E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 9 (2004), Paper no. 11, pages 293-315.

Journal URL http://www.math.washington.edu/~ejpecp/

ON INFECTION SPREADING AND COMPETITION BETWEEN INDEPENDENT RANDOM WALKS^1

I. Kurkova Laboratoire de Probabilités et Modèles Aléatoires, Université de Paris VI (Pierre et Marie Curie), 75252 Paris, France.

kourkova@ccr.jussieu.fr

S. Popov Departamento de Estatística, Instituto de Matemática e Estatística, Universidade de São Paulo, Rua do Matão 1010, CEP 05508–090, São Paulo SP, Brasil.

popov@ime.usp.br

M. Vachkovskaia Departamento de Estatística, Instituto de Matemática, Estatística e Computação Científica, Universidade de Campinas, Caixa Postal 6065, CEP 13083–970, Campinas SP, Brasil.

marinav@ime.unicamp.br

Abstract: We study the models of competition and spreading of infection for infinite systems of independent random walks. For the competition model, we investigate the question whether one of the spins prevails with probability one. For the infection spreading, we give sufficient conditions for recurrence and transience (i.e., whether the origin will be visited by infected particles infinitely often a.s.). Keywords and phrases: simple random walk, transience, recurrence. AMS subject classification (2000): Primary 60K35; Secondary 60J27. Submitted to EJP on November 21, 2003. Final version accepted on March 29, 2004.

1The authors thank “Réseau Mathématique France-Brésil” for financial support. The work of S.P. and M.V. was also supported by CNPq (302981/02–0 and 306029/03–0).

1 Introduction and results

In this paper we deal with systems of independent simple random walks (SRWs) in Z^d, d ≥ 3. Initially we fix an infinite set S, 0 /∈ S, and we place one particle into each site of S and into the origin; then each particle starts to perform a SRW independently of the others. The models that we are considering here are conservative, i.e., particles do not die and there is no influx of particles to the system (differently from e.g. branching random walks). While the random walks themselves are independent, we consider another types of interaction between the particles. Namely, to each particle is assigned a spin (taking two possible values), and when two particles with different spins meet, their spins may change according to some rules. Below we describe two models which fit into this framework.

A competition model. At time 0 there is a blue particle in each site of S and a red particle at the origin. Each of the particles performs a simple random walk with continuous time with rate 1 independently of the others. If a blue particle jumps to a site where there are some red particles, then all those particles become blue. If a red particle jumps to a site that contains some blue particles, then all those become red. The main question that we study here is whether the red particles survive with positive probability.

Theorem 1.1 Let τ be the moment when the last red particle becomes blue. We have that τ < ∞ a.s. iff ∑ x∈S ‖x‖^{−(d−2)} = ∞. An infection model. Here we again consider continuous time simple random walks, and initially the particle from the origin is infected, while the other particles are healthy. Infected particles transmit the infection to all the healthy particles they meet, and there is no recovering.

Note that if the particles do not move until infected, then we obtain the frog model, cf. [1, 2, 3, 6, 15, 16, 19]. For the present model (starting from a configuration of constant density), linear growth results and shape theorems were obtained in [8, 9]. For other interacting particle systems on Z^d modeling the spreading of different infectious diseases see e.g. [10, 17] and references therein. The models investigated there are related to the contact process.

In our infection model, analogously to [15], we are mainly interested in the following question: will the origin be visited infinitely often by infected particles, almost surely? Let us denote by G^N = {x ∈ Z^d : 2^N ≤ ‖x‖ < 2^{N+1}}, N = 1, 2, . . . (where ‖x‖ = (x^2_1 + · · · + x^2_d)^{1/2}). The following theorem gives sufficient conditions for the process to be recurrent (i.e., an infinite number of infected particles visit the origin).

Theorem 1.2 There exists a constant α = α(d) > 0 such that if

|G^N ∩ S| ≥ α2^{N(d−2)} (1.1)

for all N large enough, then

(i) each site of Z^d will be visited by infected particles infinitely many times a.s.;

(ii) moreover, each particle will be infected a.s.

It is our conjecture that, analogously to Theorem 1.2, for the nonrecurrence of the process it is enough that |G^N ∩ S| ≤ α^′2^{N(d−2)} for a small constant α^′, for all N large enough. However, at the present time we can only prove a weaker result. Suppose that the initial configuration of healthy particles S is constructed by using the following random procedure: for any x ≠ 0, we put a particle there with probability q(x), and leave it empty with probability 1 − q(x).

Theorem 1.3 There exists a constant α^′ = α^′(d) > 0 such that if q(x) ≤ α^′ ‖x‖^2 (1.2)

for all x large enough, then the total number of visits of infected particles to the origin will be finite a.s.

Analogously to Theorem 1.2 (ii), we can conjecture that if α^′ is small enough, then not every particle will be infected. However, the proof of that is still beyond our reach.

Before going further, let us say a few words about the relationship of Theorems 1.2 and 1.3 with the corresponding results in [15] (besides the discrete time, which is really not important, the only difference of the model of [15] from the present model is that in the former one the particles begin to move at the moment they are infected). The sufficient conditions for the transience (Theorem 1.1 (i) in [15] and Theorem 1.3 in this paper) are similar; however, here the proof is considerably more difficult, since the domination by branching random walk is not trivial. As for Theorem 1.2, it is stronger than the corresponding result in [15], since here we are only interested in the total number of particles inside G^N , and so we permit that they “accumulate” in some places of G^N , leaving other regions of G^N completely empty (which could not happen in the situation of [15], where the initial configuration was always constructed using the random procedure described before Theorem 1.3 here). In fact, it is not difficult to construct an initial configuration S of healthy particles in such a way that for that S the model with all the particles moving is recurrent, but the frog model is transient. For that it is enough to take S in such a way that (1.1) is satisfied with a large α, but the points of G^N ∩ S are so grouped together, that the set S is not recurrent (i.e., with positive probability a SRW starting from the origin never hits S). To understand this type of different behaviour of the two models, note that, for the present model, even if initially some healthy particles were grouped together, when the infection will come there they are likely to be much more scattered; that, however, does not happen for the frog model.

One of the main tools in the proof of the above results is the following fact, which may be of independent interest.

Theorem 1.4 The particle starting from the origin will a.s. meet only a finite number of particles starting from the sites of the set S iff ∑ x∈S ‖x‖^{−(d−2)} < ∞. (1.3) Moreover, if (1.3) holds, then with positive probability the particle starting from the origin will not meet any of the particles from S.

When the particles from S do not move, then the question of whether the particle from 0 meets some other particle (in fact, whether it hits S) is answered by the Wiener’s criterion (cf. e.g. [18]). This criterion is formulated in terms of capacities, and its verification is usually much more difficult than that of the criterion given by Theorem 1.4 (however, when the “trapping” set S is constructed using a random procedure similar to that of Theorem 1.3, that question can be answered in a more explicit way, cf. [7, 14]). On the other hand, if the particle from the origin is the only one that does not move, then it is quite trivial to verify that the solution given by Theorem 1.4 remains valid.

2 Proofs

This section is organized in the following way. First, we introduce some notations and recall a few well-known facts about SRWs. Then, we prove Theorems 1.4, 1.1, 1.2, 1.3, in that order.

Denote by ξ^a(t) the position at the moment t of the particle that started the continuous time SRW (with rate 1) from the site a. Also, denote by ξ̂_n the discrete time SRW. For x, y ∈ Z^d, d ≥ 3, define the Green’s function G(x, y) by G(x, y) = E ( |{n ≥ 0 : ξ̂_n = y}| | | ξ̂_0 = x ) = ∞∑ n=0 P[ξ̂_n = y | ξ̂_0 = x].

It is known that G(x, y) = G(0, x−y), that P[ξ̂ ever hits y | ξ̂_0 = x] = G(x, y)/G(0, 0), and that G(0, x) ∼ γ_d‖x‖^{−(d−2)} as x → ∞ for some constant γ_d (cf. e.g. [11, 18]).

Note that, as ξ^a −ξ^b is in fact a SRW with rate 2 starting from a−b, the following relation holds:

P[ξ^a(t) = ξ^b(t) for some t] = P[ξ^a(t) = b for some t] = G(a, b) G(0, 0)

. (2.1)

Throughout all proofs we denote by D^a(r) = {x ∈ Z^d : ‖x − a‖ ≤ r} and D(r) := D^0(r). Then G^N = D(2^{N+1}) \ D(2^N ).

Denote p_t(x, y) = P[ξ^x(t) = y] = P[ξ^0(t) = x − y]. We will need upper and lower estimate on p_t(x, y) in the spirit of the local CLT; however, we will not need statements as strong as the local CLT itself. The following lemma can be deduced from Proposition 1.2.5 and Lemma 1.5.1 of [11]. (The results of [11] are for discrete time, but, for the needs of Lemma 2.1 below, the passage from discrete to continuous time is rather straightforward. Note also that there is nothing mysterious about the constant 8/5 in the lemma below; in Proposition 1.2.5 of [11] there is a parameter α that should be strictly between 1/2 and 2/3, so we just took α = 5/8 for concreteness.)

Lemma 2.1 (i) There exists a constant θ_d such that p_t(0, x) ≤ θ_dt^{−d/2}e^{− d‖x‖22t} (2.2) for t ≥ ‖x‖^{8/5}, and p_t(0, x) ≤ θ_de^{−‖x‖1/5} (2.3) for t < ‖x‖^{8/5}.

(ii) Suppose that L_1‖x‖^2 ≤ t ≤ L_2‖x‖^2 for some L_1, L_2 > 0. Then there exists a constant θ^′_d = θ^′_d(L_1, L_2) such that p_t(0, x) ≥ θ^′_d‖x‖^{−d}. (2.4) Proof of Theorem 1.4. Suppose that ∑ x∈S ‖x‖^{−(d−2)} < ∞. As, by (2.1), P[ξ^0(t) = ξ^z(t) for some t] ∼ γ_d‖z‖^{−(d−2)}/G(0, 0), Borel-Cantelli lemma implies that a.s. the particle from the origin will meet only finite number of other particles. In what follows we prove that in this case it holds also that with positive probability that particle will not meet anyone. Note that ∑ x∈S ‖x‖^{−(d−2)} < ∞ iff ∑ x∈S G(0, x) < ∞. Choose R in such a way that ∑ x∈S\D(R) G(0, x) < G(0, 0)/4, and define the process

ζ_t = ∑ x∈S\D(R) G(0, ξ^x(t)).

Consider the event B_0 = {ζ_t ≤ G(0, 0)/2 for all t ≥ 0} (it is useful to keep in mind that on the event B_0 none of the particles starting from S \ D(R) ever enters 0). As G(0, x) − 1{x = 0} = 1 2d ∑ y:‖y−x‖=1 G(0, y),

the process ζ_t is a supermartingale, so we obtain that P[B_0] ≥ 1/2.

Consider also the events

B_1 = {ξ^0(t) = 0 for all t ∈ [0, 1]},

B_2 = { ∑ x∈S∩D(R) G(0, ξ^x(1)) <

G(0, 0) 2 and ξ^x(t) ≠ 0 for all t ∈ [0, 1], x ∈ S ∩ D(R) } . Clearly, P[B_1] > 0; since the set S ∩ D(R) is finite, P[B_2] > 0 as well. On the event B_0 ∩ B_1 ∩ B_2 at time 1 the particle from the origin is still the only infected one, and ∑ x∈S G(0, ξ^x(1)) G(0, 0)

< 1. (2.5)

By (2.1), the probability that the particle starting from the origin ever meets the particle starting from ξ^x(1) is^{G(0,ξx(1))}_{G(0,0)} , so (2.5) implies that, conditioned on B_0 ∩ B_1 ∩B_2, with positive probability the particle starting from the origin will never meet any of the particles starting from the sites of the set S. Now it only remains to note that the events B_0, B_1, B_2 are independent, so P[B_0 ∩ B_1 ∩ B_2] > 0.

Now we are going to prove the “only if” implication in Theorem 1.4. First of all we need the following elementary observation:

Lemma 2.2 If σ is a stopping time independent of the process ξ^x, then for any a ≠ x

P[ξ^a(σ + t) = ξ^x(σ + t) for some t ≥ 0 | σ < ∞]

≤ P[ξ^a(σ + t) = ξ^x(t) for some t ≥ 0 | σ < ∞].

Proof. We have, by (2.1) and the fact that ξ^x is independent from σ and ξ^a,

P[ξ^a(σ + t) = ξ^x(σ + t) for some t ≥ 0 | σ < ∞] = ∑ z,z^′∈Z^d P[ξ^a(σ) = z, ξ^x(σ) = z^′ | σ < ∞]P[ξ^z(t) = ξ^{z′} (t) for some t ≥ 0]

= ∑ z,z^′∈Z^d P[ξ^a(σ) = z, ξ^x(σ) = z^′ | σ < ∞] G(z, z^′) G(0, 0)

= (P[σ < ∞])^{−1} ∑ z,z^′∈Z^d ∑ k P[ξ^a(k) = z, ξ^x(k) = z^′, σ = k] G(z, z^′) G(0, 0)

= (P[σ < ∞])^{−1} ∑ z,z^′∈Z^d ∑ k P[ξ^a(k) = z, σ = k]P[ξ^x(k) = z^′] G(z, z^′) G(0, 0)

= (P[σ < ∞])^{−1} ∑ z∈Z^d ∑ k P[ξ^a(k) = z, σ = k] ∑ z^′∈Z^d P[ξ^x(k) = z^′] G(z, z^′) G(0, 0) = (P[σ < ∞])^{−1} ∑ z∈Z^d ∑ k P[ξ^a(k) = z, σ = k]P[ξ^x(t) = z for some t ≥ k]

≤ (P[σ < ∞])^{−1} ∑ z∈Z^d ∑ k P[ξ^a(k) = z, σ = k]P[ξ^x(t) = z for some t ≥ 0]

= (P[σ < ∞])^{−1} ∑ z∈Z^d ∑ k P[ξ^a(k) = z, σ = k]

× P[ξ^x(t) = ξ^z(t) for some t ≥ 0] = P[ξ^a(σ + t) = ξ^x(t) for some t ≥ 0 | σ < ∞], which proves Lemma 2.2.

Using this observation, let us prove the following two lemmas.

Lemma 2.3 For some fixed integer κ > 1, suppose that a ∈ D(2^{κ(i−1)}) and b ∈ D(2^{κi+1}) \ D(2^{κi}), and denote σ := inf{t : ‖ξ^a(t)‖ ≥ 2^{κ(i+1)}}. Then there exists κ_0 such that for all κ ≥ κ_0 the following inequality holds

P[ξ^a(t_0) = ξ^b(t_0) for some t_0 < min{2^{2κ(i+1)}, σ}] ≥ γ^′ (2^{κi})^{d−2}

(2.6)

for some γ^′ > 0 and all i.

Proof. Note that the number of jumps of SRW with continuous time with rate 2 until the moment t = 2^{2κ(i+1)} will be at least 2^{2κ(i+1)} with probability at least 1/2 (in fact, it will be so with probability very close to 1 for κ large). Observe also that ‖a − b‖ ≤ 2^{κi}(2 + 2^{−κ}) < √ 2^{2κi+3} for large enough κ. So, using Theorem 2.2 from [1] (it says that the probability that SRW hits a point which is h units away until the time h^2 is of order O(h^{−(d−2)})), we get that P[ξ^a(t_0) = ξ^b(t_0) for some t_0 < 2^{2κ(i+1)}]

≥ 1 2 P[ξ̂_{n0} = b − a for some n_0 < 2^{2κi+3} | ξ̂_0 = 0] ≥ K_1 (2^{κi})^{d−2} , (recall that ξ̂ is the discrete time SRW) where K_1 does not depend on κ. Also, using (2.1), Lemma 2.2 and the fact that inf z /∈D(2^{κ(i+1)} ) ‖b − z‖ ≥ 2^{κi}(2^κ − 2) we get P[ξ^a(t_0) = ξ^b(t_0) for the first time for some t_0 > σ] ≤ P[ξ^a(σ + t) = ξ^b(σ + t) for some t ≥ 0 | σ < ∞] ≤ P[ξ^a(σ + t) = ξ^b(t) for some t ≥ 0 | σ < ∞] ≤ K_2 (2^{κi}(2^κ − 2))^{d−2} = K_3 (2^{κi})^{d−2} , where K_3 can be made arbitrarily small by choosing κ large enough. So, P[ξ^a(t_0) = ξ^b(t_0) for some t_0 < min{2^{2κ(i+1)}, σ} ≥ P[ξ^a(t_0) = ξ^b(t_0) for some t_0 < 2^{2κ(i+1)}] − P[ξ^a(t_0) = ξ^b(t_0) for the first time for some t_0 > σ] ≥ K_1 − K_3 (2^{κi})^{d−2} ≥ γ^′ (2^{κi})^{d−2} for some γ^′ > 0. Lemma 2.3 is proved.

Lemma 2.4 If ‖a − b‖ ≥ x_0 and ‖a − u‖ ≥ x_0, then there exists γ^{′′} > 0 such that

P[ξ^a(t) = ξ^b(t) for some t and ξ^a(t^′) = ξ^u(t^′) for some t^′] ≤ γ^{′′} x^{2d−4}_0 for all x_0 large enough.

Proof. We have

P[ξ^a(t) = ξ^b(t) for some t and ξ^a(t^′) = ξ^u(t^′) for some t^′] = P[ξ^a(t_0) = ξ^b(t_0) /∈ D^u(x_0) for some t_0 and ξ^a(t) = ξ^u(t) for the first time for some t ≥ t_0]

+ P[ξ^a(t_0) = ξ^b(t_0) ∈ D^u(x_0) for some t_0 and ξ^a(t) = ξ^u(t) for the first time for some t ≥ t_0] + P[ξ^a(t_0) = ξ^u(t_0) /∈ D^b(x_0) for some t_0 and ξ^a(t) = ξ^b(t) for the first time for some t > t_0] + P[ξ^a(t_0) = ξ^u(t_0) ∈ D^b(x_0) for some t_0 and ξ^a(t) = ξ^b(t) for the first time for some t > t_0] = I_1 + I_2 + I_3 + I_4. (2.7)

Clearly, it is sufficient to estimate the terms I_1 and I_2. Define the stopping time σ by σ = inf{t : ξ^a(t) = ξ^b(t)} and put z_σ := ξ^a(σ). The term I_1 can be estimated as follows. By (2.1), Lemma 2.2, and observing that ‖u − z_σ‖ ≥ x_0, we have

I_1 ≤ P[ξ^a(σ + t) = ξ^u(σ + t) for some t ≥ 0, z_σ /∈ D^u(x_0) | σ < ∞] × P[σ < ∞] ≤ P[ξ^{zσ} (t) = ξ^u(t) for some t ≥ 0, z_σ /∈ D^u(x_0) | σ < ∞]P[σ < ∞] ≤ K_4 x^{2(d−2)} 0 , (2.8)

for some K_4 > 0 not depending on x_0. The bound for I_2 is more complicated. Define the random variable N(z) as the number of encounters in z between the particles starting from a and b:

N(z) = sup{i ≥ 0 : there exist t_1 < t^′_1 < . . . < t_i < t^′_i : ξ^a(t_j ) = ξ^b(t_j) = z, ξ^a(t^′_j) ≠ ξ^b(t^′_j ), j = 1, . . . , i}.

Put ρ_1 = ‖a−z‖, ρ_2 = ‖b−z‖, s :=^{(ρ21 +ρ2)d}_{2t} . Observe that ρ^2_1 +ρ^2 ≥ x^2_0/2 = ‖a−b‖^2/2. By (2.1), Lemma 2.2, and using Lemma 2.1 (i), we get

I_2 ≤ ∑ z∈D^u(x_0)

P[ξ^u(t) = z for some t]P[σ < ∞, ξ^a(σ) = z] ≤ ∑ z∈D^u(x_0)

P[ξ^u(t) = z for some t]EN(z)

≤ K_5 ∑ z∈D^u(x_0)

P[ξ^u(t) = z for some t]E (^∞∫ 0 1{ξ^a(t) = ξ^b(t) = z}dt )

≤ ∑ z∈D^u(x_0)

K_6 ‖u − z‖^{d−2} (^∞∫ 0 t^{−d}e^{− ρ} 2 1d 2t e^{− ρ} 2 2d 2t dt + O(‖x_0‖^{8/5}e^{−‖x0‖1/5} ) )

= ∑ z∈D^u(x_0)

K_6 ‖u − z‖^{d−2} (^∞∫ 0 (ρ^2_1 + ρ^2)s^{d−2} 2^{1−d}(ρ^2_1 + ρ^2)^d e^{−s} ds + O(‖x_0‖^{8/5}e^{−‖x0‖1/5} ) )

≤ K_7x^2_0 x^{2d}_0 ∑ z∈D^u(x_0) 1 ‖u − z‖^{d−2} . (2.9)

Since ∑

z∈D^u(x_0) 1 ‖u − z‖^{d−2} = O(x^2_0),

using (2.9) we conclude the proof of Lemma 2.4.

Now we continue the proof of Theorem 1.4. Let us define the stopping times

τ_0 = 0, τ_i = min{2^{2κi}, inf{t : ξ^0(t) /∈ D(2^{κi} − 1)}}.

Fix ε <^{γ′}_{2(γ′′ )2} , where γ^′ is the constant from Lemma 2.3 and γ^{′′} is the constant from Lemma 2.4. Define also the sets S̃^ε_i = S ∩ G^{κi}, if |S ∩ G^{κi}| < ε2^{(κi)(d−2)}, and if |S ∩ G^{κi}| ≥ ε2^{(κi)(d−2)}, then to construct the set S̃^ε_i we remove some points from S ∩ G^{κi} in such a way that |S̃^ε_i | = [ε2^{(κi)(d−2)}].

Define the sequence of events

A_i = {ξ^0(t) = ξ^b(t) for some t ∈ (τ_{i−1}, τ_{i+1}] for at least one b ∈ S̃^ε_i },

Let F^i_t be the sigma-field generated by the collection of random variables ξ^{a′} (s) for 0 ≤ s ≤ t and a^′ ∈ D(2^{κi+1}) ∩ S.

By virtue of two previous lemmas we show the following result.

Lemma 2.5 There exists L_0 = L_0(S) such that P[A_i | F^{i−1}_{τi−1} ] ≥ L_0|S̃^ε_i | 2^{(κi)(d−2)} . Proof. By CLT it is elementary to obtain that the SRW originating from b ∈ G^{κi} will still be in G^{κi} at the moment τ_{i−1} with probability bounded away from zero by some constant K_8 for all k and all i. We will denote the set of such particles by S̄ϵ_i = {b : b ∈ S̃ϵ_i , ξb(τ_{i−1}) ∈ Gκi}. Then there exists a constant K_9 such that

P(|S̄^ϵ_i | > K_8|S̃^ϵ_i |/2) ≥ 1 − exp(−K_9S̃^ϵ_i ) ≥ 1 − exp(−K_9) =: K_{10} (2.10)

for all |S̃^ϵ_i | ≥ 1.

For all b ∈ S̃^ε_i let us introduce the event E_b = {ξ^0(t) = ξ^b(t) for some t ∈ (τ_{i−1}, τ_{i+1}]}. Using Lemmas 2.3 and 2.4, we obtain for any a ∈ D(2^{κ(i−1)}), 0 < m < |S̃^ε_i |, and B ∈ F^{i−1}_{τi−1} that P[A_i | B ∩ {ξ^0(τ_{i−1}) = a} ∩ {|S̄^ϵ_i | = m}] ≥ P [ ⋃ b∈S̄^ϵ_i E_b | B ∩ {ξ^0(τ_{i−1}) = a} ∩ {|S̄^ϵ_i | = m} ]

≥ ∑ b∈S̄^ε_i P[E_b | B ∩ {ξ^0(τ_{i−1}) = a} ∩ {|S̄^ϵ_i | = m}] − ∑ b,u∈S̄^ε_i P[E_b ∩ E_u | B ∩ {ξ^0(τ_{i−1}) = a} ∩ {|S̄^ϵ_i | = m}]

≥ ∑ b∈S̄^ε_i γ^′ 2^{κi(d−2)} − ∑ b,u∈S̄^ε_i (γ^{′′})^2 2^{2κi(d−2)} = m γ^′ 2^{κi(d−2)} ( 1 − m(γ^{′′})^2 2^{κi(d−2)}γ^′ )

≥ m 2^{κi(d−2)} γ^′ ( 1 − ε(γ^{′′})^2 γ^′ ) = K_{11}m 2^{(κi)(d−2)} , where 1 −^{ε(γ′′)2}_{γ′} > 0 due to the choice of ε. It follows that P[A_i | B ∩ {|S̄^ϵ_i | = m}] ≥ K_{11}m 2^{(κi)(d−2)} . Then by (2.10) P[A_i | B] ≥ K_{11}(K_8/2)|S̃^ϵ_i |K_{10} 2^{(κi)(d−2)} . So, Lemma 2.5 is proved.

Now we are able to finish the proof of Theorem 1.4. If ∑ x∈S ‖x‖^{−(d−2)} = ∞, then ∑ x∈S ‖x‖^{−(d−2)} ≤ κ−1∑ m=0 ∞∑ i=0 |S ∩ G^{κi+m}| (2^{κi+m})^{d−2} = ∞ for any κ ∈ N. So, let us choose κ according to Lemma 2.3 and observe that there exists m_0 ∈ {0, . . . , κ − 1} such that ∞∑ i=0 |S ∩ G^{κi+m0} | (2^{κi+m0} )^{d−2} = ∞. Without loosing of generality, suppose that m_0 = 0 (for the other cases, the proof is quite analogous). Moreover, in this case at least one of the series ∞∑ i=0 |S̃^ε_{2i}| (2^{2κi})^{d−2} , ∞∑ i=0 |S̃^ε_{2i+1}| (2^{κ(2i+1)})^{d−2} diverges, and we suppose without loss of generality that the first one does.

Observe also that, by Lemma 2.5 and by the fact that A_j only depends on the paths of the particles originating from D(2^{κj}) until the moment τ_{j+1} it holds that

P[A_{2i} | A_{2i−2}, . . . , A_2] ≥

L_0|S̃^ε_{2i}| 2^{2κi(d−2)} . (2.11)

Now, consider the path ξ^0 of the particle from the origin. Using (2.11), we see that

P[ξ^0(t) = ξ^b(t) for some t ≥ 0 for at least one b ∈ S] ≥ 1 − ∞∏ i=1 P[A_{2i} | A_{2i−2}, . . . , A_2]

≥ 1 − ∞∏ i=1 ( 1 − L_0|S̃^ε_{2i}| 2^{2κi(d−2)} ) = 1, (2.12)

which shows that the particle from the origin will a.s. meet someone. It is elementary to get that if initially ∑ x∈S ‖x‖^{−(d−2)} = ∞, then for any t ≥ 0 and y ∈ Z^d ∑ x∈S ‖y − ξ^x(t)‖^{−(d−2)} = ∞ a.s. (2.13)

Indeed, for any t and y fixed there exists a constant h = h(t, y) > 0 such that for all x with ‖x‖ large enough P[‖y − ξ^x(t)‖ > 2‖x‖] ≤ e^{−h‖x‖}. Then

P[there exists x ∈ S ∩ G^i : ‖y − ξ^x(t)‖ > 2‖x‖] ≤ 2^{(i+1)d}e^{−h2i} .

Then, by Borel-Cantelli lemma, P [ there exists m_0 : ‖y − ξ^x(t)‖ < 2‖x‖ for all x ∈ ∞⋃ i=m_0 S ∩ G^i ] = 1.

Hence, the series ∑ x∈S ‖y − ξ^x(t)‖^{−(d−2)} ≥ ∑ x∈ ⋃_∞ i=m0 S∩G i (2‖x‖)^{−(d−2)} diverges.

Then (2.13) immediately implies that the particle from the origin will a.s. meet an infinite number of other particles, and so the proof of Theorem 1.4 is concluded.

Proof of Theorem 1.1. If ∑ x∈S ‖x‖^{−(d−2)} < ∞, then by Theorem 1.4 the red particle (the one that starts at the origin) will not meet anyone with positive probability, so Theorem 1.1 is immediate in this case.

Now, let ∑ x∈S ‖x‖^{−(d−2)} = ∞. Suppose that with positive probability red particles survive forever. Then by Theorem 1.4 and (2.13) the number of collisions between blue and red particles is infinite with positive probability and then the number of red particles changes infinitely often. Clearly, the number of red particles is a non-negative martingale. It converges a.s. to some random variable. So, from some random moment of time the number of red particles should be constant, which leads to a contradiction. Thus red particles die a.s.

Proof of Theorem 1.2. By Theorem 1.4 a particle starting from the origin will infect infinitely many particles a.s. Then for any M_0 > 0 by some random moment of time there will be at least M_0 infected particles. At that moment, those particles are contained in the ball D(2^n) for all large enough n. With the help of CLT it is not difficult to see that for any n > 0, any x ∈ D(2^n) and any t < 2^{2n}

P[ξ^x(t) ∈ D(2^n)] > δ (2.14)

for some δ > 0. Then there is h^∗ > 0 such that with probability greater than 1 − e^{−h∗M0} at least M := δM_0/2 of these particles will be in D(2^n) at the moment 2^{2n}.

In the following lemma we show that if n is chosen large enough compared to M, then with probability exponentially large in M within the time interval [2^{2n}, 2^{2(n+1)}] these M particles will infect at least (2^{d−2} + 1)M particles originated from G^n = {x : 2^n ≤ ‖x‖ < 2^{n+1}} and being in D(2^{n+1}) at the moment 2^{2(n+1)}.

For any H ⊂ S define the H-restriction of the process of infection spreading as the process with the initial configuration H of healthy particles. Clearly, the H-restricted process can be coupled with the original process in such a way that at each moment the set of infected particles in the original process contains the set of infected particles in the H-restricted process. Let us introduce the events

A(L, n) = {at moment 2^{2n} for the S ∩ D(2^n)-restricted process there are at least L infected particles in D(2^n)}, Ã(L, n) = {at moment 2^{2n} for the S ∩ D(2n)-restricted process

there are at least L infected particles originating from G^{n−1} in D(2^n)}.

The following fact is the key to the proof of Theorem 1.2.

Lemma 2.6 Assume that the constant α > 0 in (1.1) is fixed large enough. Then there exist h, Γ > 0 such that for all M and n verifying M2^{−n(d−2)} < Γ we have

P[Ã((2^{d−2} + 1)M, n + 1) | A(M, n)] ≥ 1 − exp(−hM). (2.15)

Before proving the lemma, let us first finish the proof of the theorem assuming that Lemma 2.6 holds true. Suppose that the event Ã(M(2^{d−2} + 1), n + 1) have occurred

(by Lemma 2.6, the probability of that is at least 1 − exp(−hM)), and let us split the set of these M(2^{d−2} + 1) particles into two sets A_1 of M2^{d−2} and B_1 of M particles respectively; then apply (2.15) to A_1 in D(2^{n+1}). Since, by construction, the events A(·, n), Ã(·, n) do not depend on the particles which were originally outside D(2^n), applying Lemma 2.6 (with A(M, n) substituted by A(M2^{d−2}, n + 1) and Ã((2^{d−2} + 1)M, n + 1) substituted by Ã((2^{d−2} + 1)2^{d−2}M, n + 2)), we obtain the following fact: With probability greater than 1 − exp(−hM2^{d−2}) within the period [2^{2(n+1)}, 2^{2(n+2)}] the particles of A_1 will contaminate at least M2^{d−2}(2^{d−2} +1) particles originated from G^{n+1} and situated in D(2^{n+2}) at the moment 2^{2(n+2)}. We split this set into two subsets A_2 of M2^{2(d−2)} and B_2 of M2^{(d−2)} particles and “send” the particles of the first set to infect those originated from G^{n+2}. On the ith step of this infection spreading by the time 2^{2(n+i)} there will be at least |A_i| = M2^{(i−1)(d−2)}2^{d−2} plus |B_i| = M2^{(i−1)(d−2)} infected particles in D(2^{n+i}) originated from G^{n+i−1} with conditional probability at least 1 − exp(−hM2^{(i−1)(d−2)} ). The particles of A_i are supposed to contaminate the next ones originated from G^{n+i}. Now let us consider the infected particles from the sets B_i. Note that a particle from B_i is found in D(2^{n+i}) (at time 2^{2(n+i)}) after being infected. Then the probability that it will reach the origin 0 ∈ Z^d after, is at least O(2^{−(n+i)(d−2)}). Since the series ∑_∞ i=1 |B_i|2^{−(n+i)(d−2)} diverges, then by Borel- Cantelli lemma infinitely many of infected particles from ∪_iB_i will visit the origin a.s. conditionally that the process of infection spreading by the sets A_i succeeds. Notice, however, that it fails with probability at most 1 − ∏_∞ i=0(1 − exp(−hM2^{(d−2)i})) → 0 as M → ∞. Since the choice of M is arbitrary, the origin will be visited by infinitely many infected particles a.s. The same argument applies indeed for any point of Z^d finishing the proof of the statement (i) of the theorem.

Let us also derive from this reasoning the proof of (ii). Let us fix the trajectory ξ^x(t) of the particle starting from the point x. Assume that it is in D(2^{n+i}) at time 2^{2(n+i)}. At that moment there are M2^{(i−1)(d−2)} infected particles of B_i in D(2^{n+i}). Observe also that all of them are at the distance at most 2^{n+i+1} from ξ^x(2^{2(n+i)}). Analogously to Lemma 2.5 one can show that the probability that at least one of those particles will infect the particle starting from x is greater than 1 − (1 − O(2^{−(n+i)(d−2)}))^{M2(i−1)(d−2)} > δ > 0 with some δ = δ(M), for all i. Hence, if ξ^x(2^{2(n+i)}) ∈ D(2^{n+i}) happens for infinitely many i and the process of infection spreading by A_i succeeds, the probability that no particle of ∪_iB_i infects the particle from x is zero. On the other hand, it is elementary to see that there exists δ_0 < 1 such that for any n, i, x̃ there exists m_0 ≥ 1 such that

P[‖ξ(2^{2(n+i+m0)})‖2^{−(n+i+m0)} ≥ 1 | ξ(2^{2(n+i)}) = x̃] ≤ δ_0.

(Clearly, one can estimate this probability applying CLT to the vector ξ(2^{2(n+i+m0)})− ξ(2^{2(n+i)}).) Then immediately lim inf_{i→∞} ‖ξ(2^{2(n+i)})‖2^{−(n+i)} < 1 a.s. Thus, ξ^x will be infected with probability 1, and the proof of Theorem 1.2 is finished.

Proof of Lemma 2.6. Let us fix the trajectories of M infected (by the time 2^{2n}) particles starting from x_1, . . . , x_M within the time interval [2^{2n}, 2^{2(n+1)}]. We can regard the set of those trajectories as a random space-time set W_M of triples (y, T_1, T_2), [T_1, T_2] ⊂ [2^{2n}, 2^{2(n+1)}]. Formally, the set W_M can be described as follows: suppose that the particle from x_i were at y^0_i at the moment 2^{2n}. Suppose also that the subsequent evolution of that particle was the following: at moments T^j_i , j = 1, . . . , n_i −1, it jumped from y^{j−1}_i to y^j_i , and there were no jumps in the time interval (T^{ni−1}_i , 2^{2(n+1)}]. Put also T^0_i := 2^{2n}, T^{ni}_i := 2^{2(n+1)}, i = 1, . . . , M. Then we define W_M = {(y^j_i , T^{j−1}_i , T^j_i ), i = 1, . . . , M, j = 1, . . . , n_i}. Next, we modify the set W_M by deleting from there all triples with y ∉ D(2^{n+1}) leaving thus only pieces of trajectories of these particles which are contained in D(2^{n+1}). We say that a particle originated from x reaches W_M and write x → W_M if there exists a triple (y, T_1, T_2) ∈ W_M such that ξ^x(t) = y for some t ∈ (T_1, T_2]. Let us denote by P_{WM} the conditional probability when W_M is fixed. The goal is to show that there are some constants K_1, h_1 > 0 and ε > 0 such that for any x ∈ G^n, any M and n with M2^{−n(d−2)} < ε P [ W_M : P_{WM} [x → W_M ] > K_1M2^{−n(d−2)} ] ≥ 1 − exp(−h_1M). (2.16)

Before starting the proof of the above inequality, assume first that (2.16) holds. Then it is not difficult to finish the proof of the lemma. Consider a space-time set W_M such that the probability to reach it by any particle originated from G^n is at least K_1M2^{−n(d−2)}. The key observation here is that, for fixed W_M , the events {x → W_M }, x ∈ S∩G^n, are conditionally independent. By the assumption of the theorem, initially there are at least α2^{n(d−2)} particles in G^n. Then by elementary exponential bounds for sums of independent Bernoulli random variables, with probability greater than 1 − exp(−h_2αK_1M) (where h_2 > 0 is some constant not depending on M and n) at least K_1M2^{−n(d−2)} × α2^{n(d−2)}/2 = αK_1M/2 of these particles will reach W_M . Using the observation (2.14) and the same tool again we derive that at least δαK_1M/4 of these particles will be located in D(2^{n+1}) at the moment 2^{2(n+1)} with probability at least 1 − exp(−h_3αK_1M) where h_3 > 0 does not depend on M and n. Then in view of (2.16) P[Ã(δαK_1M/4, n + 1) | A(M, n)] ≥ (1 − exp(−h_1M))(1 − exp(−h_2αK_1M))(1 − exp(−h_3αK_1M)).

Finally, it suffices to fix the constant α in (1.1) in such a way that δαK_1/4 > 2^{d−1} +1, which would conclude the proof of the lemma.

Thus, the proof of Lemma 2.6 is reduced to showing (2.16). To start with, let us split Z^d into cubes of side 2^{2n/d}, and consider those that lie fully inside the ball D(2^{n+1}). Then the volume of each cube is 2^{2n} and there are at most ℓ = O(2^{n(d−2)}) of them; we will refer to those cubes as K_1, . . . , K_ℓ. Consider the space-time sets W_M satisfying the following property (P) with some constant 0 < γ̃ < 1:

(P): During at least half of the time within the period [2^{2n+1}, 2^{2n+2}] at least γ̃M different cubes of D(2^{n+1}) are occupied by points of W_M .

Now we will show that

(i) There exists a positive constant K_1 (depending on γ̃) such that for any x ∈ G^n and any W_M satisfying the property (P) it holds that P_{WM} [x → W_M ] ≥ K_1M2^{−n(d−2)}.

(ii) There exists a positive constant h_1 (depending on γ̃) such that the probability that the set W_M satisfies the property (P) is at least 1 − exp(−h_1M).

To proceed with (i), let us take W_M satisfying (P). Let us say that a spacetime set W̃_M is “smaller” than W_M if for any triple (y, T̃_1, T̃_2) ∈ W̃_M there exists (y, T_1, T_2) ∈ W_M such that (T̃_1, T̃_2] ⊂ (T_1, T_2]. Then

P_{WM} [x → W_M ] ≥ P~_{WM} [x → W̃_M ]. (2.17)

We construct W̃_M from W_M by deleting pieces of trajectories of M particles in such a way that at any moment of time, in each cube containing more than one point of W_M it remains exactly one point. For this purpose let us enumerate M particles and leave in each cube and at each moment of time only the one with the smallest number. In other words, if (y_1, T_1, T_2), (y_2, T_3, T_4) ∈ W_M such that y_1, y_2 belong to the same cube and if moreover (T_3, T_4] ⊂ (T_1, T_2] then we delete (y_2, T_3, T_4) from W_M , if T_1 < T_3 < T_2 < T_4 then we replace the second triple by (y_2, T_2, T_4). In view of (2.17) it suffices to show (i) for this smaller set W̃_M .

Let us denote by E_t(x → W̃_M ) the expectation of the total time spent in W̃_M after the moment t by a particle being in x at time t. Then

E_t(x → W̃_M ) = ∑ (y,T_1,T_2)∈W̃_M E ∫_{(T2−t)}+

(T_1−t)^+

1[ξ^x(s) = y] ds

= ∑ (y,T_1,T_2)∈W̃_M ∫_{(T2−t)}+

(T_1−t)^+

P[ξ^x(s) = y] ds. (2.18)

We have E_0(x → W̃_M ) ≤ P~_{WM} [x → W̃_M ] sup_{(y,T} 1,T_2)∈W̃_M E_{T1} (y → W̃_M ), so

P~_{WM} [x → W̃_M ] ≥

E_0(x → W̃_M ) sup (y,T_1,T_2)∈W̃_M E_0(y → W̃_M )

. (2.19)

We will show that the denominator in (2.19) is bounded from above by some constant for all M and n, while the numerator is O(M2^{−n(d−2)}).

Let us estimate the denominator. Using the fact that at each moment of time there is at most one point of W̃_M in each of K_i-s, we can write

E_0(y → W̃_M ) = ℓ∑ i=1 ∑ (z,T_1,T_2)∈W̃_M : z∈K_i

∫_{T2} T_1

P[ξ^y(s) = z] ds

≤ ℓ∑ i=1 ∫_{+∞} 0 sup_{z∈Ki} P[ξ^y(s) = z] ds. By Lemma 2.1 (i) ∫_{+∞} 0 sup_{z∈Ki} P[ξ^y(s) = z] ds ≤ K_2 ( min_{z∈Ki} ‖y − z‖ )_{−(d−2)}

for some constant K_2 > 0. Then there is a constant K_3 > 0 such that for any j = 1, 2, . . ., any n and any point z satisfying j2^{2n/d} ≤ ‖z − y‖ < (j + 1)2^{2n/d}, it holds that the mean number of visits to z starting from y does not exceed K_3(j2^{2n/d})^{2−d}. The number of cubes of side 2^{2n/d} touching D((j +1)2^{2n/d})\D(j2^{2n/d}) in Z^d is smaller than K_4j^{d−1} with some K_4 > 0 for all j = 1, 2, . . . all n and all y. Note also that there is at most one particle in W̃_M at distance smaller than 2^{2n/d} and the mean number of visits to it is bounded by some constant K_5 > 0. Since there are no particles in W̃_M outside D(2n+1), then the maximal distance between any two points of W̃_M is 2^{n+2} = j2^{2n/d} with j = 2^{n(1−2/d)+2}. Thus the denominator in (2.19) is bounded by the constant

K_5 +

2^{n(1−2/d)+2} ∑ j=1 K_3K_4j^{d−1}(j2^{2n/d})^{2−d} = K_5 + K_3K_42^{−n(2−4/d)} 2^{n(1−2/d)} ∑ j=1 j ≤ K_6 for all n. Let us remark that it was essential to obtain this estimate that in each cube there is at most one particle of W̃_M . Otherwise, if we allowed particles to accumulate in one cube in big amount (e.g. growing with M), then a particle starting from this cube would reach such a space-time set for a mean number of times rather large (growing with M).

Now let us deal with the numerator in (2.19). Note that the validity of the property (P) for W̃_M ensures that in W̃_M there are at least γ̃M points during a large part of time. This will be crucial in the estimate of the numerator. First, applying Lemma 2.1 (ii), we deduce from the property (P) that

E_0(x → W̃_M ) ≥ ∑ (z,T_1,T_2)∈W̃_M ∫_{T2} T_1

P[ξ^x(s) = z] ds

≥ K_72^{−2dn} ∫_22n+2

2^{2n+1} |{(z, T_1, T_2) ∈ W̃_M : T_1 ≤ s ≤ T_2}| ds ≥ K_72^{−2dn} ∫_22n+2

2^{2n+1} γ̃M1 { |{(z, T_1, T_2) ∈ W̃_M : T_1 ≤ s ≤ T_2}| ≥ γ̃M } ds ≥ K_8M2^{−(d−2)n} with some positive constants K_7, K_8 as ‖x − z‖^2/t is bounded uniformly for all x, z ∈ D(2^{n+1}) and t ∈ [2^{2n+1}, 2^{2n+2}]. So, the probability (2.19) is limited from below by K_8γ̃M2^{−n(d−2)}/K_6 for all W_M verifying (P). This finishes the proof of (i).

Finally, we concentrate on (ii). From Lemma 2.1 (ii) it follows that there exists β > 0 such that for any n, any cube K of side 2^{2n/d} in {(3/2)2^n ≤ ‖x‖ ≤ 2^{n+1}} the probability to be in this cube at time t for a particle starting at time 2^{2n} from any point in D(2^n) is greater than β2^{−n(d−2)} for all t ∈ [2^{2n+1}, 2^{2n+2}]. Thus at any moment of time t ∈ [2^{2n+1}, 2^{2n+2}], M particles of W_M are distributed throughout K_92^{n(d−2)} cells (cubes) (K_9 > 0 is some constant) of {(3/2)2^n ≤ ‖x‖ ≤ 2^{n+1}}; the probability for each particle to be in a given cell is greater than β2^{−n(d−2)}. Assume that n is such that K_92^{n(d−2)} = Γ̂M with some Γ̂ > 0. Then we have to estimate the number of non-empty cells in an easy combinatorial problem: each of M particles goes to each of Γ̂M cells independently of the others with probability βK_9/Γ̂M, or disappears with probability 1 − βK_9. It is elementary to verify that for all small enough γ̃ = γ̃(β, K_9, Γ̂) > 0 there exists h = h(γ̃) > 0 such that at least γ̃M cells are occupied with probability greater than 1 − exp(−hM). Furthermore, if the number of cubes K_92^{n(d−2)} > Γ̂M then we can group some cubes together in order to form “exactly” Γ̂M cubes of the same volume and then apply the previous estimate. Indeed, if the number of non-empty cubes in this coarser partition is bigger than γ̃M than the same is true for the initial partition. Therefore for any M and n such that K_92^{n(d−2)} ≥ Γ̂M and at any moment of time t ∈ [2^{2n+1}, 2^{2n+2}] at least γ̃M cubes are occupied by particles with probability greater than 1 − exp(−hM). Now let us construct a random variable ζ_{WM} (t) taking the value 1 if at time t at least γ̃M cubes contain particles of W_M and the value 0 otherwise. Then Eζ_{WM} (t) ≥ 1 − exp(−hM) for any t ∈ [2^{2n+1}, 2^{2n+2}]. Let ζ̃_{WM} = 2^{−2n−1}

∫_22n+2

2^{2n+1} ζ(s) ds be the proportion of time

within the interval [2^{2n+1}, 2^{2n+2}] when at least γ̃M cubes contain particles of W_M . It is elementary to see from the facts ζ̃_{WM} ≤ 1 and Eζ̃_{WM} ≥ 1 − exp(−hM) that

P[ζ̃_{WM} > 1/2] ≥ 1 − 2 exp(−hM).

Now it is straightforward to notice that the event {ζ̃_{WM} > 1/2} means that the property (P) is verified for W_M . Thus, (ii) is proven, and so the proof of Lemma 2.6 is finished.

Proof of Theorem 1.3. Similarly to the proof of the corresponding statement in [15], the idea is to dominate the process of spreading of infection by a branching random walk. However, here this comparison is not so straightforward as in [15]. The key to the proof of Theorem 1.3 is the following fact:

Lemma 2.7 Suppose that the initial configuration of particles is sampled accordingly to product measure P_q = ⊗_{x∈Z}dP(q(x)), where P(λ) stands for the Poisson distribution with parameter λ. Let F̃_t be the σ-field generated by the process of infection spreading up to time t and η_t(x) be the number of healthy particles at site x at time t. Then, at each t, the field {η_t(x)}_{x∈Z}d is dominated by a field {η̂_t(x)}_{x∈Z}d which is independent of F̃_t and has the law P_{qt} , where q_t(x) = ∑ y p_t(y, x)q(y). Proof. Let W be the set of all finite trajectories until time t. We can represent the elements of W as w = (x_1, . . . , x_n; t_1, . . . , t_{n−1}) where x_i ∈ Z^d, ‖x_i − x_{i−1}‖ = 1, and t_i-s are the moments of jumps from x_i to x_{i+1}, 0 < t_1 < t_2 < · · · < t_{n−1} ≤ t. If w = (x_1, . . . , x_n; t_1, . . . , t_{n−1}), then we say that |w| = n. For 0 ≤ s ≤ t let w(s) be the position of the trajectory at time s (i.e., w(s) = x_i, if t_{i−1} ≤ s < t_i, w(s) = x_1, if s < t_1, w(s) = x_n, if s ≥ t_{n−1}). Let also W_{x,n} = {w ∈ W : w(0) = x, |w| = n} = S_{x,n} × T_n, where S_{x,n} are all discrete-time trajectories of length n beginning in x, and T_n = {(t_1, . . . , t_{n−1}) : 0 < t_1 < t_2 < · · · < t_{n−1} ≤ t} ⊂ R^{n−1} for n > 1, and T_1 = ∅. Clearly, any measure Λ on W = ∪_{x,n}W_{x,n} has the property Λ(A) = ∑ x,n Λ(A∩W_{x,n}), A ∈ W. So, it is sufficient to define Λ on A = ν × A_0, where ν ∈ S_{x,n}, A_0 ⊂ T_n. We set then, for ν ∈ S_{x,n}, A_0 ⊂ T_n, and n > 1

Λ(ν × A_0) := q(x)e^{−t}|A_0| (2d)^{n−1} (2.20)

(here | · | stands for the Lebesgue measure in R^{n−1} ), and Λ(ν × A_0) = q(x)e^{−t} for n = 1.

Now we go back to the process of infection spreading and let us denote by η̃_t(x) the number of (both healthy and infected) particles at site x at time t. Then it is not difficult to see that the process {η̃_s(x)}_{x∈Z}d_{,s∈(0,t)} can be viewed as a Poisson point process on W with parameter measure Λ(·) (cf. e.g. Section 2.4 of [4] for the theory of general Poisson processes). To give a heuristic explanation of that fact, note that the quantity in (2.20) should be equal to the mean number of particles starting in x that follow the same fixed trajectory ν of (discrete) length n and have the vector of times of jumps belonging to A_0. Since the moments of jumps of a given particle form one-dimensional Poisson process with rate 1, the probability that there are n − 1 jumps within the time interval [0, t] is^{tn−1}_{(n−1)!} e^{−t}. The factor 1/(2d)^{n−1} corresponds to the probability of the fixed discrete-time trajectory ν. Then, recall the fact that conditioned on the event that a one-dimensional Poisson process has k points on some interval, those points are independent and have uniform distribution. Since in T_n the coordinates are ordered, this gives rise to the factor^{(n−1)!|A0|}_{tn−1} , so, gathering the pieces, we arrive to (2.20). Then, for A ⊂ W let N(A) be the random set of the points of the Poisson process which lie inside the set A, and N(A) stands for the cardinality of the set N(A).

Now, to prove Lemma 2.7 we use the method similar to the generations method in percolation (cf. e.g. [12]). Denote

T (w_1, w_2; u) = inf{s : u < s ≤ t, w_1(s) = w_2(s)},

and T (w_1, w_2; u) = ∞ if such s does not exist, so T (w_1, w_2; u) can be interpreted as the first moment in the interval [u, t] when the trajectory w_1 meets w_2.

Let B_0 = W_0 := ∪_nW_{0,n}. If N(B_0) = 0, then we stop.

If N(B_0) = k_0 ≥ 1, write N(B_0) = {w^0_1, . . . , w^0_{k0} }. Define

B_1 =

k_0⋃

i=1 {w ∈ W \ B_0 : T (w, w^0_i ; 0) < ∞}.

If N(B_1) = 0, then stop.

If N(B_1) = k_1 ≥ 1, then suppose that N(B_1) = {w^1, . . . , w^1_{k1} } and define u^1_i := min_j T (w^1_i , w^0_j ; 0). Define also

B_2 =

k_1⋃

i=1 {w ∈ W \ {B_0 ∪ B_1} : T (w, w^1_i ; u^1_i ) < ∞}.

If N(B_2) = 0, then stop.

If N(B_2) = k_2 ≥ 1, then suppose that N(B_2) = {w^2_1, . . . , w^2_{k2} } and define u^2_i := min_j T (w^2_i , w^1_j ; u^1_i ). This construction is then repeated until certain instant n^∗ when it stops (in fact, an elementary percolation argument, similar to that of [5], implies that n^∗ is finite a.s., but we do not really need that).

Denote B = ∪_nB_n. By construction, N(B) is the set of the trajectories infected until time t, and the key observation here is that B is independent of N(W \ B). Let N^′(W) be another Poisson point process with parameter measure Λ, independent of the first one, and N^′(·) := |N^′(·)|. Define η̂_t(x) = N({w : w(t) = x, w /∈ B}) + N^′({w : w(t) = x, w ∈ B}). Since η_t(x) = N({w : w(t) = x, w /∈ B}), it is clear that {η_t(x)}_{x∈Z}d is dominated by {η̂_t(x)}_{x∈Z}d; by the above observation, {η̂_t(x)}_{x∈Z}d is independent of F̃_t and is Poisson with parameters

Eη̂_t(x) = Λ({w : w(t) = x}) = ∑ y p_t(y, x)q(y), thus concluding the proof of Lemma 2.7.

Lemma 2.8 Suppose that q(x) ≤^U_{(‖x‖+1)2} for some U > 0 and for all x ∈ Z^d. Then there exists a constant U^′ > 0 such that q_t(x) ≤^{UU ′}_{(‖x‖+1)2} for all x ∈ Z^d.

Proof. Using Lemma 2.1 (i), we write

q_t(x) = ∑ y:‖y‖≤^{‖x‖}_2 p_t(y, x)q(y) + ∑ y:‖y‖>^{‖x‖}_2 p_t(y, x)q(y)

≤ U [_{‖x‖} 2 ] ∑ i=1 K_1 ‖x‖^d i^{d−1} i^2 + K_2U (‖x‖ + 1)^2 ∑ y:‖y‖>^{‖x‖}_2 p_t(y, x)

≤ U K_3 (‖x‖ + 1)^2 + K_2U (‖x‖ + 1)^2

where the constants K_1, K_2, K_3 do not depend on t and x. Lemma 2.8 is proved.

Now we are able to finish the proof of Theorem 1.3. Note that for all x large enough, a Bernoulli random variable with parameter α^′/‖x‖^2 is dominated by a Poisson random variable with parameter 2α^′/‖x‖^2. By Lemmas 2.7 and 2.8, the process of infection spreading can be dominated by a branching random walk for which the mean number of newly generated particles at site x is at most 2U^′α^′/‖x‖^2. To complete the proof of Theorem 1.3, we note that, by Theorem 5.1 of [13] (the condition on variance of offspring distribution is not essential for the proof of the transience there), that branching random walk is transient for α^′ small enough.

References

[1] O.S.M. Alves, F.P. Machado, S.Yu. Popov (2002) The shape theorem for the frog model. Ann. Appl. Probab. 12 (2), 533–546.

[2] O.S.M. Alves, F.P. Machado, S.Yu. Popov (2002) Phase transition for the frog model. Electron. J. Probab. 7, paper no. 16, pp. 1–21.

[3] O.S.M. Alves, F.P. Machado, S.Yu. Popov, K. Ravishankar (2001) The shape theorem for the frog model with random initial configuration. Markov Process. Relat. Fields 7 (4), 525–539.

[4] D.J. Daley, D. Vere-Jones (1988) An introduction to the theory of point processes. Springer-Verlag.

[5] P.A. Ferrari, R. Fernandez, N.L. Garcia (2001) Loss network representation of Peierls contours. Ann. Probab. 29 (2), 902–937.

[6] L.R.G. Fontes, F.P. Machado, A. Sarkar (2004) The critical probability for the frog model is not a monotonic function of the graph. J. Appl. Probab. 41 (1), 292–298.

[7] F. den Hollander, M.V. Menshikov, S.E. Volkov (1995) Two problems about random walks in a random field of traps. Markov Processes Relat. Fields 1 (2), 185–202.

[8] H. Kesten, V. Sidoravicius The spread of a rumor or infection in a moving population. Preprint: math.PR/0312496 at arXiv.org

[9] H. Kesten, V. Sidoravicius A shape theorem for the spread of an infection.

Preprint: math.PR/0312511 at arXiv.org

[10] N. Konno, R. Schinazi, H. Tanemura Coexistence results for a spatial stochastic epidemic models. To appear in: Markov Proc. Relat. Fields

[11] G.F. Lawler (1991) Intersections of Random Walks. Birkhäuser Boston.

[12] M.V. Menshikov (1985) Estimates for percolation thresholds for lattices in R^n . Soviet Math. Dokl. 32 (2), 368–370.

[13] M.V. Menshikov, S.E. Volkov (1997) Branching Markov chains: qualitative characteristics. Markov Processes Relat. Fields 3 (2), 225–241.

[14] R. Pemantle, S.E. Volkov (1998) Markov chains in a field of traps. J. Theor.

Probab. 11 (2), 561–569.

[15] S.Yu. Popov (2001) Frogs in random environment. J. Statist. Phys. 102 (1/2), 191–201.

[16] S. Popov (2003) Frogs and some other interacting random walks models. Discrete Math. Theor. Comput. Sci. AC, 277–288.

[17] R. Schinazi (1999) On the spread of drug resistant diseases. J. Statist. Phys.

97, 409–417.

[18] F. Spitzer (1976) Principles of Random Walk. Springer-Verlag. [19] A. Telcs, N.C. Wormald (1999) Branching and tree indexed random walks on fractals. J. Appl. Probab. 36 (4), 999–1011.