E l e c t r o n i c J o u r n a l o f P r o b a b i l i t y

Vol. 7 (2002) Paper No. 14, pages 1–30.

Journal URL

http://www.math.washington.edu/~ejpecp/

Paper URL

http://www.math.washington.edu/~ejpecp/EjpVol7/paper14.abs.html

WIENER FUNCTIONALS OF SECOND ORDER AND THEIR LÉVY MEASURES

Hiroyuki Matsumoto School of Informatics and Sciences, Nagoya University Chikusa-ku, Nagoya 464-8601, Japan

matsu@info.human.nagoya-u.ac.jp

Setsuo Taniguchi Faculty of Mathematics, Kyushu University, Fukuoka 812-8581, Japan

taniguch@math.kyushu-u.ac.jp

Abstract The distributions of Wiener functionals of second order are infinitely divisible. An explicit expression of the associated Lévy measures in terms of the eigenvalues of the corresponding Hilbert–Schmidt operators on the Cameron–Martin subspace is presented. In some special cases, a formula for the densities of the distributions is given. As an application of the explicit expression, an exponential decay property of the characteristic functions of the Wiener functionals is discussed. In three typical examples, complete descriptions are given.

Keywords Wiener functional of second order, Lévy measure, Mellin transform, exponential decay

AMS subject classification 60J65, 60E07

Submitted to EJP on July 19, 2001. Final version accepted on February 12, 2002.

Introduction

Let W be a classical Wiener space, and μ be the Wiener measure on it. A Wiener functional F of second order is a measurable functional F : W → R with ∇^3F = 0, ∇ being the Malliavin gradient. It is represented as a sum of Wiener chaos of order at most two. Widely known Wiener functionals of second order are the square of the L^2-norm on an interval of the Wiener process, Lévy’s stochastic area, and the sample variance of the Wiener process. The study of Wiener functionals of second order has a history longer than a half century, and many contributions have been made. Among them, pioneering works were made by Cameron-Martin and Lévy [2, 3, 12] for the square of the L^2-norm on an interval of the Wiener process and Lévy’s stochastic area. The sample variance plays an important role in the Malliavin calculus (cf. [8]), and it was studied in detail. For example, see [5, 7].

There are a lot of reasons why one studies such Wiener functionals. One is that they are the easiest functionals next to linear ones. This may sound rather nonsensical, but a wide gap between Wiener functionals of first and second orders can be found in recent works by Lyons (for example, see [13]). Recalling roles played by quadratic Lagrange functions in the theories of Feynman path integrals and of semi-classical analysis for Schrödinger operators, one must encounter another reason for studying Wiener functionals of second order. A Wiener functional of second order is one of key ingredients in the asymptotic theories, the Laplace method, the stationary phase method et al, on infinite dimensional spaces.

As was employed by Cameron-Martin and Lévy, a fundamental strategy to investigate Wiener functionals of second order is computing their Laplace transforms or characteristic functions, and then their Lévy measures. In this paper, we give explicit expressions of Lévy measures of Wiener functionals of second order in terms of the eigenvalues and eigenfunctions of the corresponding Hilbert-Schmidt operators. See Theorem 2. Moreover, we extend the result to the case where μ is replaced by a conditional probability (Theorem 4). These explicit representations are essentially based on the splitting property of the Wiener measure μ, in other words, a decomposition of the Brownian motion via the eigenfunctions of the Hilbert-Schmidt operator. Wiener used a decomposition of this kind, the Fourier series expansion, to construct a Brownian motion, and a generalization we use is due to Itô-Nisio [9].

With the help of the explicit expression, we compute the Mellin transform of the Lévy measures. See Proposition 5. Recently Biane, Pitman and Yor ([1, 15]) showed that certain probability distributions corresponding to Wiener functionals of second order are closely related to special functions like Riemann’s ζ-function. The general expression given in Proposition 5 will indicate that the relations studied by them are very natural ones. As another application, we shall investigate the order of decay of the characteristic function as the parameter of Fourier transform tends to infinity. If the Lévy-Khintchine representation admits a Gaussian term, then the decay is very fast, but if there is no Gaussian term, then the decay is determined by the behavior of the Lévy measure at the origin. For details, see Theorem 7. A characteristic function of a quadratic Wiener functional is a key object to investigate the principle of stationary phase on the Wiener space, and its exponential decay is indispensable to achieve such a principle on infinite dimensional spaces. The exponential decay also implies that the distribution of the Wiener functional of second order has a density function of Gevrey class with respect to the Lebesgue measure, which relates to the property called transversal analyticity by Malliavin [14]. Another criteria for the distribution to possess a smooth density function will also be given, and a method to compute it by using the residue theorem is shown (Theorem 11). In Section 3, all our general results are tested for three concrete Wiener functionals of second order mentioned above. Comparisons with known results will be also discussed there.

1 Lévy measures of Wiener functionals of second order

1.1 General Scheme

Throughout this subsection, (W, H, μ) stands for an abstract Wiener space. For the definition, see [11]. The inner product and the norm of H are denoted by ⟨·, ·⟩ and ‖ · ‖_H , respectively. Given a symmetric Hilbert-Schmidt operator A : H → H and ℓ ∈ H, decomposing A as A = ∑_∞ n=1 a_nh_n ⊗ h_n with a_n ∈ R and an orthonormal basis {h_n}^∞_{n=1} of H such that ‖A‖^2 = ∑_∞ n=1 a^2_n < ∞, we define

Q_A = ∞∑ n=1 a_n { ⟨·, h_n⟩^2 − 1 } , (1)

f_{A,ℓ}(x) = 1 2 ∑ n;an>0 { 1 x + ⟨ℓ, h_n⟩^2 a^3_n } exp[−x/a_n], x > 0, 0, x = 0, 1 2 ∑ n;an<0 { 1 −x + ⟨ℓ, h_n⟩^2 −a^3_n } exp[−x/a_n], x < 0, (2)

where ⟨·, h_n⟩ stands for the Itô integral of h_n, and if there exists no a_n with required property, the summation is defined to be equal to zero. It is possible to define f_{A,ℓ} without using the eigenfunction decomposition of A. Indeed, if B : H → H is a symmetric non-negative definite Hilbert-Schmidt operator, then, for any N ∈ N, a bounded linear operator (B+εI)^{−N} exp [ −{B+ εI}^{−1} ] on H converges strongly to a linear operator T^{(N)}_B of trace class. Decomposing A : H → H as A = A_1 − A_2 with symmetric non-negative definite Hilbert-Schmidt operators A_1 and A_2 on H such that A_1A_2 = A_2A_1 = 0, we obtain

f_{A,ℓ}(x) = 1 x Tr T^{(0)}_{(1/x)A1} + 1 x^3 ⟨ℓ, T^{(3)}_{(1/x)A1} ℓ⟩, x > 0, 0, x = 0, 1 |x| Tr T^{(0)}_{(1/|x|)A2} + 1 |x|^3 ⟨ℓ, T^{(3)}_{(1/|x|)A2} ℓ⟩, x < 0. Lemma 1. It holds that 0 ≤ f_{A,ℓ}(x) ≤ ‖A‖^{k−2}_∞ 2|x|^{k+1} { k!‖A‖^2 + (k + 1)!‖ℓ‖^2_H } (3) for any x ≠ 0, k ≥ 2, and ∫_1 −1 |x|^2f_{A,ℓ}(x)dx ≤ 1 2 ‖A‖^2 + ‖ℓ‖^2_H , (4)

where ‖A‖_∞ = sup{|a_n| : n = 1, 2, . . . }.

Proof. Since exp[−|x|/|a_n|] ≤ k!(|a_n|/|x|)^k, (3) follows. (4) is an easy application of the monotone convergence theorem and an estimation ∫_1 0 |x|^m exp[−|x|/|a_n|]dx = |a_n|^{m+1} ∫_{1/|an|} 0 y^m exp[−y]dy ≤ m!|a_n|^{m+1}, for every m ∈ N.

Theorem 2. Let A : H → H be a symmetric Hilbert-Schmidt operator, ℓ ∈ H, and γ ∈ R. Then, for any λ ∈ R, it holds that ∫ W exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ = exp [ − λ^2‖ℓ_A‖^2_H 2 + iλγ + ∫ R ( e^{iλx} − 1 − iλx ) f_{A,ℓ}(x)dx ] , (5)

where i = √ −1 and ℓ_A = ∑ n;an=0 ⟨h_n, ℓ⟩h_n. (6)

Remark 3. (i) The integrability of (e^{iλx} − 1 − iλx)f_{A,ℓ}(x) in (5) is guaranteed by Lemma 1. (ii) The theorem asserts that the distribution of^1_2 Q_A + ⟨·, ℓ⟩ + γ is infinitely divisible and the corresponding Lévy measure is f_{A,ℓ}(x)dx. Moreover, the distribution of^1_2 Q_A + γ is selfdecomposable. See [16, §8 and §15].

(iii) Let C_n(W ) be the space of Wiener chaos of order n. A Wiener functional F of second order is a Wiener chaos of order at most two, i.e., F ∈ C_2(W ) ⊕ C_1(W ) ⊕ C_0(W ), and is of the form that F = (1/2)Q_A +⟨·, ℓ⟩+γ for some symmetric Hilbert-Schmidt operator A, ℓ ∈ H, and γ ∈ R, and Q_A ∈ C_2(W ), ⟨·, ℓ⟩ ∈ C_1(W ), and γ ∈ C_0(W ). Moreover, A, ℓ, and γ are determined so that A = ∇^2F , ℓ = ∫ W ∇F dμ, and γ = ∫ W F dμ, where ∇ stands for the Malliavin derivative.

(iv) It should be noted that C_2(W ) ⊕ C_1(W ) ⊕ C_0(W ) is invariant under shifts in the direction of H. Namely, let F =^1_2 Q_A + ⟨·, ℓ⟩ + γ and h ∈ H. Then F (· + h) = F + ⟨·, Ah⟩ + 1 2 ⟨h, Ah⟩ + ⟨h, ℓ⟩ ∈ C_2(W ) ⊕ C_1(W ) ⊕ C_0(W ). In particular, the theorem is applicable to a quadratic form of the form^1_2 Q_A(· − h), which is one of main ingredients in the study of the principle of stationary phase on W . See [17]

Proof of Theorem 2. The proof is divided into three steps according to the signs of a_n’s, the eigenvalues of A.

1st step: the case where an > 0 for all n 2 N . Let λ > 0. Note that 1 2 Q_A + ⟨·, ℓ⟩ = ∞∑ n=1 [a_n 2 { ⟨·, h_n⟩^2 − 1 } − ⟨ℓ, h_n⟩⟨·, h_n⟩ ] .

Since {⟨·, h_n⟩ : n ∈ N} is a family of independent Gaussian random variables of mean 0 and variance 1, we obtain the following well known identity: ∫ W exp [ −λ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ = exp[−λγ] ∞∏ n=1 ( (1 + λa_n)^{−1/2}e^{λan/2} exp [ λ^2 2 ⟨ℓ, h_n⟩^2 1 + λa_n ]) . (7)

Applying the identities

log(1 + (λ/a)) = ∫_∞ 0 (1 − e^{−λx}) e^{−ax} x dx, ∫_∞ 0 e^{−x/a}dx = a, ∫_∞ 0 ( e^{−λx} − 1 + λx ) e^{−x/a}dx = a^3λ^2 1 + aλ , a, λ > 0, we obtain log (_∞ ∏ n=1 { (1 + a_n)^{−1/2}e^{an/2} exp [ λ^2 2 ⟨ℓ, h_n⟩^2 1 + a_n ]})

= − 1 2 ∞∑ n=1 {log(1 + λa_n) − λa_n} + 1 2 ∞∑ n=1 λ^2⟨ℓ, h_n⟩^2 1 + λa_n = ∫_∞ 0 (e^{−λx} − 1 + λx)f_{A,ℓ}(x)dx. Plugging this into (7), we obtain ∫ W exp [ −λ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ = exp [ −λγ + ∫_∞ 0 ( e^{−λx} − 1 + λx ) f_{A,ℓ}(x)dx ] . (8)

Note that | | | d dζ ( e^{ζx} − 1 − ζx )| | | ≤ |ζ|^2x^3 2 + 2|ζ|x^2 and | |e_{ζx} − 1 − ζx | | ≤ 3|ζ|^2x^2 2 for ζ ∈ C with Reζ < 0 and x ≥ 0. Hence, continuing (8) holomorphically to Ω = {ζ ∈ C : Reζ < 0}, and then letting Reζ → 0 in Ω, we we arrive at (5), because f_{A,ℓ}(x) = 0 for x ≤ 0.

2nd step: the case where an < 0 for all n 2 N .

Since −Q_A = Q_{−A}, applying the result in the first step to −A, we obtain ∫ W exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ = ∫ X exp [ i(−λ) ( 1 2 Q_{(−A)} + ⟨·, −ℓ⟩ + (−γ) )] dμ = exp[iλγ] exp [∫ R ( e^{−iλx} − 1 + iλx ) f_{−A,−ℓ}(x)dx ] .

Since f_{−A,−ℓ}(−x) = f_{A,ℓ}(x), this yields (5).

3rd step: the general case. Set A_+ = ∑ n;an>0 a_nh_n ⊗ h_n, A_− = ∑ n;an<0 a_nh_n ⊗ h_n, ℓ_+ = ∑ n;an>0 ⟨ℓ, h_n⟩h_n, ℓ_− = ∑ n;an<0 ⟨ℓ, h_n⟩h_n.

Then 1 2 Q_A + ⟨·, ℓ⟩ = ⟨·, ℓ_A⟩ + 1 2 Q_{A+} + ⟨·, ℓ_+⟩ + 1 2 Q_A� + ⟨·, ℓ_−⟩. Moreover, the random variables ⟨·, ℓ_A⟩,^1_2 Q_{A+} +⟨·, ℓ_+⟩, and^1_2 Q_A� +⟨·, ℓ_−⟩ are independent under μ, and f_{A,ℓ} = f_{A+,ℓ+} + f_A�_{,ℓ}�. From the observations made in the 1st and 2nd steps, we obtain ∫ W exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ = ∫ W exp [iλ⟨·, ℓ_A⟩] dμ × ∫ W exp [ iλ ( 1 2 Q_{A+} + ⟨·, ℓ_+⟩ + γ )] dμ × ∫ W exp [ iλ ( 1 2 Q_A� + ⟨·, ℓ_−⟩ )] dμ = exp [ − λ^2‖ℓ_A‖^2_H 2 ] exp [ iλγ + ∫ R ( e^{iλx} − 1 − iλx ) f_{A+,ℓ+} (x)dx ]

× exp [∫ R ( e^{iλx} − 1 − iλx ) f_A�_{,ℓ}�(x)dx ] , from which (5) follows.

1.2 Conditional expectation

Let η = {η_1, . . . , η_m} ⊂ W^∗, W^∗ being the dual space of W , be an orthonormal system in H ; ⟨η_i, η_j⟩ = δ_{ij}. Setting

W^{(η)}_0 = {w ∈ W ; η(w) = 0}, H^{(η)}_0 = H ∩ W^{(η)}_0 ,

where η(w) = (η_1(w), . . . , η_m(w)) ∈ R^m , we define a projection P^{(η)} : W → W^{(η)}_0 by P^{(η)}w = w − ∑_m n=1 η_n(w)η_n, and denote by μ^{(η)}_0 the induced measure of μ on W^{(η)}_0 via P^{(η)}. Then the triplet (W^{(η)}_0 , H^{(η)}_0 , μ^{(η)}_0 ) is an abstract Wiener space.

For a symmetric Hilbert-Schmidt operator A : H → H, we define a symmetric Hilbert-Schmidt operator A^{(η)} on H^{(η)}_0 by A^{(η)} = P^{(η)}A. We denote by E_μ [F |η(w) = y] the conditional expectation of a Wiener functional F : W → R given η(w) = y. For y = (y^1, . . . , y^m) ∈ R^m , put y · η = ∑_m n=1 y^nη_n.

Theorem 4. Let A : H → H be a symmetric Hilbert-Schmidt operator, ℓ ∈ H, and γ ∈ R. Then, for every λ ∈ R, it holds that

E_μ [ exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] | | |η(w) = y ]

= exp [ − λ^2‖{P^{(η)}(A(y · η) + ℓ)}_A(η) ‖^2_H 2 (9) + iλ {1 2 ( ⟨A(y · η), (y · η)⟩ − m∑ n=1 ⟨Aη_n, η_n⟩ ) + ⟨(y · η), ℓ⟩ + γ }

+ ∫ R ( e^{iλx} − 1 − iλx ) f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x)dx ] , where {P^{(η)}(A(y · η) + ℓ)}_A(η) and f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x) are defined by (2) and (6), computed on the space (W^{(η)}_0 , H^{(η)}_0 , μ^{(η)}_0 ).

Proof. According to the decomposition of w ∈ W so that w = w_0 + y · η with w_0 = P^{(η)}w and y = η(w), the Wiener measure μ is represented as

μ(dw) = μ^{(η)}_0 (dw_0) ⊗ 1 √ 2π^m e^{−|y|2/2}dy. Hence we have

E_μ [F |η(w) = y] = ∫ W^{(η)}_0

F (w_0 + y · η)μ^{(η)}_0 (dw_0). (10)

Using a finite dimensional approximation argument, we can easily show that 1 2 Q_A(w) + ⟨w, ℓ⟩ = 1 2 Q_A(η) (w_0) + 1 2 { ⟨A(y · η), (y · η)⟩ − m∑ n=1 ⟨Aη_n, η_n⟩ } (11) + ⟨w_0, P^{(η)}(A(y · η) + ℓ)⟩ + ⟨(y · η), ℓ⟩. In conjunction with (10), applying Theorem 2 on (W^{(η)}_0 , H^{(η)}_0 , μ^{(η)}_0 ), we obtain (9).

1.3 Mellin transform

Proposition 5. The Mellin transform of f_{A,ℓ} defined by (2) is given by ∫ R^{|x|} sf_{A,ℓ}(x)dx = Γ(s) 2 ∞∑ n=1 |a_n|^s + Γ(s + 1) 2 ∑ n:an≠0 |a_n|^{s−2}⟨ℓ, h_n⟩^2 (12) for any s ≥ 2.

Proof. Rewrite

f_{A,ℓ}(x) = 1 2 ∑ n;an>0 { 1 |x| + ⟨ℓ, h_n⟩^2 |a_n|^3 } exp[−|x|/|a_n|], x > 0, 0, x = 0, 1 2 ∑ n;an<0 { 1 |x| + ⟨ℓ, h_n⟩^2 |a_n|^3 } exp[−|x|/|a_n|], x < 0,

Then, by a change of variables x → −x on (−∞, 0), we obtain ∫ R^{|x|} sf_{A,ℓ}(x)dx = 1 2 ∑ n;an<0 ∫_0 −∞ |x|^s { 1 |x| + ⟨ℓ, h_n⟩^2 |a_n|^3 } e^{−|x|/|an|}dx

+ 1 2 ∑ n;an>0 ∫_∞ 0 |x|^s { 1 |x| + ⟨ℓ, h_n⟩^2 |a_n|^3 } e^{−|x|/|an|}dx

= 1 2 ∑ n:an≠0 ∫_∞ 0 |x|^s { 1 |x| + ⟨ℓ, h_n⟩^2 |a_n|^3 } e^{−|x|/|an|}dx

= Γ(s) 2 ∞∑ n=1 |a_n|^s + Γ(s + 1) 2 ∑ n:an≠0 |a_n|^{s−2}⟨ℓ, h_n⟩^2, which completes the proof.

Remark 6. A sufficient condition for the Mellin transform of f_{A,ℓ} to have a meromorphic extension to C is given by Jorgenson and Lang ([10]).

2 Exponential decay and density functions

In this section, as an application of Theorems 2 and 4, we first study how fast a stochastic oscillatory integral decays when its phase function is a Wiener chaos of order at most two. Moreover we also show how to compute the density function of its distribution.

2.1 Exponential decay

Theorem 7. Let (W, H, μ) be an abstract Wiener space, A : H → H be a symmetric Hilbert- Schmidt operator, ℓ ∈ H, y ∈ R^m , and η = {η_1, . . . , η_m} ⊂ W^∗ be an orthonormal system in H. Suppose that ℓ_A = 0 when μ is considered, and that {P^{(η)}(A(y · η) + ℓ)}_A(η) = 0 when μ(·|η(w) = y) is dealt with. Define f_{A,ℓ} by (2), and f_A(η)_{,P} (η)_{(A(y·η)+ℓ)} as described in Theorem 4. (i) For any λ ∈ R, it holds that | | ∫ W exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ | | ≥ exp [ − λ^2 2 ∫ R^x 2f_{A,ℓ}(x)dx ] (13) | | |E_μ [ exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] | | |η(w) = y ]| | | ≥ exp [ − λ^2 2 ∫ R^x 2f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x)dx ] (14)

(ii) Let

a_− := sup { a > 0 : lim sup λ→∞ λ^{−a} ∫ (−∞,0) (cos(λx) − 1)f_{A,ℓ}(x)dx < 0, } ,

a_+ := sup { a > 0 : lim sup λ→∞ λ^{−a} ∫ (0,∞) (cos(λx) − 1)f_{A,ℓ}(x)dx < 0 } , where a_− = 0, a_+ = 0 if {· · · } = ∅. If max{a_−, a_+} > 0, then, for every a < max{a_−, a_+}, there exist C_a > 0 and λ_a > 0 such that | | | ∫ W exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ | | | ≤ exp[−C^aλ^a], (15)

for every λ ≥ λ_a, γ ∈ R. Moreover, if both supremums a_+, a_− are attained as maximums, then the above assertion holds with a = max{a_−, a_+}. (iii) Put

b_− := sup { b > 0 : lim sup λ→∞ λ^{−b} ∫ (−∞,0) (cos(λx) − 1)f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x)dx < 0 } ,

b_+ := sup { b > 0 : lim sup λ→∞ λ^{−b} ∫ (0,∞) (cos(λx) − 1)f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x)dx < 0 } , where b_− = 0, b_+ = 0 if {· · · } = ∅. If max{b_−, b_+} > 0, then, for every b < max{b_−, b_+}, there exist C_b > 0 and λ_b > 0 such that | | |E_μ [ exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] | | |η(w) = y ]| | | ≤ exp[−C^bλ^b], (16)

for any λ ≥ λ_b, γ ∈ R. Moreover, if both supremums b_+, b_− are attained as maximums, then the above assertion holds with b = max{b_−, b_+}.

Remark 8. (i) If ℓ_A ≠ 0, then we have an exponent −λ^2‖ℓ_A‖^2_H /2, which gives a much faster decay than the one discussed in Theorem 7. Similarly, if {P^{(η)}(A(y · η) + ℓ)}_A(η) ≠ 0, then we obtain a much faster decay than the one discussed in the theorem. (ii) The integrability of x^2f_{A,ℓ}(x) and x^2f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x) is due to Lemma 1. (iii) The lower estimates in (13) and (14) are sharp as we shall see in Lemma 10. For example, if we consider A = ∑_∞ n=1 n^{−p}h_n ⊗ h_n for some p > 1/2 and an orthonormal basis {h_n} of H, then there exist C > 0 and λ_0 > 0 such that | | | ∫ W exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ | | | ≤ exp[−Cλ^{1/p}] for any λ > λ^0.

For details, see Lemma 10 and its proof. (iv) If a_n > 0 for some n, then lim_{λ→∞} ∫_∞ 0 (cos(λx) − 1)f_{A,ℓ}(x)dx = −∞. In fact, it holds that f_{A,ℓ} ≥ f_{A,0} and ∫_∞ 0 (1 − cos(λx))f_{A,0}(x)dx = ∫_∞ 0 1 − cos y y ∑ n;an>0 exp[−y/(λa_n)]dy.

Then, applying the monotone convergence theorem, we obtain the desired divergence. Similarly, if a_n < 0 for some n, then lim_{λ→∞}

∫_0 −∞(cos(λx) − 1)f_{A,ℓ}(x)dx = −∞. Thus the assumption made on a_± is that only on the order of divergence.

If #{n; a_n ≠ 0} < ∞, then a_+ = a_− = 0. Indeed, in this case, there are C, C^′ > 0 such that f_{A,ℓ}(x) ≤ C{(1/|x|) + 1} exp[−C^′|x|] for every x ∈ R \ {0}. For each δ > 0, this implies the existence of C_δ > 0 such that f_{A,ℓ}(x) ≤ C_δ|x|^{−1−δ} for any x ∈ R \ {0}. Hence, for every λ > 0,

0 ≤ max {∫_0 −∞ (1 − cos(λx))f_{A,ℓ}(x)dx, ∫_∞ 0 (1 − cos(λx))f_{A,ℓ}(x)dx }

≤ C_δλ^δ ∫_∞ 0 1 − cos y y^{1+δ} dy, from which it follows that a_± = 0.

Proof of Theorem 7. Assume that ℓ_A = 0 or {P^{(η)}(A(y · η) + ℓ)}_A(η) = 0 accordingly as μ or μ(·|η(w) = y) is considered. By virtue of Theorems 2 and 4, we have | | ∫ W exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] dμ | | = exp [∫ R^{(cos(λx) − 1)fA,ℓ(x)dx} ] | | |E_μ [ exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] | | |η(w) = y ]| | | = exp [∫ R^{(cos(λx) − 1)fA(η),P (η)(A(y·η)+ℓ)(x)dx} ]

Since | cos x − 1| ≤ x^2/2 for any x ∈ R, the assertion (i) follows immediately. Let f = f_{A,ℓ} or = f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}. Since (cos(λx) − 1)f(x) ≤ 0, we have ∫ R^{(cos(λx) − 1)f(x)dx}

≤ min {∫ (−∞,0) (cos(λx) − 1)f(x)dx, ∫ (0,∞) (cos(λx) − 1)f(x)dx } . Thus the estimations in (ii) and (iii) also follow.

A function φ ∈ C^∞(R) is said to belong a Gevrey class of order a > 1 (φ ∈ G^a(R) in notation) if, for any compact subset K ⊂ R, there exists a constant C_K > 0 such that | | | d^nφ dx^n (x) | | | ≤ C^K (C^K (n + 1)^a)^n for every x ∈ K, n ∈ N.

A finite Radon measure u on R admits a density function of class G^a(R) if there is a C > 0 such that |û(ξ)| ≤ C ( C(n + 1)^a |ξ| )_n for any ξ ∈ R \ {0}, n ∈ N, where û is the Fourier transformation of u (cf. [6, Prop.8.4.2]). Since e^{−x} ≤ α^αx^{−α} for α, x > 0, a sufficient condition for this to hold is that there exist C_1, C_2 > 0 such that

|û(ξ)| ≤ C_1 exp[−C_2|ξ|^{1/a}] for any ξ ∈ R.

We obtain the following from Theorem 7.

Corollary 9. Let a_±, b_± be as in Theorem 7.

(i) If ℓ_A = 0 and max{a_−, a_+} > 0, then the distribution on R of^1_2 Q_A +⟨·, ℓ⟩+γ under μ admits a density function, which is in G^{1/a}(R) for any a < max{a_−, a_+}, with respect to the Lebesgue measure.

(ii) If {P^{(η)}(A(y · η) + ℓ)}_A(η) = 0 and max{b_−, b_+} > 0, then the distribution on R of^1_2 Q_A + ⟨·, ℓ⟩ + γ under the conditional probability μ(·|η(w) = y) admits a density function, which is in G^{1/b}(R) for any b < max{b_−, b_+}, with respect to the Lebesgue measure.

We give a sufficient condition for a_± to be positive. It follows from (3) that f_{A,ℓ}(x) diverges at the order of at most |x|^{−3} as |x| → 0. If we assume a uniform order of divergence, then max{a_−, a_+} > 0.

Lemma 10. (i) If there exist δ, C > 0 and ε < 2 such that f_{A,ℓ}(x) ≥ Cx^{ε−3} for any x ∈ (0, δ), then a_+ ≥ 2 − ε. If there exist δ, C > 0 and ε < 2 such that f_{A,ℓ}(x) ≥ C|x|^{ε−3}for any x ∈ (−δ, 0) then a_− ≥ 2 − ε.

(ii) Let {a_n}^∞_{n=1} be eigenvalues of A. Suppose that there exist a subsequence {a_{nk} }, C > 0, and p > 1/2 such that a_{nk} ≥ C/k^p for any k ∈ N. Then, for any δ > 0, f_{A,ℓ}(x) ≥ { C^{1/p} p ∫_∞ δ/C z^{(1/p)−1}e^{−z}dz } x^{−1−(1/p)} holds for any x ∈ (0, δ). In particular, a_+ ≥ 1/p.

If there exist a subsequence {a_{nk} }, C > 0, and p > 1/2 such that a_{nk} ≤ −C/k^p for any k ∈ N. Then, for any δ > 0, f_{A,ℓ}(x) ≥ { C^{1/p} p ∫_∞ δ/C z^{(1/p)−1}e^{−z}dz } x^{−1−(1/p)} holds for any x ∈ (−δ, 0). In particular, a_− ≥ 1/p.

Proof. (i) It follows from (3) that ∫_∞ δ (cos(λx) − 1)f_{A,ℓ}(x)dx ≤ 0. Due to the first assumption, we have ∫_δ 0 (cos(λx) − 1)f_{A,ℓ}(x)dx ≤ C ∫_δ 0 (cos(λx) − 1)x^{ε−3}dx = Cλ^{2−ε} ∫_{λδ} 0 (cos x − 1)x^{ε−3}dx.

Hence

lim sup λ→∞ λ^{−(2−ε)} ∫_∞ 0 (cos(λx) − 1)f_{A,ℓ}(x)dx ≤ C ∫_∞ 0 (cos x − 1)x^{3−ε}dx < 0. Thus the first half has been verified. The latter half can be seen in exactly the same way. (ii) Suppose the first assumption. Then it holds that f_{A,ℓ}(x) ≥ ∞∑ k=1 e^{−xkp/C} x ≥ ∫_∞ 1 e^{−xyp/C} x dy = x^{−1−(1/p)} C^{1/p} p ∫_∞ x/C z^{(1/p)−1}e^{−z}dz for any x > 0. This yields the first estimation. Since −1 − (1/p) = {2 − (1/p)} − 3, by the assertion (i), we have that a_+ ≥ 1/p. Thus the first half has been verified. The latter half can be seen similarly.

2.2 Density functions

Corollary 9 gives a sufficient condition for the distribution of^1_2 Q_A+⟨·, ℓ⟩+γ under μ or μ(·|η(w) = y) to have a smooth density function with respect to the Lebesgue measure. We now show another condition for the distribution to possess a smooth density function, and also a method to compute it.

Theorem 11. Let (W, H, μ) be an abstract Wiener space, A : H → H be a symmetric Hilbert- Schmidt operator, and decompose as A = ∑_∞ n=1 a_nh_n ⊗ h_n with an orthonormal basis {h_n}^∞_{n=1} of H.

(i) Suppose that #{n : a_n ≠ 0} = ∞. Then there exists a p_A ∈ C^∞(R) such that μ ( Q_A/2 ∈ dx ) = p_A(x)dx. (ii) Suppose that a_{2n−1} = a_{2n} for any n ∈ N and #{n : a_n ≠ 0} = ∞. Fix x ∈ R, and assume that there exists a family of simple C^1 curves Γ_n = {γ_n(t) : t ∈ [α_n, β_n]} in C such that (a1) γ_n(α_n) ∈ (−∞, 0), γ_n(β_n) ∈ (0, ∞), (a2) inf{|γ_n(t)| : t ∈ [α_n, β_n]} → ∞ as n → ∞, and (a3) ∫ Γn {e^{−iζx}/ det_2(I − iζ ^A)}dζ → 0 as n → ∞, where ^A = ∑_∞ n=1 a_{2n}h_{2n} ⊗ h_{2n}.

(ii-1) If Im γ_n(t) > 0 and −i/a_m /∈ Γ_n for any n ∈ N, t ∈ (α_n, β_n), and m ∈ N with a_m < 0, then

p_A(x) = i ∑ n:an<0 Res ( e^{−iζx} det_2(I − iζ ^A) ; − i a_n ) , (17)

where Res(f(ζ); z) denotes the residue of f at z.

(ii-2) If Im γ_n(t) < 0 and −i/a_m /∈ Γ_n for any n ∈ N, t ∈ (α_n, β_n), and m ∈ N with a_m > 0, then p_A(x) = −i ∑ n:an>0 Res ( e^{−iζx} det_2(I − iζ ^A) ; − i a_n ) . (18)

(iii) Suppose ∑_∞ n=1 |a_n| < ∞, and set q_A = Q_A + ∑_∞ n=1 a_n. Then all assertions in (i) and (ii) hold, replacing Q_A and det_2(I − iζ ^A) by q_A and det(I − iζ ^A), respectively.

Remark 12. (i) The mapping C ∋ ζ → det_2(I − iζ ^A) is holomorphic ([4]). (ii) Let η = {η_1, . . . , η_m} be an orthonormal system of H. By (11), it holds μ (1 2 Q_A ∈ dx | |η(w) = 0) = μ(η)_0 ( 1 2 { Q_A(η) − m∑ n=1 ⟨Aη_i, η_i⟩ } ∈ dx ) , μ (1 2 q_A ∈ dx | | |η(w) = 0 ) = μ^{(η)}_0 (1 2 q_A(η) ∈ dx ) . Thus, we can compute the density functions of the distributions of Q_A/2 and q_A/2 under μ(·|η(w) = 0), by applying Theorem 11 to Q_A(η) and q_A(η) on W^{(η)}.

(iii) The method to compute the density with the help of the residue theorem has been already applied by Cameron-Martin ([2]) more than a half century ago to the square of the L^2-norm on an interval of the one-dimensional Wiener process.

Proof. Since ‖∇(Q_A/2)‖^2_H = ∑_∞ n=1 a^2_n⟨·, h_n⟩^2, ‖∇(Q_A/2)‖^{−1}_H ∈ ⋂ p>0 L^p(μ) if #{n : a_n ≠ 0} = ∞ (cf.[18]). Thus the assertion (i) follows as an fundamental application of the Malliavin calculus.

By (7) and the assumption that a_{2n−1} = a_{2n}, we have ∫ R^e iλxp_A(x)dx = 1 det_2(I − iλ ^A)

, (19)

and hence p_A(x) = 1 2π ∫ R e^{−iλx} det_2(I − iλ ^A) dλ. Then the assertions in (ii) are immediate consequences of the residue theorem. To see the last assertion, it suffices to mention that (19) implies that, if we denote by p̃_A the density function of q_A/2, then ∫ R^e iλxp̃_A(x)dx = 1 det(I − iλ ^A) .

3 Typical quadratic Wiener functionals

In this section, we investigate how our results work for typical quadratic Wiener functionals. Some of the computations below have been carried out in Ikeda-Manabe [7], but we give all the results for convenience of the reader. Moreover, when we do not consider the first order terms of the Wiener chaos, that is, when ℓ = 0 in (5), explicit expressions of the Fourier or Laplace transforms of the distributions are well known for the examples considered in the following and, from them, we can obtain the same results after some elementary calculations.

3.1 The square of the L^2-norm on an interval

Let T > 0 and consider the classical one-dimensional Wiener space (W^1_T , H^1_T , μ^1_T ) over [0, T ]; W^1_T is the space of continuous functions w : [0, T ] → R with w(0) = 0, H^1_T consists of h ∈ W^1_T which is absolutely continuous and has a square integrable derivative dh/dt, and μ^1_T is the Wiener measure. The inner product in H^1_T is given by ⟨h, k⟩ = ∫_T 0 dh dt (t) dk dt (t)dt, h, k ∈ H^1_T . In this subsection we consider hT (w) = ∫_T 0 w(t)^2dt, w ∈ W^1_T .

3.1.1

We first compute the Lévy measure of^1_2 h_T + ⟨·, ℓ⟩ + γ under μ^1_T by applying Theorem 2, where ℓ ∈ H^1_T and γ ∈ R.

Define a symmetric Hilbert-Schmidt operator A : H^1_T → H^1_T by d(Ah) dt (t) = ∫_T t h(s)ds, h ∈ H^1_T , t ∈ [0, T ]. Note that w(t)^2 is in C_2(W^1_T ) ⊕ C_0(W^1_T ), and so is h_T . It is easily seen that ∇^2h_T = 2A and that ∫ W^1_T hT dμ 1 T = T^2/2. Then, by virtue of Remark 3 (iii), we observe that

hT = Q_A +

T^2 2 . (20)

It is easy to see that A = ∞∑ n=0 ( T ( n +^1_2 ) π )_2 h^A_n ⊗ h^A_n , (21)

where h^A_n (t) = √ 2T ( n +^1_2 ) π sin (( n +^1_2 ) πt T ) . In particular, we have ℓ_A = 0 and f_{A,ℓ}(x) = 0, x ≤ 0. Set ℓ_{(n)} = ⟨ℓ, h^A_n ⟩ = √ 2 T ∫_T 0 dℓ dt (t) cos (( n +^1_2 ) πt T ) dt,

g_H (x; T, ℓ) = π^6 2^7T^6 ∞∑ n=0 (2n + 1)^6|ℓ_{(n)}|^2 exp [ − (2n + 1)^2π^2x 4T^2 ] . (22)

Since Jacobi’s theta function Θ(u) = ∑ n∈Z^{exp[−n2u] enjoys the relation}

Θ(u) − Θ(4u) = 2 ∞∑ n=0 e^{−(2n+1)2u}, it is straightforward to see that f_{A,ℓ}(x) = 1 4x { Θ ( π^2x 4T^2 ) − Θ ( π^2x T^2 )} + g_H (x; T, ℓ), x > 0. By virtue of this and (20), applying Theorem 2, we arrive at: Proposition 13. It holds that ∫ W^1_T exp [ iλ ( 1 2^{hT} + ⟨·, ℓ⟩ + γ )] dμ^1_T

= exp [ iλ ( γ + T^2 4 ) + ∫_∞ 0 ( e^{iλx} − 1 − iλx ) ( 1 4x { Θ ( π^2x 4T^2 ) − Θ ( π^2x T^2 )}

+ g_H (x; T, ℓ) ) dx ] , where g_H is defined by (22).

3.1.2

We next compute the Lévy measure of^1_2 h_T + ⟨·, ℓ⟩ + γ under the conditional probability μ^1_T (·|w(T ) = y) given w(T ) = y, where ℓ ∈ H^1_T , γ ∈ R, and y ∈ R. Set η_1(w) = w(T )/ √ T , w ∈ W^1_T , and η = {η_1}. Note that ⟨A(y · η), (y · η)⟩ − ⟨Aη_1, η_1⟩ = (y^2 − 1)⟨Aη_1, η_1⟩ = (y^2 − 1)T^2 3 , ⟨(y · η), ℓ⟩ = yℓ(T ) √ T . By a straightforward computation, we obtain d(A^{(η)}h) dt (t) = ∫_T t h(s)ds − 1 T ∫_T 0 (∫_T s h(u)du ) ds, h ∈ (H^1_T )^{(η)}_0 ,

and hence A^{(η)} = ∞∑ n=1 ( T nπ )_2

k^A_n ⊗ k^A_n , where k^A_n (t) = √ 2T nπ sin (nπt T ) . (23)

In particular,

{P^{(η)}(A(y · η) + ℓ)}_A(η) = 0 and f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x) = 0, x ≤ 0.

Note that ⟨P^{(η)}(A(y · η) + ℓ), k^A_n ⟩ = y⟨Aη, k^A_n ⟩ + ⟨ℓ, k^A_n ⟩ = (−1)^{n+1} √ 2y ( T nπ )_2

+ ℓ̃_{(n)}, (24) where ℓ̃_{(n)} = ⟨ℓ, k^A_n ⟩ = √ 2 T ∫_T 0 dℓ dt (t) cos (nπt T ) dt. Hence, for x > 0, f_A(η)_{,P} (η)_{(A(y·η)+ℓ)}(x) = 1 2 ∞∑ n=1 { 1 x + 2y^2 (nπ T )_2

+ (−1)^{n+1}2^{3/2}y (nπ T )_4

ℓ̃_{(n)}

+ (nπ T )_6 ℓ̃^2_{(n)} } exp [ − n^2π^2 T^2 x ]

= 1 4x { Θ (π2x T^2 ) − 1 } − π^2y^2 2T^2

Θ^′ (π2x T^2 ) + g̃_H (x; T, ℓ, y), (25) where g̃_H (x; T, ℓ, y) = 1 2 ∞∑ n=1 { (−1)^{n+1}2^{3/2}y (nπ T )_4

ℓ̃_{(n)} + (nπ T )_6

ℓ̃^2_{(n)} } exp [ − n^2π^2x T^2 ] . (26)

Due to Theorem 4, we obtain

E_μ1_T [ exp [ iλ ( 1 2 Q_A + ⟨·, ℓ⟩ + γ )] | | |η(w) = y ]

= exp [ iλ ( (y2 − 1)T 2 6 + yℓ(T ) √ T + γ ) + ∫_∞ 0 ( e^{iλx} − 1 − iλx ) [ 1 4x { Θ (π2x T^2 ) − 1 }

− π^2y^2 2T^2

Θ^′ (π2x T^2 ) + g̃_H (x; T, ℓ, y) ] dx ] . Since η(w) = w(T )/ √ T , combined with (20), we conclude from this:

Proposition 14. It holds that

E_μ1_T [ exp [ iλ ( 1 2^{hT} + ⟨·, ℓ⟩ + γ )] | | |w(T ) = y ]

= exp [ iλ {T y2 6 + T^2 12 + yℓ(T ) T + γ } + ∫_∞ 0 ( e^{iλx} − 1 − iλx ) f_H (x; T, ℓ, y)dx ] , where f_H (x; T, ℓ, y) = 1 4x ( Θ (π2x T^2 ) − 1 ) − π^2y^2 2T^3

Θ^′ ( π2x T^2 ) + g̃_H (x; T, ℓ, y/ √ T ), and g̃_H is given by (26).

3.1.3

We finally study the exponential decay of the characteristic function of^1_2 h_T + ⟨·, ℓ⟩ + γ under μ^1_T and μ^1_T (·|w(T ) = y).

As was seen in §3.1.1, the Hilbert-Schmidt operator A associated with h_T has eigenvalues {T^2/[(n +^1_2 )π]^2; n ∈ N ∪ {0}}, each of them being of multiplicity one. By Theorem 7 and Lemma 10, there exist C_1 > 0 and λ_1 > 0 such that | | | ∫ W^1_T exp [ iλ ( 1 2^{hT} + ⟨·, ℓ⟩ + γ )] dμ | | | ≤ exp[−C_1λ^{1/2}] (27)

for any λ ≥ λ_1, γ ∈ R. Let η_1(t) = t/ √ T and η = {η_1}. As was shown in §3.1.2, the Hilbert-Schmidt operator A^{(η)} possesses eigenvalues {(T/(nπ))^2; n ∈ N}, each of them being of multiplicity 1. Since η(w) = w(T )/ √ T , by Theorem 7 and Lemma 10, there exist C_2 > 0 and λ_2 > 0 such that | |E_μ1_T [ exp [ iλ ( 1 2^{hT} + ⟨·, ℓ⟩ + γ )] | |w(T ) = y ]| | ≤ exp[−C_2λ^{1/2}] (28)

for any λ ≥ λ_2, γ ∈ R.

When ℓ = 0 and γ = 0, it is well known ([3, 12] and [8, pp.470–473]) that ∫ W^1_T exp [ − λ 2^{hT} ] dμ^1_T = 1 (cosh( √ λT ))^{1/2} and E_μ1_T [ exp [ − λ 2^{hT} ] | | |w(T ) = y ]

= ( √ λT sinh (√ λT ) )_{1/2} exp [( 1 − √ λT coth (√ λT )) y^2 2T ] (29)

hold for λ > 0. Thus, continuing holomorphically, we see that our estimations (27) and (28) coincide with the order obtained from these precise expressions. Starting from these well-known expressions, and recalling the elementary formulae

cosh(x) = ∞∏ k=0 ( 1 + 4x^2 (2k + 1)^2π^2 ) , sinh(x) = x ∞∏ k=1 ( 1 + x^2 k^2π^2 ) ,

coth(πx) = 1 πx + 2x π ∞∑ k=1 1 x^2 + k^2 , we can also show explicit expressions for the Lévy measures ν_T (dx) and ν_{T,y}(dx) of the distribution of h_T /2 under μ^1_T and the conditional probability measure μ^1_T ( · |w(T ) = y) as described in Propositions 13 and 14 with ℓ = 0.

Moreover, by using the Riemann zeta function ζ(s) = ∑_∞ n=1 n^{−s}, we can give explicit forms of the Mellin transforms of ν_T and ν_{T,y}. Namely, noting that ν_T (dx) = f_{A,0}(x)dx, ν_{T,y}(dx) = f_{A(η),P (η)(A((y/}^√_{T )·η))}(x)dx, and then plugging (21), (23), and (24) into (12), we obtain:

Proposition 15. The Mellin transform of ν_T (dx) and ν_{T,y}(dx) are given by ∫_∞ 0 x^sν_T (dx) = ( 4T^2 π^2 )_s 2^{2s} − 1 2^{2s+1} Γ(s)ζ(2s) and ∫_∞ 0 x^sν_{T,y}(dx) = 1 2 ( T^2 π^2 )_s Γ(s)ζ(2s) + y^2 T ( T^2 π^2 )_s Γ(s + 1)ζ(2s), s ≥ 2, respectively, where Γ is the usual gamma function.

Recently, Biane-Pitman-Yor [1] and Pitman-Yor [15] have discussed the related topics and shown similar formulae.

3.2 Lévy’s stochastic area

Let T > 0 and consider the classical two-dimensional Wiener space (W^2_T , H^2_T , μ^2_T ) over [0, T ]; W^2_T is the space of continuous functions w : [0, T ] → R^2 with w(0) = 0, H^2_T consists of h ∈ W^2_T which is absolutely continuous and has a square integrable derivative dh/dt, and μ^2_T is the Wiener measure. The inner product in H^2_T is given by ⟨h, k⟩ = ∫_T 0 ⟨ dh dt (t), dk dt (t) ⟩ R^{2 dt, h, k ∈ H} 2 T . Define Lévy’s stochastic area by sT (w) = 1 2 ∫_T 0 ⟨Jw(t), dw(t)⟩^2R2 = 1 2 ∫_T 0 { w^1(t)dw^2(t) − w^2(t)dw^1(t) } ,

where J = ( 0 −1 1 0 ) and dw(t) denotes the Itô integral.

3.2.1

We first compute the Lévy measure of s_T + ⟨·, ℓ⟩ + γ under μ^2_T by applying Theorem 2, where ℓ ∈ H^2_T and γ ∈ R.

Define a symmetric Hilbert-Schmidt operator B : H^2_T → H^2_T by d(Bh) dt (t) = J ( h(t) − 1 2 h(T ) ) , h ∈ H^2_T , t ∈ [0, T ]. Since w^i(s){w^j(t) − w^j(s)} is in C_2(W^2_T ) for (i, j) ∈ {(1, 2), (2, 1)} and s < t, so is s_T . It is easily seen that ∇^2s_T = B, and hence, due to Remark 3 (iii), we have sT = 1 2 Q_B. (30)

By a direct computation, we see that B = ∑ n∈Z T (2n + 1)π { h^B_n ⊗ h^B_n + h̃^B_n ⊗ h̃^B_n } , (31)

where h^B_n (t) = √ T (2n + 1)π ( cos((2n + 1)πt/T ) − 1,

sin((2n + 1)πt/T ) ) , h̃^B_n (t) = Jh^B_n (t). In particular ℓ_B = 0. Set ℓ^1_{(n)} = ⟨ℓ, h^B_n ⟩ = 1 √ T ∫_T 0 ⟨ dℓ dt (t), ( − sin((2n + 1)πt/T ) cos((2n + 1)πt/T ) )⟩ R^{2 dt,} ℓ^2_{(n)} = ⟨ℓ, h̃^B_n ⟩ = − 1 √ T ∫_T 0 ⟨ dℓ dt (t), ( cos((2n + 1)πt/T ) sin((2n + 1)πt/T ) )⟩ R^{2 dt,} ℓ_{(n)} = ( ℓ^1_{(n)} ℓ^2_{(n)} ) , and

g_L(x; T, ℓ) = π^3 2T^3 ∞∑ n=0 (2n + 1)^3|ℓ_{(n)}|^2 exp [−(2n + 1)πx/T ] , x > 0 0, x = 0, π^3 2T^3 ∞∑ n=1 (2n − 1)^3|ℓ_{(−n)}|^2 exp [−(2n − 1)πx/T ] , x < 0.

(32)

Then it is easily seen that f_{B,ℓ}(x) = 1 2x sinh(πx/T ) + g_L(x; T, ℓ), x ∈ R. By virtue of this and (30), applying Theorem 2, we arrive at;

Proposition 16. It holds that ∫ W^2_T exp [iλ (s_T + ⟨·, ℓ⟩ + γ)] dμ^2_T

= exp [ iλγ + ∫ R ( e^{iλx} − 1 − iλx ) ( 1 2x sinh(πx/T ) + g_L(x; T, ℓ) ) dx ] , (33)

where g_L is defined by (32)

3.2.2

We next compute the Lévy measure of s_T + ⟨·, ℓ⟩ + γ under the conditional probability μ^2_T (·|w(T ) = y) given W (T ) = y, where ℓ ∈ H^2_T , γ ∈ R, and y ∈ R^2 . Let η = {η_1, η_2} ⊂ W^∗, where η_i(w) = w^i(T )/ √ T . Since y · η = ty/ √ T and ⟨Jz, z⟩R2 = 0 for any z ∈ R^2 , ⟨B(y · η), (y · η)⟩ − 2∑ n=1 ⟨Bη_n, η_n⟩ = 0, ⟨(y · η), ℓ⟩ = ⟨y, ℓ(T )⟩R2 √ T .

For any h, g ∈ (H^2_T )^{(η)}_0 , the identity ⟨B^{(η)}h, g⟩ = ⟨Bh, g⟩ holds, and hence d(B^{(η)}h) dt (t) = J(h(t) − h̄), where h̄ = 1 T ∫_T 0 h(t)dt. Then it is straightforward to see that

B^{(η)} = ∑ n∈Z\{0} T 2nπ ( k^B_n ⊗ k^B_n + k̃^B_n ⊗ k̃^B_n ) , (34)

where k^B_n (t) = √ T 2nπ ( cos(2nπt/T ) − 1 sin(2nπt/T ) ) , k̃^B_n (t) = Jk^B_n (t). Hence {P^{(η)}(B(y · η) + ℓ)}_B(η) = 0, and it holds that

⟨P^{(η)}(B(y · η) + ℓ), k^B_n ⟩ = ⟨(y · η), Bk^B_n ⟩ + ℓ̃^1_{(n)} = − T y^2 2nπ + ℓ̃^1_{(n)},

⟨P^{(η)}(B(y · η) + ℓ), k̃^B_n ⟩ = ⟨(y · η), Bk̃^B_n ⟩ + ℓ̃^2_{(n)} = T y^1 2nπ + ℓ̃^2_{(n)},

where

ℓ̃^1_{(n)} = ⟨ℓ, k^B_n ⟩ = ∫_T 0 ⟨ dℓ dt (t), 1 √ T ( − sin(2nπt/T ) cos(2nπt/T ) )⟩ R^{2 dt,} ℓ̃^2_{(n)} = ⟨ℓ, k̃^B_n ⟩ = ∫_T 0 ⟨ dℓ dt (t), 1 √ T ( − cos(2nπt/T ) − sin(2nπt/T ) )⟩ R^{2 dt.} Setting ℓ̃_{(n)} = ( ℓ̃1_{(n)} ℓ̃2_{(n)} ) , we obtain

⟨P^{(η)}(B(y · η) + ℓ), k^B_n ⟩^2 + ⟨P^{(η)}(B(y · η) + ℓ), k̃^B_n ⟩^2 = ( T 2nπ )_2 |y|^2 + T nπ ⟨ℓ̃_{(n)}, Jy⟩R2 + |ℓ̃_{(n)}|^2. (35)

Thus, if we put g̃_L(x; T, ℓ, y)

= 1 2 ∞∑ n=1 { 2 ( 2nπ T )_2 ⟨ℓ̃_{(n)}, Jy⟩R2 + ( 2nπ T )_3

|ℓ̃_{(n)}|^2 } exp [ − 2nπx T ] , x > 0, 0, x = 0, 1 2 ∞∑ n=1 { −2 ( 2nπ T )_2 ⟨ℓ̃_{(−n)}, Jy⟩R2 + (2nπ T )_3 |ℓ̃_{(−n)}|^2 } exp [2nπx T ] , x < 0, (36)

then, for x > 0, it holds that f_B(η)_{,P} (η)_{(B(y·η)+ℓ)}(x) = 1 2 ∞∑ n=1 2 x exp[−2nπx/T ] + 1 2 ∞∑ n=1 {T/(2nπ)}^2|y|^2 {T/(2nπ)}^3 exp[−2nπx/T ] + g̃_L(x; T, ℓ, y)

= 1 x exp[−2πx/T ] 1 − exp[−2πx/T ] + π|y|^2 T ∞∑ n=1 n exp[−2nπx/T ] + g̃_L(x; T, ℓ, y) = 1 x 1 exp[2πx/T ] − 1 + π|y|^2 4T 1 sinh^2(πx/T ) + g̃_L(x; T, ℓ, y), where we have used the identity ∑_∞ n=1 ne^{−nx} = 1/{4 sinh^2(x/2)}. Similarly, for x < 0, we have

f_B(η)_{,P} (η)_{(B(y·η)+ℓ)}(x) = 1 |x| 1 exp[2π|x|/T ] − 1 + π|y|^2 4T 1 sinh^2(πx/T ) + g̃_L(x; T, ℓ, y). Applying Theorem 4, we get to

E_μ2_T [ exp [ iλ ( 1 2 Q_B + ⟨·, ℓ⟩ + γ )] | |η(w) = y ]

= exp [ iλ (⟨y, ℓ(T )⟩R_2 √ T + γ ) + ∫ R ( e^{iλx} − 1 − iλx ) { 1 |x| 1 exp[2π|x|/T ] − 1 + π|y|^2 4T 1 sinh^2(πx/T ) + g̃_L(x; T, ℓ, y) } dx ] . Since η(w) = w(T )/ √ T , combined with (30), this yields:

Proposition 17. It holds that

E_μ2_T [ exp [iλ (s_T + ⟨·, ℓ⟩ + γ)] | |w(T ) = y ]

= exp [ iλ {⟨y, ℓ(T )⟩R_2 T + γ } + ∫ R ( e^{iλx} − 1 − iλx ) f_L(x; T, ℓ, y)dx ] , where f_L(x; T, ℓ, y) = 1 |x|{exp[2π|x|/T ] − 1} + π|y|^2 4T^2 1 sinh^2(πx/T ) + g̃_L(x; T, ℓ, y/ √ T ), and g̃_L is given by (36)

3.2.3

We finally consider the exponential decay of the characteristic function of s_T + ⟨·, ℓ⟩ + γ under μ^2_T and μ^2_T (·|w(T ) = y).

As was seen in §3.2.1, the corresponding Hilbert-Schmidt operator B possesses eigenvalues {T/[(2n + 1)π]; n ∈ Z} and each of them is of multiplicity 2. By Theorem 7 and Lemma 10, there exist C_1 > 0 and λ_1 > 0 such that | | | ∫ W^2_T exp [iλ (s_T + ⟨·, ℓ⟩ + γ)] dμ | | | ≤ exp[−C1λ] (37) for every λ ≥ λ_1, γ ∈ R.

Let η_1(t) = ( t/ √ T 0 ) , η_2(t) = ( 0 t/ √ T ) , and η = {η_1, η_2}. As was shown in §3.2.2, the Hilbert-

Schmidt operator B^{(η)} has eigenvalues {(T/(2nπ)); n ∈ Z \ {0}}, each of them being of multiplicity 2. Since η(w) = w(T )/ √ T , by Theorem 7 and Lemma 10, there exist C_2 > 0 and λ_2 > 0 such that | |E_μ2_T [ exp [iλ (s_T + ⟨·, ℓ⟩ + γ)] | w(T ) = y ]| | ≤ exp[−C2λ] (38)

for every λ ≥ λ_2, γ ∈ R.

As in the previous subsection, when ℓ = 0 and γ = 0, it is well known ([12] and [8, pp.470–473]) that ∫

W^2_T

exp[iλs_T ]dμ^2_T = 1 cosh(λT/2) , and E_μ2_T [ exp[iλs_T ] | w(T ) = y ] = λT/2 sinh(λT/2) exp [( 1 − λT 2 coth ( λT 2 )) |y|2 2T ] . Thus our estimations (37) and (38) coincide with the order obtained from these precise expressions.

We can give explicit expressions for the Mellin transforms of the Lévy measures σ_T and σ_{T,y} of the distributions of s_T under μ^2_T and the conditional probability measure μ^2_T ( · |w(T ) = y), respectively. Namely, noting that σ_T (dx) = f_{B,0}(x)dx, σ_{T,y}(dx) = f_{B(η),P (η)(B((y/}^√_{T )·η))}(x)dx, and then plugging (31), (34), and (35) into (12), we obtain:

Proposition 18. The Mellin transforms of σ_T and σ_{T,y} are given by ∫ R^{|x|} sσ_T (dx) = ( T π )_s 2^s − 1 2^{s−1} Γ(s)ζ(s) and ∫ R^{|x|} sσ_{T,y}(dx) = 2 ( T 2π )_s Γ(s)ζ(s) + |y|^2 T ( T 2π )_s Γ(s + 1)ζ(s), s ≥ 2, respectively.

See [1, 15] for the related topics.

3.3 Sample variance

Let T > 0 and (W^1_T , H^1_T , μ^1_T ) be the two-dimensional classical Wiener space over [0, T ]. In this subsection, we consider the sample variance vT (w) = ∫_T 0 (w(t) − w̄)^2 dt, w ∈ W^1_T , where w̄ = 1 T ∫_T 0 w(t)dt.

3.3.1

We first compute the Lévy measure of^1_2 v_T + ⟨·, ℓ⟩ + γ under μ^1_T by applying Theorem 2, where ℓ ∈ H^1_T and γ ∈ R.

Define a symmetric Hilbert-Schmidt operator C : H^1_T → H^1_T by d(Ch) dt (t) = ∫_T t (h(s) − h̄)ds h ∈ H^1_T , t ∈ [0, T ]. Since v_T (w) = h_T (w) − T w̄^2, due to the observation made at the beginning of §3.1.1, we have that v_T ∈ C_2(W^1_T ) ⊕ C_0(W^1_T ). It is easily seen that ∇^2v_T = 2C and ∫ W^1_T vT dμ 1 T = T^2/6. By Remark 3 (iii), we have vT = Q_C +

T^2 6 . (39)

It is a straightforward computation to see that C = ∞∑ n=1 ( T nπ )_2

h^C_n ⊗ h^C_n , where h^C_n (t) = √ 2T nπ { cos (nπt T ) − 1 } . Hence ℓ_C = 0. Define ~ℓ(t) =^∞ ∑ n=1 ⟨ℓ, h^C_n ⟩k^A_n (t), t ∈ [0, T ], (40) where {k^A_n }^∞_{n=1} is the orthonormal basis of (H^1_T )^{(η)}_0 defined in (23). Comparing the above expansion of C with that of A^{(η)} in (23), and recalling the definition of f_{A,ℓ}, we obtain

f_{C,ℓ} = f_{A(η),}e_ℓ = f_{A(η),P (η)}e_ℓ.

In conjunction with (25) and (39), Theorem 2 and Proposition 14 lead us to:

Proposition 19. It holds that ∫ W^1_T exp [ iλ ( 1 2^{vT} + ⟨·, ℓ⟩ + γ )] dμ^1_T = exp [ iλ ( γ + T^2 12 ) + ∫_∞ 0 ( e^{iλx} − 1 − iλx ) f_H (x; T, ~ℓ, 0)dx ] , where f_H is the function defined in Proposition 14, and ~ℓ is given by (40). In particular, the distribution of^1_2 v_T +⟨·, ℓ⟩+γ under μ^1_T coincides with that of^1_2 h_T +⟨·, ~ℓ⟩+γ under μ^1_T (·|w(T ) = 0).

3.3.2

We next compute the Lévy measure of^1_2 v_T + ⟨·, ℓ⟩ + γ under the conditional probability μ^2_T (·|w(T ) = y) given W (T ) = y, where ℓ ∈ H^1_T , γ ∈ R, and y ∈ R^1 . Set η_1(w) = w(T )/ √ T , w ∈ W^1_T , and η = {η_1}. Observe that ⟨C(y · η), (y · η)⟩ − ⟨Cη_1, η_1⟩ = (y^2 − 1)T^2 12 , ⟨(y · η), ℓ⟩ = yℓ(T ) √ T . By straightforward computations, we obtain d(C^{(η)}h) dt (t) = ∫_T t (h(s) − h̄)ds − 1 T ∫_T 0 (∫_T s (h(u) − h̄)du ) ds, h ∈ (H^1_T )^{(η)}_0 , and C^{(η)} = ∞∑ n=1 ( T 2nπ )_2 { k^C_n ⊗ k^C_n + k̃^C_n ⊗ k̃^C_n } , where k^C_n (t) = √ 2T 2nπ sin ( 2nπt T ) , k̃^C_n (t) = √ 2T 2nπ ( cos (2nπt T ) − 1 ) . In particular,

{P^{(η)}(C(y · η) + ℓ)}_C(η) = 0 and f_C(η)_{,P} (η)_{(C(y·η)+ℓ)}(x) = 0, x ≤ 0.

Moreover it holds that ⟨P^{(η)}(C(y · η) + ℓ), k^C_n ⟩ = − √ 2y ( T 2nπ )_2 + ⟨ℓ, k^C_n ⟩, ⟨P^{(η)}(C(y · η) + ℓ), k̃^C_n ⟩ = ⟨ℓ, k̃^C_n ⟩. Hence, for x > 0,

f_C(η)_{,P} (η)_{(C(y·η)+ℓ)}(x) = 1 2 ∞∑ n=1 { 2 x + 2y^2 ( 2nπ T )_2

− 2^{3/2}y ( 2nπ T )_4 ⟨ℓ, k^C_n ⟩

+ ( 2nπ T )_6 ( ⟨ℓ, k^C_n ⟩^2 + ⟨ℓ, k̃^C_n ⟩^2 )} e^{−(2nπ)2x/T 2} = 1 2x { Θ (4π2x T^2 ) − 1 } − 2π^2y^2 T^2

Θ^′ (4π2x T^2 ) + g_V (x; T, ℓ, y), where g_V (x; T, ℓ, y) = 1 2 ∞∑ n=1 { −2^{3/2}y ( 2nπ T )_4 ⟨ℓ, k^C_n ⟩

+ ( 2nπ T )_6 ( ⟨ℓ, k^C_n ⟩^2 + ⟨ℓ, k̃^C_n ⟩^2 )} e^{−(2nπ)2x/T 2} . (41) Recalling (39), and applying Theorem 4 and Proposition 14, we can conclude:

Proposition 20. It holds that

E_μ1_T [ exp [ iλ ( 1 2^{vT} + ⟨·, ℓ⟩ + γ )] | |w(T ) = y ]

= exp [ iλ ( T y^2 24 + T^2 24 + yℓ(T ) T + γ ) + ∫_∞ 0 ( e^{iλx} − 1 − iλx ) f_V (x; T, ℓ, y)dx ] , where f_V (x; T, ℓ, y) = 1 2x { Θ (4π2x T^2 ) − 1 } − 2π^2y^2 T^3

Θ^′ (4π2x T^2 ) + g_V (x; T, ℓ, y/ √ T ), and g_V is given by (41). Moreover, the distribution of v_T /2 under the conditional probability μ^1_T (·|w(T ) = y) coincides with the one of {h_{T/2} + h^′_{T/2}}/2 under the product measure μ^1_{T/2}(·|w(T/2) = 0) ⊗ μ^1_{T/2}(·|w(T/2) = y/ √ 2), where h^′_{T/2} denotes an independent copy of h_{T/2}.

3.3.3

We finally consider the exponential decay of the characteristic function of^1_2 v_T + ⟨·, ℓ⟩ + γ under μ^1_T and μ^1_T (·|w(T ) = y).

As was seen in §3.3.1, the corresponding Hilbert-Schmidt operator C possesses eigenvalues {(T/[nπ])^2; n ∈ N}, each of them being of multiplicity 1, and ℓ_C = 0. By Theorem 7, Lemma 10, and (39), there exist C_1 > 0 and λ_1 > 0 such that | | | ∫ W^1_T exp [ iλ ( 1 2^{vT} + ⟨·, ℓ⟩ + γ )] dμ | | | ≤ exp[−C1λ^{1/2}] (42)

for every λ ≥ λ_1, γ ∈ R. Let η_1(t) = t/ √ T and η = {η_1}. As was shown in §3.3.2, the Hilbert-Schmidt operator C^{(η)} has eigenvalues {(T/(2nπ))^2; n ∈ N}, each of them being of multiplicity 2, and {P^{(η)}(C(y · η) + ℓ)}_C(η) = 0. Since η(w) = w(T )/ √ T , by Theorem 7, Lemma 10, and (39), there exist C_2 > 0 and λ_2 > 0 such that | | |E_μ1_T [ exp [ iλ ( 1 2^{vT} + ⟨·, ℓ⟩ + γ )] | |w(T ) = y ]| | | ≤ exp[−C^2λ^{1/2}] (43)

for every λ ≥ λ_2, γ ∈ R.

When ℓ = 0 and γ = 0, combining the results in Propositions 19 and 20 with (29), we can show the following explicit expressions of the Laplace transforms for the distributions of v_T ; for λ > 0, ∫ W^1_T exp [ − 1 2 λv_T ] dμ^1_T = ( √ λT sinh( √ λT ) )_{1/2}

and E_μ1_T [ exp [ − 1 2 λv_T ] | |w(T ) = y ]

= √ λT/2 sinh( √ λT/2) exp [( 1 − √ λT 2 coth (√ λT 2 )) y^2 2T ] . From these expressions, we see, in the same way as in §3.1.3, that our estimates (42) and (43) coincide with the order obtained from the explicit expressions.

3.4 Density functions

Let T > 0 and consider the classical two-dimensional Wiener space (W^2_T , H^2_T , μ^2_T ) over [0, T ]. In this subsection, as an application of Theorem 11, we show a way to obtain the explicit expressions of the densities of the distributions of Lévy’s stochastic area and the square of the L^2-norm on an interval of the two-dimensional Wiener process. We also compute the Mellin transforms of the distributions. For the related topics, see [1, 15].

3.4.1 Lévy’s stochastic area

By (30), (31), and Theorem 11(i), we see that the distribution of s_T under μ^2_T admits a smooth density function p_L with respect to the Lebesgue measure on R, and that the corresponding Hilbert-Schmidt operator B satisfies

det_2(I − iζ ^B) = ∞∏ n=0 { 1 + ζ^2T^2 (2n + 1)^2π^2 } = cos(iζT/2). Define a simple curve Γ_n = {γ_n(t) : t ∈ [0, 4R_n]} in C with R_n = 4nπ/T by

γ_n(t) = −R_n + it, t ∈ [0, R_n], t − 2R_n + iR_n, t ∈ [R_n, 3R_n], R_n + i{4R_n − t}, t ∈ [3R_n, 4R_n]. Let x < 0. By a straightforward computation, we can show that Γ_n satisfies the conditions in Theorem 11(ii) and conclude that

p_L(x) = i ∞∑ n=0 Res ( e^{−iζx} cos(iζT/2) ; i (2n + 1)π T )

= 2 T ∞∑ n=0 (−1)^ne^{(2n+1)πx/T} = 1 T cosh(πx/T ) .

For x > 0, the complex conjugate Γ_n plays the same role as Γ_n, and we obtain p_L(x) = −i ∞∑ n=0 Res ( e^{−iζx} cos(iζT/2) ; −i (2n + 1)π T ) = 1 T cosh(πx/T ) .

Let η = {η_1, η_2}, where η_1(t) = ( t/ √ T 0 ) and η_2(t) = ( 0 t/ √ T ) . Then η(w) = w(T )/ √ T . By

(34) and Remark 12(ii), the distribution of s_T under μ^2_T (·|w(T ) = 0) admits a smooth density function p̃_L with respect to the Lebesgue measure on R, and it holds that

det_2(I − iζ ^B^{(η)}) = ∞∏ n=1 { 1 + ζ^2T^2 4n^2π^2 } = sin(iζT/2) iζT/2 .

Using the same Γ_n’s as above, this time with R_n = (4n + 1)π/T , and then applying Theorem 11(ii), we can show that

p̃_L(x) = i ∞∑ n=1 Res ( e^{−iζx}(iζT/2) sin(iζT/2) ; i 2nπ T )

= 2π T ∞∑ n=1 (−1)^{n+1}ne^{−2nπ|x|/T} = π 2T cosh^2(πx/T ) , x < 0.

For x > 0, the complex conjugate Γ_n plays the same role as Γ_n, and we obtain p̃_L(x) = −i ∞∑ n=1 Res ( e^{−iζx}(iζT/2) sin(iζT/2) ; −i 2nπ T ) = π 2T cosh^2(πx/T ) .

Thus we have:

Proposition 21. It holds that

μ^2_T (s_T ∈ dx) = 1 T cosh(πx/T ) dx, μ^2_T (s_T ∈ dx|w(T ) = 0) = π 2T cosh^2(πx/T ) dx. Moreover, their Mellin transforms are given by ∫ W^2_T

|s_T |^sdμ^2_T = 4T^s π^{s+1} Γ(s + 1)L_{χ4} (s + 1), s > − 1 2 E_μ2_T [|s_T |^s|w(T ) = 0] = ( T π )_s 2^{s−1} − 1 2^{2(s−1)} Γ(s + 1)ζ(s), s > 1 2 , where L_{χ4} is Dirichlet’s L-function given by L_{χ4} (s) = ∑_∞ n=0(−1)^n(2n + 1)^{−s}.

Proof. We have already seen the first half. The last half is immediate consequence of the representations of p_L and p̃_L in the form of infinite sums.

The densities of s_T under μ^2_T and μ^2_T (·|w(T ) = 0) are first computed by Lévy ([12]).

3.4.2 L^2-norm on an interval of the two-dimensional Wiener process Put h (2) T (w) = ∫_T 0 |w(t)|^2dt, w ∈ W^2_T . Since h^{(2)}_T is a sum of two independent copies of h_T coming from w^1 and w^2, due to the observations made in §3.1.1, we see that the Hilbert-Schmidt operator D : H^2_T → H^2_T associated with h (2) T /2 has eigenvalues {(T/[(n +^1_2 )π])^2 : n = 0, 1, . . . }, each being of multiplicity 2, and hence det(I − iζ ^D) = ∞∏ n=0 { 1 − iζ ( T ( n +^1_2 ) π )_2}

= cos( √ iζ T ), and that h^{(2)}_T /2 = q_D/2. By Theorem 11(iii), the distribution of h^{(2)}_T /2 under μ^2_T admits a smooth density function p_H with respect to the Lebesgue measure on R. Consider a simple curve Γ_n = {−i(R_n + it)^2 : t ∈ [−R_n, R_n]} in C with R_n = 2nπ/T . Let x > 0. By a straightforward computation, we can show that Γ_n satisfies the conditions in Theorem 11(ii) and conclude that p_H (x) = −i ∞∑ n=0 Res ( e^{−iζx} cos( √ iζ T ) ; −i (( n +^1_2 ) π T )_2)

= π T^2 ∞∑ n=0 (−1)^n(2n + 1)e^{−(2n+1)2 π2x/(4T 2)} = 1 2T^2 ϑ^′_1(0|ixπ/T^2), where ϑ_1(u|τ) denotes the theta function of the first kind with parameter τ,

ϑ_1(u|τ) = 2 ∞∑ n=0 (−1)^ne^{τπi(n+1/2)2} sin[(2n + 1)πu],

and ϑ^′_1 stands for the first derivative in u. Obviously, p_H (x) = 0 if x < 0.

Let η = {η_1, η_2}, where η_1(t) = ( t/ √ T 0 ) and η_2(t) = ( 0 t/ √ T ) . Due to the observations made

in §3.1.2, D^{(η)} : H^2_T → H^2_T has eigenvalues {(T/[nπ])^2 : n = 1, 2, . . . }, each being of multiplicity 2, and hence

det(I − iζ ^D^{(η)}) = ∞∏ n=1 { 1 − iζ ( T nπ )_2} = sin( √ iζ T ) √ iζ T . By Remark 12(iii), the distribution of h^{(2)}_T /2 under μ^2_T (·|w(T ) = 0) admits a smooth density function p̃_H with respect to the Lebesgue measure on R. Let R_n = ( 2n +^1_2 ) π/T , and consider the same curves {Γ_n; n ∈ N} as above and x > 0. By a straightforward computation, we can show that Γ_n satisfies the conditions in Theorem 11(ii) and conclude that

p̃_H (x) = −i ∞∑ n=1 Res (√ iζ T e^{−iζx} sin( √ iζ T ) ; −i ( nπ T )_2)

= 2 ( π T )_{2 ∞}∑ n=1 (−1)^{n+1}n^2e^{−(nπ/T )2x} = 1 4T^2 ϑ^{′′}_4(0|ixπ/T^2), where ϑ_4(u|τ) denotes the theta function of the fourth kind with parameter τ,

ϑ_4(u|τ) = 1 + 2 ∞∑ n=1 (−1)^ne^{τπin2} cos(2nπu), and ϑ^{′′}_4 stands for the second derivative in u. Obviously, p̃_H (x) = 0 if x < 0. Thus we have:

Proposition 22. It holds that

μ^2_T

(_{h(2)} T /2 ∈ dx ) = 1 2T^2 ϑ^′_1(0|ixπ/T^2)X_{(0,∞)}(x)dx, μ^2_T

(_{h(2)} T /2 ∈ dx | |w(T ) = 0) = 1 4T^2 ϑ^{′′}_4(0|ixπ/T^2)X_{(0,∞)}(x)dx.

Moreover, their Mellin transforms are given by ∫ W^2_T

(_{h(2)} T /2 )_s dμ = 2^{2s+2}T^{2s} π^{2s+1}

Γ(s + 1)L_{χ4} (2s + 1), s > − 1 4 , E_μ2_T [( h (2) T /2 )_s| w(T ) = 0 ] = 2 ( T π )_{2s} Γ(s + 1)(1 − 2^{1−2s})ζ(2s), s > 1 4 . Proof. We have already seen the first half. The last half is immediate consequence of the representations of p_H and p̃_H in the form of infinite sums.

Acknowledgements. The authors are grateful to Professor N. Ikeda who opened their eyes to the study of the Lévy measures of quadratic Wiener functionals. The paper has grown out of stimulative discussions with him.

References

[1] P. Biane, J. Pitman and M. Yor, Probability laws related to the Jacobi theta and Riemann zeta functions, and Brownian excursions, Bull. A.M.S. (N.S.), 38 (2001), 435 – 465.

[2] R. H. Cameron and W. T. Martin, The Wiener measure of Hilbert neighborhoods in the space of real continuous functions, Jour. Math. Phys. Massachusetts Inst. Technology, 23 (1944), 195 – 209.

[3] R. H. Cameron and W. T. Martin, Transformations of Wiener integrals under a general class of linear transformations, Trans. Amer. Math. Soc., 58 (1945), 184 – 219.

[4] N. Dunford and J. T. Schwartz, Linear operators, Part II, Interscience, New York, 1963.

[5] C. Donati-Martin and M. Yor, Fubini’s theorem for double Wiener integrals and the variance of the Brownian path, Ann. Inst. Henri Poincaré, 27 (1991), 181–200.

[6] L. Hörmander, The Analysis of Linear Partial Differential Operators I, 2nd ed., Springer, Berlin, 1990.

[7] N. Ikeda and S. Manabe, Asymptotic formulae for stochastic oscillatory integrals, in “Asymptotic Problems in Probability Theory: Wiener Functionals and Asymptotics”, 136–155, Ed. by K.D.Elworthy and N.Ikeda, Longman, 1993.

[8] N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes, 2nd ed., North- Holland/Kodansha, Amsterdam/Tokyo, 1989.

[9] K. Itô and M. Nisio, On the convergence of sums of independent Banach space valued random variables, Osaka Jour. Math., 5 (1968), 35 – 48.

[10] J. Jorgenson and S. Lang, Basic analysis of regularized series and products, Lect. Notes in Math.

1564, Springer, Berlin, 1993.

[11] H.-H. Kuo, Gaussian measures in Banach spaces, Lect. Notes in Math. 463, Springer, Berlin, 1975.

[12] P. Lévy, Wiener’s random function, and other Laplacian random functions, in “Proc. Second Berkeley Symp. Math. Stat. Prob. II”, 171 – 186, U.C. Press, Berkeley, 1950.

[13] T. Lyons, The interpretation and solution of ordinary differential equations driven by rough signals, Proc. Symposia in Pure Math. 57 (1995), 115 – 128.

[14] P. Malliavin, Analyticité transverse d’opérateurs hypoelliptiques C^3 sur des fibrés principaux, Spectre équivariant et courbure, C. R. Acad. Sc. Paris, 301 (1985), 767–770.

[15] J. Pitman and M. Yor, Infinitely divisible laws associated with hyperbolic functions, preprint. [16] K. Sato, Lévy Processes and Infinitely Divisible Distributions, Cambridge Univ. Press, Cambridge, 1999.

[17] H. Sugita and S. Taniguchi, Oscillatory integrals with quadratic phase function on a real abstract Wiener space, J. Funct. Anal. 155, no.1 (1998), 229–262.

[18] S. Taniguchi, On Ricci curvatures of hypersurfaces in abstract Wiener spaces, J. Funct. Anal., 136 (1996), 226–244.

[19] E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, 4th ed., Cambridge Univ. Press, Cambridge, 1927.