cb} = X^H_{ac} ⊗ X^H_{cb} (6.3) Z^H_{ab} − Z^H_{ac} − Z^H_{cb} = (X^H_{ac} )^{⊗2} ⊗ X^H_{cb} + X^H_{ac} ⊗ X^{H,2}_{cb} + S_{12}(X^H_{ac} ⊗ X^{H,2}_{cb} ) (6.4) X^{H,3}_{ab} − X^{H,3}_{ac} − X^{H,3}_{cb} = X^{H,2}_{ac} ⊗ X^H_{cb} + X^H_{ac} ⊗ X^{H,2}_{cb} (6.5) where S_{12} is the symmetry of IR^d ⊗ IR^d ⊗ IR^d defined by (u, v, w) → (v, u, w). Moreover we have the estimates

N_2(X^{H,2}_{ab} ) ≤ Cst |b − a|^{2H} , N_2(Z^H_{ab}) ≤ Cst |b − a|^{3H} , N_2(X^{H,3}_{ab} ) ≤ Cst |b − a|^{3H} (6.6)

Proof : The three expressions are combinations of coordinates as defined above. The three equalities are obvious for H > 1, they follow for H > 1/4 by analyticity. The three inequalities follow from (6.1) and (6.2), as seen above.

6.6 Remark: The triple (X^H , X^{H,2}, Z^H ) is an enriched path in the sense of Section III, the quadruple (1, X^H , X^{H,2}, X^{H,3}) is a vector valued geometric rough path in the sense of Lyons [24].

Path regularity

In the sequel, we assume that 1/4 < H^′ < H.

6.7 Theorem: There exists a function F which belongs to every L^p, such that |X^H_{ab} | ≤ |b − a|^{H′} F, |X^{H,2}_{ab} | ≤ |b − a|^{2H′} F |Z^H_{ab}| ≤ |b − a|^{3H′} F, |X^{H,3}_{ab} | ≤ |b − a|^{3H′} F Proof : The first inequality follows from the classical Kolmogorov lemma. The other three depend on the following lemma.

6.8 Lemma : Let Δ_n be the subset of numbers k.2^{−n} for k ∈ {0, . . . , 2^n − 1}. If H^′ < H, there exists a function F which belongs to every L^p such that for every n ≥ 0 and every t, t^′ ∈ Δ_n such that t^′ − t = 2^{−n}, one has

|X^{H,2}_{tt′} | ≤ |t^′ − t|^{2H′} F, |Z^H_{tt}′ | ≤ |t^′ − t|^{3H′} F |X^{H,3}_{tt′} | ≤ |t^′ − t|^{3H′} F (6.7)

Proof : For any s, t one has with ε = 2H − 2H^′, p > 1/ε IE � � � X^{H,2}_{st} |t − s|^{2H′} � � � p ≤ c_p|t − s|^{2p (H−H′)} = c_p|t − s|^{εp}

IE � � � X^{H,2}_{tt′} |t^′ − t|^{2H′} � � � p ≤ c_p 2^{−nεp} ⇒ IE � t∈Δ_n � � � X^{H,2}_{tt′} |t^′ − t|^{2H′} � � � p ≤ c_p 2^{n(1−εp)}

Put F_p = � � � � n≥0 � t∈Δ_n � � � X^{H,2}_{tt′} |t^′ − t|^{2H′} � � � p� � � 1/p ⇒ IEF^p_p ≤ c_p 1 − 2^{1−εp}

The function F_p belongs to L^p. Putting F = Inf_{p>1/ε} F_p yields the same inequality (the first in (6.7)) and F belongs to every L^p. The same argument holds for the other formulae (6.7).

Proof of theorem 6.7: We first deal with X^{H,2}_{ab} . Put

μ(a, b) = X^{H,2}_{ab} =

�_b a X^H_{at} ⊗ dX^H_t

For c ∈ [a, b] we get (formula (6.3))

|δμ(a, b, c)| = |X^H_{ac} ⊗ X^H_{cb} | ≤ |c − a|^{H′} |b − c|^{H′} F

where F belongs to every L^p. The first conclusion follows by the combinational lemma of the appendix.

Next take μ(a, b) = Z^H_{ab}. We get by formula (6.4)

δμ(a, b, c) = (X^H_{ac})^{⊗2} ⊗ X^H_{cb} + X^H_{ac} ⊗ X^{H,2}_{cb} + S(X^H_{ac} ⊗ X^{H,2}_{cb} )

This yields the estimate

|δμ(a, b, c)| ≤ |c − a|^{H′} |b − c|^{H′} |b − a|^{H′} F

with a function F in every L^p. Applying the combinational lemma gives the result. In the same way, put μ(a, b) = X^{H,3}_{ab} , we have

δμ(a, b, c) = X^{H,2}_{ac} ⊗ X^H_{cb} + X^H_{ac} ⊗ X^{H,2}_{cb}

|δμ(a, b, c)| ≤ |c − a|^{H′} |b − c|^{H′} |b − a|^{H′} F and the result follows as above.

Hence we can claim 6.9 Theorem: For H > H^′ > 1/3, almost every (X^H_t , X^{H,2}_{st} ) is a H^′-enriched path of degree 1. For H > H^′ > 1/4, almost every (X^H_t , X^{H,2}_{st} , Z^H_{st} ) is a H^′-enriched path of degree 2, and (1, X^H_t , X^{H,2}_{st} , X^{H,3}_{st} ) is a H^′-rough path.

6.10 Theorem: Let f(x) be a C^3_b matrix-valued function on IR^d. Let X^H_t the d-dimensional fractional Brownian motion. For H > H^′ > 1/4, the following integral

Z_t =

�_t 0 f(X^H_s ). dX^H_s

along almost every H^′-enriched path, makes sense. Moreover we have |Z_b − Z_a| ≤ |b − a|^{H′} F where F belongs to every L^p.

Besides for H = 1/2 (standard Brownian motion), Z_t coincides with the Stratonovich integral (it suffices to take f ∈ C^2_b ).

Proof : The only point is to verify that Z_t is the the Stratonovich integral for H = 1/2. This holds by definition if f is an affine polynomial. In general, for to define the integral of f, we put pathwise μ(a, b) = f(X_a).(X_b − X_a) + ∇f(X_a).X^{H,2}_{ab} We have (with dots as contracted tensor products)

δμ = [f(X_a) − f(X_c) + ∇f(X_a).(X_c − X_a)].(X_b − X_c) + [∇f(X_a) − ∇f(X_c)].X^{H,2}_{ab} There exists F ∈ � p L^p such that |δμ| ≤ |b − a|^{3H′} F , so that we get N_2(δμ) ≤ Cst |b − a|^{3H′} . As we have seen in Section II, the Stratonovich integral satisfies

N_2

�_b a f(X_t)∘ dX_t − μ(a, b) � ≤ Cst |b − a|^{3H′}

so that it coincides with the pathwise integral.

6.11 Remark: Many authors use a fractional Brownian motion which is a centered Gaussian process G^H_t with the covariance function |t − s|^{2H} . Thanks to [5], it can be represented in terms of the standard Brownian motion X_t by the formula

G^H_t =

�_t 0 K^H (t, s) dX_s

where the kernel K^H is analytic with respect to H. Then for H > 1/4, the analytic continuation arguments of this section extends to this case.

Ito’s formulae Here we shall modify the enrichment of X^H in order to get Ito’s type integral for H > 1/3 and for H > 1/4.

First we deal with H > 1/3. Put ~X^{H,2}_{ab} =

�_b a X^H_{at} ⊙ dX^H_t where ⊙ is the tensorization of the Skorohod integral, as defined in [10]. Recall that we have ~X^{H,2}_{ab} − X^{H,2}_{ab} = −c(H)^2 4H [b^{2H} − a^{2H} ] I where I is the Kronecker tensor. For H = 1/2, the Skorohod integral coincides with the Ito integral, as well known. It is straightforward to check that (1, X^H , X^{H,2}) is a rough path and also an enrichment in the sense of section III. Notice that this is a pathwise analytic function of H > 1/3, so that the Ito-Skorohod formula which was proved in [10] holds

F (X^H_b ) − F (X^H_a ) =

�_b a ∇F (X^H_t ) ⊙ dX^H_t + 1 2 c(H)^2

�_b a ΔF (X^H_t ) t^{2H−1} dt for every real polynomial F (here we have again a contracted tensor product).

For H > 1/4, we must define an enrichment (X^H , ~X^{H,2}, ~Z^H ). We shall also define ~X^{H,3} such that (1, X^H , ~X^{H,2}, ~X^{H,3}) be a rough path.

Put η^H_{ab} = c(H)^2 4H (b^{2H} − a^{2H} ) I

~Z^H_{ab} = Z^H_{ab} −

�_b a X^H_{at} ⊗ dη^H_t + S_{12}

�_b a X^H_{at} ⊗ dη^H_t �

For b > a > 0, it is easy to check that there exists F ∈ � p L^p such that | ~Z^H_{ab}| ≤ |b − a|^{2H′} F ~Z^H_{ab} − ~Z^H_{ac} − ~Z^H_{cb} = (X^H_{ac} )^{⊗2} ⊗ X^H_{cb} + X^H_{ac} ⊗ ~X^{H,2}_{ac} + S_{12}(X^H_{ac} ⊗ ~X^{H,2}_{ac} ) where S_{12} is the symmetry of IR^d ⊗ IR^d ⊗ IR^d defined by (u ⊗ v ⊗ w) → (v ⊗ u ⊗ w). In the same way, put for b > a > 0 ~X^{H,3}_{ab} = X^{H,3}_{ab} +

�_b a X^H_{at} ⊗ dη^H_t +

�_b a (η^H_t − η^H_a ) ⊗ dX^H_t As above, we get F such that

| ~X^{H,3}_{ab} | ≤ |b − a|^{3H′} F, ~X^{H,3}_{ab} − ~X^{H,3}_{ac} − ~X^{H,3}_{cb} = X^H_{ac} ⊗ ~X^{H,2}_{cb} + ~X^{H,2}_{ac} ⊗ X^H_{cb}

The three functions ~X^{H,2}, ~Z^H and ~X^{H,3} are pathwise analytic for H > 1/4, so that the Ito- Skorohod formula holds for H > 1/4.

More generally we obtain for H > 1/4 the formula �_b a f(X^H_t ). dX^H_t =

�_b a f(X_t)^H ⊙ dX^H_t + c(H)^2 2 �_b a (div f)(X_t)t^{2H−1} dt

for a vector field f of class C^3 on IR^d, where div is the Euclidean divergence.

6.12 Remarks: a) For H > 1/4, t^{2H} is not C^{3H′} until the origin. Nevertheless, as a → 0, ~Z^H_{ab} and ~X^{H,3}_{ab} converge to limits which satisfy inequalities (6.7) on all of [0, 1]. b) In fact, we can replace I η_t by any other tensor of class C^{3α} with α > 3/4.

VII. Support theorem for the fBM

This theorem was established for the ordinary Brownian motion in [18,25,26] and for the geometric fBM in [11,12].

Generalities

Let α be real, 1/4 < α < 1. Consider C^α_0 [0, 1] which is the closure of C^∞_0 [0, 1] in C^α[0, 1]. This is a separable Banach space under the Hölder norm. Denote E^α[0, 1] the space of elements X = (X, X^2, X^3, Z) such that (1, X, X^2, X^3) is a rough path, and (X, X^2, Z) is an enrichment. Put d(X , X^′) = ‖X − X^′‖_α + Sup_{t≠s} � |X^2_{st} − X^2_{st}^′| |t − s|^{2α} + |X^3_{st} − X^3_{st}^′| |t − s|^{3α} + |Z_{st} − Z_{st}^′| |t − s|^{3α} �

This a Polish space (a separable complete metric space).

Let h ∈ C^∞_0 [0, 1], put T^h(X ) = X^h = (X + h, X^{h,2}, X^{h,3}, Z^h) with

X^{h,2}_{ab} =

�_b a [X_{at} + h_{at}] ⊗ d(X_t + h_t), Z^h_{ab} =

�_b a (X_{at} + h_{at})^{⊗2} ⊗ d(X_t + h_t)

where the integrals are taken in the sense of X and in the sense of Young. It remains to define X^{h,3}.

7.1 Lemma : (1, X^h, X^{h,2}, X^3) is an almost rough path.

Proof : Straightforward computation.

7.2 Corollary: There exists a unique X^{h,3} such that (1, X^h, X^{h,2}, X^{h,3}) is a rough path.

We then have a canonical system X^h.

7.3 Proposition: The map T^h is continuous (even locally Lipschitz) on E^α, and we have the group property T^h∘T^k = T^{h+k}, so that (T^h)^{−1} = T^{−h}. Proof : Left to the reader.

7.4 Definition: The skeleton S(X ) of E^α is the subset constituted with the C^∞_0 elements of E^α (where the integrals are taken in the ordinary sense). Observe that the group T^h transitively operates on the skeleton. We denote J^α the closure of the skeleton, we have T^h(J^α) = J^α. 7.5 Remark: For every X ∈ J^α, (1, X, X^2, X^3) is a geometric rough path. 7.6 Proposition: Let θ be a measure on J^α which is quasi-invariant under T^h, that is T^h(θ) is absolutely continuous with respect to θ, for every h ∈ C^∞_0 . If (0, 0) belongs to the support of θ, then J^α is the support of θ.

Proof : Let X which belongs to J^α. Let V be a neighbourhood of X in J^α. There exists h such that T^h(V ) is a neighbourhood of (0, 0), so that V is of positive θ-measure.

Application to the fBM Let μ^H be the law of the fBM X^H as defined in section VI. This is a Gaussian measure, so that it is quasi-invariant by the Cameron-Martin translations. Observe that C^∞_0 is included in the Cameron-Martin space. Hence 7.7 Proposition: Let θ^H be the law of the enriched fBM defined in section VI. Then θ^H is supported by J^{H′} . Moreover θ^H is quasi-invariant under the T^h.

Proof : Consider the approximation X^n of X defined with the help of the martingale X^{H,n}_t in section VI. As X^n belongs to J^{H′} and converges in L^p(E^{H′} ) and almost everywhere as proved in section VI, then X belongs to J^{H′} , so that θ^H is supported by J^{H′} . The quasi-invariance follows from the quasi-invariance of μ^H .

7.8 Lemma : For θ^{H′} -almost every X , the following property holds T_{−X}H,n (X ) → 0 in the space E^α.

Proof : For H > 1/3, the only point is to verify that if x_t and x_t are two independant linear Brownian motions, then with the notations of section VI �_b a [x^{H,n}_t − x^{H,n}_a ] dx^{H,n}_t →

�_b a [x^H_t − x^H_a ] dx^H_t

For every a, b the convergence holds almost surely. Moreover, we have the domination with F ∈ � p L^p � � �_b a [x^{H,n}_t − x^{H,n}_a ] dx^{H,n}_t � � ≤ |b − a|^{2H′} F

then for every H^{′′} < H^′, the convergence takes place in E^{H′′} . Finally, the convergence holds in E^{H′} for every H^′ < H.

For H > 1/4, a similar proof yields the result.

7.9 Theorem: (Support theorem) The support of θ^H in E^{H′} is exactly the closure of the skeleton.

Proof : By proposition 7.7, we only have to prove that every neighbourhood of (0, 0) has a positive θ^{H′} -measure. Let V be such a neighbourhood, and let X a point in the support of θ^{H′} for which the property of the lemma holds. Let n be such T_{−X}H,n (X ) ∈ V . We have θ^H [T_XH,n (V )] > 0, so that θ^H (V ) > by the quasi-invariance.

7.10 Corollary: Let σ ∈ C^3_b be matrix valued. Put

y_t =

�_t 0 σ(X^H_t ). dX^H_t

Then the support of the law of y is the closure in C^α of the

�_t 0 σ(h_t). h^′(t) dt for h ∈ C^∞_0 .

Moreover y^n converges to y with

y^n_t =

�_t 0 σ(X^{H,n}). dX^{H,n}_t

7.11 Corollary: Same claiming for the solution of

y_t =

�_t 0 σ(y_t). dX^H_t

in the sense of sections IV and V.

More generally, let η_t be a tensor of class C^∞_0 . Consider the map X → ~X as defined in section VI ~X = (x, ~x^2, ~x^3, z) ~x^2 = x^2 − η_t

~z = z −

�_b a x_{at} ⊗ dη_t − S_{12}

�_b a x_{at} ⊗ dη_t �

~x^3 = x^3 +

�_b a x_{at} ⊗ dη_t +

�_b a (η_t − η_a) ⊗ dx_t

This map is injective continuous from J^{H′} onto a closed set ~J^{H′} in E^{H′} . Let ~θ^{H′} be the image of θ^{H′} . We then have 7.12 Proposition: The support of the law of the η-peturbated fBM is exactly ~J^{H′} , that is the closure of the η-skeleton (the elements ~X which are C^∞_0 ). The only point is that integration along the C^∞-skeleton is not taken in the usual sense.

7.13 Remark: In the case of the Skorohod fBM, we have η_t = c(H)^2I.t^{2H} /4H which is not C^∞ until the origin. Nevertheless, analogous results hold (corollaries and proposition) with less regular skeleton, thanks to the remark 6.12 a).

VIII. Appendix

The combinational lemma Let Δ_n the set of dyadic numbers k.2^{−n} for 0 ≤ k < 2^n.

8.1 Lemma : Let μ(a, b) be a real or Banach valued function defined on Δ × Δ, such that for n ≥ 0, t ∈ Δ_n, t^′ = t + 2^{−n} one has |μ(t, t^′)| ≤ k|t^′ − t|^{2α} and for every a ≤ b and c ∈ [a, b] |μ(a, b) − μ(a, c) − μ(c, b)| ≤ k|c − a|^α|b − c|^α Then one has for every a ≤ b |μ(a, b)| ≤ 4k(1 − 2^{−α})^{−1}|b − a|^{2α} and μ extends continuously to [0, 1]^2. Proof : Take a < b, and n_0 = Min{n � ]a, b[ ∩Δ_n ≠ Ø}. Let c be the common point. One has b − c < 2^{−n0} . Write b = c + � 2^{−ni} where n_i > n_0 is an increasing sequence of integers (finite since b ∈ Δ). Put c_i = c + 2^{−n1} + · · · + 2^{−ni} ⇒ c_{i+1} − c_i = 2^{−ni+1} ≤ 2^{−i}(b − c) By induction we have c_i, c_{i+1} ∈ Δ_{ni+1} , then |μ(c, c_{i+1}) − μ(c, c_i)| ≤ 2k(b − c)^{2α}2^{−iα} ⇒ |μ(c, b)| ≤

2k(b − c)^{2α} 1 − 2^{−α} In the same way |μ(a, c)| is majorized, and finally |μ(a, b)| ≤ k^′(b − a)^{2α} with k^′ = 4k(1 − 2^{−α})^{−1}. It remains to prove that μ is uniformly continuous on Δ × Δ. This follows from the easy inequality |μ(a, b) − μ(a^′, b^′)| ≤ (k + k^′) � |a − a^′|^α + |b − b^′|^α �

8.2 Remark: In this lemma we can replace the basis 2 by another one (for example the basis 9 which is useful for the Peano curve).

Hölder norms, and p-variation Let F (s, t) be a continuous function defined on [a, b]^2. Define a α-Hölder functional for 0 < α ≤ 1 by ‖F ‖_α = Sup_{s≠t}

|F (s, t)| |t − s|^α Note that if F (s, t) = f(t) − f(s), we recover the classical α-Hölder norm of f. The p-variation functional for p ≥ 1 is defined by

V_p(F ) = Sup_σ � � i |F (t_i, t_{i+1})|^p

�_{1/p}

where the supremum is taken over all the finite subdivisions σ = {t_1, t_2, . . . , t_n} of [a, b]. If p = 1/α, we have the obvious inequality V_p(F ) ≤ (b − a)^α‖F ‖_α There is a kind of converse property. Suppose that V_p(F ) is finite. Define V (s, t) as the pvariation of F restricted to the segment [s, t], and put w(s, t) = V (s, t)^p. For s < t < u we have w(s, u) ≥ w(s, t) + w(t, u).

8.3 Lemma : As s → t, w(s, t) converges to 0.

Proof : Put v(t) = w(a, t), u(t) = w(t, b). As F is continuous, v is a non- decreasing l.s.c. function, then a left continuous function. In the same way, u is right continuous. We have w(s, t) + v(s) ≤ v(t). As s ↑ t, we get Lim Sup s↑t w(s, t) + v(t) ≤ v(t)

and w(s, t) converges to 0. By the same argument, we have w(s, t) + u(t) ≤ u(s). As t ↓ s, we get Lim Sup t↓s w(s, t) + u(s) ≤ u(s)

and w(s, t) converges to 0.

8.4 Proposition: The function v(t) = w(a, t) is continuous.

Proof : Let a ≤ s ≤ t. One has v(t) = Sup (A(t), B(t)), where A(t) = Sup_{σ∈Σt} s � i |F (t_i, t_{i+1})|^p, B(t) = Sup_{σ∉Σt} s � i |F (t_i, t_{i+1})|^p

where Σ^t_s denotes the set of subdivisions σ of [a, t] such that s is a point of subdivision. First A(t) = v(s) + w(s, t) converges to v(s) as t ↓ s.

Next, suppose that t > s converges to s along a sequence such that B(t) > M. For each t there exists σ ∉ Σ^t_s such that s ∈]t_i, t_{i+1}[ and M < � j<i |F (t_j , t_{j+1})|^p + |F (t_i, t_{i+1})|^p + � j>i |F (t_j , t_{j+1})|^p

M + |F (t_i, s)|^p + |F (s, t_{i+1})|^p < |F (t_i, t_{i+1})|^p + A(t) Then t_{i+1} ∈ [s, t] converges to s, and |F (t_i, s)|^p − |F (t_i, t_{i+1})|^p converges to 0 (uniform continuity), hence M ≤ v(s). It follows that Lim Sup t↓s B(t) ≤ v(s)

8.5 Corollary: We have |F (s, t)| ≤ |v(t) − v(s)|^{1/p} There exists a new parametrization t = v^{−1}(u) such that G = F ∘[v^{−1} × v^{−1}] is α-Hölder for α = 1/p.

Proof : Obvious.

8.6 Remarks: a) If v is not strictly increasing, replace v(t) with kt + v(t). b) Take F (s, t) = f(t) − f(s) where f is a continuous function with finite p-variation, then f is 1/p-Hölder continuous for a suitable reparametrization.

References

1. R.F. Bass, B.M. Hambly, T.J. Lyons. Extending the Wong-Zakai theorem to reversible Markov processes via Lévy area. J. Euro. Math. Soc. (in press).

2. M. Bruneau. Variation totale d’une fonction. Lecture Notes in Math., 413, Springer-Verlag (1974).

3. L. Coutin, Z. Qian. Stochastic differential equations driven by fractional Brownian motions. C.R. Acad. Sc. Paris, t.331, Serie I, 75-80, (2000).

4. L. Coutin, Z. Qian. Stochastic Analysis, rough path Analysis, and fractional Brownian motions. P.T.R.F., t.122, 108-140, (2002).

5. L. Coutin, P. Friz, N. Victoir. Good Rough Path sequences and applications to anticipating and fractional stochastic Calculus. Preprint 2005 6. L. Decreusefond, A.S. Ustunel. Stochastic analysis of the fractional Brownian motion. Potential Analysis, 10, 177-214, (1998).

7. J. Favard. Espace et dimension. Editions Albin Michel, Paris (1950). 8. D. Feyel, A. de La Pradelle. Fractional Integrals and Brownian Processes. Publication de l’Université d’Evry Val d’Essonne, (1996).

9. D. Feyel, A. de La Pradelle. Fractional Integrals and Brownian Processes. Potential Analysis, vol.10, 273-288, (1999).

10. D. Feyel, A. de La Pradelle. The fBM Ito formula through analytic continuation. Electronic Journal of Probability, Vol. 6, 1-22, Paper n^o26 (2001).

11. D. Feyel, A. de La Pradelle. Curvilinear integrals along rough paths. Preprint (2003) 12. P. Friz, N. Victoir. Approximations of the Brownian Rough Path with Applications to Stochastic Analysis. Preprint (2004) 13. M. Gubinelli. Controlling rough paths. Preprint (2004) 14. J. Harrison. Lecture notes on chainlet geometry - new topological methods in geometric measure theory. Preprint (2005) 15. N. Ikeda-S. Watanabe. Stochastic Differential Equations and Diffusion Processes.

Amsterdam-Oxford-New-York: North Holland; Tokyo: Kodansha, (1981). 16. C. Kuratowski. Introduction à la théorie des ensembles et à la topologie.

L’enseignement mathématique, Université de Genève (1966).

17. M. Ledoux, T.J. Lyons, Z. Qian. Lévy area and Wiener processes. Ann. Prob. 18. M. Ledoux, Z. Qian, T. Zhang. Large deviations and support theorem for diffusions via rough paths. Stoch. Process. Appl., 102:2, 265-283, (2002).

19. A. Lejay An introduction to rough paths. Sém. Proba. XXXVII, Secture Notes in Maths.

Springer (2003). To appear.

20. T.J. Lyons. The interpretation and solution of ordinary differential equations driven by rough signals. Proc. Symp. Pure Math. 57, 115-128, (1995).

21. T.J. Lyons. Differential equations driven by rough signals. Rev. Math. Iberoamer. 14, 215-310, (1998).

22. T.J. Lyons, Z. Qian. Calculus for multiplicative functionals, Ito’s formula and differential equations. Ito’s stochastic calculus and Probability theory, 233-250, Springer, Tokyo, (1996).

23. T.J. Lyons, Z. Qian. Flow equations on spaces of rough paths.

J. Funct. Anal. 149, 135-159, (1997).

24. T.J. Lyons, Z. Qian. System Control and Rough Paths.

Oxford Science Publications, (2002).

25. A. Millet, M. Sanz-Solé. A simple proof of the support theorem for diffusion processes. Sém.

Proba. XXVIII, Lecture Notes in Math. n^o 1583, 36-48, (1994).

26. D.W. Stoock, S.R.S. Varadhan. On the support of diffusion processes with application to the strong maximum principle. Proc. of the sixth Berkeley symp. Math. Stat. Prob. III, 333-368, Univ. of California Press (1972).

27. L.C. Young. An inequality of Hölder type, connected with Stieltjes integration. Acta Math. 67, 251-282 (1936).